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Abstract

This paper deals with geometric properties of sequences of reproducing
kernels related to de-Branges spaces. If b is a nonconstant function in the
unit ball of H*°, and Tj, is the Toeplitz operator, with symbol b, then the de-
Branges space, H(b), associated to b, is defined by H(b) = (Id—T,T;)'/2H?,
where H? is the Hardy space of the unit disk. It is equiped with the inner
product such that (Id — T, Ty)'/? is a partial isometry from H? onto H(b).
First, following a work of Ahern-Clark, we study the problem of orthogonal
basis of reproducing kernels in H(b). Then we give a criterion for sequences
of reproducing kernels which form an unconditionnal basis in their closed
linear span. As far as concerns the problem of complete unconditionnal
basis in H(b), we show that there is a dichotomy between the case where
b is an extreme point of the unit ball of H* and the opposite case.
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1 Introduction

This paper is devoted to geometric properties of sequences of reproducing kernels
in de-Branges spaces. These spaces, first studied by L. de Branges and J. Rovnyak
6], are (not necessarily closed) subspaces of the Hardy space H? of the unit disk,
D. Recall first that

H? = {f:ID—>Canalytic: sup |f(r§)\2dm(C)<oo},

o<r<1.JT

where T is the unit circle and dm is the normalized Lebesgue measure on T.
As usual, H? will be identified (via radial limits) with the space of L? = L*(T)
functions whose negatively indexed Fourier coefficients vanish. Norm and inner
product in L? or H? will be denoted by || - |2 and (-, )2, respectively.

Let P, denote the orthogonal projection of L? onto H?. For ¢ € L*, let T,
denote the Toeplitz operator with symbol ¢ defined on H? by T,,f = P.(¢f).
The de-Branges space, H((p), associated to ¢ consists of those H? functions which
belong to the range of the operator (Id — Tng)l/Q. It is a Hilbert space when
equipped with the inner product

(f, 9>¢ = <PKer(Id7T¢T¢)lf1> PKer(Idng,Tg)iglha

where f = (Id—T,T5)* f1, g = (Id — T, T5)"/?g; and Pxer(1a-1, 1) denotes the
orthogonal projection of H? onto Ker(Id —T,T5)*. Note that H(y) is contained
contractively in H? and the inner product is defined in order to make (Id —
T,T5)"? a partial isometry of H? onto H(p). The norm of H(y) will be denoted
by [ - [l

For A € D, we let k denote the kernel function for the functionnal on H? of
evaluation at \; it is given by ky(2) = (1 — Xz)~! (2 € D) and satisfies f()\) =
(f,k\)o (f € H?). Since H(yp) is contained contractively in H?, the restriction
to H(p) of evaluation at A is a bounded linear functionnal on H(p). It is thus
induced, relative to the inner product in H(y), by a vector k% in H(yp). It is easy
to see ([19], (II-3)) that k¥ = (Id — T,,T%)k and

F) = (ke

for all f € H(yp). From now on, b will be a nonconstant function in the unit ball
of H*, that is an holomorphic and bounded function in D, with ||b||c < 1. Then

since Tyky = b(A\)ky, we have

1—=0(\)b
1 - Az

It is easy to see that H(b) is a closed subspace of H? if and only if T; is a
partial isometry. That happens if and only if b is an inner function, that is a
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function in H*> whose radial limits are of modulus one almost everywhere. Then
H(b) is the orthogonal complement of the Beurling invariant subspace bH?, the
typical nontrivial invariant subspace of the shift operator S. Hence, the space
H(b), with b inner, are the nontrivial invariant subspaces of the backward shift
S*. In this case, starting with the work of S.V. Hruscev, N.K. Nikolski and
B.S. Pavlov, a whole direction of research has investigated geometric properties
of reproducting kernels in H(b) (see [4], [9], [10], [11]). One of the motivation to
study geometric properties of reproducting kernels in H(b) is the link being with
nontrigonometric exponentials systems. Recall that in the special case where
b(z) = exp(a®]), a > 0, the reproducing kernels &}, with A € D, arise as
the range of the exponential functions exp(—ifiw)x o,q), With p = ’L}+i, under a
natural unitary map going from L?(0, a) to H(b). Geometrlc properties of family
of exponentials arise in many problems such as scaterring theory, controllability
and analysis of convolution equations (see [3] and [11] for details). We intend
to provide a comprehensive treatment of geometric properties of reproducing
kernels of H(b), emphasing the parallel with the particular case where b is an
inner function.

We now recall some basic definitions concerning geometric properties of se-
quences in an Hilbert space. For most of the definitions and facts below, one can
use [14] as a main reference.

Let ‘H be a complex Hilbert space. If (z,,),>1 C H, we denote by Span(z, :
n > 1) the closure of the linear hull generated by (x,,),>1. The sequence (z,,)n>1
is called:

(Co) complete if Span(z, :n > 1) ="H;

(M) minimal if for all n > 1, z,, € Span(z,, : m # n);
(UM) uniformly minimal if mf dist (H ik , Span(z,, : m # )) > 0;

(UBS) an unconditionnal basis in its closed linear span if every element z €
Span(z, : n > 1) can be uniquely decomposed in an uncondionnal con-

Vergent series T = E ApTy,
n=>1

(RS) a Riesz basis in its closed linear span if there are positive constants ¢, C'

such that
e anl <D anza” <O anl, (1)

n>1 n>1 n>1

finite complex sequences (ay,)n>1;

(UB) an unconditionnal basis of H if it is complete and an unconditionnal basis
in its closed linear span.



Obviously we have
(UB) = (RS) = (USB) = (UM) = (M).

In general, all the converse implications are false but Koéthe-Topelitz theorem
asserts that if ||z,|| < 1, then (USB) <= (RS).

The Gram matriz of the sequence (x,,),>1 is I' = ((zn, Zm))nm>1. Uncondi-
tionnal basis are characterized by the fact that I' defines an invertible operator
on 2.

We recall some well-known facts concerning reproducing kernels in H 2.]{: Let

An
ox, I

A = (A\y)n>1 be a sequence of distinct points in D and denote by z,, =

the normalized reproducing kernel. Then we have

— (kx, )n>1 is minimal if and only if (A,,),>1 is Blaschke sequence (which means
that > o (1 —[Au]) < 00). As usual, we denote by B = Ba = [[,,5, bx,,

A —
where by, (z) = |)\—Z‘1’\_"—X:Z

— If (An)n>1 is a Blaschke sequence, then (ky,),>1 is complete in H(B).

— (@n)n>1 1s a Riesz basis of H(B) if and only if it is uniformly minimal which
is equivalent to (\,),>1 satisfies the Carleson condition

inf | Bu(An)] > 0,

where B,, = B/b,,,; we will write in this case (A,)n>1 € (C).

In this paper, we intend to study the property of unconditionnal basis for se-
quences of reproducing kernels in H(b). The study of the spaces H(b) frequently
bifurcates into two cases depending b is an extreme point of the unit ball of H>
or not. We will show that for the property of unconditionnal basis in H(b), there
exists a dichotomy between the two cases. Recall that K. de Leeuw and W.
Rudin [7] proved that b is an extreme point of the unit ball of H* (abbreviated
by b is extreme) if and only if

/log(l —b]*) dm = —oo.
T

We now precise some notations that will be used in this paper. For a positive
finite Borel measure v on T and ¢ a function in L*(v), we let

(K,q)(2) == /T%dy(ew), 2€C\T,

and we think of K, as a linear transformation of L?(v) into the space of holomor-
phic functions in C \ T. Moreover, we let H?(v) be the closed linear span of 2",
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n > 0, (for the norm of L?(v)) and we denote by Z, the operator of multiplica-
tion by the independant variable on H?(v). If v is absolutely continuous and p is
its Radon-Nikodym derivative with respect to nomalized Lebesgue measure, we
write K, in place of K,,, H?(p) in place of H*(v) and Z, in place of Z,. Notice
that if ¢ € L?(p) then gp € L* and

Kpq = Py (qp).

