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Abstract

We consider the limit @« — 0 for the a—Euler equations in a two-dimensional
bounded domain with Dirichlet boundary conditions. Assuming that the vorticity
is bounded in LP, we prove the existence of a global solution and we show the con-
vergence towards a solution of the incompressible Euler equation with LP vorticity.
The domain can be multiply-connected. We also discuss the case of the second grade
fluid when both a and v go to 0.

1 Introduction

We consider in this paper the incompressible a—Fuler equations:

Oh(u — alAu) +u-V(u — alAu) + Z(u — aAu);Vuj = =V, divu =0, (1.1)
J

on a 2D smooth domain 2 and assuming Dirichlet boundary conditions:
uf o= 0. (1.2)

The material constant « is assumed to be positive: o > 0.
We will not discuss in detail the significance of the a—Euler equations as this was
addressed in many other papers. We will simply mention three important facts:

e The a—Euler equations are the vanishing viscosity case of the second grade
fluids found in [11];

e Like the incompressible Euler equations, the a—Euler equations describe geodesic
motion on the group of volume preserving diffeomorphisms for a metric con-
taining the H! norm of the velocity, see [18].

e The a—Euler equations can also be obtained via an averaging procedure in the
Euler equations, see [18].

When setting & = 0in (1.1) we formally obtain the incompressible Euler equations

ou+u-Vu=-Vr, divu = 0. (1.3)



However the Dirichlet boundary conditions (1.2) are not compatible with the Euler
equations. Instead we must use the no-penetration boundary conditions

ﬂ-n‘agz 0 (1.4)

where n is the unit exterior normal to 9f2.

A natural question is whether we have convergence of the solutions of (1.1)—
(1.2) towards solutions of (1.3)—(1.4) when o« — 0. The main problem in showing
this convergence is that the boundary condition (1.2) is more restrictive than (1.4).
Therefore boundary layers are expected to appear when passing to the limit o« — 0
from (1.1)—(1.2) to (1.3)—(1.4). In addition, we cannot have strong estimates uniform
in « for the solutions of (1.1). More precisely, the solutions of (1.1)—(1.2) cannot be
bounded in any space where the trace to the boundary 92 is well-defined. Indeed, if
the solutions are bounded in such a space, then the Dirichlet condition (1.2) passes to
the limit so any limit of these solutions must belong to this space and vanish on the
boundary. But the solutions of (1.3)—(1.4) do not verify (1.2) even if it is imposed
at the initial time, unless some very special situation occurs.

Let us mention at this point that in the case of Navier boundary conditions the
boundary layers are weaker and we were able to show in [4] the expected convergence,
see also [5] for the case of the dimension three. The case of the Dirichlet boundary
conditions was only recently dealt with, and only in dimension two and for a simply-
connected domain. More precisely, the authors of [23] were able to adapt the Kato
criterion for the vanishing viscosity limit, see [20], to the case of the « — 0 limit
obtaining the following result.

Theorem 1.1 ([23]). Assume that Q2 C R? is simply-connected. Let iy € H?(Q) be
divergence free and tangent to the boundary. Assume that ug verifies

o uf € H*(Q), divu§ =0 and uf|,,= 0;
° a%HVUSHLz(m — 0 and a%HuS“HHs(Q) s bounded as o — 0O;
o ul =y in L3(Q) as a — 0.

Then the unique global H3 solution of (1.1)—(1.2) with initial data u§ converges in
L ([0,00); L?(2)) as a — 0 towards the unique global H? solution of (1.3)—(1.4)

loc
with initial data ug.

Due to the method of proof, the Kato criterion, it seems that the approach of
[23] can only prove convergence towards a H? solution of the incompressible Euler
equation. But other solutions of the Euler equations exist: the Yudovich solutions
with bounded vorticity, the weak solutions with LP vorticity and the vortex sheet
solutions where the vorticity is a measure. Our first aim in this paper is to prove
that convergence still holds when the limit solution is a weak solution of the Euler
equation with LP vorticity. A secondary aim is to be able to consider multiply-
connected domains and also to construct weak solutions of (1.1)—(1.2). Our main
result reads as follows.

Theorem 1.2. Let Q be a smooth bounded domain of R? and 1 < p < oo. Let
Uy € WHP(Q) be divergence free and tangent to the boundary. Let u$ be such that
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o ul € W3P(Q), divug = 0 and u8‘|aﬂz 0;
o a2 [Vug |2y and || curl(uf — aAug)||1r(q) are bounded independently of a;
e ud — 7o in L3(Q) as a — 0.

