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Abstract

This paper challenges the use of the notion of “culture” to describe a particular
organization of mathematical knowledge, shared by a few mathematicians over a short
period of time in the second half of the 19th century. This knowledge relates to
“geometrical equations,” objects that proved crucial for the mechanisms of encounters
between equation theory, substitution theory, and geometry at that time, although
they were not well-defined mathematical objects. The description of the mathematical
collective activities linked to “geometrical equations,” and especially the technical aspects
of these activities, is made on the basis of a sociological definition of “culture.” More
precisely, after an examination of the social organization of the group of mathematicians,
I argue that these activities form an intricate system of patterns, symbols, and values,
for which I suggest a characterization as a “cultural system.”

For several years, historians of mathematics have been interested in analyzing diverse
collective phenomena. To describe such past dynamics of knowledge, they have borrowed,
discussed, and sometimes refined concepts coming from the history of science, history,
or sociology. Taking into account both intellectual and social factors, their studies have
helped us understand how ideas are created, developed, and circulated within groups of
mathematicians. Different categories such as disciplines, research fields, research schools,
networks, clusters, or practices have thus been dealt with, each of them covering specific
situations and having their own peculiarities.!

My own research led me to confront these categories while I was studying a precise
historical question: the introduction of equation theory and substitution theory into geometry
during the second half of the 19th century. To be more specific, this research brought to light
the importance of “geometrical equations,” objects which have proved absolutely crucial for
the understanding of encounters between those three mathematical domains around 1870, [Lé
2015a,b]. A special feature of “geometrical equations” is that they gave rise to precise
technical activities shared by a few mathematicians over a quite short period of time, although
they were not well-defined mathematical objects. Though such a situation may be quite usual
in the 19th century, none of the above-mentioned categories was appropriate to account for
it. For instance, the activities linked to “geometrical equations” never became systematized
and vanished quickly, making the label “discipline” unfit to characterize them. Besides,

In the history of mathematics, these categories have recently been discussed in [Brechenmacher 2007;
Gauthier 2007; Goldstein 1999; Goldstein and Schappacher 2007; Parshall 2004; Parshall and Rowe 1994; Roque
2015].



they formed a complex system glued together by epistemic preferences, which encouraged
me to search for a larger descriptive type than that of “practices.” This situation brought
me to explore the notion of “culture” to characterize the configuration of the mathematical
knowledge at stake. The present paper aims at reporting this investigation; as we will see,
I eventually ended up with the more restricted phrase “cultural system” to describe the
organization of the knowledge connected to “geometrical equations.”

First, a few words of caution about the notion of “culture” should be expressed here.
Throughout this paper, by “culture” will be meant neither some general process of intellectual,
spiritual, and aesthetic development, nor the sum of the artistic production of a society, but
rather the way of living and acting of a given social group.? This preliminary clarification
being made, one has still to be as accurate as possible when defining “culture.” Trying to do
s0, an issue arises at once, for no definition of “culture” has achieved absolute consensus
in the social sciences: in their famous book published in 1952, the anthropologists Alfred
L. Kroeber and Clyde Kluckhohn counted more than 160 definitions of “culture” in the
anthropological and sociological literature, [Kroeber and Kluckhohn 1952].

Reflecting the multiplicity of the definitions of the notion of “culture,” recent studies
in the history of mathematics have explored this notion in diverse contexts and in different
ways.3 From a case of ancient Chinese mathematics, Karine Chemla thus defined a notion
of mathematical culture to understand long-lasting ways of acting that were shared within
groups of people and sustained by institutional structures over centuries, [Chemla 2009].
Frédéric Brechenmacher, for his part, tackled the question of a culture associated with a
network of texts (that concerning the so-called “secular equation”), appealing to a notion of
culture presenting interactions between individuals or groups of individuals as its elementary
components, [Brechenmacher 2017].

My perspective here is different in scope: I was in search of a word or an expression
defined by concrete criteria that can be applied to a definite corpus of related texts, where the
definition does not only rely on explicit interactions among them or their authors (contrary
to Brechenmacher’s case for instance).# As we shall see, the concreteness of the criteria
helped me analyze more closely these texts. However, my objective is not a new theory of
scientific development, nor an adherence to an already existing one. I have thus borrowed my
(operational) definition of “culture” from a working sociologist, Guy Rocher:>

Culture [is] an intricate system of more or less formalized ways of thinking, feeling, and
acting, which, being learned and shared by a plurality of people, serves both objectively

2See for instance [Williams 1985] for explanations of the different meanings of “culture.”

3Apart from the studies cited below, see the project Mathematical Cultures, https://sites.google.com/
site/mathematicalcultures/home, and its presentation [Larvor 2012].

4Some social scientists lately questioned the use of “culture” because it would bury difficulties rather than
explaining them, or because of the racist connotations that may have been attached to it. The employment of
“culture” here is intended to thinly understand a special organization of technical ways of acting in the past, and
thus completely breaks away from such contexts.

5As is obvious and as has been noted by the referees, this definition is not particularly original nor claimed to
be such by Rocher, and was not intended to fit specifically scientific activities. It shares of course many elements
with most current definitions and thus it is also reminiscent of other terminologies used to describe collective
intellectual characteristics, such as Fleck’s “thought collective,” Kuhn’s “disciplinary matrix,” or Bourdieu’s
“habitus.” However, it would have been premature to use any of these terms, with their additional requirements
and overtones, at this stage of my study.
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and symbolically to constitute these people as a particular and distinct group.® [Rocher
1968, p. 111]

Let us note that this definition contains characteristics that can be found in most definitions
of culture: it refers to a set of traits that are shared among a certain number of people, are
acquired by learning, and constitute a complex system.” In the rest of this paper, each of
these points will be thoroughly detailed using the case of “geometrical equations” in light of
Rocher’s own explanations. Let us note that a problem will occur with the last point of the
definition, namely the constitutive function for a group of persons. As already explained, I
am aiming at an account of a corpus of texts involving the so-called “geometrical equations”
and my criteria will serve to constitute such a group of texts. However, texts and persons are
not the same and we will see that the authors of the texts are not defined as a group through
my study.® Actually, it is the only point which will not fit our specific case, and this is why
the label “cultural system” will be eventually adopted rather than that of “culture.”

As Rocher explains, the expression “ways of thinking, feeling, and acting” is borrowed
from Emile Durkheim. It “has the advantage of emphasizing that the patterns, values, and
symbols composing culture include knowledge, ideas, thought, [and] that culture is action,
that it is first and foremost lived by people; one can infer the existence of culture and trace its
outline from the observation of this action.”® Among the notions entering into the definition
of culture, that of “pattern” is an important one and covers two main aspects. On the one
hand, when individuals belong to a group with a specific culture, their action, behavior,
and ideas are guided by preexisting patterns; on the other hand, because they conform to
patterns, individuals take part in the strengthening of the culture. Hence, to detect behavioral
conformity to patterns allows the observer to guess the existence of a culture in which such
behaviors are valued as normal behaviors. It is thus about observing a particular organization
of recurring ways of acting and thinking of a certain social group, and about characterizing it
as a culture.

Now the question arises of where and how to carry out observation in order to handle
cases in the history of mathematics. It is indeed impossible for us to observe action in situ,
like an ethnologist. Research has be to done from material traces of action that have survived
over time—texts (published or not), drawings, instruments of measurement or calculation,
etc.—and that inform us in one way or another about the ways of acting, the sources, the
influences, and the values of past mathematicians. Thus, recognizing patterns from such
traces is the first step in inferring the existence of a culture.

To do so in the case of “geometrical equations,” I will begin by describing how a corpus
of investigation can be built up and what issues arise when one does this. The scientific,

6“La culture [est] un ensemble 1ié¢ de manieres de penser, de sentir et d’agir plus ou moins formalisées qui,
étant apprises et partagées par une pluralité de personnes, servent, d’une maniere a la fois objective et symbolique,
a constituer ces personnes en une collectivité particuliere et distincte.” Let us note that “pluralité” (that I translated
by “plurality”) is here a technical term referring to a set of people counting more that one person.

7 About these usual characteristics of culture, see [Herskovits 1948; Kroeber and Kluckhohn 1952; Spencer-
Oatey 2012] for instance.

8Such a distinction between a collective of persons and a collective of texts appears for instance in [Goldstein
1999].

9“Cette formule [...] présente 1’avantage de souligner que les modeles, valeurs et symboles qui composent la
culture incluent les connaissances, les idées, la pensée [et] que la culture est action, qu’elle est d’abord et avant
tout vécue par des personnes ; c’est a partir de I’observation de cette action que 1’on peut inférer 1’existence de la
culture et en tracer les contours.” [Rocher 1968, p. 112].



personal, and institutional links existing between the authors of the corpus will then be
presented. Afterwards, I will analyze components of the technical activities surrounding
“geometrical equations” and show why Rocher’s definition of “culture” helps me account for
them. I will finally offer suggestions aimed at putting my analysis of “geometrical equations”
into a broader historical perspective.

1 Spotting geometrical equations

My starting point in understanding “geometrical equations” is the Encyklopdidie der mathe-
matischen Wissenschaften mit Einschluf3 ihrer Anwendungen, a collective project launched at
the end of the 19th century by Felix Klein, who wanted to give an account of the mathematical
knowledge of the century.'® The Encyklopddie is split into different volumes, devoted to
domains like algebra, geometry, analysis, or mechanics, and in turn, each of these volumes is
divided into chapters dealing with more specific subjects. The algebra volume contains for
example a chapter called “Galois’sche Theorie mit Anwendungen,” of which Otto Holder
completed the writing in 1899, [Holder 1899]. The final section of this chapter is entitled
“Geometrische Gleichungen,” which refers to the objects we are interested in. Like the other
parts of the Encyklopddie, this section contains a mathematical description of its subject, as
well as references to research papers and books on the topic.