The plan of the paper is the following: the next section deals with the problem of
orthogonal basis of reproducing kernels in H(b). As for the classical case where b
is inner, this problem depends on the spectral study of a rank one perturbation
of X*, where X = S*). In particular, we prove (Corollary 2.2) that if b is not
an inner function, then H(b) does not possess orthogonal basis of reproducing
kernels. In section 3, we give a criterion for the property of unconditionnal basis
in its closed linear span (Theorem 3.1 and Theorem 3.2). Then we give some
applications of this criterion, which are generalizations of results concerning the
classical case. In section 4, we study the case where b is extreme and prove that
Id—T,T; is an invertible operator from H(u) onto H(b), with w an inner function,
if and only if dist(ub, H*) < 1 and dist(zub, H*) = 1 (Theorem 4.1). Then we
use this result to caracterize sequences (k5 ),>1 which form an unconditionnal
basis of H(b) (Theorem 4.2). In section 5, we study the case where b is not
an extreme point. Contrary to the extreme case, we show that H(b) cannot
possess unconditionnal basis of reproducing kernels (Corollary 5.1). Then, we
get a caracterization of completeness (Proposition 5.2) and finally making further
assumption on the multiplier of H(b), we give a result concerning summation basis
of reproducing kernels (Theorem 5.1).

2 Orthogonal bases of reproducing kernel

It is clear that if (A,)n>1 C D, then the family (k% ), cannot be orthogonal. In
some cases, it is possible, however, to consider reproducing kernels with poles on
the unit circle. Let

o) = N [Tl o (- [ 2 00),

e
1—a,z 1¢C—=2

be the canonical factorisation of b, where > (1 — |a,|) < oo and where p is a
positive Borel measure on T and set

Ey, = {CET:Zl_|an|2+ dpu(t) <+oo}.

¢ —an> ~ Jy |t —=CJ?

Recall that we say that b has an angular derivative in the sense of Carathéodory
at the point A\ of T if b and b’ have a nontangential limit at A\ and |b(\)| = 1.
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1 —b(\)b

—— € H(b),
1— Xz (b)

Then we have the following criterion for the inclusion k% :=

AeT.

Theorem A (Ahern-Clark-Sarason, see [2] and [19]) Letb € H*, ||b|l < 1
and X € T. Then the following assertions are equivalent:

1—7¢b
(i) there is a complex number ¢ of unit modulus such that the function %X(Z)
— Az
is in H(b);
(11) A€ By,
1 —[b(2)]

(iii) liminf

m 1 1= |z\ < +00;

(iv) b has an angular derivative in the sense of Carathéodory at \;
(v) every function in H(b) has a nontangential limit at the point \.

Moreover, in this case, the number c is unique and is given by ¢ = b(\) :=

1—@1)

lim, 1 b(r ). If kb = , then for all f € H(b), we have
z

FON) = (f. B,
Let now A\, X' € E,, A # X and assume that b(\) = b(\') = «, |a| = 1. Then

_ 1=b(A)b(N)
IS YY

(k3. K3 )p = KA (X)

So if we want to get an orthogonal sequence of reproducing kernel (kf’\n)@l, we
have to choose sequence (\,),>1 such that (A,),>1 C Ep and b(\,) = a, n > 1,
|a| = 1. Following the work of Ahern-Clark [1] concerning the classical case where
b is an inner function, we proceed first to a study of rank one perturbations of
X* which are isometry, where X = S*3/4). Recall that if ¢ € H>, then H(b) is
invariant under T3 and the norm of T as an operator in H(b) does not exceed
|©lloo- Hence S* = T3 acts as a contraction in H(b) (see [19], (II-7)). Recall also
that we have (see [19], (II-9))

X*h = Sh—(h,S*b)yb  (h € HD)). (2)



2.1 Spectral properties of rank one perturbation of X~

In this subsection, we proceed to an investigation of spectral properties of rank
one perturbations of X* which are isometry. Actually, our study goes beyond
what is necessary for our treatment of the existence of orthogonal basis. First
we give results concerning spectral properties for X*. We will see that these
properties depend whether b is an extreme point or not (for the analogue results

for X, see [19], (IV-5), (V-7) and (V-8)).
Lemma 2.1 Letbe H™, ||b||oc < 1 and h € H(b). Then
XAl = [[hlls <= (h, 5B}y = 0
Proof:  using the relation (2), we get
XX*h = S5*(Sh — (h,S*b)yb) = h — (h, S*b),S™b.
Hence
IR = (XX*h, )y = A — |(h, S°b? 3)

which gives the lemma. O

Lemma 2.2 Let b€ H*®, ||b||lcc < 1. Then o,(X*) C D.

Proof: the inclusion o,(X*) C D follows from the fact that X* is a contraction.
Assume that there exist A € T No,(X*) and let h € H(b), h # 0 such that
X*h = Ah. Then || X*h||, = ||h||p and Lemma 2.1 implies that (h, S*b), = 0.
Hence X*h = Sh = Ah, which gives that A\ € ¢,,(5), which is absurd and proves
the lemma. U

Proposition 2.1 (a) If b is extreme then

g

H(XT)={AeD:b(A\) =0} and o(X")=0,(X")Uoc(b),

where a(b) := T \ p(b) and p(b) denotes the set of points ( € T such that
there exist an open arc I, ¢ € I and b can be continued analytically across
I with [b| =1 on I. Moreover if b(\) = 0, then

Ker(X* — AId) = C (Z E A) . (4)

(b) If b is nonexstreme then o(X*) = D.



Proof: recall that X* is completely nonunitary and if © x~ denotes the char-
acteristic operator function of X*, in the theory of Sz-Nagy and Foias, we have

(see [17]) Ox+ = b (in the extreme case) and Ox« = Z (in the nonextreme

case). Spectral properties of X* follow now from a theorem of Sz-Nagy and Foias
(see [20], Theorem 4.1. p. 247). It just remains to check equality (4). Let A € D,
b(A) =0 and f € Ker(X* — AId), f # 0. Then using (2), we have

(2= A)f = (f,570)b,

b
which implies that f € C(b/(z — A)). Thus Ker(X* — AId) C C ( A) and an
Z —
argument of dimension shows that there is equality.

Rank one perturbations of X* that we will interest in are defined as follows.

Definition 2.1 If X\ is a complex number of modulus 1, define the operator U
of H(b) by

Uy = X"+ A1 = Xb(0)) 'k ® S*b.

Proposition 2.2 The operator Uy is an isometry of H(b). Moreover, it is a
unitary operator of H(b) if and only if b is extreme and in this case, the Uy are
the only one-dimensional perturbations of X* which are unitary.

Proof:  denote by i the measure on T whose Poisson integral is the real part

1L+ Ab
of ﬁ, denote by V5, the transformation defined on L*(py) by Viq(z) =
(1 — Xb(2))K,,,q(2), and finally denote by Z,, the operator of multiplication by
the independant variable on H?(u,). We know (see [19], (ITI-8)) that we have

Ux = V52, V! (5)

and moreover Vg, is an isometry of H?(uy) onto H(b). Hence U, is cleary an
isometry of H(b). We see also that this isometry is onto if and only if Z, is
onto, which is equivalent to H?(uy) = L*(uy). But a theorem of Szego says that
H?(py) = L*(py) if and only if the Radon-Nikodym derivative of the absolutely
continuous part of u, with respect to normalized Lebesgue measure is not log-
integrable. Now a theorem of Fatou shows that this Radon-Nikodym derivative
1— b
|1 — b2 B
of the modulus of the H* function 1 — \b), we see that H?(uy) = L*(uy) if and
only if log(1 — |b|?) is not integrable, which is exactely the condition that b is
extreme.

Now, assume that b is extreme and that U := X*+ h® k, h,k € H(b), is a
unitary operator. If f 1 &, then we have U f = X*f, which gives || X*f|ls = || f||o-

equals to Since log |1 — Ab|? is always integrable (being the logarithm

8



Lemma 2.1 implies that f L S*b. It follows that there exist ¢ € C such that
k = ¢S*b, which gives U = X* + h; ® §*b, with h; = ¢h. Taking the adjoint of
this relation, we see that if f L hy, then || X f||y = || f|ls- Now recall (see [19],
(VIII-4)) that || X f]|2 = || fl|? — | f(0)|?, which gives f(0) = 0, that is f L k3. Tt
follows that there exist ¢; € C such that hy = clk:g and thus U = X* +clk8 ® S5*b.
It remains to show that there exist A € T such that ¢; = A(1 — Ab(0))~!. Notice
that for all f € H(b), we have

LFIE = MU Al = 11X FIl; + e PICF ™0 * kg IIE + 2 Re (ei(f, S*b)o(ko, X*f)s) -
In particular for f = S*b, using relation (3), we get
0= —[IS*blf; + lea[*[[S™BlI5 (1 = [B(0)[*) + 2 Re(e1 (X*S*b)(0)).

