INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE
PRODUCTS

EMMANUEL FRICAIN, JAVAD MASHREGHI

ABSTRACT. We study the rate of growth of some integral means of the derivatives
of a Blaschke product and we generalize several classical results. Moreover, we
obtain the rate of growth of integral means of the derivative of functions in the

model subspace Kp generated by the Blaschke product B.

1. INTRODUCTION

Let (zn)n>1 be a sequence in the unit disc satisfying the Blaschke condition

[e.9]

(1.1) > (1= z]) < o

n=1

Then, the product

[e.e]
U Zn 1—znz

is a bounded analytic function on the unit disc ID with zeros only at the points z,,
n > 1, [5, page 20]. Since the product converges uniformly on compact subsets of
D, the logarithmic derivative of B is given by

- f) L= [l (- € D).

B(2) (1—2z,2)(z—z,)’

n=1
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Therefore,

1— |z, .
(1.2) |B(ré’ |<Z|1 |Z| (re’ € D).

If (1.1) is the only restriction we put on the zeros of B, we can only say that

27 » 0 ) 2 d@
! 7 < _ —
/0 [B'(re’)[do < > (1 \zn\)/o FEENTE
n=1
> 27
= 1— |z |?) ———
201l T

477220:1(1 — |2n])
< =) ;

which implies

(1.3) /0 "B an=22

1—7
However, assuming stronger restrictions on the rate of increase of the zeros of B

give us more precise estimates about the rate of increase of integral means of B/ as

r — 1. The most common restriction is

[e.e]

(1.4) D> (1= |z])* < o0

n=1
for some v € (0,1). Protas [15] took the first step in this direction by proving the
following results.

Let us mention that H?, 0 < p < oo, stands for the classical Hardy space equipped

. 21 . d¢9 %
1=t ([ 1 52

and its cousin A2, 0 < p < oo and v > —1, stands for the (weighted) Bergman space

with the norm

equipped with the norm

([ [ 55
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Theorem 1.1 (Protas). If 0 < o < i and the Blaschke sequence (z,),>1 satisfies
(1.4), then B’ € H'™*.

Theorem 1.2 (Protas). If 0 < a < 1 and the Blaschke sequence (z,)n>1 Satisfies
(1.4), then B' € Al .

Then, Ahern and Clark [1] showed that Theorem 1.1 is sharp in the sense that B’
need not lie in any H? with p > 1 —«. Later on, they also showed that the condition
3% (1—12,])Y/% < o0 is not enough to imply that B’ € HY? [2]. At the same time,
Linden [12] generalized Theorem 1.1 for higher derivatives of B. In the converse

direction, Ahern and Clark [1] also obtained the following result.

Theorem 1.3 (Ahern—Clark). If 3+ < p < 1, then there is a Blaschke product B
with B € HP, and such that its zeros satisfies

o0

D 1=z =00

n=1

for all a with 0 < a < (1 — p).

However, Cohn [3] proved that for interpolating sequences the two conditions are

equivalent.

Theorem 1.4 (Cohn). Let 0 < oo < 3, and let (z,)n>1 be an interpolating Blaschke

sequence. Then, B' € H'™ if and only if (2,)n>1 satisfies (1.4).

Recently, Kutbi [11] showed that under the hypothesis of Theorem 1.1,

2w
1. i _ o(1)
(15) /0 |B (7’6 )‘pde—m, (7’—>1),
for any p > 1 — «. In particular, for p = 1, we have
2w ] 1
[ meeni- 2 -,
0 (L—=r)e

which is a refinement of (1.3).
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Then, Protas [16] proved that the estimate (1.5) is still valid if 1/2 < a < 1,
p > « and the Blaschke sequence (z,),>1 satisfies (1.4). Finally, Gotoh [7] got an
extension of Protas’s results for higher derivatives of B.

A Blaschke sequence which satisfies the Carleson condition is called an interpola-
tion, or Carleson, Blaschke sequence [10, page 200]. Let I be an inner function for

the unit disc. In particular, I could be any Blaschke product. Then,
K;:=H*©IH?

is called the model subspace of H? generated by the inner function I [6, 8]. Cohn

[3] obtained the following result about the derivative of functions in Kp.