Quite surprisingly, the label “geometrical equations” is not defined in Holder’s text,
unlike the equations that are dealt with in the other sections of the chapter. For instance,
“Abel’s equations,” which appear in a preceding paragraph, are defined by a property of their
roots:

Theorem: Let all the roots of an equation be rationally expressible as functions of one
of them, x{, and let any two roots be represented by 6(x;) and 6;(x;). If one always has
01(6(x1)) = 6(61(x1)), then the equation is solvable. [...]

The equations [of this] theorem are called “Abel’s equations.”!! [Holder 1899, p. 506]

So, the appellation “Abel’s equation” is unambiguously defined and designates every equation
whose roots satisfy the described condition. Let us also look at the example of the so-called
“cyclotomic equations”:

Let p be a prime number. The pth roots of unity satisfy the equation x” — 1 = 0. If
one factors out the rational factor x — 1 from the left-hand side, then there remains
the equation xP~! + x?=2 + .- + x2 + x + 1 = 0. [...] Since the pth roots of unity are
geometrically represented by p equidistant points of a circle, the division of the circle
in p equal parts depends on these equations; that is why they are called cyclotomic
equations.!? [Holder 1899, p. 508]

10 About the history of the Encyklopddie, see [Gispert 1999; Tobies 1994].

11“Satz: Die Wurzeln einer Gleichung seien alle in einer von ihnen x| rational ausdriickbar. Falls irgend zwei
Wurzeln durch 6(x;) und 61 (x) dargestellt sind, so sei immer 61(6(x;)) = 6(0;(x1)). Die Gleichung ist dann
auflosbar. [...] Die Gleichungen [dieses] Satze[s] heissen ‘Abel’sche Gleichungen’.”

12“Es sei p eine Primzahl. Die pten Einheitswurzeln geniigen der Gleichung x” — 1 = 0. Nimmt man aus der
linken Seite den rationalen Faktor x — 1 heraus, so bleibt die Gleichung PP 24 24 x+1=0
iibrig. [...] Da die pten Einheitswurzeln durch p dquidistante Punkte eines Kreises geometrisch reprisentiert
werden, so hingt von diesen Gleichungen die Teilung des Kreises in p gleiche Teile ab, man nennt sie deshalb
Kreisteilungsgleichungen.”



There, the name “cyclotomic equations” refers to equations that are explicitly written as
polynomials developed and equated to O (which is not the case for Abel’s equations), and is
doubled by an etymological explanation—the passage from singular to plural in the quotation
indicates the existence of one cyclotomic equation per prime number p.

In opposition to Abel’s or cyclotomic equations, those designated by the phrase “geo-
metrical equations” are not defined in the Encyklopddie, neither by some property nor by
expressing them as a polynomial equated to zero. Rather, this phrase seems to be a sort
of vague label pointing to a certain number of specific examples. Indeed, Holder’s text on
“egeometrical equations” begins as follows:

The general curve of the third order contains nine inflection points; on each line joining
two inflection points, there is always a third inflection point. The determination of the
inflection points depends on an equation f(1) = 0 of degree 9, where A is chosen so that
it can be rationally expressed with the two coordinates of an inflection point, and so that
reciprocally, both of these coordinates can be expressed with A. To the nine inflection
points correspond the nine roots Ay, A, A3, ..., 49.13 [Holder 1899, pp. 518-519]

The first sentence of this extract refers to the inflection points of cubic curves, a geometrical
situation that had already been studied at the beginning of the 18th century.!4 Indeed, in his
Enumeratio linearum tertii ordinis (1704), Isaac Newton had investigated curves of the third
order (also called cubic curves), that is, plane curves defined by a polynomial equation of
degree 3 like x> + y* — 2x%y + xy?> — xy — y = 0, and had considered inflection points of
such curves, i.e. points where the curvature changes sign. In the same period, Jean-Paul
de Gua de Malves and Colin Maclaurin both showed that any line joining two inflection
points of a cubic curve intersects the curve in a third inflection point (see figure 1). Later, in
1835, Julius Pliicker proved that every cubic curve contains exactly 9 such points—he also
demonstrated that there are exactly 12 lines containing three by three the 9 inflection points. !>
In Holder’s extract quoted above, the equation f(1) = 0, which he calls “the equation on
which the inflection points depend” !¢ later in his text, is a first example of a “geometrical
equation,” associated to the configuration of the 9 inflection points. Let us note, though, that
Holder did not precisely explain what are supposed to be its roots, for several choices can be
made to express A as a rational function of the inflection-point coordinates.

Next, Holder mentions “other geometrical equations,” among which are “the equation of
the 28 double tangents to a plane curve of the fourth order, the equation of the 27 lines of a
surface of the third order, the 16 lines of a surface of the fourth order containing a double
conic section, the equation of the 16 nodes of the Kummer surface.”!” These equations are
associated with special geometrical configurations that were quite well known in the second

13“Die allgemeine Kurve dritter Ordnung besitzt neun Wendepunkte; dabei liegt auf der Verbindungslinie
von je zwei Wendepunkten immer ein dritter Wendepunkt. Die Bestimmung der Wendepunkte héngt ab von
einer Gleichung 9. Grades f(2) = 0, wobei man A so wihlen wird, dass sich 2 in den beiden Koordinaten eines
Wendepunktes rational ausdriicken ldsst und dass umgekehrt diese Koordinatent sich beide in A ausdriicken
lassen. Den neun Wendepunkten entsprechen die neun Wurzeln Ay, Ay, A3, ..., 49.”

14The following explanations on cubic curves come from [Kohn 1908].

15To be more precise, one must consider non-singular projective curves over an algebraically closed field (like
the field of complex numbers C) if one wants the numbers 9 and 12 to hold. Besides, as is the case of [Holder
1899], the existence of the 12 lines is sometimes attributed to Jean-Victor Poncelet, [Poncelet 1832].

16“Die Gleichung f(1) = 0, von der die neun Wendepunkte abhangen.” [Holder 1899, p. 519].

17*Von anderen geometrischen Gleichungen, deren Gruppen studiert worden sind, moégen nur genannt werden
die Gleichungen: 1) der 28 Doppeltangenten einer ebenen Kurve 4. Ordnung, 2) der 27 Geraden einer Flidche



Figure 1 —The solid curve is part of the cubic curve having x3+y3—2x?y+xy*—xy—y = 0
for equation. Three of its inflection points are represented as its intersection with the
dashed line. This line is thus one of the 12 joining the inflection points three by three.

half of the 19th century. For instance, a surface of the third order, also called a cubic surface, is
a surface defined by a polynomial equation of degree 3, e.g. x> +y> +22+1 = (x + y+z+1)>.
In 1849, Arthur Cayley and George Salmon had proved that every cubic surface contains
exactly 27 straight lines, [Cayley 1849; Salmon 1849]. Just as in the case of the 9 inflection
points, special incidence relations exist among the 27 lines: each of them intersects 10 of the
others which in turn intersect two by two. It is thus possible to define triangles formed from
the 27 lines; in 1849, Cayley demonstrated that there are exactly 45 such.

Let us remark that these 45 triangles can be seen as the analogues of the 12 lines formed
from the 9 inflection points. The 45 triangles and the 12 lines are examples of objects that
played an essential role in the amalgamation of equation theory, substitution theory, and
geometry in the second half of the 19th century—their importance for some mathematicians
of the time will be central for our discussion of “culture.”

The other geometrical configurations mentioned by Hélder are in the same vein. They
consist of a certain number of objects (points or straight lines) associated with particular
curves or surfaces. These objects are linked by incidence relations, typically alignment or
coplanarity, as in the case of the 9 inflection points of cubic curves and of the 27 lines of cubic
surfaces, and these relations can be expressed by the means of other geometrical objects (like
the 12 lines or the 45 triangles). But contrary to the case of the equation associated with the 9
inflection points, Holder did not define those linked to the other geometrical configurations.

To sum up, the label “geometrical equations” is not defined in the Encyklopddie although
it is the title of a section, and it seems to refer to a number of examples (like “the equation
on which the 9 inflection points depend” or “the 27-lines equation”), which have no precise
definition as well.

Actually, the same remarks can be made about the references given in this section of

3. Ordnung, 3) der 16 Geraden einer Fliche 4. Ordnung mit Doppelkegelschnitt, 4) der 16 Knotenpunkte der
Kummer’schen Flache.” [Holder 1899, p. 519].



Figure 2 — Plaster model of a cubic surface with some of the 27 lines drawn upon it.
Source: [Fischer 1986].

the Encyklopdidie. The expression “geometrical equations” itself appears only in one of
these references, more precisely in the title of a note of Camille Jordan called “Sur les
équations de la géométrie,” [Jordan 1869c]. However, “geometrical equations” are not
defined in this note, and just as in the Encyklopddie, one can find “the 27-lines equation,”
“the 28-double-tangents equation,” and other similar names of equations associated with
diverse geometrical situations.!8

Jordan’s note is one of the short publications which contained results of, and had
announced, his forthcoming Traité des substitutions et des équations algébriques, [Jordan
1870b]. The book was the synthesis of the dozen years of research that Jordan had done on
substitutions and algebraic equations since his thesis of 1861, putting groups of substitutions
at the center of questions related to the solution of algebraic equations. Jordan’s Traité is
now celebrated by historians of mathematics as “a major turning point in the development
of the notion of group and of Galois theory, marking the completion of the clarification
process of Galois’ ideas on equation solution.” ! The note “Sur les équations de la géométrie”
corresponds to the chapter of the Traité called “Applications géométriques.”2° This chapter
involves different geometrical situations including the ones we mentioned above, like the 9

18]n the note, these names are written in French: “I’équation aux vingt-sept droites,” “I’équation aux vingt-huit
tangentes doubles.”