Since X*S*b = SS*b— ||S*b||2b, it follows that (X*S*b)(0) = —|S*b[|2b(0), which
implies that

0= —1+ e (1 — [b(0)]?) — 2 Re(c10(0)).

Now define \ := ¢, 1 +b(0). Using the previous equality, easy computations show

that A € T and ¢; = A(1 — Ab(0))~*, which ends the proof of the proposition. [J
The following lemma is a generalization of a result of Ahern-Clark [1] for the

case where b is an inner function.

Lemma 2.3 Let ( € T. The following assertions are equivalent:
(i) b has an angular derivative in the sense of Carathéodory at (;
(ii) k% € Im(Id — (X*).
Moreover, in that case, we have (Id — ZX*)kg =K}
Proof: (i) = (ii): since b has angular derivative in the sense of Carathéodory

at ¢, we know (see [19], (VI-4)) that k? tends to k in norm as z tends nontan-
gentially to (. Notice we have

I(Zd = ZX*)kL — (Id — CX™)kell =[|(Id — ZX ™) (k2 = k) + ((Id = ZX7) — (Id — CX))k(|
<2|IKL — kel + = = CHIXI IR,
Hence (Id — ZX*)k} tends to (Id — (X*)k! as z tends nontangentially to (.
Moreover we have
(Id —ZX*)k) = ki,
(see [19], (V-8)) which implies that kj = (Id — (X*)k!.
(ii) = (i): assume that there exists g € H(b) such that k§ = (Id — (X*)g.

We have
kb =(Id —zX*)7'kD
=(Id —zX*)"Y(Id — (X *)g

=g+ (Z - Q)(Id —zX") X"y,
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which gives that
120 < llgll (1 + [ = ¢l (Td = Z2X) LX) -
Using the fact that ||(Id —zX*)7Y| < (1 — |z|)™!, we deduce that

z =

Kb < 4] X .

It < ol (1+ E= )

As |z — (|/(1 — |z|) stays bounded as z tends nontangentially to (, we get that
| k2| stays bounded as z tends nontangentially to ¢, which by Theorem A, implies
that b has an angular derivative in the sense of Carathéodory at (. U

Since U, is an isometry, its point spectrum is located on the unit circle. The
notion of angular derivative will lead us to caracterize it. This result was obtained
by Ahern-Clark [1] for the case where b is inner.

Theorem 2.1 Let A € T. Then a complex number ¢ is an eigenvalue of Uy if
and only if b has an angular derivative in the sense of Caratheodory at ¢ and
b(¢) = A. Moreover we have Ker(Uy — (Id) = Ck.

Proof:  assume that b has an angular derivative in the sense of Caratheodory
at ¢ and b(¢) = A. Using Lemma 2.3, we have kf = (Id — (X*)k2. Hence

(Ux = CId)kY =(X* — CId)kY + A(1 — Ab(0)) (K2, S*b)uks

= — Ckg + A1 = Ab(0)) " (k¢, S*b)okg-
Take now a sequence (z,), which tends nontangentially to ¢ and notice that

(S5, K2y = lim (5%, K )y = lim ) 00 AZHO)

n—-+oo n—-+oo Zn C

That implies
(Ux = CId)kg = —Chg + M1 = Ab(0)) "¢ (X = b(0)) kg = 0,

which proves that ¢ € 0,(Uy) and Ck? C Ker(Uy — (Id).

Reciprocally, let ¢ € 0,(U,) and f € H(b), f # 0 such that (U — (ld)f =
0. Then, we have (X* — CId)f = —A(1 — Ab(0))"1{f, S*b)pks. Notice that if
(f,S*b)y = 0, then ¢ € 0,(X*), which is absurd thanks to Lemma 2.2. Hence
(f,S*b)y, # 0, and there exists c€ C, ¢ # 0, such that k} = (Id — (X*)(cf).
Lemma 2.3 implies that b has an angular derivative in the sense of Carathédory
at ¢ and kf = (Id — (X*)k2. We deduce that k2 — ¢f € Ker(X* — (Id) and
Lemma 2.2 implies that kg = c¢f. Hence k:g € Ker(Uy — (Id). But previous
computations show that

(U= CLkE = (—c (= 20y 2O EW> i,
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which implies that A(b(¢) — b(0))(1 — Ab(0))~! = 1, hence b(¢) = A. Moreover as
k¢ = cf, we have that Ker(Uy — (Id) C Ck. O

As in the classical case where b is inner, we can deduce from this result the
description of the spectrum of U,.

Corollary 2.1 Let A €T.

a) If b is extreme, then o(Uy) C T and

(i) ¢ea(d)
(€o(Uy) < or
(17) ¢ € “a(b) and b(C) = .

b) If b is nonextreme, then o(Uy) = D.

Proof: a): assume that b is extreme. Proposition 2.2 shows that U, is unitary,
so o(Uy) C T. Let ¢ € o(Uy), ¢ € “o(b). Using the fact that o(b) = o(X*)NT
(see Proposition 2.1) and the fact that U, is a rank-one perturbation of X*, we
deduce that Uy — (Id is a Fredholm operator of index 0. As ¢ € o(U,), we get
that ¢ € 0,(U,) and Theorem 2.1 implies that b({) = A.

Reciprocally let ¢ € o(b) and assume that ¢ € o(U,). Using once more the
fact that U, is a rank-one perturbation of X*, we get that X*—(/Id is a Fredholm
operator of index 0. Thanks to Lemma 2.2, we have that Ker(X* — (Id) = {0}.
Hence X* — (Id is invertible, which gives ¢ € ‘o(X*) = o (b), which is absurd.

On the other hand, let ¢ € “o(b) and b(¢) = A. By definition, there exist an
open arc I, ¢ € I such that b can be continued analytically across I and [b] = 1
on I. In particular, b has an angular derivative in the sense of Caratheodory at
¢ and since b(¢) = A, thanks to Theorem 2.1, we get that ¢ € 0,(Uy) C o(U,).

b): assume that b is nonextreme. Since U, is an isometry, we clearly have
o(Uy) € D. Now let ¢ € D and assume that ¢ € °o(Uy). Recall that when b is
nonextreme, then b € H(b) and the space H(b) is invariant under the unilateral
shift S (see [19], (IV-5)). Hence if we denote by Y := S}y ), we have, using the
formula (2),

Uy= X"+ A1 =X0) 'k, @ S*b=Y —b® S*b+ A(1 — Ab(0)) 'k} @ S*b.

Thus we get that Y —(Id is a Fredholm operator of index 0. Since Ker(Y —(Id) =
{0}, the following lemma gives a contradiction; hence D C o(U,) , which ends
the proof of the corollary. O

Lemma 2.4 Assume that b is nonextreme and let Y = Sjy@). Then for p € D,
we have Ker(Y* — fild) = Ck,.
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Proof of Lemma 2.4: for all f € H(b), we have

(YK, fo = (K5, Y )y = (Kb, 2 f)p = Tif (1) = (EKD, £)o,

which proves that Y*k!, = 7ikl,. Hence k!, € Ker(Y™* — ild).
Let now f € Ker(Y*—7ld) and g € (Ck},)*. Define h := ﬁ. Since g(u) =0,
we get that h € H(b) (see [19], (II-8)). Hence

g=(z—=ph= Y —puld)h € (Y — pId)H(b) C (Ker(Y* — uld))*.

That implies (f, ), = 0, and thus f € ((Ck},)")" = Ck},. O

2.2 orthogonal bases of reproducing kernels in H(b)
1—[b(z)|* .