Theorem 1.5 (Cohn). Let (2,)n>1 be an interpolating Blaschke sequence, and let
p € (2/3,1). Then, B' € H? if and only if f' € H®/®+2) for all f € Kp.

In this paper, we replace the condition (1.4) by a more general assumption

(1.6) > (1= |zl) < o0

where h is a positive continuous function satisfying certain smoothness conditions,
and then we generalize all the preceding results. Since our sequence already satisfies
the Blaschke condition, (1.6) will provide further information about the rate of
increase of the zeros only if h(t) >t as t — 0.

In particular, we are interested in

(1.7) h(t) =t (log1/t)™ (logy 1/t)%* --- (log, 1/t)*",

where o € (0,1), ag, a9, -+ ,a;, € R, and log, = loglog- - -log (n times) [13].

In the following, we will use the estimates

21
do 1
/0 \1 — retf|v (1 —r)y=t’ (v ):

1
dpd) = — 9 1
/ / Tp619|" pap (1 — r)V—V—2’ (V >y > )7
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as r — 17. See [9, page 7]. Both relations can be proved using the fact that
1—re?| < (1—r)+ |0l asr — 17.

2. AN ESTIMATION LEMMA

In the following we assume that h is a continuous positive function defined on the
interval (0,1) with
lim h(t) = 0.
Jim A(t)
Our prototype is the one given in (1.7). The following lemma has simple assumptions
and also a very simple proof. However, it has many interesting applications in the

rest of the paper.

Lemma 2.1. Let (r,),>1 be a sequence in the interval (0,1) such that

f:h(l — 1) < 00.
n=1

Let p,q > 0 be such that h(t)/t* is decreasing and h(t)/t*~? is increasing on (0,1).
Then,

o)

1—r,)P O(1
Z( P (1)

(1—7rrp)e (1 —r)erh(l—r)

n=1

as r — 1. Moreover, if

h(t)

then

Proof. We have
(1—ra)P ( (1 =71, h(1 —rry) ) ( h(1—7,) )

(1—7rrp)e \h(l—r,) (1 —7rr,)P (1 —rr)ePh(1 —rry,)
By assumption
h(1 —rry) - h(1—r1,)
(1—rr,)» = (1 —r,)P’

and
(1—=rr)"Ph(l —rr,) > (1 =r)Ph(l —7).
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Thus, for any n > 1,

(1 - Tn)p

h(1 —1y)

(2.1)

Given ¢ > 0, fix N such that

<

<

(1 —rry)d

S Ul =r)

n=1 N+1

N 0o
Z(l —r )p—q —I— ZTL:N—l—l h(l - Tn)
n=1 ! (L—=r)?h(l—r)
Oy + 2

(1—r)yerh(l—r)

where C'y is independent of r. This inequality implies both assertions of the Lemma.

U

The Lemma is still valid if instead of “decreasing” and “increasing”, we assume that

our functions are respectively “boundedly decreasing” and “boundedly increasing”.

We say that ¢ is boundedly increasing if there is a constant C' > 0 such that

o(r) < Cop(y) whenever x < y. Similarly, ¢ is boundedly decreasing if there is a

constant C' > 0 such that p(z) > Cp(y) whenever x < y.

3. HP MEANS OF THE FIRST DERIVATIVE

In this section we apply Lemma 2.1 to obtain a general estimate for the integral

means of the first derivative of a Blaschke product. Special cases of the following

theorem generalize Protas and Kutbi’s results.

Theorem 3.1. Let B be the Blaschke product formed with zeros z, = rpe’", n > 1,

satisfying

ih(l —Tp) < 00
n=1
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for a positive continuous function h. Suppose that there is ¢ € (1/2,1] such that
h(t)/t? is decreasing and h(t)/t'~? is increasing on (0,1). Then, for any p > q,

/0 "B (re)p db = = T)f_(ll}z(l —. -

Moreover, if limy_q h(t)/t'=9 = 0, then O(1) can be replaced by o(1).

