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This paper is concerned with parabolic gradient systems of the form

ut = −∇V (u) + ∆xu ,

where the space variable x and the state variable u are multidimensional,
and the potential V is coercive at infinity. For such systems, the asymptotic
behaviour of solutions stable at infinity, that is approaching a stable spatially
homogeneous equilibrium as |x| goes to +∞, is investigated. A partial
description of the global asymptotic behaviour of such a solution is provided,
depending on the mean speed of growth of the spatial domain where the
solution is not close to this equilibrium, in relation with the asymptotic energy
of the solution. If this mean speed is zero, then the asymptotic energy is
nonnegative, and the time derivative ut goes to 0 uniformly in space. If
conversely the mean speed is nonzero, then the asymptotic energy equals −∞.
This result is called upon in a companion paper where the global behaviour
of radially symmetric solutions stable at infinity is described. The proof relies
mainly on energy estimates in the laboratory frame and in frames travelling
at a small nonzero velocity.
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1 Introduction
This paper deals with the global dynamics of nonlinear parabolic systems of the form

(1.1) ut = −∇V (u) + ∆xu

where the time variable t is real, the space variable x lies in the spatial domain Rdsp with
dsp an integer not smaller than 2, the function (x, t) 7→ u(x, t) takes its values in the
state domain Rdst with dst a positive integer, and the nonlinearity is the gradient of a
scalar potential function V : Rdst → R, which is assumed to be regular (of class C2) and
coercive at infinity (see hypothesis (Hcoerc) in subsection 3.1 on page 7).

A fundamental feature of system (1.1) is that it can be recast, at least formally, as
the gradient flow of an energy functional. If (w,w′) is a pair of vectors of Rdsp or Rdst

or Rdsp×dst , let w · w′ and |w| =
√
w · w denote the usual Euclidean scalar product and

the usual Euclidean norm, respectively, and let us simply write w2 for |w|2. For every
function v : x 7→ v(x) defined on Rdsp with values in Rdst its energy (or Lagrangian or
action) is defined, at least formally, as

(1.2) E [v] =
∫
Rdsp

(1
2 |∇xv(x)|2 + V

(
v(x)

))
dx

where

(1.3) |∇xv(x)|2 =
dsp∑
i=1

dst∑
j=1

(
∂xivj(x)

)2
.

Formally, the differential of this functional reads (skipping border terms in the integration
by parts):

dE [v] · δv =
∫
R

(
∇xv · ∇x(δv) + ∇V (v) · δv

)
dx

=
∫
R

(
−∆xv + ∇V (v)

)
· δv dx .

In other words, the (formal) gradient of this functional with respect to the L2(Rdsp ,Rdst)-
scalar product reads:

∇E [v] = ∇V (v) − ∆xv ,

and system (1.1) can formally be rewritten under the form:

ut = −∇E [u(·, t)] .

Accordingly, if (x, t) 7→ u(x, t) is a solution of this system, then (formally):

(1.4) d

dt
E [u(·, t)] = −

∫
Rdsp

ut(x, t)2 dx ≤ 0 .

Here

ut(x, t)2 =
dst∑
j=1

(
∂tuj(x, t)

)2
.
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An additional and related feature of system (1.1) is that a formal gradient structure
exists not only in the laboratory frame, but also in every frame travelling at a constant
velocity. For every c in Rdsp , if two functions (x, t) 7→ u(x, t) and (ξ, t) 7→ v(ξ, t) are
related by

u(x, t) = v(ξ, t) for x = ct+ ξ ,

then u is a solution of (1.1) if and only if v is a solution of

(1.5) vt − c · ∇ξv = −∇V (v) + ∆ξv .

For every function w : ξ 7→ w(ξ) defined on Rdsp with values in Rdst its (formal) energy
with respect to system (1.5) is defined as

(1.6) Ec[w] =
∫
Rdsp

ec·ξ
(1

2 |∇ξw(ξ)|2 + V
(
w(ξ)

))
dξ .

Formally, the differential of this functional reads (skipping border terms in the integration
by parts):

dEc[w] · δw =
∫
Rdsp

ec·ξ(∇ξw · ∇ξ(δw) + ∇V (w) · δw
)
dξ

=
∫
Rdsp

ec·ξ(−∆ξw − c · ∇ξw + ∇V (w)
)

· δw dξ .

In other words, the (formal) gradient of this functional with respect to the L2-scalar
product with weight ec·ξ on functions Rdsp → Rdst reads:

∇cEc[w] = −∆ξw − c · ∇ξw + ∇V (w) ,

system (1.5) can formally be rewritten under the form:

(1.7) vt = −∇cEc[v(·, t)] ,

and if (ξ, t) 7→ v(ξ, t) is a solution of system (1.5), then (formally):

(1.8) d

dt
Ec[v(·, t)] = −

∫
Rdsp

ec·ξvt(ξ, t)2 dξ ≤ 0 .

This gradient structure has been known for a long time [14], but it is only more recently
that it received a more detailed attention from several authors (among which S. Heinze,
C. B. Muratov, Th. Gallay, R. Joly, and the author [17, 18, 21, 29, 40]), and that is was
shown that this structure is sufficient (in itself, that is without the use of the maximum
principle) to prove results of global convergence towards travelling fronts. These ideas
have been applied since in different contexts, to prove either global convergence or just
existence results, see for instance [1, 2, 4–10, 25, 30–32, 35–37]. More recently, this
gradient structure enabled the author to push further the program initiated by P. C. Fife
and J. McLeod in the late seventies with the aim of describing the global asymptotic
behaviour (when space is one-dimensional) of every bistable solution, that is every solution
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close to stable homogeneous equilibria at both ends of space ([14–16]): those results were
extended to parabolic gradient systems [41, 44], hyperbolic gradient systems [42], and
radially symmetric solutions of parabolic gradient systems in higher space dimension [43].

For general solutions (without the radial symmetry hypothesis) stable at infinity of
system (1.1), little seems to be known. This is in strike contrast with the scalar case dst
equals 1, which is the subject of a large amount of literature: for extinction/invasion
(threshold) results in relation with the initial condition and the reaction term see for
instance [3, 11, 33, 34, 48], for local convergence and quasi-convergence results see for
instance [11, 13, 20, 26, 28, 38, 39], and for further estimates on the location and shape
at large positive times of the level sets see for instance [12, 19, 20, 23, 24, 45–47].

The present paper can be viewed as a first attempt to pursue the “variational” strategy
for general (not necessarily radially symmetric) solutions stable at infinity of parabolic
gradient systems in higher space dimension. The achievement resulting from this attempt
is rather modest at this stage since it reduces to providing the “relaxation” conclusion in
the “no invasion” case. However, the description of the global behaviour of such solutions
in the radially symmetric case [43] actually relies on this achievement: in the proof the
main result of [43], a variant (Theorem 2 on page 30) of the main result of this paper
(Theorem 1 on page 6) is indeed an essential step.

2 Assumptions, notation, and statement of the results
Throughout all the paper it is be assumed that the integer dsp is not smaller than 2; the
case dsp equals 1 is treated in [41, 44] and presents some peculiarities (for instance the
domain “far away in space” is not connected if dsp = 1 while it is connected if dsp is not
smaller than 2).

2.1 Semi-flow and coercivity hypothesis
Let us consider the Banach space of continuous and uniformly bounded functions equipped
with the uniform norm:

X =
(
C0

b
(
Rdsp ,Rdst

)
, ∥. . . ∥L∞(Rdsp ,Rdst )

)
.

System (1.1) defines a local semi-flow in X (see for instance D. B. Henry’s book [22]).
As in [41, 43, 44], let us assume that the potential function V : Rdst → R is of class C2

and that this potential function is strictly coercive at infinity in the following sense:

lim
R→+∞

inf
|u|≥R

u · ∇V (u)
|u|2

> 0(Hcoerc)

(in other words there exists a positive quantity ε such that the quantity u · ∇V (u) is
greater than or equal to ε |u|2 as soon as |u| is large enough).

According to this hypothesis (Hcoerc), the semi-flow of system (1.1) on X is actually
global (see Proposition 3.1 on page 7). Let us denote by (St)t≥0 this semi-flow.
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In the following, a solution of system (1.1) will refer to a function

R × Rdsp → Rdst , (x, t) 7→ u(x, t) ,

such that the function u0 : x 7→ u(x, t = 0) (initial condition) is in X and u(·, t) equals
(Stu0)(·) for every nonnegative time t.

2.2 Minimum points and solutions stable at infinity
2.2.1 Minimum points

Everywhere in this paper, the term “minimum point” denotes a point where a function —
namely the potential V — reaches a local or global minimum. Let M denote the set of
nondegenerate minimum points:

M = {u ∈ Rdst : ∇V (u) = 0 and D2V (u) is positive definite} .

2.2.2 Solutions stable at infinity

Definition 2.1 (solution stable at infinity). A solution (x, t) 7→ u(r, t) of system (1.1) is
said to be stable at infinity if there exists a point m of M such that

lim sup
r→+∞

|(u(r, t) −m| → 0 as t → +∞ .

More precisely, such a solution is said to be stable close to m at infinity. A function
(initial condition) u0 in X is said to be stable (close to m) at infinity if the solution
u(·, t) = (Stu0)(·) corresponding to this initial condition is stable (close to m) at infinity.
Notation. For every point m of M, let

Xstab-infty(m)

denote the subset of X made of initial conditions that are stable close to m at infinity.
By definition, this set is positively invariant under the semi-flow of system (1.1).

2.2.3 Invasion speed of a solution stable at infinity

Definition 2.2 (invasion speed of a solution stable at infinity). For every point m of M
and every solution u : (x, t) 7→ u(x, t) of system (1.1) which is in Xstab-infty(m) (that is,
stable close to m at infinity), let us call set of no invasion speeds of the solution, and let
us denote by Sno-inv[u], the set

Sno-inv[u] =
{
c > 0 : sup

x∈Rdsp , |x|≥ct

|u(x, t) −m| → 0 when t → +∞
}

;

and let us call invasion speed of the solution, and let us denote by cinv[u] the (nonnegative)
infimum of this set:

cinv[u] = inf(Sno-inv[u]) .
According to Lemma 2.5 below, the set Sno-inv[u] is nonempty, so that this invasion

speed cinv[u] is finite.
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2.3 Preliminary results
As everywhere in the paper, let us assume that V is of class C2 and satisfies the coercivity
hypothesis (Hcoerc). Let m denote a point of M.

2.3.1 Sufficient condition for stability at infinity, bound on invasion speed, and
exponential decrease beyond invasion

Lemma 2.3 (sufficient condition for stability at infinity). Let δ denote a positive quantity,
small enough so that, for every v in Rdst such that |v −m| is not larger than δ, the Hessian
matrix D2V (v) is positive definite. Then, every solution (x, t) 7→ u(x, t) of system (1.1)
satisfying

(2.1) lim
r→+∞

sup
x∈Rdsp , |x|≥r

|u(x, 0) −m| ≤ δ

is stable close to m at infinity.

Corollary 2.4 (to be stable at infinity is an open condition). The set Xstab-infty(m) is
open in X.

Lemma 2.5 (upper bound on the invasion speed of a solution stable at infinity). For
every solution u : (x, t) 7→ u(x, t) of system (1.1) which is stable close to m at infinity,
the quantity cinv[u] is bounded from above by a quantity depending on V and m, but not
on the particular solution u.

Lemma 2.6 (exponential decrease beyond invasion speed). For every solution u (x, t) 7→
u(x, t) of system (1.1) which is stable close to m at infinity, and for every positive
quantity c larger than cinv[u], there exist positive quantities ν and K[u] such that, for
every nonnegative time t,

(2.2) sup
x∈Rdsp , |x|≥ct

|(u(x, t) −m| ≤ K[u] exp(−νt) .

The quantity ν depends on V and m and the difference c− cinv[u] (only), whereas K[u]
depends additionally on u.

2.3.2 Asymptotic energy of a solution stable at infinity: definition and upper
semi-continuity

Notation. For every nonnegative quantity r, let B(r) denote the open ball of centre 0Rdsp

and radius r in Rdsp :
B(r) = {v ∈ Rdsp : |v| < r} .

Proposition 2.7 (asymptotic energy of a solution stable at infinity). For every solution
(x, t) 7→ u(x, t) of system (1.1) which is stable close to a point m of M at infinity, there
exists a quantity Easympt[u] in {−∞} ∪ R such that, for every positive quantity c larger
than cinv[u], the following limit holds:∫

B(ct)

(1
2 |∇xu(x, t)|2 + V

(
u(x, t)

)
− V (m)

)
dx → Easympt[u] as t → +∞ .
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Definition 2.8 (asymptotic energy of a solution stable at infinity). If u : (x, t) 7→ u(x, t)
is a solution stable at infinity of system (1.1), let us call asymptotic energy of u the
quantity Easympt[u] provided by Proposition 2.7.

Similarly, if a function u0 in X is an initial condition stable at infinity, let us call
asymptotic energy of u0 the asymptotic energy of the solution of (1.1) corresponding to
this initial condition, and let us denote by

Easympt[u0]

this asymptotic energy.

Thus the asymptotic energy functional may be defined, for every point m in M, as

(2.3) Easympt, m : Xstab-infty(m) → {−∞} ⊔ R , u0 7→ Easympt[u0] .

As for the (descendent) gradient flow of a regular function on a finite-dimensional manifold,
this asymptotic energy is upper semi-continuous with respect to initial condition, as
stated by the following proposition. Its statements hold with respect to the topology
induced on Xstab-infty(m) by the X-norm and the usual topology on {−∞} ⊔ R.

Proposition 2.9 (upper semi-continuity of the asymptotic energy). For every m in M,
the asymptotic energy functional Easympt, m is upper semi-continuous; equivalently, for
every real quantity E, the set

E−1
asympt, m

(
[E,+∞)

)
=
{
u0 ∈ Xstab-infty(m) : Easympt[u0] ≥ E

}
is closed.

According to Theorem 1 below, this asymptotic energy is actually either nonnegative
or equal to −∞.

2.4 Main result
Theorem 1 (invasion/no invasion dichotomy). Let V denote a function in C2(Rdst ,R)
satisfying the coercivity hypothesis (Hcoerc). Then, for every m in M and for every
solution (x, t) 7→ u(x, t) of system (1.1) which is stable close to m at infinity, one of the
following two conclusions holds:

1. either cinv[u] = 0 (“no invasion”); in this case the asymptotic energy of the solution
is nonnegative and the time derivative of the solution goes to 0 as time goes to +∞,
uniformly with respect to x in Rdsp:

(2.4) sup
x∈Rdsp

|ut(x, t)| → 0 as t → +∞ ;

2. or cinv[u] > 0 (“invasion”); in this case the asymptotic energy of the solution equals
−∞.
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3 Preliminaries
As everywhere else, let us consider a function V in C2(Rdst ,R) satisfying the coercivity
hypothesis (Hcoerc).