Then there exists a global solution u® € L>®(Ry;W3P(Q)) of (1.1)~(1.2). More-
over, there exists a subsequence of solutions u®* and a global solution w of the
Euler equations (1.3)—(1.4) with initial data Wy and vorticity bounded in LP(2),
curlw € L>®(Ry; LP(RY)), such that u™ — @ in LiS.([0,00); WHP(Q)) for all s < % as
ap — 0.

A few remarks are needed to understand this result. Let us observe first that the
conclusion of this theorem cannot be true for s > %. More precisely, the solutions u®

are in general unbounded in LY ([0, 00); W*?(Q)) for any s’ > % and a > 1. Indeed,

loc

assume by absurd that u® is bounded in L{ ([0, 00); W*'?(Q)) for some s’ > % and
a > 1. Then the subsequence u® from Theorem 1.2 will also converge weakly in
L§ ([0,00); W P(Q)). Tt is well-known that the trace operator is well defined on
WP(Q)if s’ > %, see for example [26]. Since the trace of u®* on 02 vanishes thanks
to (1.2), the weak convergence of u® to @ in LY ([0,00); W*P(Q)) implies that the
limit solution @ must vanish on the boundary too. This is not true for solutions of
the Euler equations unless some very special situation arises. We conclude that, in
general, u® is unbounded in L{ ([0, 00); W*'?(Q)) for any s’ > % and a > 1.

A second remark is that, by Sobolev embeddings, we have that u® — u in the
space L2 ([0,00); L2(£2)) as in the result of [23]. More generally, we obtain that
u® — u in LS ([0, 00); H*(2)) for all s < min(1 — %, ).

A third remark is that even though we assume p < oo in Theorem 1.2, it is quite
easy to obtain a similar result for the case p = oco. Modifying slightly the conclusion,
we can prove in this case convergence towards the Yudovich solution of the Euler
equation. Moreover, the Yudovich solutions are unique so we get convergence of the
whole sequence u® and not only for a subsequence u®*. More details can be found
in Remark 5.1.

A last remark is that for any divergence free and tangent to the boundary vec-
tor field wy € W1P(€2), one can construct a family of initial data u§ verifying the
hypothesis of Theorem 1.2, see Proposition 3.5 below. Therefore, a consequence of
Theorem 1.2 is that any WP solution of the incompressible Euler equation is the
limit when o — 0 of a sequence of W3P? solutions of the a—Euler equations with
Dirichlet boundary conditions.

Let us comment now on the existence part of Theorem 1.2. The main improve-
ment about existence of solutions is that we allow the domain 2 to be multiply-
connected and moreover we construct weak solutions. As far as we know, all previous
global existence results for a—Euler or second grade fluids with Dirichlet boundary
conditions are given for simply-connected domains or with some conditions on the
coefficient o and the initial data, see [9, 7, 14, 15]. Here we deal with multiply-
connected domains by keeping track of the circulations of © — aAwu on the connected
components of the boundary and by exploiting the transport equation that the vor-

ticity ¢ = curl(u — aAu) verifies. Even for simply-connected domains the existence



part of Theorem 1.2 is new, although in the absence of boundaries [24] shows global
existence of solutions in the full plane if the initial vorticity curl(ug — aAuyp) is a
bounded measure.

Our initial goal was to improve the result of [23]. We achieved that in several
aspects. The most important one is that we allow for much weaker solutions of the
Euler equations, i.e. we prove convergence towards weak solutions with LP vorticity
instead of H? solutions. The second improvement is that we prove stronger conver-
gence, i.e. we prove strong convergence in W*P(), s < %, uniformly in time. The
third improvement is that we allow for multiply-connected domains.

Our approach is quite different from that of [23]. In [23], the authors make a direct
estimate of the L? norm of u® — @ via energy estimates. Here, we use compactness
methods and we obtain the required estimates uniform in « by using the analyticity
of the Stokes semi-group.

The plan of the paper is the following. In the next section we introduce some
notation, we recall some basic facts about the Stokes operator and prove some prelim-
inary results. In Section 3 we prove our main estimates with constants independent
of a. These estimates rely on the analyticity of the Stokes semi-group. In Section 4
we prove the existence part of Theorem 1.2. In Section 5 we pass to the limit o — 0
and complete the proof of Theorem 1.2. We end this paper with Section 6 where we
extend Theorem 1.2 to the case of second grade fluids.