19¢[L]es historiens sont unanimes a voir en lui [the Traité] un tournant majeur dans le développement de la
notion de groupe et de la théorie de Galois, marquant 1’achévement du processus de clarification des idées de
Galois sur la résolubilité des équations.” [Ehrhardt 2012, p. 144].

20The Traité is divided into four Livres, respectively devoted to congruences of numbers and polynomials (18
pages), groups of substitutions (231 pages), the study of algebraic equations through their group (131 pages), and
the complete classification of equations that are solvable by radicals (279 pages). The chapter “Applications
géométriques” is one of the four chapters constituting the third Livre. See [Brechenmacher 2011] for a more
detailed description of the four Livres.



inflection points and the 27 lines. There again, the phrase “geometrical equations” is not be
to found; however, the chapter begins with the following words:

One of the most frequent problems of analytic geometry is to determine which are
the points, or the lines or surfaces of a given species, which satisfy some conditions.
When the number of the solutions is limited, the coordinates of the sought point (or the
parameters appearing in the equation of the lines or surfaces sought) are determined by
a system of algebraic equations A, B, . . . in the same number as the number of unknowns
X, Y, ... Eliminate all the unknowns but one, x: we know that the degree of the final
equation X will indicate the number of solutions of the problem: and if the roots of this
equation are distinct, let xy be one of them: we will have the corresponding values of
Yo, - - . expressed as a rational function of xy when substituting xy instead of x in the
equations A, B, . .. and looking for the system of common solutions to these equations.

The sought-for points, lines, or surfaces are thus determined when one has solved the
equation X, and they respectively correspond to its different roots xg, x1, . . . [Jordan
1870b, p. 310]

Since it appears at the very beginning of the chapter on geometrical applications, this general
procedure (i.e. a procedure independent of the geometrical situation) could be interpreted as a
definition of a “geometrical equation”: such an equation would then be an algebraic equation
(in one unknown) associated to a given geometrical situation, of degree equal to the number
of objects of the situation, and of which the roots can be rationally expressed as functions of
parameters of these objects, and reciprocally—this list matches the characteristics of the 9
inflection points equation given in the Encyklopddie.

Yet, if these explanations can help us understand what geometrical equations might
be, they are still ineffective as a spotting tool. Indeed, even in the texts that we already
discussed, [Holder 1899; Jordan 1869c, 1870b], there are expressions like “the 27-lines
equation” that are connected neither with a procedure of formation, nor with details about
the parameters supposed to define the associated geometrical objects. Moreover, in the texts
referenced in the Encyklopddie, equations associated with geometrical situations are never
written as expanded or factorized polynomials. When studying these texts, however, I often
met algebraic equations with one unknown, related to the determination of a geometrical
situation or even linked to it just in the syntax of their designation, like in the phrase “the
27-lines equation.” Such equations I understand to be “geometrical equations.”

To form the corpus, I thus selected the texts referenced in the Encyklopddie that contain
at least one of these equations. Then I repeated this process with these texts, i.e. I explored
the references that were cited in them and picked the ones where I could find at least one of
the previously described equations.?!

I was eventually confronted with a small corpus composed of 19 texts of 10 different
mathematicians, dated between 1847 and 1896 with a concentration during the period
1868-1872. More precisely, this corpus includes an article of Otto Hesse, [Hesse 1847], two
papers of Ernst Eduard Kummer, [Kummer 1863, 1864], two of Alfred Clebsch, [Clebsch
1868, 1871], five short notes due to Camille Jordan and his Traité des substitutions et des

21With the same procedure, I added a few other texts listed in the Répertoire bibliographique des sciences
mathématiques, another project at the end of the 19th century aiming at inventorying mathematical production.
More details on the selection process can be found in [L& 2015b]. For the Répertoire, see [Nabonnand and Rollet
2002].



équations algébriques, [Jordan 1869a,b,c,d, 1870a,b], three articles written by Felix Klein,
[Klein 1870, 1871, 1888], one of Sophus Lie, [Lie 1872], one of Max Noether, [Noether
1879], a passage from Eugen Netto’s book Substitutionentheorie und ihre Anwendungen
auf die Algebra, [Netto 1882], a paper of Heinrich Maschke, [Maschke 1889], and finally a
chapter of Heinrich Weber’s Lehrbuch der Algebra, [Weber 1896].

All the texts of the corpus are research publications, but relate to different domains
and topics. Some can be qualified as belonging mainly to geometry,?? like Clebsch’s paper
of 1868, which is an investigation of a certain kind of surface, namely quartic surfaces
containing a double conic section. Some are mainly connected with algebraic matters (and
especially substitution theory) like Jordan’s Traité, as well as the books of Netto and Weber.
Some other texts explicitly seek to establish bridges between geometry and algebra, as
illustrated by Klein’s article of 1871 about “a geometrical representation of resolvents of
algebraic equations.”?3 In any case, it is important to emphasize that each of the texts of the
corpus imply in one way or another at least one of the geometrical configurations mentioned
above, like the 9 inflection points, the 27 lines, and the 28 double tangents.?* As previously
explained, they also contain at least one occurrence of the equations that I tracked. In the
whole corpus there are about a hundred such occurrences; a vast majority of them appear in
the texts by Jordan, Clebsch, Klein, and Noether, making them the main contributors to the
subject of geometrical equations.

Let us note that the texts I started with in the process of formation of the corpus cite each
other a great deal: only the two papers [Kummer 1863] and [Clebsch 1871] were identified
in by the extension step of the process. Further, the references cited in these latter texts do
not mention any geometrical equation, which explains why I stopped the process after one
iteration. These remarks thus suggest a certain coherence of the obtained corpus.?> The
situation can be visualized with the help of the graph of figure 3, which represents all the
citations existing among the texts.

The relative density of the graph also pleads in favor of an actual circulation of knowledge
within the corpus, in the sense that pieces of knowledge pass from text to text, from author
to author. More specifically, the citations have diverse status, which reflects different kinds
of links among the texts: citations of attribution of first works on a subject without any
mathematical transfer, but also citations concerning results or methods that are taken as bases
for new research, and a few citations associated with results that were found by different
methods than those employed in the text they are cited from. Furthermore, we will see that
precise technical features repeatedly occur within the corpus without being accompanied by
any explicit citation.

All these points confirm the possibility of grasping the notion of culture in the situation
of geometrical equations, even if it involves only a few people. Indeed, sociologists readily
consider cultures associated with small groups of people (like families), understood as mostly

22A classification of mathematical texts (published from 1868 on) had been established in the Jahrbuch iiber
die Fortschritte der Mathematik, a reviewing journal of the time. My use of “geometry” or “algebra” in this
paragraph refers to this classification.

23The paper is entitled “Ueber eine geometrische Représentation der Resolventen algebraischer Gleichungen.”

24The content of most of the texts of the corpus and their relations is thoroughly described in [L& 2015a].

25This coherence indicates that the selection of the texts has not been overly biased by my own recognition
of geometrical equations, a recognition I could not avoid being somewhat subjective, in the absence of a clear
contemporary definition of these equations.
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Figure 3 — Citations between the texts of the corpus. For the sake of clarity, Jordan’s
Traité and the short notes that had announced it are gathered in a single box. Moreover,
one reference cited in [Lie 1872] is obviously erroneous. The correct one being probably
either [Kummer 1863] or [Clebsch 1868], dashed arrows have been correspondingly
drawn.

describing particular ways of acting of the members of each group: “A few persons can be
enough to constitute the culture of a limited group [...]. The notion of culture is not just
employed for a global society. Sociologists willingly talk about the culture of a social class,
of a region, of an industry, of a ‘gang’.”?¢ What is important for the notion of culture is that
the cultural traits be shared among the members of the (small) plurality, so that they appear
as collective patterns to the observer. What has been described in the preceding paragraphs
weighs in favor of such a collective dimension and is thus a clue for the consistency of dealing
with the notion of culture in the small-scale case of geometrical equations.

I will now proceed further, at first addressing the question of the social links existing
among the mathematicians of the corpus. From now on, additional sources like obituaries,
letters, and secondary biographical literature will be used to throw light on the texts of the
corpus and their authors. As such, these sources constitute a set of texts that will help us
explain some of the features of the texts of corpus and of their authors.

2 Social links among the authors of the corpus

The authors of the corpus (especially Hesse, Clebsch, Jordan, Klein, and Noether) are
connected by strong mathematical, institutional, or personal relations. Indeed, Hesse had
been a docent and then an extraordinary professor at the university in his hometown of

26“T] peut s’agir de quelques personnes pour créer la culture d’un groupe restreint [...]. Les sociologues
parlent volontiers de la cutlure d’une classe sociale, d’une région, d’une industrie, d’un ‘gang’.”” [Rocher 1968,
pp. 112-113].
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Konigsberg from 1840 to 1855. Afterwards, he spent a year in Halle, and was then appointed
ordinary professor in Heidelberg. During these years, Hesse taught analytic geometry to
Clebsch (in Konigsberg from 1850 to 1854) and to Weber and Noether (in Heidelberg, in
1860 and 1867-1868 respectively).?’ Furthermore, Noether and Klein both wrote an obituary
of Hesse in 1875, [Klein 1875; Noether 1875]. Later, Noether took part in the edition of
Hesse’s Gesammelte Werke (published in 1897) along with Walther von Dyck, Sigmund
Gundelfinger and Jacob Liiroth.