3.1 Global existence of solutions and attracting ball for the semi-flow
Proposition 3.1 (global existence of solutions and attracting ball). For every function
u0 in X, system (1.1) has a unique globally defined solution t 7→ Stu0 in C0([0,+∞), X)
with initial condition u0. In addition, there exist a positive quantity Ratt,∞ (radius of
attracting ball for the L∞-norm), depending only on V , such that, for every large enough
positive time t,

∥x 7→ (Stu0)(x)∥
L∞
(
Rdsp ,Rdst

) ≤ Ratt,∞ .

The following proof was explained to me by Thierry Gallay.

Proof. As mentioned in subsection 2.1 system (1.1) is locally well-posed in X. As a
consequence and due to the smoothing properties of the semi-flow it is sufficient to prove
that solutions remain bounded in L∞(Rdsp ,Rdst) on their maximal interval of existence
to ensure that they are globally defined.

Let u0 denote a function in X, and let

u : Rdsp × [0, Tmax), (x, t) 7→ u(x, t)

denote the (maximal) solution of system (1.1) with initial condition u0, where Tmax in
(0,+∞] denotes the upper bound of the maximal time interval where this solution is
defined. For all (x, t) in Rdsp × [0, Tmax), let

q(x, t) = 1
2 |u(x, t)|2 .

It follows from this definition that, for (x, t) in Rdsp × [0, Tmax),

qt = −u · ∇V (u) + u · ∆xu and ∆xq =
dsp∑
i=1

∂xi(u · ∂xiu) = |∇xu|2 + u · ∆xu

(the quantity |∇xu|2 involves a sum over both space and field dimensions, see (1.3) on
page 1). Thus the function q(·, ·) is a solution of the system:

(3.1) qt = −u · ∇V (u) + ∆xq − |∇xu|2 .

Besides, according to the coercivity hypothesis (Hcoerc), there exist positive quantities
εcoerc and Kcoerc such that, for all w in Rdst ,

(3.2) w · ∇V (w) ≥ εcoercw
2 −Kcoerc .
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It follows from (3.1) and (3.2) that

qt ≤ −εcoercu
2 +Kcoerc + ∆xq − |∇xu|2

≤ −2εcoerc q +Kcoerc + ∆xq ,

and as a consequence, introducing the solution t 7→ q(t) of the differential equation (and
initial condition):

(3.3) q′(t) = −2εcoerc q +Kcoerc , q(0) = sup
x∈Rdsp

q(x, 0) ,

it follows from the maximum principle that, for all (x, t) in Rdsp × [0, Tmax),

(3.4) q(x, t) ≤ q(t) .

As a consequence blow-up cannot occur, the solution u(x, t) must be defined up to +∞
in time, and introducing the quantity

Ratt,∞ =
√
Kcoerc
εcoerc

+ 1 ,

it follows from (3.3) and (3.4) that, for every large enough positive time t,

sup
x∈Rdsp

|u(x, t)| ≤ Ratt,∞ .

Proposition 3.1 is proved.

In addition, system (1.1) has smoothing properties (Henry [22]). Due to these prop-
erties, since V is of class C2, for every quantity α in (0, 1) every solution t 7→ Stu0 in
C0([0,+∞), X) actually belongs to

C0
(
(0,+∞), C2,α

b
(
Rdsp ,Rdst

))
∩ C1

(
(0,+∞), C0,α

b
(
Rdsp ,Rdst

))
,

and, for every positive quantity ε, the quantities

(3.5) sup
t≥ε

∥Stu0∥
C2,α

b

(
Rdsp ,Rdst

) and sup
t≥ε

∥∥∥∥d(Stu0)
dt

(t)
∥∥∥∥

C0,α
b

(
Rdsp ,Rdst

)
are finite. Among these estimates, the one provided by the following corollary will be
especially relevant.

Corollary 3.2 (upper bound on the H1
ul-norm). There exists a positive quantity Ratt,1,ul

(radius of attracting ball for the H1
ul-norm), depending only on dsp and V , such that, for

every function u0 in X and for every large enough positive time t,

∥x 7→ (Stu0)(x)∥
H1

ul

(
Rdsp ,Rdst

) ≤ Ratt,1,ul .

Remark. The method used in the proof of Proposition 3.1 does not seem to extend easily
to other settings, for instance if in system (1.1) the Laplace operator ∆xu is replaced
with D∆xu, with D a diffusion matrix (a positive definite real symmetric dst ×dst matrix)
which differs from the identity matrix.
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3.2 Asymptotic compactness
Lemma 3.3 (asymptotic compactness). For every solution (x, t) 7→ u(x, t) of system
(1.1), and for every sequence (xn, tn)n∈N in Rdsp × [0,+∞) such that tn → +∞ as
n → +∞, there exists a entire solution u of system (1.1) in

C0
(
R, C2

b
(
Rdsp ,Rdst

))
∩ C1

(
R, C0

b
(
Rdsp ,Rdst

))
,

such that, up to replacing the sequence (xn, tn)n∈N by a subsequence,

(3.6) D2,1u(xn + ·, tn + ·) → D2,1u as n → +∞ ,

uniformly on every compact subset of Rdsp+1, where the symbol D2,1v stands for
(v,∇xv,∆xv, vt) (for v equal to u or u).

Proof. See [27, p. 1963] or the proof of [44, Lemma 3.2].

3.3 Time derivative of localized energy and L2-norm of a solution
Let m be a point of M and u : (x, t) 7→ u(x, t) be a solution of system (1.1). In the
calculations below it is assumed that time t is positive, so that according to (3.5) the
regularity properties of the solution ensure the existence of all derivatives and integrals.

3.3.1 Standing frame

Let x 7→ ψ(x) denote a function in W 2,1(Rdsp ,R) and let us introduce the energy
(Lagrangian) and the L2-distance to m for the solution, localized by the weight function
ψ:∫
Rdsp

ψ(x)
(1

2 |∇xu(x, t)|2 +V
(
u(x, t)

)
−V (m)

)
dx and

∫
Rdsp

ψ(x)1
2
(
u(x, t)−m

)2
dx .

To simplify the presentation, let us assume here that

m = 0Rdst and V (m) = V (0Rdst ) = 0 .

Then, the time derivatives of these two functionals read:

(3.7) d

dt

∫
Rdsp

ψ

(1
2 |∇xu|2 + V (u)

)
dx =

∫
Rdsp

(
−ψu2

t − ∇xψ · ∇xu · ut
)
dx

and

(3.8)

d

dt

∫
Rdsp

ψ
1
2u

2 dx =
∫
Rdsp

[
(ψ
(
−u · ∇V (u) − |∇xu|2

)
− ∇xψ · u · ∇xu

]
dx

=
∫
Rdsp

[
ψ
(
−u · ∇V (u) − |∇xu|2

)
+ 1

2∆xψ u2
]
dx .
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3.3.2 Travelling frame

Let c denote a vector of Rdsp (velocity vector) and let us introduce the same solution
viewed in a frame travelling at velocity c, that is the function (ξ, t) 7→ v(ξ, t) defined for
every ξ in Rdsp and nonnegative time t by

v(ξ, t) = u(x, t) for x = ct+ ξ .

This function v is a solution of system (1.5) on page 2. This time, let us introduce
a weight function (ξ, t) 7→ ψ(ξ, t) (depending both on space and time and defined on
Rdsp × [0,+∞), with values in R), and such that, for every nonnegative time t the function
ξ 7→ ψ(ξ, t) belongs to W 2,1(Rdsp ,R) and the function ξ 7→ ψt(ξ, t) is defined and belongs
to L1(Rdsp ,R). Again, let us introduce the energy (Lagrangian) and the L2-norm of the
solution (in travelling frame), localized by the weight function ψ:∫

Rdsp
ψ(ξ, t)

(1
2 |∇ξv(ξ, t)|2 + V

(
v(ξ, t)

))
dξ and

∫
Rdsp

ψ(ξ, t)1
2v(ξ, t)2 dξ .

The time derivatives of these two quantities read:

(3.9)

d

dt

∫
Rdsp

ψ

(1
2 |∇ξv|2 + V (v)

)
dξ =

∫
Rdsp

[
−ψv2

t + ψt

(1
2 |∇ξv|2 + V (v)

)
+ (ψc− ∇ξψ) · ∇ξv · vt

]
dξ

and

(3.10)

d

dt

∫
Rdsp

ψ
1
2v

2 dξ

=
∫
Rdsp

[
ψ
(
−v · ∇V (v) − |∇ξv|2

)
+ 1

2(ψt − c · ∇ξψ)v2 − ∇ξψ · v · ∇ξv

]
dξ

=
∫
Rdsp

[
ψ
(
−v · ∇V (v) − |∇ξv|2

)
+ 1

2(ψt + ∆ξψ − c · ∇ξψ)v2
]
dξ .

3.4 Miscellanea
3.4.1 Escape distance

Notation. For every u in Rdst , let σ
(
D2V (u)

)
denote the spectrum (the set of eigenvalues)

of the Hessian matrix of V at u, and let λmin(u) denote the minimum of this spectrum:

(3.11) λmin(u) = min
(
σ
(
D2V (u)

))
.

Definition 3.4 (Escape distance of a nondegenerate minimum point). For every m in
M, let us call Escape distance of m, and let us denote by δEsc(m), the supremum of the
set

(3.12)
{
δ ∈ [0, 1] : for all u in Rdst satisfying |u−m| ≤ δ, λmin(u) ≥ 1

2λmin(m)
}
.
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Since the quantity λmin(u) varies continuously with u, this Escape distance δEsc(m) is
positive (thus in (0, 1]). In addition, for all u in Rdst such that |u−m| is not larger than
δEsc(m), the following inequality holds:

(3.13) λmin(u) ≥ 1
2λmin(m) .

Lemma 3.5 (second order estimates for the potential around a minimum point). For
every minimum point m in M and every vector u in Rdst satisfying |u−m| ≤ δEsc(m),
the following estimates hold:

V u) ≥ λmin(m)
4 (u−m)2 ,(3.14)

and (u−m) · ∇V (u) ≥ λmin(m)
2 (u−m)2 ,(3.15)

and (u−m) · ∇V (u) ≥ V (u) .(3.16)

Proof. The three inequalities follow from inequality (3.13) and from three variants of
Taylor’s Theorem with Lagrange remainder applied to the function defined on [0, 1] by:
f(θ) = V

(
m+ θ(u−m)

)
(see [44, Lemma 3.3]).

3.4.2 Lower quadratic hulls of the potential at minimum points

It will be convenient to introduce the quantity qlow-hull defined as the minimum of the
convexities of the lower quadratic hulls of V at the points of M. With symbols:

Figure 3.1: Lower quadratic hull of the potential at a minimum point (definition of the
quantity qlow-hull).

qlow-hull = min
m∈M

inf
u∈Rdst \{m}

V (u) − V (m)
(u−m)2 ,

see figure 3.1. This quantity qlow-hull is negative as soon as m is not a global minimum
point of V (and nonnegative otherwise), and according to hypothesis (Hcoerc) it is finite
(in other words it is not equal to −∞). This definition ensures that, for every m in M
and for all u in Rdst ,

(3.17) V (u) − V (m) − qlow-hull(u−m)2 ≥ 0 ,
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see figure 3.1. Let us introduce the following quantity:

wen = 1
max(1,−4 qlow-hull)

.

It follows from this definition that wen is in (0, 1] and that, for every m in M and for all
u in Rdst ,

(3.18) wen
(
V (u) − V (m)

)
+ 1

4(u−m)2 ≥ 0 .

3.4.3 Notation for the values of certain integrals

The following notation and the expression (3.19) below will be useful at several places
throughout the paper (to provide expressions for integrals over Rdsp).
Notation. Let Sdsp−1 denote the surface area (more precisely the dsp − 1-dimensional
volume) of the unit sphere in Rdsp .

For every nonnegative integer n, let en denote the exponential sum function:

en(τ) =
n∑

k=0

τk

k! .

For every nonnegative quantity ρ0 and every nonnegative integer n, it follows from
repeated integrations by parts that

(3.19)
∫ +∞

ρ0
ρne−ρ dρ = n! e−ρ0 en(ρ0) .

4 Stability at infinity
4.1 Set-up
As everywhere else, let us consider a function V in C2(Rdst ,R) satisfying the coercivity
hypothesis (Hcoerc). Let m be a point of M, and let (x, t) 7→ u(x, t) be a solution of
system (1.1). According to Proposition 3.1, there exists a positive quantity Rmax,∞
(depending on the solution u under consideration) such that, for every nonnegative time
t,

(4.1) sup
x∈Rdsp

|u(x, t)| ≤ Rmax,∞ .

For notational convenience, let us introduce the “normalized potential” V † and the
“normalized solution” u† defined as

(4.2) V †(v) = V (m+ v) − V (m) and u†(x, t) = u(x, t) −m.

Thus the origin 0Rdst of Rdst is to V † what m is to V , and u† is a solution of system (1.1)
with potential V † instead of V .
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4.2 Application of the maximum principle
4.2.1 Local coercivity

Let δ be a positive quantity, small enough so that, for every v in Rdst such that |v −m|
is not larger than δ, the Hessian matrix D2V (v) is positive definite. Since the fact that
D2V (v) is positive definite is an open condition with respect to v, there exist quantities
δ′ and δ′′, satisfying

δ < δ′ < δ′′ ,

and such that, for every v in Rdst such that |v −m| is not larger than δ′′, the Hessian
matrix D2V (v) is positive definite. Thus the quantity λ defined as

λ = 2 min
v∈Rdst , |v−m|≤δ′′

λmin(v)

is positive (the factor “2” is here only to ensure homogeneity with the notation of
sub-subsection 3.4.1).

Lemma 4.1 (local coercivity). For every v in Rdst such that |v −m| is not larger than
δ′′, the following inequality holds:

(4.3) (v −m) · ∇V (v) ≥ λ

2 v
2 .

Proof. Let us introduce the function

f : [0, 1] → R, v 7→ V (m+ θv) .

According to Taylor’s Theorem with Lagrange remainder, there exists θ in (0, 1) such
that

f ′(1) − f ′(0) = f ′′(θ) or in other words v · ∇V (m+ v) − 0 = D2V (θv) · v · v ,

and inequality (4.3) follows.

With the notation introduced in (4.2), it follows from (4.3) that, for every w in Rdst

such that |w| is not larger than δ′′,

(4.4) w · ∇V †(w) ≥ λ

2w
2 .