2 Notation and preliminary results

Throughout this paper C' denotes a generic constant independent of a (except
in Section 4 where it is allowed to depend on «) whose value may change from one
relation to another. The constant 1 < p < oo is fixed once and for all.

All function spaces are defined on €2 unless otherwise specified. We denote by
LP = [P(Q), H' = HY(Q), WP = W*P(Q) the usual Sobolev spaces with the usual
norms where for s non-integer W*? is defined by interpolation. We shall also use the
H} norm defined by

1
lullzy = (lulfz + al Vull72) 2.

The space L = LL(Q) is the subspace of LP formed by all divergence free and
tangent to the boundary vector fields. We endow L} with the LP norm. Recall that
the divergence free condition allows to define the normal trace of an L? vector field
on the boundary, see [13].

We denote by P the standard Leray projector, that is the L? orthogonal projection
from L? to L2. Tt is well-known that P extends by density to a bounded operator
from LP to Lb.

We denote by A = —PA the classical Stokes operator that we view as an un-
bounded operator on L. It is well-known that the domain of A is

D(A) = {u € W*? ; divu = 0 and u‘aQ: 0}.

We know that for any A € C\ (—o0,0) the operator A\ + A is invertible and for
any f € L5 we have that (A + A)~!f € D(A), see for example [16, Proposition 2.1].

4



A property that will be crucial in what follows is the analyticity of the Stokes
semi-group which can be expressed in terms of the following inequality proved in [16,
Theorem 1]:

Theorem 2.1 ([16]). For any € > 0 there exists a constant C. such that for all
A e C\ {0}, |arg\| < m — ¢, and for all f € LY the following inequality holds true:

Ce

IO+ A) 7l < T

1fllze-

We will also need to characterize the domains of the powers of A. The following
proposition is a consequence of [17, Theorem 3] and of the results of [12].

Proposition 2.2. Let 0 < s < 2. We have that D(A2) < W5P where D(A2) is
endowed with the norm ||ul| = ||A2u||g». Moreover,

s 1
D(Az) ={f e WP ; div f =0 and f is tangent to the boundary } if s< )

and
s 1
D(AZ) ={f e W*P ; div f =0 and f|yo=0} i s> .
p

We assume that €2 is a smooth domain with holes. The boundary 02 has a finite
number of connected components which are closed curves. We denote by I' the outer
connected component and by I'(,...,I'y the inner connected components. In other
words, we have that 02 =T U’y U---UT'y where I',T'y, ..., 'y are smooth closed
curves and I'y,..., 'y are located inside I'. We denote by n the unit outer normal
to Of.

We continue with a remark on the circulations of v = u — aAwu on each connected
component of the boundary. The circulation of v on I'; is defined by fFi v-n+ where

nt = (—ng,ny).

Lemma 2.3. Let u € L>®([0,T); W3P(Q)) be a solution of (1.1)~(1.2). Then for
every i € {1,...,n} the circulation of v =u — aAu on I'; is conserved in time.

Proof. The vector field v verifies the following PDE:

o+ u-Vo+ Z v;Vu; = =Vr.
J

We multiply by n' and integrate on T';. Recalling that u vanishes on the boundary

we get,
d
— U'?’LL—F/?%L'VU'U:—/ nt-Vn
dt Jr, I r;

where nt - Vu-v =

vanishes on the boundary we have that n' - Vu = 0 at the boundary so the second
term above vanishes. Finally, using that n' is the unit tangent vector field and
recalling that I'; is a closed curve we infer that the term on the right-hand side
vanishes too. This completes the proof. O

ij(nL)i(?iujvj. Since n't - V is a tangential derivative and u



We recall now some well-known facts about the harmonic vector fields associated
to the domain € introduced above, we refer to [21, 2, 1] and the references therein
for details. We call harmonic vector field an LP vector field defined on €2 which is
divergence free, curl free and tangent to the boundary of 2. A harmonic vector field is
smooth and the space of all harmonic vector fields is finite dimensional of dimension
N. A harmonic vector field is uniquely determined by its circulations on I'1, ..., y.
A Dbasis of the space of harmonic vector fields is given by {Y1,..., Yy} where Y; is
the unique harmonic vector field with vanishing circulation on all I'y,..., 'y except
on I'; where the circulation must be 1. B

If f is a divergence free vector field tangent to the boundary we define f to be
the unique vector field of the form

N
f=f=> aY (2.1)
i=1
where the a; are constants and fhas vanishing circulation on all I'y,...,I'y. Equiv-

alently, the constant a; is the circulation of f on I';.
We conclude this preliminary section with a Poincaré-like inequality.