Gundelfinger, Liiroth, and Noether had met in the 1860’s in Giessen. Clebsch had been a
professor there since 1863 and with Paul Gordan, he had started to gather mathematicians
around him:

[In Giessen,] a circle of young mathematicians who had been keenly intellectually
stimulated by their tight personal relations with Clebsch and Gordan during lectures,
seminars, walks, and around coffee, had gathered around these two friendly and witty
docents. Apart from the very first students, Giissfeld and Brill, of Clebsch in Giessen,
Liiroth, Gundelfinger, Korndorfer, and Noether from 1868 on, belonged to this circle of
changing composition.?® [Brill 1923, p. 213]

In 1868, Clebsch got the chair in Gottingen left vacant after Riemann’s death, and was
followed there by some of his students from Giessen.

The same year, Klein defended the thesis he had prepared under Julius Pliicker’s
supervision.?® Pliicker died shortly afterwards and Klein embarked on a posthumous edition
of one of his books; this project led him to meet Clebsch in Géttingen in 1869. Many years
later, Klein remembered how much he had liked the inspiring atmosphere that existed around
Clebsch; Clebsch was equally enthusiastic when Klein came back to Goéttingen a year later,
as he wrote to Jordan:

Dr. Klein, who is now here fulltime [in Gottingen], told me much about the nice time
he spent in Paris. As usual, he is very active [...]; [ am happy to have gained such an
active and charming colleague.3°

When Clebsch suddenly died in 1872, Brill, Gordan, Klein, Liiroth, and Noether, along
with Adolph Mayer and Karl von der Miihll, wrote a long obituary in his honor, [Brill et al.
1873]—in this text, they present themselves as Clebsch’s “friends and former students.”

So we have a group of mathematicians (including Klein and Noether) who had progres-
sively gathered around Clebsch and who later took care of matters relative to the deaths of
Hesse and Clebsch. In the obituaries of these two, their mathematical affiliation is highlighted
several times and is complemented by indications of deep friendship:

27These elements concerning Hesse come from [Brill et al. 1873; Hesse 1897, p. 719; Schappacher and Volkert
2005].

28“[In Giessen] hatte sich in jener Zeit um Clebsch und Gordan ein Kreis von jungen Mathematikern geschart,
die in engem personlichem Verkehr mit den zwei umginglichen geistvollen Dozenten in Vorlesungen und
Seminaren, auf Spaziergéngen und beim Kaffee lebhafte Anregung zu wissenschaftlicher Betidtigung empfingen.
AuBer den friihesten Schiilern von Clebsch in Giefen, Gii3feld und Brill, gehorten zu diesem Kreis in wechselnder
Zusammensetzung Liiroth, Gundelfinger, Korndorfer und seit 1868 Noether.” About oral and informal mathematics
in Gottingen at the turn of the 20th century, see [Rowe 2004].

29 About Klein’s academic first steps, see [Rowe 1989; Tobies 1981].

30“Dr. Klein, der jetzt ganz hier ist, hat mir viel von der angenehmen Zeit erzéhlt, welche er in Paris erlebt hat.
Er ist, wie immer, sehr fleissig [...]; ich bin froh hier einen so regsamen und liebenswiirdigen Collegen gewonnen
zu haben.” Extract of a letter from Clebsch to Jordan, dated March 5 1871 and kept in the archives of the Ecole
polytechnique (reference VI2A2(1855) 15).
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Hesse had had auditors like Kirchhoff, Aronhold, and Durege since 1843/44, Lipschitz,
C. Neumann, Schroeter since 1849/50, and since the summer of 1850, his intellectual
successor, Alfred Clebsch, who always claimed himself to be really a student of Hesse.
Hesse not only stayed a faithful friend of Clebsch until the death of the latter, but he
also willingly and proudly recognized his great value.3' [Hesse 1897, p. 716]

Furthermor, the authors of the obituary of Clebsch specifically named Hesse when they
mentioned Clebsch’s interest for the links between equation theory and geometry; they also
explicitly associated Jordan and his Traité des substitutions et des équations algébriques with
the topic of geometrical equations:

The general theory of algebraic equations [...] interested Clebsch a great deal. [...] It
really was Hesse’s as well as Abel’s research that sharply attracted Clebsch’s attention
to the algebraic side of geometrical problems; later, the multiple relations he had with
Jordan brought his attention back to everything linked to the remarkable groupings of
the roots of an equation. Reciprocally, it is mainly thanks to him that Jordan was able
to devote a special chapter of his great work to “geometrical equations.”32 [Brill et al.
1873, p. 46]

In the introduction of the Traité des substitutions et des équations algébriques, Jordan wrote:
“It is thanks to the generous communications of Mr. Clebsch that we have been able to tackle
the geometrical problems of Livre III, Chapitre I11.”33

Moreover, the relationship between Clebsch and Jordan is presented as friendly by Carl
Neumann:

Clebsch did not lack recognition [...], especially abroad. He was a corresponding
member of the academies of Berlin and Munich, of Milan and Bologna, as well as that
of Cambridge; he was one of the rare members of the London Mathematical Society.
But he did not confine himself to superficial salutations with his honorary colleagues; a
genuine friendship linked him to them. So one should call the relations he had developed
for instance (aside from a great number of Germans) with Cremona in Milan, with
Camille Jordan in Paris, and with Cayley in Cambridge.3* [C. Neumann 1872, p. 559]

31Extract of a biographic note on Hesse printed in his complete works and written by its editors. ‘“Zudem
hatte Hesse von 1843/44 an Horer wie Kirchhoff, Aronhold und Durége, von 1849/50 an Lipschitz, C. Neumann,
Schroeter, von Sommer 1850 an den ihm in Richtung und geistiger Nachfolge néchstverwandten Alfred Clebsch,
der sich immer als eigentlicher Schiiler Hesse’s bekannt hat, und dem Hesse nicht nur bis zu dessen frithem Tode
ein treuer Freud blieb, sondern den er auch willig und stolz in seiner Bedeutung anerkannte.”

32“Die allgemeine Theorie der algebraischen Gleichungen [...] hat Clebsch in hohem Masse interessirt. [...]
Es waren wohl die Untersuchungen von Hesse und weiterhin die von Abel gewesen, die Clebsch’s Interesse fiir
diese algebraische Seite der geometrischen Probleme rege gemacht hatten; spater wurde seine Aufmerksamkeit
durch die vielfachen Beziehungen, in die er mit Camille Jordan getreten war, immer wieder auf Alles, was mit
merkwiirdigen Gruppirungen von Wurzeln einer Gleichung im Zusammenhange steht, hingelenkt. Umgekehrt
hat man es ihm hauptsichlich zu verdanken, wenn Camille Jordan im Stande war, in seinem grossen Werke
(Traité des substitutions et des équations algébriques. Paris, Gauthier-Villars 1870) ein besonderes Capitel den
‘Gleichungen der Geometrie’ zu widmen.”

33%C’est grace aux libérales communications de M. Clebsch que nous avons pu aborder les problemes
géométriques du Livre III, Chapitre III.” [Jordan 1870b, p. vii].

34“An Anerkennung in Nihe und Ferne, namentlich auch im Auslande, hat es Clebsch nicht gefehlt. Er war
correspondirentes Mitglied der Akademien in Berlin und Miinchen, in Mailand und Bologna, sowie in Cambridge;
er war eines der wenigen Mitglieder der London Mathematical Society. Aber nicht nur in der dusserlichen
Beziehung solcher Ehrenbezeugungen hat er zu seinen Fachgenossen gestanden; aufrichtige Freundschaft hat ihn
mit den Gleichstrebenden verbunden. Denn so muss man die Beziehung nennen, die ihn (um von der grossen
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Further, Jordan’s Traité also plays a role in the story of his first encounter with Klein and
Lie. Indeed, these two had traveled to Paris at the beginning of the year 1870 and had met
(among others) the author of the new Traité. In 1921, Klein recalled: “Camille Jordan made
a great impression on me; his Traité des substitutions et des équations algébriques, which had
just been published, appeared to us to be a book with seven seals.” [GMA ], p. 51]. Klein
and Lie had for their part met in Berlin shortly before and had struck up a friendship, in
particular because they shared an aversion to the overly-formal atmosphere in Kummer’s and
Weiererstrass’ lectures and seminars—according to [Rowe 2013, p. 2], “Clebsch had long
ago burned his bridges to the leading mathematicians in Berlin.” In fact, five days before
his encounter with Klein, Lie had sent two mathematical memoirs to Clebsch. The latter
confessed he was not sufficiently qualified to evaluate them but encouraged Lie to contact
Klein, [Stubhaug 2002].

The mathematicians of the corpus are thus linked by numerous relations, among which
mathematical lineages are sometimes accompanied by friendship, reinforced by common
oppositions (to ways of doing mathematics), or incarnated in the writing of obituaries of
some by others. Either embraced by the authors themselves or claimed by their fellows, these
redundant links contribute to the construction of a tight network.

In passing, let us note that geometrical equations do not seem to be the vector of
socialization here: people like Hesse and Clebsch, or Jordan and Clebsch, knew each other
before they began work on these equations. In other words, it seems that geometrical
equations are not objects that gathered disconnected mathematicians; rather, the situation is
that the diffusion of problems and ways of acting were favored by preexisting relations.