Let A € T. The function —————-= is a nonnegative harmonic function in D, so

A = b(2)[?
it can be represented as a Poisson integral

L-b)* _ [ 1=z

A—b(z)]2 T7|1—ZZ\2 dp(Q); z € D,

where p) is a nonnegative Borel measure in T.

The following result gives a criterion in terms of the measure u) for the ex-
istence of an orthogonal basis of reproducing kernels in H(b). In the particular
case where b is inner, this result was obtained by Ahern-Clark [1].

Theorem 2.2 Let A € T. The following assertions are equivalent:
(i) the family {k?: ¢ € Ey,b(¢) = A} forms an orthogonal basis of H(b);
(ii) the measure py is purely atomic.

Proof: if ( € E,, b(¢) = A, then Theorem 2.1 implies that U,\kg = Ckg Hence
the family {l{:lg : ( € Ey,b(¢) = A} forms an orthogonal system of eigenvectors of
Uy in H(b).
(i) = (ii): since H(b) is separable, {¢ € Ej : b(¢) = A} is countable. Denote by
(Ca)ns1 :={C € By : b(¢) = A\}. Since V5, is an isometry from H?(u,) onto H(b),
the family (V{blklgn)@l is an orthogonal basis of H?(uy). Moreover, using (5), we
have

Zun Vi ke, =V Unbig, = GV TR
That means that H?(u,) has an orthogonal basis of eigenvectors of Z,,, the
operator of multiplication by the independant variable on L?(juy). It is now a
well-known fact that implies that pu, = Zn>1 anbic,ys n = pA(Cn)-
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(i) = (i): assume that yy is purely atomic, that is uy = >_ 5, andyc,), with
an = ur({¢,}) > 0. In particular, for all f in H?*(uy) = L*(uy), we have

A7 =D anl F(G)I

n=1

Using this equality, it is easy to see that (xyc,})n>1 is an orthogonal basis of
L*(uy) and we get that (Vi,xgc,})n>1 18 an orthogonal basis of H(b). Using once
more (5), we have Ux(Vi,X1c,1) = Vo Zua X{cn} = G VapX{c.}- Theorem 2.1 implies
that ¢, € Ey, b((,) = A and there exits ¢, € C* such that Vi, xqc,} = cnklgn. Hence
(k2 Jn>1 is an orthogonal basis of H(b). It remains to notice that {¢ € E, : b(¢) =
A} = (Cu)n>1- The inclusion ((n)n>1 C {C € Ey : b(¢) = A} has already been
proved. Assume that there exists ( € E, b(¢) = A, ( # (,, n = 1. Theorem A
implies that &2 € H(b) and

1 — b(Gr)b(¢)
kb 7kb = = O
(K, s k) Y,

Hence k2 € H(b) © Span(k :n > 1), which is absurd. O

Corollary 2.2 Let b€ H®, ||b|o < 1. Assume that b is not an inner function.
Then H(b) does not have an orthogonal basis of reproducing kernels.

Proof: let A € T. Since b is not an inner function, there exists A € Bor(T),
m(A) > 0 such that for all ( € A, |b(¢)| # 1. Now if

L-p(x)* [ 1=z .
N—b()2  JrL=CaP dpa(C); z €D,

and if u(;) denotes the absolutely component part of the measure u, we know that

L—[bp(Q) _ dpf
A=b(OPF  dm
Hence ,ug\a) # 0 and the measure u, cannot be purely atomic. Theorem 2.2 implies

that H(b) does not have an orthogonal basis of reproducing kernels. O

(€), for almost ¢ € A with respect to the Lebesgue measure.

3 Unconditionnal bases of reproducing kernels
in H(b)

Let us first remark that if (A,),>1 C D and (l{;l)’\n)@l is minimal, then (\,)n>1
is a Blaschke sequence of distincts points. Thus from now on, we assume that
(An)n>1 is a Blaschke sequence of distincts points of the unit disk and we denote
by B the Blaschke product associated to (A)n>1-

13



The problem of unconditionnal basis of reproducing kernels of H(b), in the
case where b is inner, was solved by S.V. Hruscev, N.K. Nikolski and B.S. Pavlov [11].
They prove that if b is inner and sup,,5; [b(A,)| < 1, then (£} ),>1 is an uncondi-
tionnal basis in its closed linear span (resp. of H(b)) if and only if (A,),>1 € (C),
dist(Bb, H*®) < 1 (resp. plus dist(Bb, H*) < 1). The key point to get this
criterion is the following formulae

bJT,5JB = Idy2 ® Pyyyp), in the space BH? = H> & H(B), (6)

where P, = (Id — TT;)"/? is the orthogonal projection of H? onto H(b) = H? ©
bH?, Jg =7zg, g € L*(T) (see [16], Lemma 4.4.4. p. 309).

In the general case, the formula (6) is no longer true. However, we will see
that it can be possible to get some similar results for unconditionnal basis of
reproducing kernels in their closed linear span. For complete unconditionnal
basis, as we will see in the sections 4 and 5, the solution breaks down into two

cases depending whether b is extreme or not.

b

k
From now on, we denote by xz, := An (resp. by b := —22) the

el R
normalized reproducing kernels of H? (resp. of H(b)) associated to a sequence

(An)n>1-

3.1 A criterion for unconditionnal basis in its closed linear
span.

The next result shows that Carleson’s condition is necessary for a sequence of
reproducing kernels of H(b) to be an unconditionnal basis in its closed linear
span. The proof is similar to the classical case where b is inner (see [14], Lect.
VIII, p. 200) and is left to the reader.

Proposition 3.1 Assume that (l{;l)’\n)@l forms an unconditionnal basis in its
closed linear span. Then (A\,)n>1 € (C).

The next result is the first step in our study of unconditionnal basis property.
Theorem 3.1 Let (A\,),>1 CD and let b e H*®, ||b|loc < 1. Assume that

sup |b(A,)] < 1. (7)

n>1
Then the following statements are equivalent:

(i) (K} )ns1 forms an unconditionnal basis of H(b) (resp. in its closed linear
span);

(i) a) (A)nx1 € (O), b) the operator Id — TyT; is an isomorphism of
H(B) onto H(b) (resp. onto its range).

14



Proof: (i) = (ii) : Proposition 3.1 implies that (\,),>1 € (C) and thus
(Tn)n>1 is a Riesz basis of H(B). Moreover, condition (7) shows that (i) is
equivalent to the fact that ((1 — [b(\,)]?)" %z b)n>1 forms a Riesz basis. But

(Id = LTz, = (1= [Xa) 2R3, = (L = [b(A) )2,

Hence the operator Id —T;,T; transforms a Riesz basis of H(B) onto a Riesz basis
of H(b) (resp. of its closed linear span), so it is an isomorphism of H(B) onto
H(D) (resp. onto its range).

(ii) = (i) : from a), we get that (x,),>1 is a Riesz basis of H(B) and using b),
we have that ((/d —Tp15)x,)n>1 is a Riesz basis of H(b) (resp. of its closed linear
span). Hence (kY ),>1 forms an unconditionnal basis of H(b) (resp. in its closed
linear span). O

We will now give a criterion for the left invertibily of (Id — TyT5) yp)-
Lemma 3.1 Let u be an inner function and let b € H®, ||b||ooc < 1. Then the
following statements are equivalent:

(i) The operator Id — Ty Ty is an isomorphism of H(u) onto its range;
(ii) dist(ub, H*) < 1;
(ili) || Pubpuyll < 1.

Proof:  the operator Id —T}7; is an isomorphism of H(u) onto its range if and
only if there exists ¢ > 0 such that

clflle <(Id=TTp) flles  (f € H(uw)).
Notice that

I(Id = TTy) fll; = (1d = TLT;) 2 f1l3 = ((Id = VT f. )2 = I £ 115 = 1T/ 11

Hence the operator Id — T,T3 is an isomorphism of H(u) onto its range if and
only if there exists ¢ > 0 such that, for all f in H(u), we have

IT5113 < (1= A)IIFI,

which is equivalent to [|T5,., [l < 1. But Ty, = PJFE‘H(U) and it is easy to see

that (T55,))" = Pub = uP_ub. 1t follows that

L5 34|l = lluP-b|| = || P-ubl] = || Hu|| = dist(ub, H>),

which gives the equivalence of the first two statements. Now notice that P,bj,p2 =
0 and so || Pub|| = || Pubjp ||, which gives the equivalence with the third assertion.
O

Using Theorem 3.1 and Lemma 3.1, we get the following criterion which gen-
eralizes the classical one (see [11], Theorem 2 and 3 bis. p. 230-232).
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Theorem 3.2 Let (A\,),>1 CD and let b€ H®, ||b|lo < 1. Assume that

sup |b(An)] < 1.
n>1

Then the following statements are equivalent:

(i) (K} Jnz1 forms an unconditionnal basis in its closed linear span;

(i) a) (M\)ns1 € (O), b) dist(Bb, H®) < 1.