4.2.2 Potential V ‡ quadratic at infinity

Let χ : R → [0, 1] be a smooth cutoff function satisfying:

χ(x) = 1 for all x in (−∞, 0] and χ(x) = 0 for all x in [1,+∞),

and let us introduce the potential function V ‡ defined as

(4.5) V ‡(v) = χ
(
|v| −Rmax,∞ − |m|

)
V †(v) +

(
1 − χ

(
|v| −Rmax,∞ − |m|

)) |v|2

2 .
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Thus

V ‡(v) = V †(v) for |v| ≤ Rmax,∞+|m| and V ‡(v) = |v|2 /2 for |v| ≥ Rmax,∞+|m|+1 .

It follows from (4.1) that u† is still a solution of system (1.1) with potential V ‡ instead
of V :

(4.6) u†
t = −∇V ‡(u†) + ∆xu

† .

Let us introduce the quantity

(4.7) Rcoerc = Rmax,∞ + |m| + 1 +

√
λ(δ′)2

2 .

Since v · ∇V ‡(v) equals |v|2 for |v| larger than Rmax,∞ + |m| + 1, the following property
holds (this property will be used to prove inequality (4.17) in the proof of Lemma 4.3
below):

(4.8) |v| ≥ Rcoerc =⇒ v · ∇V ‡(v) ≥ λ(δ′)2

2 .

4.2.3 Quadratic state function

Let us introduce the “quadratic state” function q† : Rdsp × [0,+∞) → R defined as

q†(x, t) = 1
2
∣∣∣u†(x, t)

∣∣∣2 ,
and the function

(4.9) N : [0,+∞) → R , q 7→ max
{

−v · ∇V ‡(v) : v ∈ Rdst and 1
2v

2 = q
}
,

(“upper-bound on the nonlinear part”) and the system

(4.10) qt = N(q) + ∆xq .

Lemma 4.2 (the quadratic state function is a subsolution of system (4.10)). The function
(x, t) 7→ q†(x, t) is a subsolution of system (4.10).

Proof. The same calculation as in the proof of Proposition 3.1 shows that the function
q†(·, ·) is a solution of the system:

q†
t = −u† · ∇V ‡(u†) + ∆xq

† −
∣∣∣∇xu

†
∣∣∣2 ,

and as a consequence, for all (x, t) in Rdsp × [0,+∞),

q†
t ≤ −u† · ∇V ‡(u†) + ∆xq

† .

The conclusion follows from the definition (4.9) of N(·). Lemma 4.2 is proved.

The next goal is to construct an appropriate supersolution above this subsolution
q†(·, ·), for the same system (4.10).
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4.2.4 Construction of a supersolution

To simplify the expressions below, let us introduce the quantities

γ′ = 1
2(δ′)2 and γ′′ = 1

2(δ′′)2 ,

and

(4.11) qmax = 1
2R

2
coerc .

Observe that, according to the definition (4.7) of the quantity Rcoerc,

(4.12) sup
x∈Rdsp

q†(x, 0) ≤ qmax .

Let us introduce the function η0 : R → R, defined as

(4.13) η0(ρ) =



qmax + (γ′′ − γ′) if ρ ≤ 0 ,

qmax + (γ′′ − γ′)(1 − ρ) if 0 ≤ ρ ≤ qmax
γ′′ − γ′ ,

(γ′′ − γ′) exp
(

−ρ+ qmax
γ′′ − γ′

)
if qmax

γ′′ − γ′ ≤ ρ ,

see figure 4.1. Let c and rEsc-init denote positive quantities, and let us introduce the

Figure 4.1: Graph of ρ 7→ η0(ρ).

function

(4.14) η : [0,+∞) × [0,+∞) → R, (r, t) 7→ η0
(
r − ct− rEsc-init

)
,

see figure 4.2. Finally, let us introduce the function

η : Rdsp × [0,+∞) → R, (x, t) 7→ η(|x| , t) + γ′ exp(−λt) ,

and the quantity

(4.15) cno-esc = max
(

1
γ′′ − γ′

(
λγ′ + sup

q∈[0,qmax+γ′′]
N(q)

)
, 1 − λ

)
.
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Figure 4.2: Graph of r 7→ η(r, t).

Lemma 4.3 (supersolution). If the positive quantity c is not smaller than cno-esc, then the
function (x, t) 7→ η(x, t) is a supersolution of system (4.10) (for all (x, t) in Rdsp ×[0,+∞).

Proof. This amounts to prove that, if c is not smaller than cno-esc, then the following
inequality holds for all (x, t) in Rdsp × [0,+∞):

ηt(x, t) ≥ N
(
η(x, t)

)
+ ∆xη(x, t) ,

or equivalently, for all (r, t) in [0,+∞) × [0,+∞),

−c∂rη(r, t) − λγ′ exp(−λt) ≥ N
(
η(r, t) + γ′ exp(−λt)

)
+ dsp − 1

r
∂rη(r, t) + ∂rrη(r, t) .

Since ∂rη(·, ·) is nonpositive, it is sufficient to prove this inequality without the curvature
term, that is, for all (r, t) in [0,+∞) × [0,+∞),

(4.16) −c∂rη(r, t) − λγ′ exp(−λt) ≥ N
(
η(r, t) + γ′ exp(−λt)

)
+ ∂rrη(r, t) .

Let us introduce the three intervals

I1 = [0, rEsc-init + ct] ,
and I2 = [rEsc-init + ct, rEsc-init + ct+ qmax/(γ′′ − γ′)] ,
and I3 =

[
rEsc-init + ct+ qmax/(γ′′ − γ′),+∞

)
,

see figure 4.2. Three cases are to be distinguished, depending on which among the three
intervals above contains the argument r. Observe that the discontinuity of ∂rη(·, t) at
rEsc-init + ct can be ignored, since its contribution only enforces inequality (4.16) (it adds
a negative Dirac mass to the right-hand side of this inequality).

Case 1: r is in I1. In this case both quantities ∂rη(r, t) and ∂rrη(r, t) vanish and η(r, t)
equals qmax + (γ′′ − γ′), so that inequality (4.16) reduces to

N
(
qmax + (γ′′ − γ′) + γ′ exp(−λt)

)
≤ −λγ′ exp(−λt) ,

which is implied by

N
(
qmax + (γ′′ − γ′) + γ′ exp(−λt)

)
≤ −λγ′ ,
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and thus by

(4.17) sup
q≥qmax

N(q) ≤ −λγ′ .

According to the definition (4.11) of qmax, for every quantity q not smaller than qmax and
for every v in Rdst such that v2/2 equals q, the following holds:

q ≥ 1
2R

2
coerc thus |v| ≥ Rcoerc thus, according to (4.8), − v · ∇V ‡(v) ≤ −λ(δ′)2

2 = −λγ′ ,

and inequality (4.17) follows.

Case 2: r is in I2. In this case the quantity ∂rrη(r, t) vanishes and the quantity ∂rη(r, t)
equals −(γ′′ − γ′), so that inequality (4.16) reduces to

c(γ′′ − γ′) ≥ λγ′ exp(−λt) +N
(
η + γ′ exp(−λt)

)
,

which is implied by
c ≥ 1

γ′′ − γ′

(
λγ′ + sup

q∈[0,qmax+γ′′]
N(q)

)
.

Case 3: r is I3. In this case, it follows from the expressions (4.13) and (4.14) of η0 and
η that

∂rη(r, t) = −η(r, t) and ∂rrη(r, t) = η(r, t) .

Let us introduce the function q defined as

q(r, t) = η(r, t) + γ′ exp(−λt) .

It follows from the expressions of η0 and η that q(r, t) is not larger than γ′′. As a
consequence, for every v in Rdsp , if v2/2 is equal to q(r, t) then

|v| =
√

2q(r, t) ≤
√

2γ′′ = δ′′ ,

thus it follows from (4.4) that

−v · ∇V ‡(v) ≤ −λ

2 v
2 = −λq , and it follows that N

(
q(r, t)

)
≤ −λq(r, t) .

As a consequence, inequality (4.16) is implied in this case by the following inequality:

cη(r, t) − λγ′ exp(−λt) ≥ −λη(r, t) − λγ′ exp(−λt) + η(r, t) ,

or equivalently

(c+ λ− 1)η(r, t) ≥ 0 , or equivalently c ≥ 1 − λ .
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Conclusion. In short, if c is not smaller than the quantity cno-esc defined in (4.15), then
inequality (4.16) holds for all (r, t) in [0,+∞) × [0,+∞). Lemma 4.3 is proved.

4.2.5 Proof of Lemma 2.3

Proof of Lemma 2.3. Let us assume that the solution (x, t) 7→ u(x, t) under consideration
satisfies hypothesis (2.1) of Lemma 2.3. Then, if the positive quantity rEsc-init is large
enough,

sup
x∈Rdsp , |x|≥rEsc-init

∣∣∣u†(x, t = 0)
∣∣∣ ≤ δ′ ,

or in other words sup
x∈Rdsp , |x|≥rEsc-init

∣∣∣q†(x, t = 0)
∣∣∣ ≤ γ′ .(4.18)

Then it follows from inequalities (4.12) and (4.18) that, for all x in Rdsp ,

q†(x, 0) ≤ η(x, 0) .

Since q†(·, ·) is a subsolution of system (4.10) and since, according to Lemma 4.3 and
provided that c is not smaller than the quantity cno-esc, the function η(·, ·) is a supersolution
of the same system, it follows from the maximum principle that, for all (x, t) in Rdsp ×
[0,+∞),

q†(x, t) ≤ η(x, t) .

Since
lim

r→+∞
sup

x∈Rdsp , |x|≥r

η(x, t) → 0 as t → +∞ ,

it follows that the solution u(·, ·) is stable close to m at infinity (Definition 2.1). Lemma 2.3
is proved.

4.2.6 Supersolution with uniform features

The aim of this sub-subsection is to formulate a more uniform version of Lemma 4.3
leading to a proof of Lemma 2.5. Let us introduce the potential function V ‡

att defined as

V ‡
att(v) = χ

(
|v| −Ratt,∞ − |m|

)
V †(v) +

(
1 − χ

(
|v| −Ratt,∞ − |m|

)) |v|2

2 ,

and the function

Natt : [0,+∞) → R, q 7→ max
{

−v · ∇V ‡
att(v) : v ∈ Rdst and 1

2v
2 = q

}
,

and the system

(4.19) qt = Natt(q) + ∆xq ,

18



and the quantities

Rcoerc-att = Ratt,∞ + |m| + 1 +

√
λ(δ′)2

2 and qatt = 1
2R

2
coerc-att ,

and the function η0-att : R → R, defined as

η0-att(ρ) =



qatt + (γ′′ − γ′) if ρ ≤ 0 ,

qatt + (γ′′ − γ′)(1 − ρ) if 0 ≤ ρ ≤ qatt
γ′′ − γ′ ,

(γ′′ − γ′) exp
(

−ρ+ qatt
γ′′ − γ′

)
if qatt

γ′′ − γ′ ≤ ρ ,

and the quantity

(4.20) cno-esc-att = max
(

1
γ′′ − γ′

(
λγ′ + sup

q∈[0,qatt+γ′′]
N(q)

)
, 1 − λ

)
,

and the functions

ηatt : ×[0,+∞) × [0,+∞) → R, (r, t) 7→ η0-att
(
r − cno-esc-attt− rEsc-init

)
and ηatt : Rdsp × [0,+∞) → R, (x, t) 7→ ηatt(|x| , t) + γ′ exp(−λt) .

Observe that the quantity cno-esc-att depends on V and dsp and the choice of δ and δ′ and
δ′′ (in other words on m) but not on the solution u(·, ·) under consideration.

Lemma 4.4 (supersolution). Whatever the value of the positive quantity rEsc-init, the
function (x, t) 7→ ηatt(x, t) is a supersolution of system (4.19) (for all (x, t) in Rdsp ×
[0,+∞).

Proof. The proof is the same as that of Lemma 4.3.

4.2.7 Proof of Lemma 2.5

Lemma 2.5 follows from the next more precise lemma.

Lemma 4.5 (“explicit” upper bound on the invasion speed). If the solution (x, t) 7→ u(x, t)
under consideration is stable close to m at infinity, then

(4.21) cinv[u] ≤ cno-esc-att .

Proof. Let us assume that the solution (x, t) 7→ u(x, t) under consideration is stable close
to m at infinity. Then, according to Proposition 3.1, there exists a positive time tinit
such that, for every time t greater than or equal to tinit,

(4.22) sup
x∈R

|u(x, t)| ≤ Ratt,∞ .
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In addition, according to Definition 2.1 of a solution stable at infinity, it may be assumed,
up to replacing tinit by a greater quantity, that for every time t greater than or equal to
tinit, the limit

lim
r→+∞

sup
x∈Rdsp , |x|≥r

∣∣∣u†(x, t)
∣∣∣

is not larger than any given positive quantity; for instance, it may be assumed that this
limit is not larger than the quantity δ defined in sub-subsection 4.2.1. As a consequence,
if the positive quantity rEsc-init is chosen large enough, then

(4.23) sup
x∈Rdsp ,|x|≥rEsc-init+cno-esc-atttinit

∣∣∣u†(x, tinit)
∣∣∣ ≤ δ′ ,

and it follows from inequalities (4.22) and (4.23) that, for all x in Rdsp ,

q†(x, tinit) ≤ ηatt(x, tinit) .

Besides, the functions q†(·, ·) and ηatt(·, ·) are, according to Lemmas 4.2 and 4.4, a
subsolution and a supersolution of system (4.19), respectively. As a consequence, it
follows from the maximum principle that, for all (x, t) in Rdsp × [tinit,+∞),

q†(x, t) ≤ ηatt(x, t) .

It follows from the definition of ηatt that, for every positive quantity c larger than
cno-esc-att,

sup
x∈Rdsp , |x|≥ct

ηatt(x, t) → 0 as t → +∞ ,

thus sup
x∈Rdsp , |x|≥ct

u†(x, t) → 0 as t → +∞ ,

and it follows that cinv[u] cannot be larger than c. This shows that cinv[u] is actually not
larger than cno-esc-att. Lemma 4.5 is proved.

4.3 Firewall function
4.3.1 Preliminaries

Let us keep the notation of subsection 4.1. It follows from inequality (3.18) satisfied by
wen that, for all v in Rdst ,

(4.24) wen V
†(v) + v2

4 ≥ 0 ,

and it follows from inequalities (3.15) and (3.16) that, for all v in Rdst satisfying |v| ≤
δEsc(m),

v · ∇V †(v) ≥ λmin(m)
2 v2 ,(4.25)

and v · ∇V †(v) ≥ V †(v) .(4.26)
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4.3.2 Definition

Let κ0 denote a positive quantity, small enough so that

(4.27) wen κ
2
0

4 ≤ 1
2 and κ2

0
2 ≤ λmin(m)

8

(those properties will be used to prove inequality (4.33) below); this quantity may be
chosen as

κ0 = min
(√

2
wen

,

√
λmin(m)

2

)
.