What is more important for the question of culture is how such ways of acting are acquired
by the members of the group. “The acquisition of culture is the result of diverse modes and
mechanisms of learning [...]. Cultural traits are not shared by a plurality of persons in the
same way that physical traits may be,” says Rocher.3> In the case of geometrical equations,
we identified a mathematical lineage in which Hesse and Clebsch played an important role:
as we saw, Clebsch had become interested in geometrical equations through Hesse, and then
transmitted this interest to Jordan so that the latter included a special chapter in the 7raité
des substitutions et des équations algébriques. This book then played an important role,
especially in Klein’s learning substitution theory via geometrical equations.36

Let us finally come to the characteristic of Rocher’s definition of culture stipulating that
the individuals engaged in a culture should constitute “a particular and distinct plurality.”
According to Rocher, a culture has the social function to subjectively gather together a
plurality of people, as would a geographical proximity or a blood relationship, so that “these
people [...] feel, each individually and all collectively, like members of a single entity going
beyond them.”37 Now, in the case of geometrical equations, there is no clue that would suggest

Anzahl der Einheimischen zu schweigen) z.B. mit Cremona in Mailand, mit Camille Jordan in Paris, mit Cayley
in Cambridge verband.”

35“L’acquisition de la culture résulte des divers modes de I’apprentissage [...]. Les traits culturels ne sont donc
pas partagés par une pluralité de personnes de la méme fagon que peuvent I’étre des traits physiques.” [Rocher
1968, p. 113].

36The actual mechanisms of learning, as dealt with by cognitive sciences, will not be tackled here. See [Morin
2011] for reflections about a cognitive approach of (non mathematical) cultural transmissions.

37“Ces personnes [...] se sentent enfin, chacune individuellement et toutes collectivement, membres d’une
méme entité qui les dépasse et qu'on appelle un groupe, une association, une collectivité, une société.” [Rocher
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that the authors who were engaged in the corresponding activities felt as if they were part of
a common entity, a subjective “us” they would define themselves. For instance, these authors
did not name themselves as a group, they did not establish criteria of membership; they did
not create, from the subject of geometrical equations, boundaries between themselves and
other mathematicians.3® This does not mean that they did not know with whom they could
talk about geometrical equations or what texts they should read on this topic. Nonetheless,
there was no deliberate constitution of an assumed identity of the plurality around geometrical
equations.3®

To sum up, filiation and friendships among the authors of the corpus support the
transmission of knowledge concerning geometrical equations. Since there is no subjective
constitution of a collective group, to respect Rocher’s definition, I will exclude the label
“culture” as such to describe the organization of the dynamics linked to geometrical equations.
Nevertheless, we will see that every other point of his definition applies to this case. For that
purpose, let us now turn to the technical components that one finds recurring throughout the
corpus.

3 Practices linked to geometrical equations as cultural traits

To analyze the mathematical activities that involved geometrical equations, I drew upon the
list of the hundred occurrences of these equations in the corpus. The study brought out several
characteristics of the practices associated with geometrical equations. I grouped them into
two sets. The first relates to the issue of recognition of the objects “geometrical equations”
themselves. It encompasses what bears upon designations of the equations, their roots, the
corresponding geometrical objects, and the (non-)formation of equations on the one hand,
and upon identifications of equations on the other hand. The second set of characteristics
concerns the diverse processes of solving geometrical equations, which gathers ways of
acting that imply special algebraic functions, tables, or what I called “derived objects.”

We will see that these characteristics display more or less personal variations that did
not obstruct their circulation within the corpus. In other words, they present similarities
and analogies rather than strict, systematic identity from one author to the other (or even
from one text to the other), but such variations did not hamper communication. For these
reasons, and because these characteristics are shared among the authors of the corpus and
appear repeatedly, they can be considered as cultural traits. Indeed, the “ways of thinking,
feeling, and acting” which are the elementary constituents of a culture in Rocher’s sense do
not need to obey any rule of absolute regularity. On the contrary, they can (and even must) be
charged with a “personal part of interpretation and adaptation,” [Rocher 1968, p. 112]. Thus
the notion of culture allows one to identify sets of traits that are globally homogeneous but

1968, p. 117].

38This point makes contact with Nicholas C. Mullins’ discussion of the development of scientific disciplines.
Indeed, one of the steps he describes in such a development is that of the “cluster,” which “forms when scientists
become self-conscious about their patterns of communication and begin to set boundaries around those who
are working on their common problems. [...] These clusters are often identified by a name by those inside and
outside the cluster.” [Mullins 1972, p. 69]. The absence of such an identification here renders Mullins’ notion of
“discipline” unhelpful in describing the activities related to geometrical equations.

39To illustrate the feeling of membership in a bigger whole, one might think of members of an institution (a
university for instance) equipped with a claimed, proper culture. See [Rocher 1968, p. 121].
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which present idiosyncratic variations. I will now detail each characteristic of geometrical
equations and illustrate it with examples from the corpus.

Let us begin with the numerous variations of appellations of geometrical equations that
can be found throughout the corpus—for the sake of brevity, only the most abundant will
be set out here. Some of these designations involve the verbs “to determine,” “to depend,”
or “to split,” or derived nouns, like “the equation of degree six by which the six tangents
are determined,” “the equation of the 4th degree for the determination of the groups of 6
associated triangles,” “the equation of the sixteenth degree on which the sixteen lines of the
surface depend,” and “the equation of the 6th degree [...] by which the 6 double tangents
[...] are split off from one another.”40 Other designations syntactically link equations and
geometrical objects, as in “the 27-lines equation” or “the double-tangents equation.”4! In
other examples, roots of equations are directly tied to geometrical objects, as in “the reduced
equation of the fortieth degree which has our enneahedrons as its roots.”42

As varied as all these designations may be, no one in the corpus actually specified their
meaning—this echoes the lack of definition of the label “geometrical equations” pointed
out earlier. The only passage which could be interpreted as a definition of the verb “to
determine” is Jordan’s introduction of his chapter “Applications géométriques” in the Traité
des substitutions et des équations algébriques (which has been quoted above), where one
reads that “the sought-for points, lines, or surfaces are determined when one solves the
equation X, and they respectively correspond to its diverse roots.” [Jordan 1870b, p. 301]. To
“determine” geometrical objects would therefore mean to solve the corresponding geometrical
equation and so to find its roots.

However, we mentioned earlier that the issue of forming geometrical equations is not
discussed in the corpus: neither the parameters supposed to represent the different geometrical
objects, nor the equations from which one should eliminate variables, nor the elimination
process itself are features that the mathematicians of the corpus were willing to make explicit
or even to mention.*3> From this vantage point, Jordan’s description of a general procedure
for the creation of geometrical equations seems to be a remark he placed in the chapter on
geometrical applications to make it look complete, knowing it was not supposed to be actually
applied in each particular case.

Furthermore, among the diverse geometrical equations of the corpus, only a few have
clearly identified roots, whether in their very designation or in the text in which they appear.
For instance, this is the case for the equation of which the roots are the abscissas or the
ordinates of the 9 inflection points of a cubic curve. In such examples, the roots are scalar
numbers that are parameters of the corresponding geometrical objects. But there also exist

40In German: “Die Gleichung sechsten Grades, durch welche [...] die sechs Tangenten bestimmt werden”
[Kummer 1864, p. 259], “die Gleichung vom 4ten Grade zur Bestimmung der Gruppen von je 6 zusammengeho-
rigen Dreiecken” [Klein 1871, p. 355], “die Gleichung sechzehnten Grades, von welcher die sechzehn Geraden
der Oberflache abhidngen” [Clebsch 1868, p. 145], and “die Gleichung 6ten Grades [...], durch welche die 6
Doppeltangenten [...] von einander getrennt werden” [Clebsch 1871, p. 341].

41“L’équation aux vingt-sept droites” [Jordan 1870b, p. 317], “die Doppeltangentengleichung” [Weber 1896,
p. 380].

42“L’équation du quarantiéme degré qui a pour racines nos ennéaedres.” [Jordan 1870a, p. 328].

43Mathematically speaking, the problem of finding parameters for geometrical objects is far from being obvious
when dealing with complicated geometrical objects (see the examples below). Furthermore, let us remark that a
choice of different parameters, as well as the choice of the unknowns to be eliminated, would lead to different
equations.
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other examples having (according to their designation) geometrical objects for their roots, like
in “the reduced equation of the fortieth degree which has our forty enneahedrons as its roots.”
This direct incarnation of geometrical objects by roots seems to have allowed mathematicians
to avoid being explicit about the choice of the scalars supposed to parameterize them. Now,
these objects are of all sorts: special points, curves, surfaces, systems of points, of curves or
of surfaces.#* Therefore the silence on their parameters shows that the focus was not put on
any particular realization of the roots of geometrical equations as scalars; the roots are the
triangles, the enneahedrons, and so on.

These points suggest that using verbs like “to determine” or “to depend” relates to
equations that could be formed even if no one does it because the focus lies on the
geometrical objects themselves. Accordingly, it does not matter what the designations really
mean: they allow reference to equations that are neither explicitly defined nor written as
polynomials. Nevertheless, their mathematical vagueness did not hinder communication
among the mathematicians of the corpus—for example, they did not lead to arguments or
misunderstandings. On the contrary, the authors seem to know precisely what they are
dealing with, as is shown by the common use of definite articles in designations such as “the
equation of degree 6 which determines the 6 tangents,” “the 27 equation,” etc.