Proof. Since ¢ < 1, (1.2) implies

(1—172)
/ q
|B'(re”)] <Z‘1 T 62(6 0n) [20°

Hence

(3.1) /0 B (re®)|1 do < C Z Trggql

(Here we used 2q > 1.) Therefore, by Lemma 2.1,

21 ” C
! 7 q < .
/0 B e < g 5ma =0

Now recall that any function f in H* is in the Bloch space B [4, page 44], that is

sup(1 — [2[*)] f'(2)] < +o0.

zeD

Hence, for any p > ¢,

2w ] 1 2w ] C
B/ 0\ |p < B/ 10\ |q < )
/0 |B'(re™)| alﬁ_i(l_r)p_q/0 |B'(re)|* df < A= Thi =1

Finally, as r — 1, Lemma 2.1 also assures that C' can be replaced by any small

positive constant if lim; .o k() /t'79 = 0. O

Now, we can apply Theorem 3.1 for the special function defined in (1.7).
Case I: If

o

1 1
Z(l - Tn)a(log 1 )al e (logm )am < 00,

-7 1—r,

n=1
then, for any

p > max{a, 1 —a}
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we have
2
| Bty - o)
0

, (r—1).
(1 —r)tr=l(log =) - - - (log,, 1)

In particular, if

Z(l — )% < 00,
n=1
with a € (0,1/2), then, for any p > 1 — «,
27
/ 60 _ O(1>
/0 Bleld) = 5, =D,

which is Kutbi’s result. Moreover, if a € [1/2,1), the last estimate still holds for
any p > «, which is Protas’s result [16].

Case II: If
1— . a ak ... (] am ’
;( o) (logy 7= =) -+ (log,,, 7= )" < o
with a € (0,1/2), ax < 0 and ayyq, -+, € R, then,
2w ] 1)
B (re?) '~ df = of , r—1).
/0 1B re”) (logy, 115)k - - - (log,,, 757)m r=1)
But, if
Z(l — )% < 00,
n=1
with o € (0,1/2), then
2m
| et —on, -,
0
i.e. B'€ H'™ which is Protas’ result [15].
Case III: If
1— - an ak ... (] am ’
;( ra)” (logy 7= =)" -+ (log,,, 7= )" < o
with a € (1/2,1), a > 0 and ayyq, -+, € R, then,
27 ] 0(1)
| B/ (re'?)|* df = : (r—1).
/0 (1 —7)2-(log 1) - - - (log,, 15)
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However, if
[e.e]

D> (11" < o0,

n=1

with a € (1/2,1), then we still have
o 10\ |« 0(1
/0 |B,(’f’€ 0)| df = W, (T — ].)

4. HP MEANS OF HIGHER DERIVATIVES

Straightforward calculation leads to

(4.1) /27r |BO(re) [P dh < C(p, £) i L= ra)” (—1 <p= 1)
. 0 re < C(p, — (1 — rr,) DT rx1 P70

n

which is a generalization of (3.1). This observation along with Lemma 2.1 enable us
to generalize the results of the preceding section for higher derivatives of a Blaschke

product. The proof is similar to that of Theorem 3.1.

Theorem 4.1. Let B be the Blaschke product formed with zeros z, = rpe’», n > 1,

satisfying

Z h(1—r,) < oo

n=1
for a positive continuous function h. Suppose that there is q € (1/(€ + 1), 1/¢] such
that h(t)/t? is decreasing and h(t) /t=% is increasing on (0,1). Then, for any p > q,

/0 7r|B(£)(T€i(9>|1”d(9: (1—7’)@?—(112(1—7“)7 (r—1).

Moreover, if lim; o h(t)/t'= = 0, then O(1) can be replaced by o(1).