For every x in Rdsp and every nonnegative time t, let

(4.28)
E†(x, t) = 1

2
∣∣∣∇xu

†(x, t)
∣∣∣2 + V †(u†(x, t)

)
,

and F †(x, t) = E†(x, t) + 1
2u

†(x, t)2 .

Let us introduce the weight function ψ0 : Rdsp × R defined as

ψ0(x) = exp(−κ0 |x|) ,

and, for every x in Rdsp , its translate Txψ0 defined as

Txψ0(x) = ψ0(x− x) ,

and let us introduce the “firewall” function defined, for every x in Rdsp and every positive
time t, as

(4.29) F0(x, t) =
∫
Rdsp

Txψ0(x)F †(x, t) dx .

Remark. The subscript “0” (in κ0 and ψ0 and F0) is here to distinguish these objects
from others, similar but unequal, introduced in subsection 6.3.

4.3.3 Coercivity

Lemma 4.6 (coercivity of firewall function). For all t in (0,+∞) and x in R,

(4.30) F0(x, t) ≥ min
(wen

2 ,
1
4
) ∫

Rdsp
Txψ0(x)

(∣∣∣∇xu
†(x, t)

∣∣∣2 + u†(x, t)2
)
dx .

Proof. Inequality (4.30) follows from inequality (4.24).
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4.3.4 Linear decrease up to pollution.

For every nonnegative time t, let us introduce the set:

(4.31) ΣEsc(t) = {x ∈ Rdsp :
∣∣∣u†(x, t)

∣∣∣ > δEsc(m)} .

Lemma 4.7 (firewall linear decrease up to pollution). There exist positive quantities
νF0 and KF0 such that, for every x in Rdsp and every positive time t,

(4.32) ∂tF0(x, t) ≤ −νF0 F0(x, t) +KF0

∫
ΣEsc(t)

Txψ0(x) dx .

The quantity νF0 depends on V and m (only), whereas KF0 depends additionally on the
upper bound Rmax,∞ on the L∞-norm of the solution.

Proof. It follows from expressions (3.7) and (3.8) that, for every x in Rdsp and every
positive time t,

∂tF0(x, t) =
∫
Rdsp

[
Txψ0

(
−wen(u†

t)2 − u† · ∇V †(u†) −
∣∣∣∇xu

†
∣∣∣2)

− wen∇xTxψ0 · ∇xu
† · u†

t + ∆xTxψ0
2 (u†)2

]
dx .

Since (for every x in Rdsp)

|∇xTxψ0(x)| ≤ κ0Txψ0(x) and ∆xTxψ0(x) ≤ κ2
0Txψ0(x)

(indeed the measure with support at 0Rdsp involved in ∆xψ0 is negative), it follows that

∂tF0(x, t) ≤∫
Rdsp

Txψ0
(
−wen(u†

t)2 − u† · ∇V †(u†) −
∣∣∣∇xu

†
∣∣∣2 + wenκ0

∣∣∣∇xu
†
∣∣∣ ∣∣∣u†

t

∣∣∣+ κ2
0

2 (u†)2
)
dx ,

thus, using the inequality

κ0
∣∣∣∇xu

†
∣∣∣ ∣∣∣u†

t

∣∣∣ ≤ (u†
t)2 + κ2

0
4
∣∣∣∇xu

†
∣∣∣2 ,

it follows that

∂tF0(x, t) ≤
∫
Rdsp

Txψ0

((wenκ
2
0

4 − 1
) ∣∣∣∇xu

†
∣∣∣2 − u† · ∇V †(u†) + κ2

0
2 (u†)2

)
dx ,

and according to inequalities (4.27) satisfied by the quantity κ0,

(4.33) ∂tF0(x, t) ≤
∫
Rdsp

Txψ0

(
−1

2
∣∣∣∇xu

†
∣∣∣2 − u · ∇V †(u†) + λmin(m)

8 (u†)2
)
dx .
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Let νF0 denote a positive quantity to be chosen below. It follows from the previous
inequality and from the definition (4.29) of F(x, t) that

(4.34)
∂tF0(x, t) + νF0F0(x, t) ≤

∫
Rdsp

Txψ0

[
−1

2(1 − νF0 wen)
∣∣∣∇xu

†
∣∣∣2 − u† · ∇V †(u†)

+ νF0 wen V
†(u†) +

(λmin(m)
8 + νF0

2
)
(u†)2

]
dx .

In view of this expression and of inequalities (4.25) and (4.26) on page 20, let us assume
that νF0 is small enough so that

(4.35) νF0 wen ≤ 1 and νF0 wen ≤ 1
2 and νF0

2 ≤ λmin(m)
8 ;

the quantity νF0 may be chosen as

νF0 = min
( 1

2wen
,
λmin(m)

4
)
.

Then, it follows from inequalities (4.34) and (4.35) that
(4.36)
∂tF0(x, t) + νF0F0(x, t) ≤

∫
Rdsp

Txψ0

[
−u† · ∇V †(u†) + 1

2
∣∣∣V †(u†)

∣∣∣+ λmin(m)
4 (u†)2

]
dx .

According to inequalities (4.25) and (4.26), the integrand of the integral at the right-
hand side of this inequality is nonpositive as long as x is not in ΣEsc(t). Therefore this
inequality still holds if the domain of integration of this integral is changed from Rdsp to
ΣEsc(t). Besides, observe that, in terms of the “initial” potential V and solution u(x, t),
the factor of Txψ0 under the integral of the right-hand side of this last inequality reads

−(u−m) · ∇V (u) + 1
2 |V (u) − V (m)| + λmin(m)

4 (u−m)2 .

Thus, if KF0 denotes the maximum of this expression over all possible values for u, that
is (according to the L∞ bound (4.1) on the solution) the quantity

(4.37) KF0 = max
v∈Rdst , |v|≤Rmax,∞

[
−(v−m)·∇V (v)+ 1

2 |V (v) − V (m)|+λmin(m)
4 (v−m)2

]
,

then inequality (4.32) follows from inequality (4.36) (with the domain of integration
of the integral on the right-hand side restricted to ΣEsc(t)). This finishes the proof of
Lemma 4.7.

4.3.5 Exponential decrease and proof of Lemma 2.6

Let c1 and c2 denote two positive quantity with c1 smaller than c2. The proof of
Lemma 2.6 will follow from the next lemma.
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Lemma 4.8 (exponential decrease of firewall). Assume that there exists a positive
quantity tinit such that, for every t in [tinit,+∞),

(4.38) ΣEsc(t) ⊂ B(c1t) ,

and let us introduce the quantities ν ′
F0

and K ′
F0

defined as
(4.39)

ν ′
F0 = min

(
νF0 ,

κ0(c2 − c1)
2

)
, and

K ′
F0 = exp(ν ′

F0tinit)

 sup
x′∈Rdsp , |x′|≥c2tinit

F0(x′, tinit)

+
2dspKF0Sdsp−1c

dsp−1
1 (dsp − 1)!

κ
dsp+1
0 (c2 − c1)dsp

.

Then, for every t in [tinit,+∞), the following inequality holds:

(4.40) sup
x∈Rdsp , |x|≥c2t

F0(x, t) ≤ K ′
F0 exp(−ν ′

F0t) .

Proof. According to inclusion (4.38) and to inequality (4.32) of Lemma 4.7, for all x in
R,

∂tF0(x, t) + νF0F0(x, t) ≤ KF0

∫
B(c1t)

exp
(
−κ0 |x− y|

)
dy

≤ KF0e
−κ0|x|

∫
B(c1t)

eκ0|y| dy

= KF0e
−κ0|x|

∫ c1t

0
Sdsp−1r

dsp−1eκ0r dr

= KF0e
−κ0|x|Sdsp−1(c1t)dsp−1

∫ c1t

0
eκ0r dr

= KF0e
−κ0|x|Sdsp−1(c1t)dsp−1 1

κ0
exp(κ0c1t) ,

so that, if in addition it is assumed that |x| is not smaller than c2t, then

(4.41) ∂tF0(x, t) + νF0F0(x, t) ≤
KF0Sdsp−1

κ0
(c1t)dsp−1 exp

(
−κ0(c2 − c1)t

)
.

For every x in Rdsp such that |x| is not smaller than c2tinit, and for every time t in the
interval [tinit, x/c2], let us introduce the quantity

(4.42) G0(x, t) = exp(ν ′
F0t)F0(x, t) ,

so that
∂tG0(x, t) = exp(ν ′

F0t)
(
∂tF0(x, t) + ν ′

F0F0(x, t)
)
.

It follows from inequality (4.41) that

∂tG0(x, t) ≤

exp(ν ′
F0t)

(
(ν ′

F0 − νF0)F0(x, t) +
KF0Sdsp−1

κ0
(c1t)dsp−1 exp

(
−κ0(c2 − c1)t

))
.
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Since according to the coercivity inequality (4.30) of Lemma 4.6 the quantity F0(x, t) is
nonnegative, it follows from the definition (4.39) of ν ′

F0
that

(4.43) ∂tG0(x, t) ≤
KF0Sdsp−1

κ0
(c1t)dsp−1 exp

(
−κ0(c2 − c1)

2 t

)
,

and thus, integrating this inequality between tinit and t, it follows that

G0(x, t) ≤ G0(x, tinit) +
KF0Sdsp−1

κ0
c

dsp−1
1

∫ +∞

tinit
(t′)dsp−1 exp

(
−κ0(c2 − c1)

2 t′
)
dt′

≤ exp(ν ′
F0tinit) sup

x′∈Rdsp , |x′|≥c2tinit

F0(x′, tinit)

+
KF0Sdsp−1

κ0
c

dsp−1
1

( 2
κ0(c2 − c1)

)dsp ∫ +∞

0
τdsp−1e−τ dτ .

According to (3.19), the quantity at the right-hand side of this last inequality is equal to
the quantity K introduced in (4.39). Thus it follows from the definition (4.42) of G0(x, t)
that inequality (4.40) holds. Lemma 4.8 is proved.

Proof of Lemma 2.6. Let us assume that the solution (x, t) 7→ u(x, t) under consideration
is stable close to m at infinity (Definition 2.1), and let c denote a positive quantity, larger
than than the invasion speed cinv[u]. Let us write

c2 = c and c1 = 1
2(c+ cinv[u]) , so that cinv[u] < c1 < c2 .

According to Definition 2.2 of cinv[u], there exists a positive time tinit such that, for every
time t greater than or equal to tinit,

(4.44) ΣEsc(t) ⊂ B(c1t) ,

so that assumption (4.38) of the previous Lemma 4.8 is fulfilled. The conclusion (2.2)
of Lemma 2.6 follows from the conclusion (4.40) of Lemma 4.8, the coercivity (4.30) of
F0(·, ·), and the bounds (3.5) on the solution. Lemma 2.6 is proved.

5 Asymptotic energy
As everywhere else, let us consider a function V in C2(Rdst ,R) satisfying the coercivity
hypothesis (Hcoerc).

5.1 Definition, proof of Proposition 2.7
Proof of Proposition 2.7. Let m be a point of M, and let (x, t) 7→ u(x, t) be a solution
of system (1.1) which is stable close to m at infinity. For every positive quantity c and
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every positive time t, with the notation V † and u† introduced in (4.2) and the notation
E†(x, t) introduced in (4.28), let

(5.1)

Ec(t) =
∫

B(ct)
E†(x, t) dx ,

and Dc(t) =
∫

B(ct)
u†

t(x, t)2 dx ,

and Bc(t) =
∫

∂B(ct)
E†(x, t) dx .

It follows from system (1.1) that, for every positive time t,

(5.2) E ′
c(t) = −Dc(t) + cBc(t) .

According to Lemma 2.6, for every positive quantity c′ larger than cinv[u], the quantity

(5.3) sup
x∈Rdsp , |x|≥c′t

∣∣∣u†(x, t)
∣∣∣

goes to 0 at an exponential rate as t goes to +∞. And according to the bounds (3.5),
the same is true for the quantity

(5.4) sup
x∈Rdsp , |x|≥c′t

∣∣∣∇xu
†(x, t)

∣∣∣ .
It follows that, if c is positive larger than cinv[u], then Bc(t) goes to 0 as t goes to +∞.
As a consequence, the quantity

Easympt[u] = lim inf
t→+∞

Ec(t)

is in {−∞} ∪ R and Ec(t) goes to Easympt[u] as t goes to +∞. The convergences at
exponential rates of the quantities (5.3) and (5.4) also show that, for every couple (c, c′)
of positive quantities both larger than cinv[u], the difference

Ec(t) − Ec′(t)

goes to 0 as t goes to +∞. In other words, the limit Easympt[u] does not depend on the
choice of c in the interval

(
cinv[u],+∞

)
. Proposition 2.7 is proved.

5.2 Upper semi-continuity, proof of Proposition 2.9
Proof of Proposition 2.9. Let m be a point of M, let (u0,n)n∈N denote a sequence of
functions in the set Xstab-infty(m) of initial conditions that are stable close to m at infinity
(sub-subsection 2.2.2), and let u0,∞ denote a function in Xstab-infty(m) such that

∥u0,n − u0,∞∥X → 0 as n → +∞ .
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The goal is to prove that

(5.5) Easympt[u0,∞] ≥ lim sup
n→+∞

Easympt[u0,n] .

For every n in N ∪ {∞}, let un(·, ·) denote the solution of system (1.1) with initial
condition u0,n, and let us introduce the “normalized” solution u†

n(·, ·) and the function
q†

n(·, ·) defined as

u†
n(x, t) = u(x, t) −m and q†

n(x, t) = 1
2u

†
n(x, t)2 ,

and let us define the potentials V † and V ‡ as in (4.2) and sub-subsection 4.2.2. Let
us introduce three positive quantities δ and δ′ and δ′′ with the same properties as in
sub-subsection 4.2.1. According to Proposition 3.1, there exists a positive quantity
Rmax,∞ such that, for every t in [0,+∞),

sup
x∈Rdsp

∣∣∣u†
∞(x, t)

∣∣∣ ≤ Rmax,∞ − 1 ;

and since u0,∞ was assumed to be stable close to m at infinity, there exist positive
quantities tinit and rEsc-init such that

sup
x∈Rdsp |x|≥rEsc-init

∣∣∣u†
∞(x, tinit)

∣∣∣ ≤ δ .