The diversity of objects associated with geometrical equations and their direct link to the
roots (without explicit parameters), the use of definite articles conjointly with mathematically
vague verbs to designate the equations, the absence of questions about how to realize them:
all of this pleads for a shared, tacit understanding of geometrical equations. To be more
precise, these clues suggest “relational tacit knowledge” in the sense of Harry Collins, that is
to say, knowledge that could be made explicit but which is not because of a particular way of
communication within a group of people.#> Let us now continue the analysis and turn to
identifications of geometrical equations. What is meant here by “identifications” is processes
in which authors of the corpus consider as identical two geometrical equations associated
with distinct geometrical objects. I illustrate this point with one specific example.

In one of the texts belonging to our corpus, [Kummer 1864], Kummer proved the existence
of particular surfaces containing exactly 16 singular points—such surfaces would later be
called “Kummer surfaces.” Furthermore, he demonstrated that the 16 singular points belong
six by six to planes, qualified as “singular,” and that there are 16 such singular planes. Finally,
he showed that the 16 singular planes intersect six by six in each of the 16 singular points.
Kummer did not study any corresponding geometrical equation in this text, though; a few
years later, Jordan published on this subject in two notes [Jordan 1869c,d] and in the Trairé,
[Jordan 1870b]. In each of these texts, Jordan recalled the incidence properties of the 16
singular points and 16 singular planes, but the geometrical equation he studied was specific

44To illustrate this variety, let us mention inflection points, double tangents, lines that are contained in surfaces,
tetrahedrons, hyperboloids, systems of triangles, systems of lines having prescribed incidence relations, triplets
of couples of tetrahedrons, etc.

45“Weak, or relational, tacit knowledge [...] is knowledge that could be made explicit [...] but is not made
explicit for reasons that touch on no deep principles that have to do with either the nature and location of
knowledge or the way the humans are made. [...] Relational tacit knowledge is just a matter of how particular
people relate to each other—either because of their individual propensities or those they acquire from the local
social groups to which they belong.” [Collins 2010, p. 86]. The issue of tacit knowledge in mathematics was
tackled during a workshop in Oberwolfach in 2012. See [Archibald, Peiffer, and Schappacher 2012] and in
particular (p. 134): “[Tacit knowledge includes] the case of descriptions which are left incomplete because their
authors assume, or know by experience, that their readers share a certain knowledge with them.”
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to each paper: he dealt with “the sixteen-singular-points equation” in [Jordan 1869c] whereas
he talked about “the equation of the sixteenth degree on which depend the sixteen singular
planes” in [Jordan 1869d, 1870b]. Yet, Jordan’s results about each of these equations are the
same: both can be solved with the help of a general equation of degree 6 and supplementary
quadratic equations. As for the proofs, they are the same up to a switch of the words “points”
and “planes.” Moreover, the section of [Jordan 1870b] where Jordan tackled the 16-planes
equation is actually entitled “Singular Points of Kummer’s Surface.”

This amalgamation between the 16 points and the 16 planes does not seem to be an
editorial mistake. Rather, it shows that Jordan conceived as identical the 16-points equation
and the 16-planes equation. The identification was neither explained, nor even made explicit;
but looking into each of Jordan’s proofs indicates that the identification came from the exact
correspondence between the incidence relations existing between the 16 points on one hand
and the 16 planes on the other hand: just like the 16 points belong six by six to one plane,
the 16 planes intersect six by six in one point. Other examples of identifications exist in
the corpus, all based on the identity of the incidence relations linking the objects associated
with geometrical equations. They prove that the mathematicians in the corpus conceived
the identity of a geometrical equation as arising from the number of corresponding objects
and the incidence relations linking them—as the above example illustrates, both objects and
incidence relations could differ between two equations that were seen as identical.

The second set of characteristics of practices linked to geometrical equations relate to
their solution. It should be underlined here that in the 19th century, solving an equation would
not necessarily mean explicitly expressing its solutions (e.g., with the help of radicals).46
An equation being given, a typical problem was to find equations of lower degree such that
its roots allowed the expression of all the roots of the given equation; the equation of lower
degree was then called a “reduced” equation of the former. If additionally the roots of the
second equation could all be expressed by means of the roots of the given one, the two
equations were said to be “equivalent.” Such questions occurred in the case of geometrical
equations, accompanied by very specific ways of answering them.

For instance, in his Traité des substitutions et des équations algébriques, Jordan devoted
one section to the 27-lines equation. Most of his work is based on an intensive use of the
theory of substitutions he developed above in his book, corresponding to his will to develop
Galois’ approach of algebraic equations. But he also presented a few arguments like the
following:

For instance, let us take the plane of the triangle formed by three intersecting lines as
the unknown of the question: these triangles being forty-five in number, one will have
an equation of degree 45, which will be equivalent to the [27 lines] equation.#’ [Jordan
1870b, p. 319]

Jordan’s argumentation reduces to this quotation: he did not explain what is the equation of
degree 45 in hand, or why this equation is equivalent to the 27 lines equation. So the existence
of an equivalent equation of degree 45 seems to result directly from the very existence

40For the theory of equations in the 19th century, see for instance [O. Neumann 2007].

47“Prenons, par exemple, pour inconnue de la question le plan du triangle formé par trois droites qui se
coupent; ces triangles étant au nombre de quarante-cing, on aura une équation du quarante-cinquiéme degré,
équivalente a la proposée.”
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of the 45 triangles formed by the 27 lines—the 45 triangles are examples of what I call
“derived objects,” that is, geometrical objects that are constituted on the basis of incidence
relations existing among those objects associated with a given equation. Jordan gave two
other equivalent equations based on derived objects. For instance, he wrote:

One can determine, in (27.16))/2 different ways, a pair of non-intersecting lines.
Moreover, one can group these couples six by six (Schléfli’s double-sixes) so that
the lines of one couple meet one line of the other pair of the double-six. Thus the
double-sixes depend on an equation of degree (27.16)/(2.6) = 36, which will be
equivalent to the given one.*® [Jordan 1870b, p. 319]

Here, the derived objects are the 36 “double-sixes,” which are sets of 12 lines having
prescribed incidence relations; they give rise straightaway to an equivalent equation of degree
36. Similar ways of solving geometrical equations are to be found throughout the corpus, and
do not seem to be have been questioned by any author. Yet, the reader should note that these
solutions were not mathematically justified in the corpus. Just as in the case of the numerous
designations, we are here confronted with practices that seemed to make perfect sense to the
mathematicians of the time even if they were not unambiguously explained.°

Other kinds of solving processes found in the corpus involve particular functions or tables.
I will not develop these approaches, but I want to emphasize that in every case, incidence
relations existing between the objects ruled by geometrical equations are at the core, just like
in the case of derived objects.>® The particularity of derived objects is that they can be seen
as a sort of geometrical incarnation of incidence relations.

As stated above, all the technical characteristics that have been described in this section
can be interpreted as cultural traits. These allow the observer to infer the existence of
patterns through the recurrence of their appearances. By their very existence, they show
the adhesion of the authors of the corpus to underlying values that sanction good conduct:
“patterns can be considered as symbolic forms of values; and the orientation of action in
accordance with some patterns testifies also, in a symbolic manner, to the adhesion of the
subject to given values.”3! For instance, according to these values, the good ways to label
geometrical equations are the designations we have studied, and exhibiting derived objects
is an appropriate manner to solve a geometrical equation. When employing these ways of
acting, the authors show conformity of their action to the existing patterns and prove their
acceptance of what is considered as normal behavior.

An important feature is that almost none of the technical practices we have encountered
were rigorously justified by the authors of the corpus. So at this point of the analysis we

48“On peut déterminer de (27.16)/2 maniéres différentes une paire de droites qui ne se coupent pas. On peut
d’ailleurs grouper ces paires six a six doubles-six de Schlifli), de sorte que les droites d’une paire rencontrent
chacune une droite de chaque autre paire du double-six. Les doubles-six dépendent donc d’une équation du degré
(27.16)/(2.6) = 36, qui sera encore équivalente a la proposée.”

49 Actually, derived objects correspond to an equivalent condition only when they satisfy some property (see
[Segre 1942, p. 23] for explanations in terms of groups). I detected no such justification anywhere in the whole
corpus.

50Qther kinds of solving processes are described and analyzed in [Lé 2015b].

S1“Les modeles peuvent étre considérés comme des formes symboliques des valeurs ; et ’orientation de 1’action
conforme a certains modeles témoigne aussi, d’une maniére symbolique, de I’adhésion du sujet a des valeurs
données.” [Rocher 1968, p. 94].
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have only detected recurrent behaviors, most still difficult to explain.>? I will now present
epistemic values that mathematicians of the corpus attached to derived objects. These values
will constitute all the practices we have met as a coherent whole and help us to understand
them.