Now, we can apply Theorem 4.1 for the special function defined in (1.7).
Case I: If

o

Z(l —5)%(log 1

n=1

1
) (log,

-7 1—r,

)om < 00,

then, for any

p > max{a, (1 —a)/l}
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we have
2 ) 1)
BO(re®) P df = of 1).
A | (Te )| (1 - T)CH_gp_l(lOg ﬁ)al . (10gm ﬁ)am> (’f’ — )
In particular, if
> (1=r)* < o0,
n=1

with o € (0,1/(¢+ 1)), then, for any p > (1 — «)/¢,
2
) (1. i0 _ o(1)
| Boeenpa - A =)
which is Kutbi’s result. Moreover, if o € [1/(¢ 4 1),1), the last estimate still holds
for any p > «, which is Gotoh’s result [7] .
Case II: If

oo

S (1= ) log

n=1

1
-+ (o,

— T, 1—r,

) < oo,

with a € (0,1/(1+ 7)), o <0 and a1, -+, @, € R, then,

27
/ |B(€) (T6i9)|(1—a)/f do = o(1) (r—1).

0 (logy, 1) - - - (log,, =)

But, if

o0

D (1 =1,)" < +o0,

n=1

with a € (0,1/(1+ ¢)), then
2T
| 1Bt — o, )
0

i.e. BY ¢ H1=9)/¢ which is Linden’s result [12].
Case III: If

oo

S (1 - 1,7 (log

n=1

with o € (1/(144),1), o > 0 and a1, -, € R, then,

1

1—r,

)ak e (logm )am < 00,

1—r,

/27r |B(Z) (’l"€i6)|a df = 0(1) (T 1)
0 — (1 —r)EDa1(log, L)a .- (log,, 1) :



INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE PRODUCTS 11

However, if
[e.e]

D> (1 =r)* < o0,

n=1

with a € (1/(£+1),1), then we still have

27
¢ NE o(1)
/0 BOGedh = Sy =)

5. AZ’; MEANS OF THE FIRST DERIVATIVE

In this section we apply Lemma 2.1 to obtain a general estimate for the integral
means of the first derivative of a Blaschke product. Special cases of the following

theorem generalize Protas’s results [15].

Theorem 5.1. Let B be the Blaschke product formed with zeros z, = r,e"" satis-

fying N
Z h(1—r,) < oo
n=1

for a positive continuous function h. Let v € (—1,0). Suppose that there is q €
(1 +7/2,1] such that h(t)/t? is decreasing and h(t)/t*™~7 is increasing on (0, 1).
Then, for any p > q,
1 2T
4 o)
B'(rpe”)|P p(1 = p*)dp db = 1).

| [ ieny ga =gy i - —=SG— =)

Moreover, if limy_o h(t) /t>T7=% = 0, then O(1) can be replaced by o(1).

Proof. We saw that

/ 10\ |q (1 Tn)
B/ (rpe?)| §;|1—rrnpei<@—en> e
Hence

2 _
(5.1) / / |B'(rpe®)|1 p(1 — p*)7dp d < C Z (1= ra)t

1—7‘7" )2a—y=2

(Here we used 2g — v — 2 > 0.) Therefore, by Lemma 2.1,

1 2m ) C
/ 10\ |q a2\ <
fo e =y it < s
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Hence, for any p > ¢,

/ / "(rpe®)[P p(1 = p*)'dp df - < T / / "(rpe®)|* p(1 = p*)7dp db

(1—r)p—- 2h(1—7~)

Finally, as r — 1, Lemma 2.1 also assures that C' can be replaced by any small

positive constant if lim; o h(t)/t*T774 = 0. O

Now, we can apply Theorem 5.1 for the special function defined in (1.7).
Case I: If

o0

o 1
> (1= 1,)(log —

n=1

.. (lo am < 00,
=) (log, )

and if v € (—1,a — 1), then, for any
P> max{a, 2-}-’7-@, 1+7/2}7

we have

[ [ 1B6s oy as = =
rpe - -
o Jo g : P (L =r)otr==2 (log =)t - - - (log,, 1)

T

as (r — 1). In particular, if

Z(l — 1) < 00,
n=1
then
1 2T
/ 0\ |p 2\ _ 0(1)
| [ 1B e s = yap o - 50—
Case II: If
Z(l - Tn)a(logk 1 )ak e (logm 1 )am < 00,
n=1 T —Tn
with ay < 0, then, for any p > 1,
1 27 ) 0(1)
B (rpe®) P p(1—p?)°~dp dO = L -
/0 /0 (1 —7r)P=1 (logy, 725) - - - (log,, 125
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Case III: If .
D> (11" < o0,
n=1
then, for any p > 1,
1 2w ) O(l)
B 0\ |p 1— 2\a—1 — —1).
| [ mesnr s —yap i = 22550 -

In particular, for p =1,

/0 /0W|B'<rpe”>| (1= Py dpdo=0(1),  (r—1).

which is the Protas’ result [15].