By continuity of the semi-flow (St)t≥0 of system (1.1) with respect to initial conditions
in X, there exists n0 in N such that, for every integer n greater than or equal to n0,

sup
x∈Rdsp

∣∣∣u†
n(x, tinit)

∣∣∣ ≤ Rmax,∞ ,(5.6)

and sup
x∈Rdsp |x|≥rEsc-init

∣∣∣u†
n(x, tinit)

∣∣∣ ≤ δ′ .(5.7)

Let us define the quantities λ, Rcoerc, γ′, γ′′, qmax, cno-esc, and the functions N and η0(·)
as in subsection 4.2, together with the functions η(·, ·) and η(·, ·) with the parameter c
chosen to be equal to cno-esc. Finally, let us introduce the function

η̃ : Rdsp × [tinit,+∞) → R , (x, t) 7→ η(x, t− tinit) .

According to Lemma 4.2, for every n in N ∪ {∞}, the function q†
n(·, ·) is a subsolution

of system (4.10); and according to Lemma 4.3, the function η̃ is a supersolution of
the same system. And it follows from inequalities (5.6) and (5.7) that, for every n in
{n0, n0 + 1, . . . } ∪ {∞} and for every x in Rdsp ,

q†
n(x, tinit) ≤ η̃(x, tinit) .

It follows that, for every time t greater than or equal to tinit, the same inequality still
holds at time t; that is, for every n in {n0, n0 + 1, . . . } ∪ {∞} and for every x in Rdsp ,

(5.8) q†
n(x, t) ≤ η̃(x, t) .
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Let us introduce the quantity
c′ = cno-esc + 1 ,

and, for every n in N ∪ {+∞} and t in [0,+∞), let us introduce the quantities

Ec′,n(t) and Bc′,n(t)

defined exactly as in (5.1) for the solution un and the parameter c′. It follows from (5.2)
that

(5.9) Easympt[u0,n] − Ec′,n(t) ≤ c′
∫ +∞

t
Bc′,n(s) ds .

Besides, it follows from inequality (5.8) and from the definition of the function η̃(·, ·)
that, for every n in {n0, n0 + 1, . . . } ∪ {∞}, the quantity

sup
x∈Rdsp |x|≥c′t

∣∣∣u†
n(x, t)

∣∣∣
goes to as t goes to +∞, at an exponential rate and uniformly with respect to n in
{n0, n0 + 1, . . . } ∪ {∞}. And thus, according to the bounds (3.5), the same is true for
the quantity

sup
x∈Rdsp |x|≥c′t

∣∣∣∇xu
†
n(x, t)

∣∣∣ ,
and thus the same is true for the quantity Bc′,n(t). As a consequence, there exist positive
quantities ν and K such that, for every n in {n0, n0 + 1, . . . } ∪ {∞} and for every t
greater than or equal to tinit,∫ +∞

t
Bc′,n(s) ds ≤ K exp(−νt) .

Thus it follows from inequality (5.9) that, for every n in {n0, n0 + 1, . . . } ∪ {∞} and for
every t greater than or equal to tinit,

Ec′,n(t) ≥ Easympt[u0,n] −K exp(−νt) .

Passing to the limit as n goes to +∞, it follows from the continuity of the semi-flow
(St)t≥0 of system (1.1) with respect to initial conditions in X that, for every t greater
than or equal to tinit,

E(∞)
c′ (t) ≥ lim sup

n→+∞
Easympt[u0,n] −K exp(−νt) .

Finally, passing to the limit as time goes to +∞, inequality (5.5) follows. Proposition 2.9
is proved.
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6 No invasion implies relaxation
6.1 Definitions and hypotheses
As everywhere else, let us consider a function V in C2(Rdst ,R) satisfying the coercivity
hypothesis (Hcoerc). Let us consider a point m in M and a solution (x, t) 7→ u(x, t) of
system (1.1). In this section it will not be assumed that the solution stable at infinity,
but that it satisfies, instead, the following (less restrictive) hypothesis (Hhom). The more
general statement issued from this setting is appropriate to be applied (in the radially
symmetric case [43]) to the behaviour (relaxation) of a solution behind a chain of fronts
travelling to infinity (in space).

(Hhom) There exist a positive quantity chom and a C1-function

rhom : [0,+∞) → [0,+∞) satisfying r′
hom(t) → chom as t → +∞

such that, for every positive quantity L,

sup
x∈Rdsp , rhom(t)−L≤|x|≤rhom(t)+L

|u(x, t) −m| → 0 as t → +∞ .

If the solution (x, t) 7→ u(x, t) is stable close to m at infinity then hypothesis (Hhom)
holds (for every positive quantity chom larger than the invasion speed of the solution and
a function rhom defined as t 7→ chomt), but the converse is not true. For every nonnegative

Figure 6.1: Illustration of hypothesis (Hhom) and of the notation rhom(t) and chom and
rEsc(t) (for simplicity the figure is made with a space dimension dsp equal to 1, although
in the paper dsp is assumed to be not smaller than 2).

time t, let us denote by rEsc(t) the supremum of the setr ∈
[
0, rhom(t)

)
: sup

x∈Rdsp , |x|=r

|u(x, t) −m| ≥ δEsc(m)

 ,

with the convention that rEsc(t) equals 0 if this set is empty (see figure 6.1). Let us
assume that the following “no invasion” assumption holds.

(Hno-inv) rEsc(t)
t

→ 0 as t → +∞.
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6.2 Statement
Recall (see sub-subsection 2.3.2) that, for every positive quantity r, B(r) denotes the
(open) ball of radius r and centred at the origin in Rdsp . The goal of section 6 is to prove
the following theorem, which is a variant of conclusion 1 of Theorem 1 in the slightly
more general setting considered here.
Theorem 2 (no invasion implies relaxation). Let V denote a function in C2(Rdst ,R)
satisfying the coercivity hypothesis (Hcoerc). Then, for every point m of M and every
solution (x, t) 7→ u(x, t) of system (1.1) satisfying hypotheses (Hhom) and (Hno-inv), the
following conclusions hold.

1. There exists a nonnegative quantity Eres-asympt[u] (“residual asymptotic energy”)
such that, for every quantity c in (0, chom),∫

B(ct)

(1
2 |∇xu(x, t)|2 + V

(
u(x, t)

)
− V (m)

)
dx → Eres-asympt[u] as t → +∞ .

2. The quantity
sup

x∈B
(

rhom(t)
) |ut(x, t)|

goes to 0 as time goes to +∞.

3. For every quantity c in (0, chom), the function

t 7→
∫

B(ct)
ut(x, t)2 dx

is integrable on a neighbourhood of +∞.
Remark. Conclusion 3 of this theorem is somehow redundant with conclusion 1, therefore
it could have been omitted in this statement. The reason why this additional conclusion
3 is added to the statement above is that this turns out to be convenient in the proof of
the main result of the companion paper [43] (see Proposition 5.1 in this reference).

6.3 Relaxation scheme in a standing or almost standing frame
6.3.1 Set-up

Let us keep the notation and assumptions of subsection 6.1, and let us assume that
the hypotheses (Hcoerc) and (Hhom) of Theorem 2 hold. According to Proposition 3.1
and Corollary 3.2, it may be assumed, up to changing the origin of time, that, for all t in
[0,+∞),

∥x 7→ u(x, t)∥
L∞
(
Rdsp ,Rdst

) ≤ Ratt,∞(6.1)

and ∥x 7→ u(x, t)∥
H1

ul

(
Rdsp ,Rdst

) ≤ Ratt,1,ul .(6.2)

Let us introduce the “normalized potential” V † and the “normalized solution” u† defined
in (4.2).
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6.3.2 Notation for the travelling frame

Let c denote a vector of Rdsp . It may be written as

c = |c| n⃗ ,

where n⃗ is in Rdsp and its euclidean norm is equal to 1. Actually the choice of n⃗ will be
of no importance, thus this vector may very well be chosen as (1, 0, . . . , 0).

Let us consider the solution viewed in a frame travelling at velocity c, that is the
function (ξ, t) 7→ v(ξ, t) defined for every ξ in Rdsp and nonnegative time t by

v(ξ, t) = u†(x, t) for x = ct+ ξ .

This function is a solution of the differential system

vt − c · ∇ξv = −∇V †(v) + ∆ξv .

In the forthcoming calculations, the notation r is used to refer to |x| and ρ to refer to |ξ|.

6.3.3 Choice of the parameters to define energy and firewalls

Let κ (rate of decrease of the weight functions) and ccut (speed of cut-off radius) be
positive quantities, small enough so that

(6.3) wenκ
(ccut

2 + κ

4
)

≤ 1
2 and wen κ ccut ≤ 1

4 and κ(dspκ+ ccut)
2 ≤ λmin(m)

8 .

Conditions (6.3) will be used to prove inequality (6.28) on page 37. These quantities
may, for instance, be chosen as

(6.4) κ = min
( 1

√
wen

,

√
λmin(m)
4
√
dsp

)
and ccut = min

( 1
4√

wen
,

√
λmin(m)

4 ,
chom

2
)
.

Let us assume that

(6.5) |c| ≤
√
λmin(m)

4 and |c| ≤ κ

20 and |c| ≤ ccut
6 .

According to hypotheses (Hhom) and (Hno-inv) and to the value of the quantity ccut chosen
above, there exists a nonnegative time T such that, for every time t greater than or equal
to T ,

(6.6) rEsc(t) ≤ 1
6ccutt and rhom(t) ≥ 11

6 ccutt .
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Figure 6.2: Graphs of functions ρ 7→ χscalar(ρ, t) and ρ 7→ ψscalar,+(ρ, t) and ρ 7→
ψscalar,−(ρ, t).

6.3.4 Localized energy

Let us introduce the function (ρ, t) 7→ χscalar(ρ, t) defined on R × [0,+∞) as

χscalar(ρ, t) =
{

1 if |ρ| ≤ ccutt

exp
(
−κ(|ρ| − ccutt)

)
if |ρ| ≥ ccutt ,

see figure 6.2; and let us introduce the functions (ξ, t) 7→ χstand(ξ, t) and (ξ, t) 7→ χ(ξ, t)
defined on Rdsp × [0,+∞) as

(6.7) χstand(ξ, t) = χscalar
(
|ξ| , t

)
and χ(ξ, t) = exp(c · ξ)χstand(ξ, t) .

In this notation the index “scalar” refers to the scalar argument of the function, and
the index “stand” refers to the fact that χstand equals χ when the velocity c vanishes
(“standing” frame). For every nonnegative time t, let us introduce the following “localized
energy”:

(6.8) E(t) =
∫
Rdsp

χ(ξ, t)
(1

2 |∇ξv(ξ, t)|2 + V †(v(ξ, t)
))
dξ .

6.3.5 Time derivative of localized energy

For every nonnegative time t, let us introduce the “dissipation” defined as

(6.9) D(t) =
∫
Rdsp

χ(ξ, t) vt(ξ, t)2 dξ .

Lemma 6.1 (time derivative of localized energy). For every nonnegative time t,

(6.10) E ′(t) ≤ −1
2D(t) + κ

∫
Rdsp \B(ccutt)

χ

(
ccut + κ

2 |∇ξv|2 + ccutV
†(v)

)
dξ .

Proof. It follows from expression (3.9) on page 10 (time derivative of localized energy)
that, for every nonnegative time t,

(6.11) E ′(t) = −D(t) +
∫
Rdsp

[
χt

(1
2 |∇ξv|2 + V †(v)

)
+ (χc− ∇ξχ) · ∇ξv · vt

]
dξ .
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It follows from the definitions of χstand and χ that:

χt(ξ, t) =
{

0 if |ξ| ≤ ccutt

κccutχ(ξ, t) if |ξ| ≥ ccutt ,

and
∇ξχ = χc+ ec·ξ∇ξχstand thus χc− ∇ξχ = −ec·ξ∇ξχstand ,

and

∇ξχstand(ξ, t) =


0 if |ξ| ≤ ccutt

−κ ξ
|ξ|
χstand(ξ, t) if |ξ| ≥ ccutt ,

thus

(χc− ∇ξχ)(ξ, t) =


0 if |ξ| ≤ ccutt

κ
ξ

|ξ|
χ(ξ, t) if |ξ| ≥ ccutt .

Thus it follows from (6.11) that

E ′(t) = −D(t) + κ

∫
Rdsp \B(ccutt)

χ

[
ccut

(1
2 |∇ξv|2 + V †(v)

)
+ ξ

|ξ|
· ∇ξv · vt

]
dξ

≤ −D(t) + κ

∫
Rdsp \B(ccutt)

χ

[
ccut

(1
2 |∇ξv|2 + V †(v)

)
+ |∇ξv · vt|

]
dξ .

Using the polar inequality

κ |∇ξv · vt| ≤ 1
2v

2
t + κ2

2 |∇ξv|2 ,

inequality (6.10) follows. Lemma 6.1 is proved.

6.3.6 Firewall function

A firewall function will now be introduced to control the last term of the right-hand side
of inequality (6.10) above. First let us introduce the functions ψscalar,− and ψscalar,+ and
ψscalar defined on R × [0,+∞) as

ψscalar,−(r, t) = exp
(
−κ |−ccutt− r|

)
,

and ψscalar,+(r, t) = exp
(
−κ |ccutt− r|

)
,

and ψscalar(r, t) = ψscalar,+(r, t) + ψscalar,−(r, t) ,

see figure 6.2, and the functions (ξ, t) 7→ ψstand(ξ, t) and (ξ, t) 7→ ψ(ξ, t) defined on
Rdsp × [0,+∞) by

(6.12) ψstand(ξ, t) = ψscalar
(
|ξ| , t

)
and ψ(ξ, t) = ec·ξ ψstand(ξ, t) .
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The meaning of the indexes “scalar” and “stand” is the same as for the notation involving
the symbol “χ” in sub-subsection 6.3.4. Observe that, for all ξ in Rdsp \B(ccutt),

(6.13) χ(ξ, t) ≤ ψ(ξ, t)

(although the difference is tiny). The definition of ψscalar as the sum of the two functions
ψscalar,− and ψscalar,+ is more convenient than if ψscalar(r, t) was defined as the supremum
of these two functions (it avoids a singularity at r = 0, which would induce a inconvenient
Dirac mass of positive weight at 0Rdsp for the Laplacian of ψ, see for instance expression
(3.10) on page 10).

Let us introduce the “firewall” function defined, for every nonnegative time t, as

(6.14) F(t) =
∫
Rdsp

ψ(ξ, t)
[
wen

(1
2 |∇ξv(ξ, t)|2 + V †(v(ξ, t)

))
+ 1

2v(ξ, t)2
]
dξ .

6.3.7 Energy decrease up to firewall

Lemma 6.2 (decrease up to firewall for localized energy). There exists a nonnegative
quantity KE,F , depending only on V and m and dsp, such that, for every nonnegative
time t,

(6.15) E ′(t) ≤ −1
2D(t) +KE,FF(t) .