4 Epistemic preferences attached to derived objects

In his paper [Hesse 1847], Hesse proved that the 9-inflection-points equation is solvable by
radicals. The demonstration splits into two distinct steps. The first one is to prove that some
algebraic equations of degree 9 satisfying a certain property (which I note here by 6) are
solvable by radicals. More specifically, Hesse showed that these equations can be solved
with the help of an equation of degree 4 and two equations of degree 3—since equations of
degree less than 5 can be solved with radicals, so are the equations of degree 9 which are
the subject of Hesse’s article. At this point, none of these equations, nor any element of the
demonstration, is geometrical. Geometry enters the picture at the second step, when Hesse
proves that the 9-inflection-points equation satisfies the property 6 and is thus of the type he
has treated in the first step; the property 8 comes from the fact that the 9 inflection points are
aligned by threes into 12 lines.
A few years later, in his obituary of Hesse, Klein wrote:

Hesse seized the problem of the algebraic determination of the nine inflection points.
Because it is possible to order the twelve lines on which the nine points can be disposed
into four triangles, the solution of the given equation of degree nine depends on an
equation of degree four.>3 [Klein 1875, p. 48]

The triangles evoked by Klein have as their sides the 12 lines containing the inflection points
by threes, so that these are included in each of the four triangles—as such, they are derived
objects. Their existence had been proved by Hesse in 1844, [Hesse 1844], but the latter
did not mention them in his 1847 paper dealing with the 9-inflection-points equation. Yet,
as one can see in the previous quote, Klein saw in their existence the very reason for the
existence of a reduced equation of degree 4: the solution of the 9-points equation depends on
an equation of degree 4 because the 12 lines can be arranged into 4 triangles. This emphasis
on the triangles thus illustrates a certain value that Klein put on derived objects as he depicted
Hesse’s own work.

Moreover, when Clebsch wrote an obituary of Pliicker, he mentioned the latter’s works
on cubic curves and added:

The four triangles in which [the twelve lines joining the inflection points by threes]
were still unknown to Pliicker. By finding them, [Hesse 1844], Hesse was able to reveal
the true algebraic nature of the problem. Thus was revealed the marvel of this class of

52What bears upon the issue of recognition of geometrical equations has already been (partially) made clear
when we have conjoined several characteristics.

53“Andererseits ergriff Hesse das Problem der algebraischen Bestimmung der neun Wendepunkte. Weil man
die zwolf Linien, auf welchen dieselben zu drei vertheilt liegen, in vier Dreiecke ordnen kann, hiingt die Losung
der betr. Gleichung neunten Grades von einer Gleichung vierten Grades ab.”
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algebraically solvable equations of the 9th degree bearing Hesse’s name, and whose
first instance is given by the inflection points.54 [Clebsch 1872, p. 22]

Here Clebsch went further than Klein: the existence of the four triangles was the way to
access the “true algebraic nature of the problem.” Noether wrote something similar in his
obituary of Hesse:

With the research on the inflection points of curves of the third order, for which only the
twelve lines containing them three by three were then known, the existence of the four
triangles in which the twelve lines group gave an insight into the particular nature of the
equation of the ninth degree which determines the nine points.5> [Noether 1875, p. 86]

Noether then placed the example of the 9-inflection-points equation into a broader picture
where geometrical equations served as intuitive examples guiding the understanding of
substitution theory:

A geometrical image of all the relations concerning groupings of roots has been obtained.
Such particular and intuitive examples contributed in an essential way to an easier
conception, as well as to the development of the very abstruse substitution theory, of
which the bases had been elaborated by Galois soon after Abel’s research, although first
published after these works of Hesse.3¢ [Noether 1875, p. 86]

This mention of intuition echoes another that can be found in one of Klein’s texts in the
corpus:

The general theory of algebraic equations is illustrated in the most beautiful way by
a certain number of particular geometrical examples; I am just thinking (see Camille
Jordan, Traité des substitutions, p. 301 etc.) of the problems of the inflection points of
curves of the 3rd order, of the twenty-eight double-tangents of curves of the 4th order,
of the twenty-seven lines on the surfaces of the 3rd order, etc. [...] The great advantage
of these examples is that they intuitively present to the eye the extraordinarily abstract
ideas of the theory of substitutions.>” [Klein 1871, p. 346]

s4“Dagegen waren Pliicker die vier Dreiecke noch unbekannt, zu welchen diese Geraden sich gruppiren. Indem
Hesse diese fand (Crelles Journ. Bd. 28, 1844), vermochte derselbe die wahre algebraische Natur des Problems zu
erschliessen. Es zeigte sich der wunderbare Character jener Classe algebraisch 16sbarer Gleichungen 9. Grades,
welche Hesse’s Namen fiihren, und fiir welche die Wendepuncte das erste Beispiel bilden.”

55“Bei der Untersuchung der Wendepunkte der Curve dritter Ordnung aber, fiir welche vorher nur die zwdlf
Geraden, welche dieselben zu je drei enthalten bekannt waren, ergab sich durch den Nachweis der vier Dreiseite,
in die sich die Geraden gruppiren, ein Einblick in die besondere Natur der Gleichung neunten Grades, welche die
neun Punkte bestimmt.”

56“[Es] war auch ein geometrisches Bild fiir alle auf die Gruppirungen der Wurzeln beziiglichen Verhiltnisse
gewonnen. Solche anschauliche speciellere Beispiele haben wesentlich auf die leichtere Auffasung und auch auf
die Ausbildung der an sich so abstrusen Substitutionstheorie gewirkt, deren von Galois schon bald nach den
Abel’schen Untersuchungen geschaffene Grundlagen auch erst nach dieser Arbeit Hesse’s verdffentlicht worden
sind.”

57“Die allgemeine Theorie der algebraischen Gleichungen wird in schonster Weise durch eine Anzahl
besonderer geometrischer Beispiele illustrirt; ich erinnere nur (Vergl. Camille Jordan. Traité des Substitutions. 1,
p- 301 ff.) an das Problem der Wendepunkte der Curven 3ter Ordnung, an die 28 Doppeltangenten der Curven
4ter Ordnung, an die 27 Linien auf den Flidchen 3ten Grades etc. [...] Der hohe Nutzen dieser Beispiele liegt
darin, daf} sie die an und fiir sich so eigenartig abstrakten Vorstellungen der Substitutionstheorie in anschaulicher
Weise dem Auge vorfiihren.”
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The comments quoted in this section highlight a tension between an “abstruse” substitution
theory and an “intuitive” approach allowed by geometry, a point of view shared at that time
by Klein and Noether but also by Clebsch. For instance, when Jordan sent him the second
half of his Traité (probably the Livre 1V, devoted to the complete classification of solvable
equations), Clebsch answered:

Unfortunately I must confess that for now, this deep and important research goes far
beyond my competence. I confine myself to the first half, where geometry comes to my
rescue and guides thought even into the abstract things.>8

All the previous quotations inform the historical point I presented in the introduction
of the paper, namely the encounters between geometry, equation theory, and substitution
theory. They show that people like Clebsch, Klein, and Noether used their own geometrical
knowledge in order to understand substitution theory (as presented in Jordan’s Traité). More
precisely, they indicate that these mathematicians used derived objects to cope with questions
concerning algebraic equations, and that these objects were valued as being the right answers
because they were seen as intuitive.

If Clebsch, Klein, and Noether were mainly geometers, Jordan was definitely the one
mathematician of the group who understood substitution theory very well. The following
case shows how Jordan dealt with such considerations. One result that he proved in the
Traité des substitutions et des équations algébriques links the equation of the 27 lines and
an equation associated with particular functions called “hyperelliptic functions.”>® Jordan
mostly used techniques coming from the theory of substitutions and showed that the group of
the 27 lines equation and the group of the so-called “trisection” of hyperelliptic functions
are identical.®© Geometry does not enter the picture, not even via derived objects. This
result on the 27 lines and hyperelliptic functions did not go unnoticed, already when Jordan
communicated it just before the publication of the Traité. For instance, when Jordan sent him
a part of the forthcoming Traité, the mathematician Luigi Cremona wrote back:

There is one question that excites my curiosity in the highest degree: that of the
connection between the search for the 27 lines of a cubic surface [...] and the trisection
of hyperelliptic functions. Especially from the geometrical point of view, there is a true
riddle to explain here.6!

Jordan then answered:

The definitive demonstration of a link between this question of the 27 lines and the
division of Abelian functions seems to me to be very interesting but too difficult for me,

58¢[L]eider, ich muss es gestehen, gehen diese tiefen und wichtigen Untersuchungen bis jetzt weit liber meine
Fassungsgabe hinaus. Ich halte mich an die erste Hilfte, wo die Geometrie mir zu Hiilfe kommt, und die Gedanken
auch bei ben abstracten Dingen leitet.” Extract of a letter from Clebsch to Jordan, dated March 5 1871 and kept
in the Archives of the Ecole polytechnique (ref. VI2A2(1855) 15).

59These functions come from analysis and belong to a family of functions called “Abelian functions,” of which
the simplest members are the usual inverse trigonometric functions.

%0More precisely, the group of the trisection of hyperelliptic functions is identical to the group of the 27-lines
equation when one reduces the former by means of the adjunction of a square root.

61“[l y a une question qui excite au plus haut degré ma curiosité : celle du rapprochement de la recherche des
27 droites d’une surface cubique (qui ont été découvertes par MM. Cayley et Salmon, avant Steiner) avec la
trisection des fonctions hyperelliptiques. Surtout au point de vue géométrique, il y a 1a une véritable énigme a
expliquer.” Extract of a letter from Cremona to Jordan, dated December 19 1869 and kept in the Archives of the
Ecole polytechnique (ref. VIZA2(1855) 9).
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knowing neither enough about geometric theories nor Abelian functions. However, the
interest you appear to have for this problem made me take a first step in this direction by
seeking the function of the 27 lines that satisfies an equation of degree 40 analogous to
that of the equation of the trisection of Abelian functions.%?