Some other cases can also be considered here. But, since they are immediate
consequence of Theorem 5.1, we do not proceed further. Moreover, using similar
techniques, one can obtain estimates for the A means of the higher derivatives for

a Blaschke product satisfying the hypothesis of Theorem 5.1.

6. INTERPOLATING BLASCHKE PRODUCTS

Cohn’s theorems 1.4 and 1.5 imply that if z, = 7,6, n > 1, is a Carleson

sequence satisfying
[e.9]

> (1=r)' P <o

n=1
for some p € (2/3,1), then f' € H?*/®*+2) for all f € Kp. The following result

generalizes this fact.

Theorem 6.1. Let z, = r,e'’, n > 1, be a Carleson sequence satisfying

i h(1—r,) < oo
n=1

for a positive continuous function h. Let B be the Blaschke product formed with
zeros z,, n > 1. Suppose that there is p € (2/3,1) such that h(t)/t*/? is decreasing
and h(t)/t17P is increasing on (0,1). Then, for all f € Kp, we have

e o) C £
(/0 ) ‘w) T e
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with o = 2p/(p+ 2) and C' an absolute constant.

Proof. Since (2,),>1 is a Carleson sequence, we know that the functions

1—r, 1/2
Mo =572 ez,
N
form a Riesz basis of Kp (see [14] for instance). Now, let f = Zﬁnfn, 6, € C.
n=1
Then
N o> Bu(1 — 1)1/
/ o n Mn
and thus we get
N
1—ry)'/?
NN T AT
HCEPIE =

Since p € (2/3,1), we have o € (1/2,1) and we can write

/2

o |ﬁ” 1_T
| Z 1—Z Z|2o

Therefore,

2w 0 N /2 2m d@
! 0\ |9 o o
| lreenran < > 170 ) | s

_ )o‘/2
< E a I
= ¢ [l 1 — rrn)

Let p’ = 2/0 and let ¢’ be its conjugate exponent. Then Holder’s inequality implies

that
o N ' s N oq' /2 vd
N 9 (1 — rn) q
/0 | f/(re”)|” db < ¢ (; |Bnl ) (Z (1— ,,mrn)(2a—l)q’> :

n=1

But since (f,,)n>1 forms a Riesz basis of K, there exists a constant ¢; > 0 such that

N
S 187 < el f15.
n=1
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whence
N

1/q'
27 ) ox 1o i (1 _ n)oq//2
/0 }f (re 9)} do < | fl|9 <Z:1 1- TTZ)(20—1)q’ )

n=

Now easy computations show that ¢ = p+2, o =p, 20 —1)¢ = 3p/2 —1 and

therefore, by Lemma 2.1, we have

(1 —7,)07 /2 C
<
(1—rmr, 20'_1)‘1’ T (I=r)pth(l—r)’

Mz

n=1

where C' is a constant independent of N. We deduce that

EEPTRUNE csllf113
/0 7] deg((1_r)p—1h(12_r))1/¢'

Since 1/0q¢’ = 1/p, and using a density argument, we get that for all f € Kp,

(/027r |/ (re)|” d@) 1/0 < - T);/T}LJQE_ N

Now, we can apply Theorem 6.1 for the special function defined in (1.7).
i0

Case I: If z, = r,e"", n > 1, is a Carleson sequence satisfying

o0

. 1
> (1 —=r,)*(log —

n=1

)al e (logm )am < 00,

T 1—r,

with p € (2/3,1), 1 —p < a < p/2, and ay,...,q, € R, then, for all f € K, we

have

27 1/o
/ 7 o C f
(/ ‘f(reg)‘ dﬁ) < - : I/ : /p
: (1= r)7-1(l0g 217 )e - (log,, 7))

with 0 = 2p/(p+ 2) and C an absolute constant.