Proof. Since χ takes only nonnegative values, it follows from (6.10) that, for every
nonnegative time t,

(6.16) E ′(t) ≤ −1
2D(t) + κ

∫
Rdsp \B(ccutt)

χ

(
ccut + κ

2 |∇ξv|2 + ccut
(
V †(v) + 1

2wen
v2
))

dξ .

It follows from inequality (4.24) on page 20 derived from the definition of wen that the
quantity

V †(v) + 1
2wen

v2 = 1
wen

(
wenV

†(v) + 1
2v

2
)

is nonnegative; as a consequence, inequality (6.16) remains true if the following three
changes to the integral of the right-hand side are made:

• in the integrand the factor ccut is replaced by the larger factor ccut + κ,

• χ is replaced with ψ,

• the integration domain is extended to Rdsp (after χ is replaced with ψ).

After these three changes inequality (6.16) reads:

(6.17) E ′(t) ≤ −1
2D(t) + κ(ccut + κ)

wen
F(t) .
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Thus, introducing the following quantity (depending only on V and m and dsp):

KE,F = κ(ccut + κ)
wen

,

inequality (6.15) in Lemma 6.2 follows from inequality (6.17). Lemma 6.2 is proved.

Remark: according to the definitions (6.4) of κ and ccut, Lemma 6.2 and inequality
(6.15) still hold if the quantity KE,F is chosen equal to 2/w2

en, which depends only on
V ; thus the dependence of KE,F on m and dsp could be removed from the statement of
Lemma 6.2 (this change would have no implication on the following).

6.3.8 Firewall linear decrease up to pollution

For every nonnegative time t, let

ΣEsc, stand(t) = {x ∈ Rdsp : |u(x, t)| > δEsc(m)}
and ΣEsc, trav(t) = {ξ ∈ Rdsp : |v(ξ, t)| > δEsc(m)} .

According to the notation of sub-subsection 6.3.2, for all x and ξ in Rdsp satisfying
x = ct+ ξ,

x ∈ ΣEsc, stand(t) ⇐⇒ ξ ∈ ΣEsc, trav(t) .

Lemma 6.3 (firewall decrease up to pollution). There exist positive quantities νF and
KF , depending only on V and m, such that, for every nonnegative time t,

(6.18) F ′(t) ≤ −νFF(t) +KF

∫
ΣEsc, trav(t)

ψ(ξ, t) dξ .

Proof. According to expressions (3.9) and (3.10) on page 10 for the time derivatives of
localized energy and L2 functional, for every nonnegative time t,

(6.19)
F ′(t) =

∫
Rdsp

[
ψ
(
−wenv

2
t − v · ∇V †(v) − |∇ξv|2

)
+ wenψt

(1
2 |∇ξv|2 + V †(v)

)

+ wen(ψc− ∇ξψ) · ∇ξv · vt + ψt + ∆ξψ − c · ∇ξψ

2 v2
]
dξ .

The proof of Lemma 6.3 resumes after the statement and the proof of the following
intermediary result.

Lemma 6.4 (bounds on combinations of derivatives of the weight function ψ). For every
nonnegative time t and for all ξ in Rdsp,

|ψt(ξ, t)| ≤ κccutψ(ξ, t) ,(6.20)
and |ψc− ∇ξψ| ≤ κψ ,(6.21)

and ∆ξψ − c · ∇ξψ ≤ κ(dspκ+ |c|)ψ .(6.22)
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Proof of Lemma 6.4. For every nonnegative time t and for every real quantity r,

|∂tψscalar,±(r, t)| = κccutψscalar,±(r, t) ,

thus
|∂tψscalar(r, t)| ≤ κccutψscalar(r, t) ,

and as a consequence, for every ξ in Rdsp ,

|∂tψstand(ξ, t)| ≤ κccutψstand(ξ, t) ,

and (6.20) follows. Besides, it follows from the definitions (6.12) of ψstand and ψ that

∇ξψ = ψc+ ec·ξ∇ξψstand thus ψc− ∇ξψ = −ec·ξ∇ξψstand ,

and that

∇ξψstand (ξ, t) =


κ
(
ψscalar,+(|ξ| , t) − ψscalar,−(|ξ| , t)

) ξ
|ξ|

if |ξ| < ccutt

− κψstand(ξ, t) ξ
|ξ|

if |ξ| > ccutt ,

and as a consequence, for all ξ in Rdsp ,

(6.23) |∇ξψstand(ξ, t)| ≤ κψstand(ξ, t) ,

and (6.21) follows. Besides, it again follows from the definitions (6.12) of ψstand and ψ
that

(6.24)
∆ξψ = c · ∇ξψ + ec·ξ(c · ∇ξψstand + ∆ξψstand)

thus ∆ξψ − c · ∇ξψ = ec·ξ(c · ∇ξψstand + ∆ξψstand) ,

and that

(6.25) ∆ξψstand(ξ, t) = ∂2
rψscalar(|ξ| , t) + dsp − 1

|ξ|
∂rψscalar(|ξ| , t) .

For all ρ in R,

(6.26) ∂2
ρψscalar(ρ, t) ≤ κ2ψscalar(ρ, t)

(indeed the difference ∂2
ρψscalar(ρ, t) − κ2ψscalar(ρ, t) is made of two Dirac masses of

negative weight, at ±ccutt for the argument ρ). On the other hand,

ψscalar(ρ, t) =
{
eκ(ρ−ccutt) + eκ(−ρ−ccutt) = 2 e−κccutt cosh(κρ) if ρ < ccutt

e−κ(ρ−ccutt) + eκ(−ρ−ccutt) = 2e−κρ cosh(κccutt) if ρ > ccutt ,
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and as a consequence,

(6.27) ∂ρψscalar(ρ, t)
ρψscalar(ρ, t)

=


κ sinh(κρ)
ρ cosh(κρ) = κ2 tanh(κρ)

κρ
≤ κ2 if ρ < ccutt

− κ

ρ
≤ 0 if ρ > ccutt .

It follows from (6.25) to (6.27) that, for all ξ in Rdsp ,

∆ξψstand(ξ, t) ≤ dspκ
2ψstand(ξ, t) ,

and according to (6.23) and (6.24), (6.22) follows.

End of the proof of Lemma 6.3. It follows from inequality (6.19) and from Lemma 6.4
that, for every nonnegative time t,

F ′(t) =
∫
Rdsp

ψ

[
−wenv

2
t − v · ∇V †(v) − |∇ξv|2 + wenκccut

(1
2 |∇ξv|2 +

∣∣∣V †(v)
∣∣∣)

+ wenκ |∇ξv · vt| + κ(dspκ+ |c| + ccut)
2 v2

]
dξ .

Using the inequality

wenκ |∇ξv · vt| ≤ wenv
2
t + wen

κ2

4 |∇ξv|2 ,

it follows that

F ′(t) ≤
∫
Rdsp

ψ

[(
wenκ

(ccut
2 + κ

4
)

− 1
)

|∇ξv|2 − v · ∇V †(v)

+ wen κ ccut
∣∣∣V †(v)

∣∣∣+ κ(dspκ+ |c| + ccut)
2 v2

]
dξ ,

and according to the conditions (6.3) and (6.5) on page 31 satisfied by wen and κ and
ccut and c, it follows that

(6.28) F ′(t) ≤
∫
Rdsp

ψ

[
−1

2 |∇ξv|2 − v · ∇V †(v) + 1
4
∣∣∣V †(v)

∣∣∣+ λmin(m)
8 v2

]
dξ

Let νF be a positive quantity to be chosen below. It follows from the previous inequality
and from the definition (6.14) of F(t) that

(6.29)
F ′(t) + νFF(t) ≤

∫
Rdsp

ψ

[
− 1

2(1 − νF wen) |∇ξv|2 − v · ∇V †(v)

+
(1

4 + νFwen
) ∣∣∣V †(v)

∣∣∣+ (λmin(m)
8 + νF

2
)
v2
]
dξ .
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In view of this expression and of inequalities (3.15) and (3.16) on page 11, let us assume
that νF is small enough so that

(6.30) νF wen ≤ 1 and νF wen ≤ 1
4 and νF

2 ≤ λmin(m)
8 ;

the quantity νF may be chosen as

νF = min
( 1

4wen
,
λmin(m)

4
)
.

Then, it follows from (6.29) and (6.30) that

(6.31) F ′(t) + νFF(t) ≤
∫
Rdsp

ψ

[
−v · ∇V †(v) + 1

2
∣∣∣V †(v)

∣∣∣+ λmin(m)
4 v2

]
dξ .

According to (3.15) and (3.16), the integrand of the integral at the right-hand side of
this inequality is nonpositive as long as ξ is not in ΣEsc, trav(t). Therefore this inequality
still holds if the domain of integration of this integral is changed from R to ΣEsc, trav(t).
Thus, according to the uniform bound (4.1) on page 12 on the solution, if KF is chosen
as the quantity KF0 defined in (4.37), then inequality (6.18) follows from (6.31) — with
the domain of integration of the integral on the right-hand side restricted to ΣEsc, trav(t).
This finishes the proof of Lemma 6.3.

6.3.9 Control over the pollution in the time derivative of the firewalls

The following lemma calls upon the notation T introduced to state inequalities (6.6) on
page 31.

Lemma 6.5 (firewall linear decrease up to pollution, continuation). There exists a
positive quantity K ′

F , depending only on V and m and dsp, such that, for every time t
greater than or equal to T ,

(6.32) F ′(t) ≤ −νFF(t) +K ′
F exp

(
−κccut

2 t
)
.

Proof. Let t denote a time greater than or equal to T . According to the definition of
rEsc(t),

(6.33) ΣEsc, stand(t) ⊂ B
(
rEsc(t)

)
⊔
(
Rdsp \B

(
rhom(t)

))
,

thus
ΣEsc, trav(t) ⊂ B

(
rEsc(t) + |c| t

)
⊔
(
Rdsp \B

(
rhom(t) − |c| t

))
.

Since according to the conditions (6.5) on page 31 the quantity |c| is not larger than
ccut/6, it follows from inequalities (6.6) that

rEsc(t) + |c| t ≤ ccut
3 t and 5ccut

3 t ≤ rhom(t) − |c| t ,
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thus
ΣEsc, trav(t) ⊂ B

(ccut
3 t

)
⊔
[
Rdsp \B

(5ccut
3 t

)]
.

As a consequence, it follows from inequality (6.18) of Lemma 6.3 that

F ′(t) + νFF(t) ≤
∫

B

(
ccut

3 t

) ψ(ξ, t) dξ +
∫
Rdsp \B

(
5ccut

3 t

) ψ(ξ, t) dξ .

According to the definition of ψ,

ψ(ξ, t) ≤


2e|c|·|ξ|−κ(ccutt−|ξ|) for ξ ∈ B

(ccut
3 t

)
2e|c|·|ξ|+κ(ccutt−|ξ|) for ξ ∈ Rdsp \B

(5ccut
3 t

)
.

It follows from these upper bounds that (with the notation of sub-subsection 3.4.3)

e
κccut

2 t(F ′(t) + νFF(t)
)

≤ 2Sdsp−1(Icentre(t) + Iperiph(t)) ,

where
Icentre(t) = e− κccut

2 t
∫ ccut

3 t

0
ρdsp−1e(κ+|c|)ρ dρ

and Iperiph(t) = e
3κccut

2 t
∫ +∞

5ccut
3 t

ρdsp−1e−(κ−|c|)ρ dρ .

All what remains to be done is to prove that the two quantities Icentre(t) and Iperiph(t)
are bounded from above by quantities depending only on V and m and dsp. On the one
hand,

Icentre ≤ e− κccut
2 t
(ccut

3 t
)dsp−1 1

κ+ |c|
e(κ+|c|) ccut

3 t ,

and since according to the assumptions (6.5) the quantity |c| is not larger than κ/4,

Icentre(t) ≤ 1
κ

(ccut
3 t

)dsp−1
e− κccut

12 t

≤ 4dsp−1

κdsp

[
max
τ∈R

τdsp−1e−τ
]

= 4dsp−1

κdsp
· (dsp − 1)dsp−1e−(dsp−1) .(6.34)

On the other hand, writing ρ̃ = (κ− |c|)ρ in the expression of Iperiph(t) yields

Iperiph(t) = e
3κccut

2 t

(κ− |c|)dsp

∫ +∞

5(κ−|c|)ccut
3 t

ρ̃dsp−1e−ρ̃ dρ̃ ,

thus, with the notation of sub-subsection 3.4.3,

Iperiph(t) = e
3κccut

2 t

(κ− |c|)dsp
(dsp − 1)! e− 5(κ−|c|)ccut

3 t edsp−1
(5ccut(κ− |c|)

3 t
)
,
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and since according to the assumptions (6.5) the quantity |c| is not larger than κ/20,

Iperiph(t) ≤ (dsp − 1)!
(κ− |c|)dsp

e− κccut
12 t edsp−1

(5(κ− |c|)ccut
3 t

)
≤ 2dsp−1(dsp − 1)!

κdsp
e− κccut

12 t edsp−1
(5κccut

3 t
)
.(6.35)

Both quantities (6.34) and (6.35) are bounded from above by quantities depending only
on V and m and dsp. Lemma 6.5 is proved.

6.3.10 Nonnegativity of firewall

Lemma 6.6 (nonnegativity of firewall). For every nonnegative time t,

(6.36) F(t) ≥ 0 .

Proof. Inequality (6.36) follows from inequality (4.24) on page 20 and from the definition
(6.14) of the firewall.

6.3.11 Energy decrease up to pollution

Lemma 6.7 (energy decrease up to pollution). There exist positive quantities KE and νE
(depending only on V and m and dsp) such that, for every time t greater than or equal to
T ,

(6.37) E ′(t) ≤ −1
2D(t) +KE exp

(
−νE(t− T )

)
.

Proof. Let
νE = min

(
νF ,

κccut
4
)
.

According to Grönwall’s inequality, it follows from inequalities (6.32) of Lemma 6.5 that,
for every time t greater than or equal to T ,

F(t) ≤ exp
(
−νF (t− T )

)
F(T ) +K ′

F

∫ t

T
exp

(
−νF (t− s)

)
exp

(
−κccut

2 s
)
ds

≤ exp
(
−νE(t− T )

(
F(T ) +K ′

F exp
(
−κccut

2 T
)
×

∫ t

T
exp

(
−
(
νF − νE

)
(t− s)

)
exp

(
−
(κccut

2 − νE
)
(s− T )

)
ds

)

≤ exp
(
−νE(t− T )

) (
F(T ) +K ′

F

∫ t

T
exp

(
−κccut

4 (s− T )
)
ds

)
≤
(

F(T ) + 4K ′
F

κccut

)
exp

(
−νE(t− T )

)
.(6.38)
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According to the H1
ul-bound (6.2) on page 30 for the solution, there exists a positive

quantity Finit, depending only on V and m and dsp, such that F(T ) is not larger than
Finit. Thus, introducing the quantity

KE = KE,F

(
Finit + 4K ′

F
κccut

)
,

inequality (6.37) follows from inequality (6.38) and from inequality (6.15) of Lemma 6.2.
Lemma 6.7 is proved.