3.2 Applications of Theorem 3.1

We now give some applications of our criterion. The proof of the following facts
are similar to the case where b is inner (see [11], Theorem 3.2, 3.5) and are left
to the reader.

Corollary 3.1 Let (An)n>1 C D and b e H*®, ||bl|o < 1. Assume that

sup [b(\,)| < 1.

n=>1
Then the following statements are equivalent:

(i) there exits p € N sufficiently large such that (kY )u>1 forms an uncondition-
nal basis in its closed linear span;

(i) (An)nz1 € (C).
Corollary 3.2 Let (\,)n>1 C D and let b € H*®, ||b||oc < 1 such that

lim [b(A,)| = 0.

n—0

Assume that (A\,)n>1 € (C). Then there exists N € N sufficiently large such that
(K} Vasn forms an unconditionnal basis in its closed linear span.

Corollary 3.3 Let (An)n>1 CD and b e H*®, ||bl|o < 1. Assume that

lim |b(A\)| = 0.

n—-+o0o
Then the following statements are equivalent:
(i) (K} )ns1 forms an unconditionnal basis in its closed linear span;

(i) (K} )u>1 is uniformly minimal.
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In the case where b is inner, S.V. Hruscev, N.K. Nikolski and B.S. Pavlov
([11], Theorem 3.2) show that if b = BS is the canonical factorisation of b, where
B is a Blaschke product and S is a singular inner function, and if S # const and
lim, o0 [6(An)| = 0, then the Carleson’s condition is sufficient for the sequence
(K% )a>1 to be an unconditionnal basis of its closed linear span. Moreover we
have dim(H(b) & Span(k§ :n > 1)) = 400. Using Theorem 3.1, we can give an
analogue of this result. But before, we will need two lemmas. The first one is
an easy generalization of a result for the classical case (see [16], p. 313) and the
proof is left to the reader. The second one is also a generalization of a result for
the classical case but is more complicated.

Lemma 3.2 Let (An)n>1 CD and b€ H*®, ||bl|oc < 1. Assume that
Span(k} :n >1) € H(b).
Then for all p # N\, n > 1, we have
a) k, ¢ Span(k} :n > 1); in particular (k3 )n>1 is minimal.
b) Span(k} &}, : n # p) L H(b), Vp > 1.
) {k},, kb :n > 1} is minimal.

Lemma 3.3 Let p; be an inner function, o3 € H®, ||@2|lco < 1, and ¢ = p1ps.
Then we have

Ker(ld — T‘PIT¢1)|H(<P) = H((,O) N (,01H2 = QOlH(QOQ)

Proof: notice that Id — T,,T; > Id — T,,T5,. Indeed, for all f € H?, we have
(Id =T, Tp) f, 2 =115 = 1Py 5113
= £l - 1P+ &P fll3

2|1£15 = 1P f Il
=((Id =Ty, T5,) f, [

Using a result of Douglas (see [19], (I-5)), it follows that H(¢1) C H(p). Hence,
we have H(y) € Lat(Id — T, T3,).
Since ¢ is inner, we have Ker(Id — T, T ) = ¢1H? and it follows that

Ker([d — TlPlT@l)\H(SO) = H(QO) N (leQ.

Let us show now that H(p) N @ H? = @ H(ps). First let f € H(p) N @ H?.
Then there exists ¢ € H? such that f = ¢;¢ and we have

Tp,9 = Pipsg = Prpprg =T, f.

17



Since f € H(y), Tsf € H(P) (see [19], (1I-4)). But H(®) = H(P,), and so
15,9 € H(®,). Using once more [19], (II-4), we get that g € H(yp2). Reciprocally,
let g € H(ypz), and f = ¢1g. Of course, f € o H?. On the other hand, we have

Tpf = Pyoprg = Pioyg = T, 9,

and an other application of [19], (II-4) show that f € H(yp). O

As it was mentionned, the next result generalizes Theorem 3.2 in [11].

Theorem 3.3 Let (A\y)n>1 C D and let b € H®, ||b||oc < 1. Let ug be the inner
factor and by the outer factor of b. Assume that ug is non constant, that b is not
a Blaschke product and furthemore that

lim  |ug(A,)| = 0.

n—+o0
Then the following statements are equivalent:
(i) (K} Jnz1 forms an unconditionnal basis in its closed linear span;
(i) (ot € (C).
Moreover in this case, we have dim(H(b) © Span(k} :n > 1)) = +oo.

Proof: (i) = (ii): is always true and follows from Proposition 3.1.
(il) = (i): write ug = BySp, where By is a Blaschke product and S is a singular
inner function. Define

Sé/ ’By if by = const d boSé/ > if by = const
= an =
71 U if by # const 72 bo if by # const.

In the two cases, we have b = @1y, 1 is an inner function and @y € H*>,
|p2lle < 1. Moreover, the assumptions on b imply that @, #Z const and
limy,— 400 |91(An)] = limy,— 400 [6(An)| = 0. Consequently, it follows from Corol-
lary 3.2 that there exists N € N sufficiently large such that both family (k%' )n>n
and (k% )n>n form an unconditionnal bases in their closed linear span. Moreover,
we see that the norms ||&% ||, and [|k5 ||, are comparable with each other. Now

notice that Id — T, Tz, = (Id — TmT%)m(b)([d — TyT;). Indeed, we have, for all
f e H?
(Id = T4, T)) gy (Id = ) f = (Id = T, T, ) f = T f + T, T, T T3 f,
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and _
T, T, Iy T} f =1 Pyipy PyOPL b

=1 Py, bPbf
_J 1P S BySyBoPLbf if by = cte
cp1P+u_Obou0P+l_)f if bo 7_é cte

B @153/2P+5f if by = cte
b PLbf  if by # cte

=T\ T;f.
Hence Id — T, Ty, = (Id —T,,T;; )\H (Id — T, T3). This implies that

#1

KD = (Id = T, T ks, = (Id = Ty, T,)(Id = TyTy)ks,, = (Id = Ty, T,y -

Therefore, (Id — T,, Ty, )jn) is an isomorphism from Span(k} : n > 1) onto
Span(k{! :n > 1) C H(y1). Using Lemma 3.3, we get

dim(H(b) © Span(k} :n > N)) > dimKer (Id — T, T%)‘H = dim(p1H(p2))-
But ¢y # const and thus
dim(H(b) © Span(k} :n > N)) = +oc.

Applying repeatedly Lemma 3.2, it follows that (kf’\n)n>1 is an unconditionnal
basis in its closed linear span, which has infinite codimension. O

Theorem 3.2 gives also a criterion for a sequence (ky,),>1 to be an uncondi-
tionnal basis in the closed subspace of H?(j) it generates.