Case II: If z, = r,e, n > 1, is a Carleson sequence satisfying

[e.9]

Z(l — 1) 7P (logy

n=1

1
... (]

)OCm < 00,
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with p € (2/3,1), k > 1, oy, aga1, - - ., oy € R, and ay, < 0, then, for all f € Kp, we

have

27 1/o
1o 0N C
([ 1oy a) < ———Cll 0,
: (o, £)° - (og, 717)2)

with o = 2p/(p + 2) and C' an absolute constant. However, if

[e.9]

> (1=r)'" < o0,

n=1

then we still have

1/o

27
(/ \f/(re“’)\”de) <Ol (r—1).

ie. f'e H®/(P+2) for any f € Kp, which is Cohn’s result.
Case III: If 2, = r,e"", n > 1, is a Carleson sequence satisfying

(e e

1
> (=) (logy )+ (log,,

-7 1—r,

) < oo,

n=1
with p € (2/3,1), k > 1, oy, g1, - - ., oy € R, and oy, > 0, then, for all f € Kp, we

have

21 1/o
1/ iON|O Cl|f
</ ‘f (re 0)‘ d@) = 3p/2—1 1 V1 1 1/p’
0 (1 —r)3/2=1 (logy, 15) - - - (log,, 725)% )

with o = 2p/(p + 2) and C' an absolute constant. However, if

[e.9]

Z(l - Tn>p/2 < 00,

n=1

then we still have

27 1/o
NG ClIfll2
(/0 | f/(re”)| de) < (e

Using similar techniques we can obtain some results about the A? means of the

derivatives of function in the model subspaces of H?2.



INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE PRODUCTS 17

Theorem 6.2. Let z, = r,e'’, n > 1, be a Carleson sequence satisfying

i h(l1—r,) < oo
n=1

for a positive continuous function h, and let B be the Blaschke product formed with
zeros zp, n > 1. Let p € (2/3,1), 0 = 2p/(p+2) and —1 < v < 20 — 2 such that
h(t)/tP/? is decreasing and h(t)/tO—PFOINA+P/2) s increasing on (0,1). Then, for

all f € Kg, we have

(/ | / I e —pzwdpde)”” - C1f:
o Jo B ((1 — )~ (=p)=(+NA+p/2) p(1 — 1) )l/p

asr — 17.

Proof. The beginning of the proof is as of Theorem 6.1 until

Therefore, by Holder’s inequality (with p’ = 2/0 and ¢’ its conjugate exponent) and

by Lemma 2.1, we have

- p2)dp do
[ 1wt ot = rdpan < Z\ﬂn S i

, (11— rn)"/z
< CZ|5"| 20 y—2
N 1/pl N /2 1/ql
) (1 —r,)°7/
S C <Z ‘6%‘ ) <Z (1 - 717"”)(20-_7_2)[1/
n=1 n=1
N oq' /2 e
/ . (1—7p) qa/
< c ||f“2 (Z (1 _ TT”)(ZJ—V—Q)QI
n=1
- | £1I3

(1 = 7)== p/2) (1 — )7
O
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Now, we can apply Theorem 6.2 for the special function defined in (1.7).
Case I: If 2z, = 7€, n > 1, is a Carleson sequence satisfying

[e.9]

1 1
> (1 =ra)* (log T——)™ - (log,, 7——)*" < o0,

—Tn 1

n=1

with p € (2/3,1), 0 =2p/(p+2), -1 <y <20—2,and (1 —p)+ (14+7)(1+p/2) <
a < p/2, then, for all f € K, we have

1 pon o 1/o
( | [ e p<1—p2>'vdpde)

Clfl2
((1 = r)a-(=P)=(+0+p/2) (log L )er ... (log,, - )am )7

asr — 17.
Case II: If 2, = e, n > 1, is a Carleson sequence satisfying

[e.9]

Z(l — ) PN A42/2) (160

n=1

%% .. (] am -~

with p € (2/3,1), 0 = 2p/(p+ 2), =1 < v < 20 — 2, ag, Wy1,--., 0, € R, and
ay < 0, then, for all f € Kpg, we have

1/o
</ / "(r pe'®)|” p(1 - p2)'ydpd9) < izl .
((logy 7)o - - - (log,, 72)% )

as r — 17. However, if

$ (1 = ) AP o,

n=1

then, we still have

1 pom o 1/o
(/ [ 15 p<1—p2>wpde) < C|f]

which means that

/ 2p/(p+2
f EAVP/(p )’
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and the differential operator
Ky — A0+

fo— 7,

Y

is bounded.