6.4 Nonnegative residual asymptotic energy
6.4.1 Notation

Let us keep the notation and hypotheses of the previous subsection. For every velocity
c in Rdsp close enough to 0Rdsp so that conditions (6.5) on page 31 be satisfied, let us
denote by

v(c)(·, ·) and χ(c)(·, ·) and E(c)(·) and Σ(c)
Esc, trav(·) and D(c)(·) ,

and ψ(c)(·, ·) and F (c)(·)

the objects that were defined in subsection 6.3 (with the same notation except the “(c)”
superscript that is here to remind that these objects depend on c). For every such c, let
us introduce the quantity E(c)

res-asympt[u] in {−∞} ∪ R defined as

E(c)
res-asympt[u] = lim inf

t→+∞
E(c)(t) ,

and let us call “residual asymptotic energy at velocity c” this quantity. According to
estimate (6.37) above, for every such c,

(6.39) E(c)(t) → E(c)
res-asympt[u] as t → +∞ .

6.4.2 Statement

The aim of this subsection is to prove the following proposition.

Proposition 6.8 (nonnegative residual asymptotic energy at zero velocity). The quantity
E(0)

res-asympt[u] (the residual asymptotic energy at velocity zero) is nonnegative.

The proof proceeds through the following lemmas and corollaries, that are rather
direct consequences of the relaxation scheme set up in the previous subsection 6.3, and
in particular of the inequality (6.37) for the time derivative of the energy.
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6.4.3 Nonnegative residual asymptotic energy for small nonzero velocities

Lemma 6.9 (nonnegative residual asymptotic energy for small nonzero velocities). For
every nonzero velocity c close enough to 0Rdsp so that conditions (6.5) on page 31 be
satisfied,

(6.40) E(c)
res-asympt[u] ≥ 0 .

Proof. Let c be a nonzero vector of Rdsp , close enough to 0Rdsp so that conditions (6.5)
on page 31 be satisfied. For every nonnegative time t, according to the definition of E
(6.8) on page 32,

E(c)(t) =
∫
Rdsp

χ(c)(ξ, t)
(1

2
∣∣∣∇ξv

(c)(ξ, t)
∣∣∣2 + V †(v(c)(ξ, t)

))
dξ

≥
∫
Rdsp

χ(c)(ξ, t)V †(v(c)(ξ, t)
)
dξ

≥
∫

Σ(c)
Esc, trav(t)

χ(c)(ξ, t)V †(v(c)(ξ, t)
)
dξ .

Thus, considering the global minimum value of V †:

V †
min = min

u∈Rdsp
V †(u) ≤ 0 ,

it follows that

E(c)(t) ≥ V †
min

∫
Σ(c)

Esc, trav(t)
χ(c)(ξ, t) dξ

= V †
min

∫
ΣEsc, stand(t)

χ(c)(x− ct, t) dx .(6.41)

As already mentioned in (6.33), according to the definition of rEsc(t) and to the inequalities
(6.6) on page 31,

(6.42) ΣEsc, stand(t) ⊂ B
(
rEsc(t)

)
⊔
(
Rdsp \B

(
rhom(t)

))
,

thus
E(c)(t) ≥ V †

min
(
Jcentre(t) + Jperiph(t)

)
where

Jcentre(t) =
∫

B
(

rEsc(t)
) χ(c)(x− ct, t) dx

and Jperiph(t) =
∫
Rdsp \B

(
rhom(t)

) χ(c)(x− ct, t) dx .

All what remains to be done is to prove that the two (nonnegative) quantities Jcentre(t)
and Jperiph(t) go to 0 as t goes to +∞.
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• For every x in B
(
rEsc(t)

)
, according to the definition of χ (6.7) on page 32,

χ(c)(x− ct, t) ≤ exp
(
c · (x− ct)

)
≤ exp(|c| · |x| − c2t) ≤ exp

(
|c| rEsc(t) − c2t

)
,

thus, with the notation of sub-subsection 3.4.3,

Jcentre(t) ≤ exp
(
|c| rEsc(t) − c2t

) ∫
B
(

rEsc(t)
) dx

= exp
(
|c| rEsc(t) − c2t

) ∫ rEsc(t)

0
Sdsp−1 r

dsp−1 dr

= exp
(
|c| rEsc(t) − c2t

)Sdsp−1 rEsc(t)dsp

dsp

= tdsp exp
(
t

(
−c2 + |c| rEsc(t)

t

))
Sdsp−1

dsp

(
rEsc(t)
t

)dsp

.

Since according to hypothesis (Hno-inv) the ratio rEsc(t)/t goes to 0 as t goes to
+∞ and sine c is not equal to 0Rdsp , it follows that Jcentre(t) goes to 0 as t goes to
+∞.

• For every x in Rdsp \B
(
rhom(t)

)
, according to the definition of χ (6.7) on page 32,

χ(c)(x− ct, t) ≤ exp
(
c · (x− ct) − κ(|x− ct| − ccutt)

)
≤ exp

(
−(κ− |c|)(|x| − |c| t) + κccutt

)
≤ exp

(
−(κ− |c|) |x| + κ(ccut + |c|)t

)
.

It follows that, with the notation of sub-subsection 3.4.3,

Jperiph(t) ≤ exp
(
κ(ccut + |c|)t

) ∫ +∞

rhom(t)
Sdsp−1 r

dsp−1 exp
(
−(κ− |c|)r

)
dr ,

or in other words, writing r̃ = (κ− |c|)r in the integral on the right-hand side,

Jperiph(t) ≤ exp
(
κ(ccut + |c|)t

) Sdsp−1

(κ− |c|)dsp

∫ +∞

(κ−|c|)rhom(t)
r̃dsp−1e−r̃ dr̃

=
(dsp − 1)!Sdsp−1

(κ− |c|)dsp
exp

[
κ(ccut + |c|)t− (κ− |c|)rhom(t)

]
edsp−1

(
(κ− |c|)rhom(t)

)
,

and since according to inequality (6.6) on page 31 the quantity rhom(t) is not smaller
than 11ccutt/6 for t greater than or equal to T , and in view of the conditions (6.5)
on page 31 on c, it follows that Jperiph(t) goes to 0 as t goes to +∞.

Lemma 6.9 is proved.
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6.4.4 Almost nonnegative energy at small nonzero velocities

Corollary 6.10 (almost nonnegative energy at small nonzero velocities). For every
nonzero velocity c close enough to 0Rdsp so that conditions (6.5) on page 31 be satisfied
and for every time t greater than or equal to T ,

E(c)(t) ≥ −KE
νE

exp (−νE(t− T )) .

Proof. This lower bound follows from the nonnegativity of E(c)
res-asympt[u] (Lemma 6.9) and

the upper bound (6.37) of Lemma 6.7 for the time derivative of the energy E(c)(t).

6.4.5 Continuity of energy with respect to the velocity at c = 0Rdsp

Lemma 6.11 (continuity of energy with respect to the velocity at c = 0Rdsp ). For every
nonnegative time t,

E(c)(t) → E(0)(t) as c → 0 .

Proof. For every nonnegative time t,

E(0)(t) =
∫
Rdsp

χ(0)(x, t)
(1

2
∣∣∣∇xu

†(x, t)
∣∣∣2 + V †(u†(x, t)

))
dx ,

and, for every velocity c close enough to 0Rdsp so that conditions (6.5) on page 31 be
satisfied (substituting the notation ξ used in the definition (6.8) of E(·) with x),

E(c)(t) =
∫
Rdsp

χ(c)(ct+ x, t)
(1

2
∣∣∣∇xu

†(ct+ x, t)
∣∣∣2 + V †(u†(ct+ x, t)

))
dx ,

and the result follows from the continuity of χ(c)(·, ·) with respect to c, the exponential
decrease to 0 of χ(c)(x, t) when |x| → +∞, and the H1

ul-bounds (6.2) on page 30 for the
solution.

6.4.6 Almost nonnegative energy in a standing frame

Corollary 6.12 (almost nonnegative energy in a standing frame). For every time t
greater than or equal to T ,

E(0)(t) ≥ −KE
νE

exp (−νE(t− T )) .

Proof. This lower bound follows from Corollary 6.10 and Lemma 6.11.

Proposition 6.8 (“nonnegative residual asymptotic energy at zero velocity”) follows
from Corollary 6.12.
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6.5 End of the proof of Theorem 2
Lemma 6.13 (integrability of dissipation in the standing frame). The function t 7→ D(0)(t)
is integrable on a neighbourhood of +∞.

Proof. The statement follows from Proposition 6.8 (“nonnegative residual asymptotic
energy at zero velocity”) and from the upper bound (6.37) on the time derivative of
energy.

Lemma 6.14 (relaxation). The following limit holds:

sup
x∈B

(
rhom(t)

) |ut(x, t)| → 0 as t → +∞ .

Proof. For every positive quantity L, it follows from inclusion (6.33) and the first
inequality of (6.6) and hypothesis (Hhom) that, for every large enough positive time t,

ΣEsc, stand(t) ⊂ B

(1
6ccutt

)
⊔ Rdsp \B

(
rhom(t) + L

)
.

Proceeding as in the proof of Lemma 4.8, it follows, using the notation F0(·, ·) introduced
in (4.29), that

sup
x∈B

(
rhom(t)

)
\B(ccutt)

F0(x, t) → 0 as t → +∞ .

As a consequence, according to the bounds (3.5) on the solution,

sup
x∈B

(
rhom(t)

)
\B(ccutt)

|u(x, t)| + |∇xu(x, t)| + |∆xu(x, t)| → 0 as t → +∞ .

Thus, according to system (1.1),

(6.43) sup
x∈B

(
rhom(t)

)
\B(ccutt)

|ut(x, t)| → 0 as t → +∞ .

It remains to prove that

sup
x∈B(ccutt)

|ut(x, t)| → 0 as t → +∞ .

Let us proceed by contradiction and assume that the converse assumption holds. Then,
there exists a positive quantity ε and a sequence (xn, tn)n∈N such that tn → +∞ as
n → +∞, and such that, for every n in N,

(6.44) |ut(xn, tn)| ≥ ε .

According to (6.43), it may be assumed (up to dropping the first terms of the se-
quence (xn, tn)n∈N) that, for every n in N, xn is in the ball B(ccuttn). By compactness
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(Lemma 3.3), there exists an entire solution u of system (1.1) such that, up to replacing
the sequence (xn, tn)n∈N by a subsequence, with the notation of (3.6),

(6.45) D2,1u(xn + ·, tn + ·) → D2,1u as n → +∞ ,

uniformly on every compact subset of Rdsp × R. It follows from (6.44) and (6.45) that
the quantity |ut(0, 0)| is positive, so that the quantity∫ 1

0

(∫
Rdsp

e−κ|ξ|ut(ξ, s)2 dξ

)
ds

is also positive. This quantity is less than or equal to the quantity

lim inf
n→+∞

∫ 1

0
D(0)(tn + s) ds ,

which is therefore also positive, a contradiction with the integrability of t 7→ D(0)(t)
(Lemma 6.13). Lemma 6.14 is proved.

The following lemma calls upon the notation Ec(t) introduced in (5.1), and its proof
upon the notation E†(x, t) introduced in (4.28).
Lemma 6.15 (convergence towards residual asymptotic energy). For every quantity c
in the interval (0, chom),

(6.46) Ec(t) → E(0)
res-asympt[u]

as time goes to +∞.

Proof. Let c be a quantity in the interval (0, chom), and, for every nonnegative time t, let
us introduce the set

Σ(t) = B
(
max(ccut, c)t

)
\B

(
min(ccut, c)t

)
and the quantity

δE(t) = E(0)(t) − Ec(t) =
∫
Rdsp \B(ccutt)

χ(0)(x, t)E†(x, t) dx+
∫

Σ(t)
E†(x, t) dx .

According to (6.39), the quantity E(0)(t) goes to E(0)
res-asympt[u] as t goes to +∞. As a

consequence, all what remains to be proved is that δE(t) goes to 0 as t goes to +∞. Let
us introduce the integrals

I(t) =
∫

B
(

rhom(t)
)

\B(ccutt)
χ(0)(x, t)

∣∣∣E†(x, t)
∣∣∣ dx ,

and J (t) =
∫
Rdsp \B

(
rhom(t)

) χ(0)(x, t)
∣∣∣E†(x, t)

∣∣∣ dx ,
and K(t) =

∫
Σ(t)

∣∣∣E†(x, t)
∣∣∣ dx .

According to this notation,

(6.47) |δE(t)| ≤ I(t) + J (t) + K(t) .
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• It follows from the definition of rEsc(t), from the first inequality of (6.6), and from
hypothesis (Hno-inv) that, for every large enough positive time t,

for every x in B
(
rhom(t)

)
\B(ccutt),

∣∣∣u†(x, t)
∣∣∣ ≤ δEsc(m) ,

so that, actually,

I(t) =
∫

B
(

rhom(t)
)

\B(ccutt)
χ(0)(x, t)E†(x, t) dx .

Thus, according to inequality (6.13),

I(t) ≤
∫

B
(

rhom(t)
)

\B(ccutt)
ψ(0)(x, t)E†(x, t) dx

= 1
wen

∫
B
(

rhom(t)
)

\B(ccutt)
ψ(0)(x, t)wenE

†(x, t) dx

≤ 1
wen

∫
B
(

rhom(t)
)

\B(ccutt)
ψ(0)(x, t)

(
wenE

†(x, t) + 1
2
∣∣∣u†(x, t)2

∣∣∣) dx

≤ 1
wen

F (0)(t) ,

so that, according to inequality (6.38), I(t) goes to 0 as t goes to +∞.

• According to the bounds (6.1) and (6.2) on the solution, there exists a (positive)
quantity E†

max such that, for every real quantity x and every nonnegative time t,

E†(x, t) ≤ E†
max .

It follows that

J (t) ≤ E†
max

∫
Rdsp \B

(
rhom(t)

) χ(0)(x, t) dx

= E†
max

∫ +∞

rhom(t)
Sdsp−1r

dsp−1 exp
(
−κ(r − ccutt)

)
dr

= E†
maxSdsp−1 exp(ccutt)

∫ +∞

rhom(t)
rdsp−1 exp(−κr) dr

=
E†

maxSdsp−1

κdsp
exp(ccutt)

∫ +∞

rhom(t)
ρdsp−1 exp(−ρ) dρ

=
E†

maxSdsp−1(dsp − 1)!
κdsp

exp
(
ccutt− rhom(t)

)
· edsp−1

(
rhom(t)

)
,

and it follows from the second inequality of (6.6) that J (t) goes to 0 as t goes to
+∞.
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• Since c is positive and smaller than chom, it follows, proceeding as in the proof of
Lemma 4.8, that the quantity

sup
x∈Σ(t)

F0(x, t)

goes to 0 at an exponential rate when t goes to +∞. As a consequence, according
to the bounds (3.5), the same is true for the quantities

(6.48) sup
x∈Σ(t)

|u(x, t)| and sup
x∈Σ(t)

|∇xu(x, t)| ,

so that K(t) goes to 0 as t goes to +∞.