Theorem 3.4 Let (A\,)n>1 C D and let p be a positive Borel measure on T. Let
be H®, ||b]l < 1 such that

1—|b(2) / 1— |z dyu(e)
l—bz |1 — ze—1)2 '

sup [b(\,)| < 1.

n=>1

Assume that

The following statements are equivalent:

(i) (kx,)n>1 18 an unconditionnal basis in the closed subspace of H*(u) it gen-
erates;

(i) (K} )n>1 is an unconditionnal basis in its closed linear span;

(iii) a) (An)ns1 € (C) b) dist(Bb, H®) < 1.
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Proof:  the equivalence of (ii) and (iii) follows from Theorem 3.2. To show that
(i) <= (ii), consider the linear map V; : L?*(u) — Hol(D) defined by Viq(z) =
(1—=0(2))K,q(2), ¢ € L*(u), z € D. We know that V}, is an isometry from H?(p)
onto H(b) and Viky, = (1= b(A,)) 'S (see [19], (ITI-7)). Hence

i () = -t b o
1Aox, 22 ) 1kl 220 " "

. Lb
with o, = (1—b()\n))_1w Notice that |a,| = 1, n > 1 and it follows that
An | L2

(kx, )n>1 is an unconditionnal basis in the closed subspace of H?(u) it generates if
and only if (a,2%),>; is a Riesz basis in its closed linear span, which is equivalent
to (k% )n>1 is an unconditionnal basis in its closed linear span. O

4 The extreme case

In this section, we want to caracterize sequences (k3 ),>1 which form an uncon-
ditionnal basis of H(b). So thanks to Theorem 3.1, this problem can be reduced
to the fact that Id — T,y is an isomorphism of H(B) onto H(b). Recall that
in the classical case where b is inner, thanks to formula (6), we can reformulate
this property in terms of the invertibility of 75, and then get a criterion in terms
of dist(Bb, H*) and dist(bB, H®). In the general case, formula (6) is no longer
true but nevertheless we can obtain a similar criterion. First, we will give two
lemmas.

Lemma 4.1 Let b€ H* and A € D. Then we have
Id —T5T; =1d—-"T,T;,— Sb® S™b (8)
and
(Id —T,Ty)(Id — AS*) = (Id — A\S™)(Id — T, T;) — AS*b ® b. 9)

Proof:  motice that T, = S*Ty; hence we have Id — T»T; = Id — S*I,13S.
But SS* = Id — 1 ® 1, which implies that
Id—T5T; =Id— S"T,(SS*+1®1)1;S
=Id —T,I; — S*b ® S™b.
For the formula (9), write
(Id —TyT;)(Id — A\S™) — (Id — AS*)(Id — TyT;) =A(S*T,STyS* — S*T,T3)

=AS*T,(ST,S™ —Tj)
=AS*T,(SS* — Id)T;
=—AS"h®b.
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Lemma 4.2 Let b be an extreme point of the unit ball of H*. Then

smn<%}?gzxem):7aw

Proof: let f € H(b) © Span (b M ) e [D) Using the equality

b—b(\)
zZ— A

= (1= A8")71S"h = A"S*"Hp,
n>0

we get (f, S ), = 0, Vn > 0. It follows from the relation between H(b) and
H(b) (see [19], (I1I-4)), that

(fo8™ )y = (f, S ) o+ (T5f, TpS™ by = (f6, 2" ) + (T3, T;S™ b5,

Now recall that if p is the function 1 —[b|* on T, then the operator K, : H*(p) —
H(b) defined by K,g := P, (gp) is an isometry of H?(p) onto H(b). Moreover we
have K,J, = T, where J, is the canonical injection from H? into L*(p) and

K,Z: = S°K,

(see [19], (III-2) and (I1I-3)). Since f € H(b), T3f € H(b) and there exists
g € H?*(p) such that T;f = K,g = P,(gp). Moreover notice that T3S*b =
S*Tpb = S*(1 — (Id = T;Ty)1) = —=S*T,1 = —K,Z1 and by induction

It follows that - -
(Tyf, TS b> — (K9, K, 2" )y
<g Z*n—l—l >p
<Z"+1 1),
—(pg, 7" ).
Finally, we get
(518, = (5,7)5  (pg, =)o
which implies that (fb— pg,2""')y = 0, ¥n > 0. That means that fb— pg € H>.
But since T3, f = Py (pg), we also have fb— pg € H2, and thus fb = pg. Notice
now that |pg| is not log-integrable. Indeed, we have

1/2

1
log |pg| < log™ |pg + 5 logp,

and the first term on the right side is integrable, whereas the second term has
integral —oo because b is extreme. That implies that log |fb| = log|pg| & L.
But fb € H?, thus fb =0, that is f = 0, which ends the proof. O
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Theorem 4.1 Let b € H*, ||b|o < 1, and let u be an inner function. Assume
that b is an extreme point of the unat ball of H*® and that (Id — T,T5) 15 left
invertible. Then the following statements are equivalent:

|H (w

(i) Id —TyT; is an isomorphism of H(u) onto H(b);

(ii) Ker (Id — TyTy) gy # {0}

(i) (Id = TT}) 3oy is not left invertible;

(iv) S*b e (Id — TpT)H(u);

(v) dist(zub, H*) = 1;
Proof:  notice that (ii) = (iii) is trivial and (iii) <= (v) follows from
Lemma 3.1.
(i) = (ii): there exists f € H(u) such that (Id — T,T3)u = (Id — T,T3)f.
Define g := f — u. It is easy to see that g € H(zu) = H?> © 2uH? and thus
g € Ker((Id — TyT3)im(zu))- Moreover, g # 0 (because otherwise v = f € H(u)),

which proves that (Id — TyT3)(3(-u) is not injective.
(iii) == (iv): using the fact that Sy is a contraction, we get

inf ||S*(Id — T, T; = 0.
ok 8" (1d = T,
lIfll2=1

Writing now f = SS*f + f(0), we have
S*(Id — TyTy) f = S*(Id — TyT3)SS* f + f(0)S™k}.

But S*(Id — TyT5)S = Id — T Tz and S*k) = S*(1 — b(0)b) = —b(0)S*b, which
gives

S*(Id = TyT;) f = (Id = T T5)S" f — f(0)b(0)S*
Now it follows from (8) that

S*(Id — TyTy) f = (Id — T, T3)S* f — ((S*f S*b)2 + f(0)b(0 )) S°b,
which implies

inf =0.

feH(zu)
[ fll2=1

(1d=TiT5)S"f = ((S"£.5")2 + FO)B(0) ) 57|

Thus there exists a sequence (f,)n>1 C H(zu), ||fall2 = 1, such that

lim ((Id — T,T;)S" f — ((S*fn,S* Yo + £(0)5(0 )) Sb) = 0.

n—-+o00
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Notice that the sequence of complex numbers a, := (S*f,, S*b)s + £,,(0)b(0) is
bounded. Hence we can find a subsequence (ay,,),>1 which converges, say to c. So
we have lim, ;o (/d — TyT3)S* fn, = ¢S*b. Since f,, € H(zu), we have S*f, €
H(u) and thus ¢S*b € (Id — Ty T5)H(u). Using the fact that (Id — T,T5)
left invertible, we get that ¢S*b € (Id — T,T;)H(u). Moreover, we have

18" fup 12 = I fu 12 = 1 £, (O)F = 1 = | £, (0) | (10)

First case: § := sup,,>, | fn,(0)| < 1. Using the left invertibility of (Id — T, T;)
there exists k > 0 such that

() 18
()"

I(Id =T Tp) fllo = Kl fllz Vf € H(u).

It now follows, using (10) that

cPlISbls = lim [[(7d = TTy)S" fo, Iy > K limsup [[S" fu, [l3 > F*(1 = 6%) > 0,

p—+oo

which implies that ¢ # 0 and thus S*b € (Id — T,T5)H(u).

Second case: sup,s; |fn,(0)] = 1 and b(0) # 0. We can assume that the se-
quence (fn,(0))p>1 is convergent, say to A. Since |A| = 1, we have, using (10)
limy, o ||S* fn,|l2 = 0, which implies, in particular that

lim (S*f,,, S*b)2 = 0.

p—-+oo

It now follows that lim, ., a,, = Ab(0). Thus ¢ = Ab(0) # 0 and S*b €
(Id — TyT)H(u).

Third case: b(0) = 0. Then b; :=Zb € H*> and applying Lemma 3.1, we get that
(Id — TblTH)m(u) is not left invertible. Hence

inf ||[([d — T}, T;- = 0.
nt =T T5)
llll2=1

But H(b;) C H(b), and closed graph Theorem gives

inf |[(Id — Ty, T3~ =0.
il 104~ T
2=1

Using now (8), we have

inf ||(Id — T,T;) f — (f, S*0)2S"b]], = 0.
ﬁ,%ﬁl“l‘(“)w vI5).f — (f,570)2570, = 0
2=1

Since (Id — Ty Tj) 3y, 18 left invertible, we get as above that 5*b € (Id—T,T;)H(u).