Later in the letter, Jordan presented this “function of the 27 lines”: an enneahedron, i.e. a
system of 9 of the planes containing the 27 lines by threes and satisfying specific incidence
relations. In other words, Jordan’s explanation for the “riddle” consisted in giving an adequate
derived object.%3

The need for Jordan to give a “definitive demonstration” of a result he had already proved
using substitution techniques may seem strange. According to the above, I think it can be
interpreted as a communication problem: in order to be accepted and understood by his
peers, the right answer had to be formulated in terms of derived objects, and not in terms
of the “very abstruse” theory of substitutions. In other words, Jordan was aware of the
difficulties of substitution theory and he accepted this and succeeded in finding a new answer
that was satisfying to geometers.®* This action shows that Jordan knew how to communicate
with other mathematicians dealing with geometrical equations, and that he was willing to
accommodate his approach to theirs.®> From this vantage point, the case illustrates the
feature of social constraint of cultural patterns. Indeed, Jordan’s search for a “definitive
demonstration” can be seen as an example of compliance with existing patterns—here, to
answer a question of solving a geometrical equation by giving a derived object, rather than
by proving an equality of groups using substitution techniques.

In this section we have seen how authors of the corpus explicitly attached values to
derived objects, but only in some specific cases. However, it helps us understand why, more
generally, derived objects were advocated in addressing geometrical equations: they were
seen as the way to intuitively access the nature of these equations and to really understand
the links between them.

5 Anintricate and coherent system

We now come to an essential characteristic of Rocher’s definition of culture, namely the one
demanding that ways of thinking, feeling, and acting must form an intricate and coherent
system: “the different elements composing a given culture are not merely juxtaposed one to

62“La démonstration définitive d’une liaison entre cette question des 27 droites et la division des fonctions
abéliennes me semble une question bien intéressante, mais trop difficile pour moi, qui ne possede assez ni les
théories géométriques, ni celles des fonctions abéliennes. L'intérét que vous paraissez prendre a ce sujet m’a
cependant décidé a faire un premier pas dans cette voie, en cherchant quelle est la fonction des 27 droites qui
satisfait & une équation du 40e degré, analogue a celle de la trisection des fonctions abéliennes.” Extract of a
letter from Jordan to Cremona, dated January 10 1870. This letter has been communicated to me by Giorgio
Israel and will be published soon in a book containing Cremona’s correspondence.

03[ ike in the above examples, no further demonstration accompanied the display of the enneahedrons: the
equivalence between the 27 lines equation and the 40 enneahedrons equation seems to result from the very
existence of these derived objects.

¢4Cremona is not an author of the corpus that I have constructed from the Encyklopdidie. Nevertheless, his
correspondence with Jordan and with Clebsch proves his familiarity with, and his adhesion to, the latter’s
geometrical ways of doing.

6SHistorians have already pointed out how Jordan wanted to situate his Traité in the collective frames of the
time. See [Brechenmacher 2011, p. 334; Ehrhardt 2012, p. 178].
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another. Links join them together, coherence relations unite them.”¢¢ This point is important
for the case of geometrical equations, for all the traits we have analyzed separately are in fact
related and form a whole.

Indeed, sustained by values placing geometrical objects themselves at the core of the
understanding of geometrical equations, the emphasis placed on incidence relations explains
at once the different processes of resolution and of identification of these equations, the variety
and vagueness of their designations, and the lack of explicit formulations. For instance, there
was actually no need for Clebsch, Jordan, Klein, or Noether, to form (or even to know how
to form) the 9-inflection-points equation and its reduced equations since their attention was
mostly focused on the inflection points themselves and their geometrical groupings in lines
or triangles. Hence the very designation “nine-points equation” can be seen as a symbol
referring to a certain equation of degree 9 which might have been formulated, but which was
actually considered from the angle of a geometrical incarnation of its roots and their groupings.
All the vague terms and procedures we encountered concerning its designations did not make
their use problematic; on the contrary, they allowed an efficient communication between
the authors of the corpus, avoiding technical definitions that no one wanted to effectively
carry out. A perfect example is Jordan’s designation “the reduced equation [...] which has
our enneahedrons as its roots,” which condenses in itself an uncertain parameterization
of the enneahedrons, a direct geometrical incarnation of its roots, its equivalence with the
27-lines equation, and at the same time, a use of a definite article suggesting an unambiguous
understanding.

Moreover, the entanglement of all these elements related to geometrical equations can
be seen as a cause of the symptoms observed above: the lack of a precise mathematical
definition of geometrical equations and of associated practices. By looking at the bigger
picture, we do not know more on the mathematical level but from this vantage point, all the
vague points then hold together and form a coherent whole. In other words, the characteristic
traits of geometrical equations can be well understood only when put in conjunction, whereas
isolating one of them could have leads the observer to a seemingly senseless situation:

Values contribute to give a certain coherence to the set of rules or patterns in a given
society. [Taken] separately, patterns are difficult to explain and [...] the links that
unite them are not always apparent. It is in reference to underlying values [...] that
patterns achieve a wider range and a deeper meaning, and that links connecting them
are illuminated.®” [Rocher 1968, p. 86]

Obtaining such a global vision required immersion in the whole corpus, a necessary condition
to be able to forge an understanding of the situation and to account for it in return. 68

66“L es différents éléments qui composent une culture donnée ne sont pas simplement juxtaposés 1’un a I’autre.
Des liens les unissent, des rapports de cohérence les rattachent les uns aux autres.” [Rocher 1968, p. 115].

67“Les valeurs contribuent a donner une certaine cohérence a I’ensemble des regles ou modeles, dans une
société donnée. [Pris] séparément, les modeles trouvent difficilement leur explication et [...] les liens qui les
unissent ne sont pas toujours apparents. C’est par référence a des valeurs qui les sous-tendent [...] que les modeles
prennent une portée et un sens plus profonds et que s’éclairent les liens qui les rattachent les uns aux autres.”

68This need for the observer to enter into customs in order to appreciate them meets up with methodological
issues that have been already discussed and resolved in the anthropological literature: “[Patterns of culture]
are thematic principles which the investigator introduces to explain connections among a wide range of culture
content and form that are not obvious in the world of direct observation. The forms of the implicit culture start, of
course, from a consideration of data and they must be validated by a return to the data,” [Kroeber and Kluckhohn
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The characterization of the activities surrounding these objects labeled “geometrical
equations” as a complex whole is thus the key to comprehend them, and this is one of
the main reasons why I found the notion of culture well suited to the situation. To recall
that there is no subjective constitution of a collective group of mathematicians, but also
to insist on the importance of the idea of an intricate system of patterns, symbols, and
values, I eventually suggest the phrase “cultural system” to describe the organization of the
mathematical knowledge linked to geometrical equations.

6 A conclusion in two questions

One might now wonder how this cultural system fits into a broader picture of the mathematical
activities of the time: in particular, what were the conditions and the mechanisms that directed
its appearance, and what happened afterwards? Both questions are actually up for discussion,
but I would like to give hints of answers deserving, I think, some consideration.

As for the second question, I have pointed out that the greatest part of the activities
bearing on geometrical equations were concentrated between 1868 and 1872. Nevertheless,
one can still find some texts dealing with a few geometrical equations up to the turn of the 20th
century.®® What is striking though, is that the very specific ways of acting that I described in
the paper have disappeared: in these later texts, the focus is not on the geometrical equations
themselves but on their Galois group, and the search for their reduced equations with the
help of derived objects is replaced by the investigation of particular subgroups. Such an
enfeeblement of the former specific activities around geometrical equations that we described
above thus agrees with a general growth in the importance of the notion of group from the
end of the 19th century.

My point however, and this will respond to my first question about the appearance of
geometrical equations, is that these equations actually participated in the development of group
theory. Indeed, we have seen that geometrical equations were the way through which some
influential mathematicians intuitively understood substitution theory. These mathematicians,
in particular Clebsch and Klein, were geometers above all and, through geometrical equations,
they assimilated substitution theory thanks to the geometrical approaches with which they
were familiar. Their focus on derived objects instead of reduced equations can be seen as a
case of “reinterpretation” in Melville Herskovits’ sense, i.e. a “process by which old meanings
are ascribed to new elements or by which new values change the cultural significance of old
forms.” (Herskovits 1948, 553). From this perspective, geometrical equations would fit into
the dynamics of acculturation between geometry and substitution theory.”® Using a term like
“acculturation” would nonetheless raise, among other questions, the one of knowing if it is
possible to talk about cultures of geometry and of substitution theory in the 19th century, a

1952, p. 334]. In the case of geometrical equations, the consistency of my reconstructions is assured by their
connection to existing historiography. See [Lé 2015b].

%9In the corpus, we have [Weber 1896], but I find other occurrences, for example in [Dickson 1901; Maillet
1904].

70The notion of acculturation has been defined by the anthropologists Robert Redfield, Ralph Linton, and
Herskovits as follows: “Acculturation comprehends phenomena which result when groups of individuals having
different cultures come into continuous first-hand contact, with subsequent changes in the original cultural
patterns of either of both groups.” [Redfield, Linton, and Herskovits 1936, p. 149].
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question I think too difficult to be answered here.”!

The aim of this paper was to explore the notion of culture as a mode of describing past
collective, technical mathematical activities. Taking the opposite view from considering
culture as a dusty, monolithic conception hiding difficulties rather than untangling them,
I have tried, throughout my study, to make it an operative analytic category and to show
how seriously the question should be taken. In particular, examining technical components
in minute detail and articulating them with values and textual elements (like what might
otherwise be read as simply innocent designations) appears to be a necessary condition to
precisely understand processes of dynamics that were never systematized and to find an
adequate framework to describe them. Such elements are essential traces of the mathematical
activity of the past; dissecting them allows observing this activity in action and, starting from
that, reconstituting its social organization.
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