In view of inequality (6.47), Lemma 6.15 is proved.

The following lemma calls upon the notation Dc(t) and Bc(t) introduced in (5.1).

Lemma 6.16 (integrability of dissipation, 2). For every quantity c in the interval
(0, chom), the function t 7→ Dc(t) is integrable on a neighbourhood of +∞.

Proof. The conclusion follows from the limit (6.46), from equality (5.2), and from the
fact that, since the quantities (6.48) go to 0 at an exponential rate, the same is true for
the quantity Bc(t).

In view of Proposition 6.8 and Lemmas 6.14 to 6.16, Theorem 2 is proved.

7 Proof of Theorem 1
As everywhere else, let us consider a function V in C2(Rdst ,R) satisfying the coercivity
hypothesis (Hcoerc). Let m be a point of M and (x, t) 7→ u(x, t) be a solution of system
(1.1) stable close to m at infinity.

7.1 Asymptotics of derivatives beyond invasion speed
The following lemma will be called upon in the next two subsections.

Lemma 7.1 (asymptotics of time derivative beyond invasion speed). For every positive
quantity c larger than cinv[u], there exists positive quantities ν ′ and K ′[u] such that, for
every nonnegative time t,

sup
x∈Rdsp , |x|≥ct

(
|ux(x, t)| + |uxx(x, t)| + |ut(x, t)|

)
≤ K ′[u] exp(−ν ′t) .

The quantity ν ′ depends on V and m and the difference c− cinv[u] (only), whereas K ′[u]
depends additionally on u.
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Proof. According to Lemma 2.6 and to the bounds (3.5) on the solution, the conclusion
holds for the quantity

sup
x∈Rdsp , |x|≥ct

(
|ux(x, t)| + |uxx(x, t)|

)
,

and in view of system (1.1), the conclusion also holds for the quantity

sup
x∈Rdsp , |x|≥ct

|ut(x, t)| .

Lemma 7.1 is proved.

7.2 Proof of conclusion 1 of Theorem 1
Let us assume that the invasion speed cinv[u] is equal to 0. Then, introducing the function
rhom : [0,+∞) → [0,+∞) defined as

rhom(t) = t ,

it follows from the definition of the invasion speed (Definition 2.2) that both hypotheses
(Hhom) and (Hno-inv) of Theorem 2 hold. According to Proposition 2.7 and to conclusion
1 of Theorem 2, the asymptotic energy defined in Proposition 2.7 is equal to the residual
asymptotic energy defined in Theorem 2, and according to conclusion 1 of Theorem 2 this
asymptotic energy is nonnegative. In addition, according to conclusion 2 of Theorem 2,

(7.1) sup
x∈B(t)

|ut(x, t)| → 0 as t → +∞ .

Besides, it follows from Lemma 7.1 that, for every positive quantity ε,

(7.2) sup
x∈Rdsp \B(εt)

|ut(x, t)| → 0 as t → +∞ ,

and the limit (2.4) follows from (7.1) and (7.2). Conclusion 1 of Theorem 1 is proved.

7.3 Proof of conclusion 2 of Theorem 1
Let us assume that the invasion speed cinv[u] is positive, and let Easympt[u] denote the
asymptotic energy of the solution (x, t) 7→ u(x, t). The task is to prove that Easympt[u]
equals −∞. Let us proceed by contradiction and assume that

(7.3) Easympt[u] > −∞ .

7.3.1 Uniform convergence towards zero of the time derivative of the solution

The aim of this sub-subsection is to prove the following proposition.
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Proposition 7.2 (the time derivative of the solution goes to 0 uniformly in space). The
following limit hold:

(7.4) sup
x∈Rdsp

|ut(x, t)| → 0 as t → +∞ .

Proof. Let us introduce the quantity

c = cinv[u] + 1 .

and let us use the notation V † and u† introduced in (4.2).
Objects similar to but different from some of them introduced in sub-subsections 6.3.4

and 6.3.5 will now be introduced. They will be denoted similarly, with an additional tilde
(“̃·”) to avoid any confusion. Let us introduce the function (ρ, t) 7→ χ̃scalar(ρ, t) defined
on R × [0,+∞) as

χ̃scalar(ρ, t) =
{

1 if |ρ| ≤ t

exp
(
−(|ρ| − t)

)
if |ρ| ≥ t ,

and let us introduce the function (ξ, t) 7→ χ̃(ξ, t) defined on Rdsp × [0,+∞) as

(7.5) χ̃(ξ, t) = χ̃scalar
(
|ξ| , t

)
.

Let us recall the notation E†(x, t) introduced in (4.28). For every nonnegative quantity
t, let us define the quantities

(7.6) Ẽ(t) =
∫
Rdsp

χ̃(ξ, t)E†(x, t) dt and D̃(t) =
∫
Rdsp

χ̃(ξ, t)u†
t(x, t)2 dt .

The continuation of the proof calls upon the following intermediary results.

Lemma 7.3 (time derivative of localized energy). For every positive time t,

(7.7) Ẽ ′(t) ≤ −1
2D̃(t) +

∫
Rdsp \B(t)

χ̃(x, t)
(∣∣∣∇xu

†(x, t)
∣∣∣2 + V †(u†(x, t)

))
dx .

Proof of Lemma 7.3. Apply the proof of Lemma 6.1 substituting κ and ccut with 1 and
c with 0.

Corollary 7.4 (integrability of the dissipation). The function t 7→ D̃(t) is integrable on
[1,+∞).

Proof of Corollary 7.4. According to inequality (7.7) and to Lemma 7.1, the function

t 7→ Ẽ ′(t) + 1
2D̃(t)

is bounded from above by a function going to 0 at an exponential rate as t goes to +∞.
Besides, it follows from Proposition 2.7 and Lemma 7.1 that Ẽ(t) converges towards the
finite quantity Easympt[u] as t goes to +∞. The statement of Corollary 7.4 follows.

End of the proof of Proposition 7.2. The end of the proof of Proposition 7.2 is identical
to the proof of Lemma 6.14.
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7.3.2 Contradiction with the positivity of the invasion speed

The following corollary of Proposition 7.2 calls upon the notation F0(x, t) introduced in
(4.29).

Corollary 7.5 (the time derivative of the firewall goes to 0 uniformly in space). The
following limit hold:

(7.8) sup
x∈Rdsp

|∂tF0(x, t)| → 0 as t → +∞ .

Proof. It follows from equality (3.7) that, for every x in Rdsp and for every positive time
t,

∂tF0(x, t) =
∫
Rdsp

(
Txψ0

(
−wen(u†

t)2 + u† · u†
t

)
− wen∇xTxψ0 · ∇xu

† · u†
t

)
dx ,

and the conclusion (7.8) follows from Proposition 7.2 and from the bounds (3.5) on the
solution.

Lemma 7.6 (F0(x, t) controls |u(x, t)|). There exists a positive quantity δesc(m) such
that, for every x in Rdsp and for every time t greater than or equal to 1, the following
implication holds:

(7.9) F0(x, t) ≤ δesc(m)2 =⇒ |u(x, t)| ≤ δEsc(m) .

Proof. Implication (7.9) follows from the coercivity (4.30) of F0(·, ·) and the bounds (3.5)
on the solution (note that δEsc(m) and δesc(m) do not denote the same quantity).

The following lemma calls upon the quantities νF0 and KF0 introduced in Lemma 4.7.

Lemma 7.7 (control over pollution). There exists a positive quantity L such that the
following inequality holds:

(7.10) KF0

∫
Rdsp \B(L)

ψ0(x) dx ≤ νF0
δesc(m)2

8 .

Proof. For every positive quantity L, using the notation introduced in (3.19),∫
Rdsp \B(L)

ψ0(x) dx =
∫ +∞

L
Sdsp−1 exp(−κ0r) dr

=
Sdsp−1

κ
dsp
0

∫ +∞

κ0L
ρdsp−1 exp(−ρ) dρ

=
Sdsp−1(dsp − 1)!

κ
dsp
0

exp(−κ0L)edsp−1(κ0L) .

Since this last expression goes to 0 as L goes to +∞, the conclusion follows.
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Let us introduce the function η̃0 : R → R defined as

η̃0(ρ) =


δesc(m)2

2 − δesc(m)2

2L ρ if ρ ≤ 0 ,

δesc(m)2

2 if ρ ≥ 0 ,

see figure 7.1. Let c denote a (fixed, arbitrarily small) positive quantity, let tinit and

Figure 7.1: Graphs of the functions ρ 7→ η̃0(ρ) (left) and x 7→ η̃(x, tinit) (right), illustration
of Lemma 7.8 (right) and of the sets Dint and Dext at t equal to tinit (right).

resc-init denote two positive quantities to be chosen below, and let us introduce the
function

η̃ : Rdsp × [tinit,+∞) → R , (x, t) 7→ η̃0
(
|x| − resc-init − c

(
t− tinit

))
,

see figure 7.1.

Lemma 7.8 (choice of the quantities tinit and resc-init). If the quantity tinit is large
enough positive and if the quantity resc-init is also large enough positive (depending on the
choice of tinit), the following inequalities hold: for every x in Rdsp,

(7.11) F0(x, tinit) ≤ η̃(x, tinit) ,

and, for every x in Rdsp and t in [tinit,+∞),

(7.12) ∂tF0(x, t) ≤ c
δesc(m)2

4L .

Proof. The fact that inequality (7.12) holds, if tinit is large enough positive, follows from
Corollary 7.5, and the fact that inequality (7.11) holds, if tinit is large enough positive
and resc-init is large enough positive once tinit has been chosen, follows from Lemma 7.1
and from the bounds (3.5) on the solution.

From now on, let us assume that the quantities tinit and resc-init are chosen so that the
conclusions of Lemma 7.8 hold.

Lemma 7.9 (F0(x, t) remains below η̃(x, t) forever from time tinit on). For every time t
greater than or equal to tinit,

F0(x, s) ≤ η̃(x, t) for all x in Rdsp.
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Proof. Let us introduce the function

∆ : Rdsp × [tinit,+∞) → R , (x, t) 7→ F0(x, t) − η̃(x, t) .

Proving Lemma 7.9 amounts to prove that this function is nonpositive on Rdsp × [0,+∞).
Let us introduce the domains

Dint =
{

(x, t) ∈ Rdsp × [tinit,+∞) : |x| < resc-init + c
(
t− tinit

)}
,

and ∂Dint =
{

(x, t) ∈ Rdsp × [tinit,+∞) : |x| = resc-init + c
(
t− tinit

)}
,

and Dext(t) =
{

(x, t) ∈ Rdsp × [tinit,+∞) : |x| > resc-init + c
(
t− tinit

)}
.

The following observations can be made concerning the function ∆:

• according to inequality (7.11), it is nonpositive on Rdsp × {tinit};

• it is continuous on Rdsp × [0,+∞);

• its partial derivative ∂t∆ is defined on Dint ⊔Dext;

• for every (x, t) in Dint, since, according to the definition of η̃,

∂tη̃(x, t) = c
δesc(m)2

4L ,

it follows from inequality (7.12) that ∂t∆(x, t) is nonpositive.

• for every (x, t) in Dext, according to inequality (4.32) of Lemma 4.7,

(7.13) ∂t∆(x, t) ≤ −νF0F0(x, t) +KF0

∫
ΣEsc(t)

Txψ0(y) dy .

Let us proceed by contradiction and assume that the set{
t ∈ [tinit,+∞) : there exists x in Rdsp such that ∆(x, t) > 0

}
is nonempty. Let us denote by texit the infimum of this set, which is a nonnegative
quantity, and let us introduce the quantity

(7.14) τ = L

c
, so that τc

δesc(m)2

2L ≤ δesc(m)2

2 .

The following lemma conflicts the definition of texit (and thus completes the proof).

Lemma 7.10 (∆(·, ·) cannot reach any positive value on R × [texit, texit + τ ]). For every
x in Rdsp,

(7.15) ∆(x, texit) ≤ 0 ,

and for every (x, t) in Rdsp × [texit, texit + τ ],

(7.16)
(
∆(x, t) ≥ −δesc(m)2

8 and (x, t) ̸∈ ∂Dint
)

=⇒ ∂t∆(x, t) ≤ 0 .
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Proof. Since the function ∆(·, ·) is continuous, inequality (7.15) must hold (or else the
would be a contradiction with the definition of texit). Besides, since ∂t∆(x, t) is nonpositive
on Dint, implication (7.16) readily holds for (x, t) in Dint. It remains to prove that this
implication also holds when (x, t) is in Dext.

Observe that, according to inequality in (7.14), to inequality (7.12), to inequality (7.9)
of Lemma 7.6 and to the definition of η̃, for every (x, t) in Dext with t in [texit, texit + τ ],

ΣEsc(t) ∩B(x, L) = ∅ ,

so that, according to inequality (7.13),

∂t∆(x, t) ≤ −νF0F0(x, t) +KF0

∫
Rdsp \B(x,L)

Txψ0(y) dy ,

and thus, according to inequality (7.10) of Lemma 7.7,

∂t∆(x, t) ≤ −νF0

(
F0(x, t) − δesc(m)2

8

)
= −νF0

(
∆(x, t) + δesc(m)2

8

)
,

so that implication (7.16) holds when (x, t) is in Dext. Lemma 7.10 is proved.

End of the proof of Lemma 7.9. It follows from Lemma 7.10 and from the continuity of
∆(·, ·) that ∆(x, t) remains nonpositive on Rdsp × [texit, texit + τ ], a contradiction with
the definition of texit. Lemma 7.9 is proved.

It follows from Lemma 7.9, from the definition of η̃(·, ·), and from inequality (7.9) that,
for every time t greater than or equal to tinit,

ΣEsc(t) ⊂ Dint(t) .

Then it follows from Lemma 4.8 and from the bounds (3.5) on the solution that the
invasion speed cinv[u] cannot be larger than c. Since the positive quantity c was chosen
arbitrarily small, the invasion speed cinv[u] must be equal to 0, a contradiction (indeed
cinv[u] was assumed to be positive, see the beginning of subsection 7.3). This shows that
inequality (7.3) cannot occur, in other words the asymptotic energy Easympt[u] must be
equal to −∞. Conclusion 2 of Theorem 1 is proved.
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