[H(u
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(iv) = (i): let A € D and f € H(u) such that S*b = (Id — T, T3)f. Then we

have

b— b))
z—=A
But thanks to (9), we have

= (Id — \S*)"'S*b = (Id — A\S*) " (Id — T} T}) f.

(Id—\S*)"Y(Id-T,T;) = (Id—T,T3)(Id—\S*) "' =A(Id—\S*) ' S*b@(1d—\S) b,

which gives

:(Id— Tng)(Id— )\S*)_lf _ A(f’ (Id_XS)_lbhbz%b(;\)
Thus

b—b(\)

(L4 AL, (1d = 28) 7'b)s) ——

= (Id — T,T;)(Id — AS*) ' f.

Notice that (Id —AS*)~'f € H(u). Moreover if ¢ := 14+ X(f, (Id — A\S)~1b), =
then (Id — A\S*)~'f € H(u) NKer(Id — T, T5), which implies by left invertibility
of (Id = TyTy) 5, that f =0, which is absurd. Thus ¢ # 0 and

|H(u
b—b(\)
—= € (Id =TT H(w).
Using Lemma 4.2, we get that H(b) = (Id — T,T3)H(u), which proves that Id —
T, T; is an isomorphism of H(u) onto H(b). O

We can now give our criterion for unconditionnal basis in H(b).

Theorem 4.2 Let (A\,)n>1 C D and let b € H®, ||b||l < 1. Assume that b is an
extreme point of the unit ball of H* and

sup [b(\,)| < 1.

n>1
Then the following statements are equivalent:
(1) (kx,)n>1 is an unconditionnal basis of H(b);
(ii) a) (An)ns1 € (C). b)) dist(Bb, H®) < 1. c¢) dist(2Bb, H*) = 1.
Proof: it suffices to combine Theorem 3.1, Lemma 3.1 and Theorem 4.1. [J

To finish this section, we would like to give a generalization of Theorem 9 in
[11], which underlines the link between spectral properties of the model operator
and geometric properties of reproducing kernels.
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First of all, recall that when b is extreme then
0,(X)={AeD:b()\) =0}, Ker(X —\) = Cky,

and

b
op(X*) ={AeD:b(\) =0}, Ker(X*—N\)= C—)\,
z J—
(see [19] for the result for X and Proposition 2.1 for X*).
Assume that b has an infinite sequence (\,),>; of _Z€r08 and let B be the
Blaschke product associated to (A,)n,>1 and let by = Bb. Then the following
result gives a criterion for the sequence of eigenvectors of X and X* forms an

unconditionnal basis of H(b).

Theorem 4.3 With the previous notations, the following statements are equiva-
lent:

(1) (kx,)n>1 U (z _b)\ ) forms an unconditionnal basis of H(b);
n/ nz1

(ii) sup |b1(\,)] < 1 and (l{;l)’}n)@l forms an an unconditionnal basis of H(by);
n=>1

(iil) (An)ns1 € (C), dist(Bby, H®) < 1, dist(zBb;, H®) = 1.

Proof:  (ii) <= (iii): notice that if b is extreme then b; is also extreme.
Moreover if dist(Bby, H*) < 1, then there exists h € H* such that ||b; — Bh||o <
1, and we have

sup |b1(An)| = sup |(by — Bh)(A\n)| < ||b1 — Bh|loo < 1.

n=>1 n=1

Now it suffices to apply Theorem 4.2.
For (i) <= (ii), we will need the following lemmas.

Lemma 4.3 With the previous notations, we have
a) H(b) = H(B) &+ BH(by).
b) H(b) = H(by) & biH(B).
Moreover, Tg (resp. Ty, ) acts as an isometry of H(by) (resp. of H(B)) into H(b).

Lemma 4.4 With the previous notations, the sequence (kgln)@l 15 complete in
H(by) if and only if

H(b) = H(B) + bH(B)
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Lemma 4.5 Let H be an Hilbert space and X, Y be two closed subspaces of H.
Assume that (xn)n>1 (resp. (Yn)n>1) is an unconditionnal basis of X (resp. Y).
Then (n)n>1 U (Yn)n>1 is an unconditionnal basis of H if and only if

X+Y=H and (X,Y)>0.
(i) = (ii): recall (see [14], Lect. IV) that

Span(ky, :n > 1) = H(B) :Span< B tn > 1).
z

Then it follows from Lemma 4.3 that

b
Span (z . tn > 1) = biH(B).

Now Lemma 4.5 implies that (H(B),byH(B)) > 0 and H(b) = H(B) + byH(B).
Thus, using Lemma 4.4, we get that (l{;l)’}n)@l is complete in H(by). Since (kx, )n>1
is an unconditionnal basis of H(B), it remains, thanks to Theorem 3.1, to show
that (Id — TblTEl)\H(B) is an isomorphism onto its range. But it follows from

Lemma 4.3 that H(b;) is a closed subspace of H(b) and then we can consider
P4,y the orthogonal projection of H(b) onto H(b;). Now notice that

1— b, (\,)b b —
ky, =k = —1(_) L b (M) == (Id — Ty, Ty, )kr,, + b1(Aa)bike,.,
" 1— Az 1—A\,z

which implies, using the fact that by H(B) = (H(by))*,

Pk, = (Id — Ty, Ty ),

Consequently we have Pr,) ) = (Id — Tb1T51)|H(B)' Since (H(B), (H(b1))*) >

0, it follows, from [14], (Lemma on Close Subspaces, Lect. VIII, p. 201), that

Py, and thus I'd — Ty, Ty , is an isomorphism of H(B) onto its range.

(ii) = (i): using Proposition 3.1, we have (A,)n>1 € (C). It follows that (ky, )n>1
B

Z— An

and form an unconditionnal basis of H(B) (see [14], Lecture VI).

n>1

Thanks to Lemma 4.3, we get that ( ) forms an unconditionnal basis
n>1

&= An
of byH(B). Using Lemma 4.5, it remains to show that
(H(B),byH(B)) >0 and H(b) = H(B)+ b;H(B).

But we know that (Id — Ty, T,)
implies that Py,)

H(B) is an isomorphism onto its range, which

H(B) is also an isomorphism onto its range. Now using once

more Lemma on close subspaces from [14], we get that

(H(B),H(b))*) >0 and H(b) = H(B) + H(b)L,.
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which ends the proof because H(b)*+ = by H(B). O

Proof of Lemma 4.3: a): follows from [19] (see (II-6)).
b): let A:=T,, Ay :=T,, and Ay := Tg. Using [19] (I-10), we have

H(b) = H(A) = H(Ay) + AsH(Ay) = H(by) + bH(B).
Moreover, we have
H(b) = H(b) & byH(B) <= H(b1) NbyH(B) = {0}.

But H(bl) N blH(B) C H(bl) N b1H2 = H(bl) N M(bl) = TblH(gl) (see [19],
(I1-5)). Now let f € H(by) NbyH(B). Then there exists h € H(B) and g € H(b,)
such that f = byg = bjh. Thus g = h. Since h € H(B), h is not a cyclic vector
of S* (see [8]). It is known that when b is extreme, the nonzero functions in H(b)
are cyclic vectors of S* (see [19], (V-2)). Thus ¢ = 0 and f = 0. The fact that
Ty, acts as an isometry of H(B) into H(b) follows from [19], (I-11). O

Proof of Lemma 4.4: recall that if M and N are two closed subspaces of
an Hilbert space H, then H = M + N1 if and only if M+ N N = {0} (see [14],
Lemma on Close Subspaces, Lect. VIII, p. 201). Moreover, thanks to Lemma 4.3,
if M =bH(B) and N = BH(b,), we have M+ = H(b,) and N+ = H(B). Thus

H(b)

H(b) = H(B) + b/H(B) ) <= H(b)) N BH(b;) = {0}.

On the other hand, if f € H(b;) and f(\,) = 0, n > 1, then £ € H(b;). Thus
H(b1) © Span(ky :n > 1) = H(b) N BH(b),

which gives the result. O

Proof of Lemma 4.5: it suffices to use the link between the angle and the
skew projections (see [15] or [14]).
O

5 The nonextreme case

In this section, we discuss the nonextreme case. As we shall see, contrary to the
extreme case, there cannot exist basis of reproducing kernels in H(b).