Case III: If 2, = r,e"", n > 1, is a Carleson sequence satisfying

(e o]

1
> (1= 12 (log ———) -+ (log,

-, 1—r,

)om < o0,

n=1
with p € (2/3,1), 0 = 2p/(p+2), =1 < v < 20 — 2, A, W41, --.,Qy, € R and
ay > 0, then, for all f € Kg, we have

</01 /02“ £t pe”)|” (1= p?)dp d9) :

< C Il
T (1 =) G200/ (log, ) - (log,, Z)em )P
as r — 1. However, if
Z(l - Tn)p/2 < 00,
n=1

then, we still have

L o7 v C £
(/ ] p<1—p2>'vdpde) <
o Jo (1 — ) (@2 0= 0402) ) 1o

asr — 17.

REFERENCES

[1] Ahern, P. R. and D. N. Clark, On inner functions with HP-derivative, Michigan Math. J. 21
(1974), 115-127.

[2] Ahern, P. R. and D. N. Clark, On inner functions with BP-derivative, Michigan Math. J. 23
(1976), 107-118.

[3] Cohn, W. S., On the H? classes of derivative of functions orthogonal to invariant subspaces,
Michigan Math. J. 30 (1983), 221-229.

[4] Duren, P. L. and A. Schuster, Bergman Spaces, Mathematical Surveys and Monographs,
Volume 100, AMS, 2004.



EMMANUEL FRICAIN, JAVAD MASHREGHI

[5] Duren, P. L., Theory of HP spaces, Academic Press, 1970.

[6] Fricain, E., Bases of reproducing kernels in model spaces, J. Operator Theory 46 (2001), no.

3, 517-543.

[7] Gotoh, Y., On integral means of the derivatives of Blaschke products, Kodai Math. J., 30

(2007), 147-155.

[8] Havin, V, Mashreghi, J., Admissible majorants for model subspaces of H?(R), Part I & II,

Canadian Journal of Mathematics, Vol. 55, No. 6 (2003), 1231-1263 and 1264-1301.

[9] Hedenmalm, H., Korenblum, B. and K. Zhu, Theory of Bergman Spaces, Graduate Text in

Mathematics 199, Springer, 2000.

[10] Koosis, P., Introduction to HP Spaces, Second Edition, Cambridge Tracts in Mathematics,

115, 1998.

[11] Kutbi, M. A., Integral Means for the n’th Derivative of Blaschke Products, Kodai Math. J.,

25 (2002), 191-208.

[12] Linden, C. N., H?-derivatives of Blaschke products, Michigan Math. J. 23 (1976), 43-51.
[13] Mashreghi, J., Generalized Lipschitz functions, Computational Methods and Function Theory,

Vol. 5, No. 2 (2005), 431-444.

[14] Nikolski, N., Treatise on the shift operator, Springer-Verlag, Berlin etc., 1986.
[15] Protas, D., Blaschke products with derivatives in H? and BP, Michigan Math. J. 20 (1973),

393-396.

[16] Protas, D., Mean growth of the derivative of a Blaschke product, Kodai Math. J., 27 (2004),

No. 3 354-359.

UNIVERSITE DE LYON; UNIVERSITE LYON 1; INSTITUT CAMILLE JORDAN CNRS UMR 5208;

43, BOULEVARD DU 11 NOVEMBRE 1918, F-69622 VILLEURBANNE.

E-mail address: fricain@math.univ-lyonl.fr

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE LAVAL, QUEBEC, QC,

CANADA G1K 7P4.

E-mail address: Javad.Mashreghi@mat.ulaval.ca