First, recall that if (k% ),>1 is not complete in H(b) then it is minimal (see
Lemma 3.2). The following result shows that the converse is also true in the
nonextreme case. The key point is the fact that H(b) is invariant under the shift.

Proposition 5.1 Let b € H®, ||blloc < 1 and (A\y)n>1 C D. Assume that b is
nonextreme. The following statements are equivalent:
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(1) (kx,)n>1 s minimal;
(ii) (k»,)n>1 is not complete in H(D).
Moreover, in this case, we have:
dim(H(b) & Span(k} :n > 1)) = +oc.

Proof:  thanks to Lemma 3.2, it suffices to prove that if (ky,),>1 is minimal,
then dim(H(b) ©Span(k} :n > 1)) = +oo. Suppose that dim(H(b) & Span(k}

n > 1)) = N < 4o00. Then it implies the existence of a sequence of reproducing
kernels which is minimal and complete in H(b). Indeed, we can assume that
N > 1. Applying repeatidely Lemma 3.2, we get that if (u;)1<i<yv C D, with
ti 7 pj, 0 # j and p; # A, then (kS kD, )%%l‘x is minimal and complete in H(b).
In particular, it implies the existence of a function h € H(b) such that h(A;) =0
and h(\,) = h(p;)) =0, n > 2,1 < i< N. Now consider f := (z — Aj)h. Since

SH(b) C H(b) in the nonextreme case (see [19], (IV-5)), we have
f€H(b) O Span(k} k), :n=1,N >i>1).

Since h # 0, we have f # 0, which contredicts the completeness of (k‘f’\ , k‘z In>
2121

U

Corollary 5.1 Let b € H®, ||b]|lc < 1 and (M\n)n>1 C D. Assume that b is
nonextreme and that

sup |b(An)] < 1.
n>1

Then the following statements are equivalent:
(i) (K} )nz1 forms an unconditionnal basis in its closed linear span;
(i) a) (\)ns1 € (O), b) dist(Bb, H®) < 1.
Moreover in this case, we have
dim(H(b) © Span(k} :n > 1)) = +oo.

Proof: it suffices to combine Proposition 5.1 and Theorem 3.2. O

We can precise a little more Proposition 5.1 and get a caracterization of
completeness (and thus of minimality).

Proposition 5.2 Let b € H®, ||b|oc < 1 and (\y)n>1 € D. Assume that b is
nonextreme.

(a) If b is pseudocontinuable, then the following statements are equivalent:
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(i) the sequence (kS )n>1 is complete in H(b);

(i) Y (1 —[Aa]) = +o0.

n>1
(b) If b is not pseudocontinuable, then the following statements are equivalent:

(i) the sequence (k3 )n>1 is complete in H(b);
(i) S*b € Span(k} :n >1).

Recall that a function f in H? is pseudocontinuable (across T) if there exist
functions fi, fo € H>® such that f = fi/f; a.e. on T. R. Douglas, H. Shapiro
and A. Shields show that a function f € H? is pseudocontinuable if and only if
[ is not S*-cyclic (see [8]).

Proof: (a): assume that b is nonextreme and pseudocontinuable.

(i) = (i) : follows from the fact that H(b) C H?.

(i) = (ii) : assume that (k} ),>1 is complete in H(b) and that (A,),>1 is
a Blaschke sequence. Denote by B the Blaschke product associated to (A,)n>1.
Since b is pseudocontinuable, there exists a nonconstant inner function u such
that b € H(u). Then it follows that b = Zhu, where h € H?. We will show that
kl)’\n € H(uB), n > 1. For all polymial p,, we have

(KS_, Bup)s =(kx,, Bup)s — b(A\,) (bky, , Bup)s
(An) <§Euk,\n, Bup)s
= — b(\,)(kx,, zhBp), = 0.

=

Hence, using the density of polynomials in H?, we get that k:g’\n € H(uB), n > 1.
Thus, we have

Spany g, (kY :n>1) C H(uB)H(b) C H(uB),

because H(b) is contained contractively in H2. Since the sequence (A} )n>1 is
complete in H(b), we get that H(b) C H(uB). But since b is nonextreme, the
polynomials belong to H(b) (see [19], (IV-2)) and thus to H(uB). It follows that
H? C H(uB), which is absurd.

(b): assume that b is nonextreme and not pseudocontinuable.

(i) = (ii): is trivial.

(i) = (i) : using the equality Xk% = N,k% — b(\,)S™b (see [19], (11-9)),
we get that Span(kf\n :n > 1) is invariant under X. But we know that invariant
subspaces of the operator X, when b is nonextreme, are just the intersections
of H(b) with the invariant subspaces of S* (see [18]). Hence there is an inner
function u such that

Span(k} :n > 1) = H(b) NH(u).
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But then the fact that S*b € H(u) implies that b € H(uz), which is absurd unless
u = 0 (because b is not pseudocontinuable). Hence Span(k} :n > 1) = H(b).
U

Remark 5.1 For the extreme case, an analogue of this result is far from being

known, even in the particular case where b(z) = exp(—ai=2), a > 0.

If (kx,)n>1 is a minimal sequence, then it is well-known that there exists a
summable method V' such that (ky,)n,>1 is a V-basis of H(B) (see [14], Lect.
VIII, p. 194). If we make assumption on multipliers of H(b), we can give an
analogue of this result.

First of all, recall that we say that a function ¢ € H* is a multiplier of H(b)
if H(b) is invariant under T;,. From the closed graph Theorem, it follows that T,
is a bounded operator of H(b). We denote in this case, My, := T, -

Many authors study multipliers of H(b) (see for instance [12], [13] or [5]). In
particular, it is proved in [12] that if b is extreme, then H(b) does not have inner
multipliers.

Theorem 5.1 Let b € H®, ||blloc < 1 and (A\n)n>1 € D. Assume that b is
nonextreme and that B is a multiplier of H(b). Then the sequence (k% )n>1
is minimal. Moreover, if (¢n)n>1 is the unique biorthogonal of (K} )n>1, with
©n € Span(k} :n > 1), then for all function f € Span(k} :n > 1), we have

F=Y B {fr ealekh,

n>1

where BP) = Hn>p by, . In particular, we have
Span(p, : n > 1) = Span(k} :n > 1).

Proof:  recall that when b is nonextreme, the polynomials belong to H(b)
(see [19], (IV-2)), thus 1 € H(b). Since B is a multiplier of H(b), we get that
B € H(b). It follows that

B
)\ n

n

because H(b) is invariant under T, for all ¢ € H*>. Moreover, we have

B, by B(\p)
<Bn()\n)’ )\p>b — Bn()\n)

= 5n,pa

which implies that ( is a biorthogonal of (k:l)’\n)n>1. Thus the sequence

Bn(/\n)>n>1
(K% )n>1 is minimal.
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Now we will show that B® is multiplier of H(b) and that | Mpw | < ||Mz],
for all p > 1. B
First notice that if B®) := [1.<,bx,, then for all f € H(b), we have

B(p)f:P-i-( Bf) (p)(Bf)

Since B is a multiplier, we have Bf € H(b) and thus B® f € H(b). Moreover,
we have

1B flls < 1 B® llooll Ml fllo = | Mzll1|£ ]l

because the norm of T== as an operator of H(b) does not exceed |B® || (see

[19], (II-7)). That proves that B® is multiplier of H(b) and ||[Mzw | < || Mz,
for all p > 1. On the other hand, since B is multiplier of H(b), we have

B(p)<k>\ ) = B®(\,) (An )/ﬁ ;

(see [19], (11-10)) and thus limy, 4o M, (K5 ) = k% , n > 1. Since ||My,, || =
|Mpw | < || Mg||, Banach-Steinhauss Theorem implies that forall f € Span(kb
n > 1), we have lim, , . M B) f = f. But now it is easy to see that, for all

feLin(k :n>1), we have

My [ = ZB(p ) f @n)bkAn

By density, we get this equality for all f € Span(k;l)’\n : n > 1), which implies,
letting p tends to oo that

F=Y B (f, eulikS,

n>1
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