Lemma 2.4. Suppose that f € WP is a divergence free vector field tangent to the
boundary such that its circulation on each I'y,...,I'n vanishes. Then there exists
some constant C' that depends only on Q and p such that

[ fllwr < Cllcurl £ (2.2)

Proof. Since f is divergence free and tangent to the boundary, we know from classical
elliptic estimates that the following inequality holds true:

[fllwre < CUfllze + [ curl £ 2p) (2.3)

so in order to prove (2.2) it suffices to show that
[fllze < Cfcurl f| L. (2.4)

Assume by absurd that (2.4) fails to be true. Then (2.4) fails for C' = n so there
exists a sequence f,, of divergence free vector fields tangent to the boundary with
vanishing circulation on each I'y,...,I'y and such that

1
Ifallzr =1 and lewl fullss < -

Using the estimate (2.3) for f,, we see that f,, is bounded in WP, Using the compact
embedding of WP into LP we deduce that there exists a subsequence fn, and some
f € WY such that f, — f weakly in WP and strongly in LP. In particular
| fllz» = 1. Moreover, f,, being divergence free, tangent to the boundary with
vanishing circulation on each I'; and the weak convergence in WP imply that so is
f. Moreover, since curl f,,, — 0 we have that f is also curl free. So f is a harmonic
vector field with vanishing circulation on each I';. This implies that f = 0 which is
a contradiction because ||f||z» = 1. This completes the proof. O
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3 Main estimate

In this section we consider some vector field v € W?3P which is divergence free and
vanishing on the boundary 9€). We define v = v — aAu. The aim of this section is
to estimate u as best as possible in terms of ||u g1 and of || curlv||» with constants
independent of . To do that we will distinguish two parts in u: one part that comes
from curlv and another part which comes from the circulations of v on I'y,...,['y.

We observe first that v and Pv have the same circulation on each I';. Indeed, the
Leray decomposition says that v and Pv differ by a gradient

v="Pv+Vr (3.1)

/an—/nLP’U:/nL-V%':O
T, T; r

% [

SO

where we used that n't is the unit tangent vector field and T'; is a closed curve.
Let us define Pv as in relation (2.1), that is

N
Pv =Pv — Z%Yi (3.2)
i=1

where ~; is the circulation of v on I';:

%:/ nt v,
T

K3

Recall that the operator 1+ «A is invertible. Let us introduce u = (1 + ozA)_lﬁ)
so that .
u+ aAu = Po. (3.3)

Now, let us consider some scalar function g € LP. By the Biot-Savart law, there
exists some divergence-free vector field f € WP tangent to the boundary such that
curl f = ¢. Adding a suitable linear combination of Y;, we can further assume that
f has vanishing circulation on each I'y,...,I'y. Moreover, f is the unique vector
field verifying all these properties. We denote f = S(g). This allows us to define the
vector field T(q) = (1 +aA)™1f = (1 + aA)71S(q).

With the notation introduced above, we remark that if ¢ = curl(u — aAu) then

T(q) = .
Indeed, we have that
q = curl(u — aAu) = curlv = curl Pv = curl Pu

where we used (3.1), (3.2) and the fact that the Y; are curl free. The vector field
Py is divergence free, tangent to the boundary, has vanishing circulation on each
Ti,...,Tx and its curl is . So Pv = S(q) and the definition of T(q) allows to
conclude that T(q) = (1 + aA) " 'Pv = 4.



We assume in the sequel that ¢ = curl(u — aAu).
Let us apply the Leray projector PP to the relation v = u — aAu. We get Pv =
u + aAu that is u = (1 + @A) MPv. Let us apply (1 + aA)™! to (3.2). We obtain

N N
u=(1+0h)"Pv=(1+ah) 'Pv+> (1+ah) 'Y =T(g) + > %Y (3.4)
=1 =1

where we defined
V¥ = (1+ah) Y.

We will estimate separately the part due to the vorticity ¢, i.e. T(gq), and the
part due to the circulations 1, ...,vN, i.e. Zf\il viY,™.
We start by estimating T(q).

Proposition 3.1. Let ¢ € LP. Then T(q) € W3? with ||T(q)|lws» < C(a)lq|lLe-
Moreover, for any € > 0 there exists a constant C' that depends only on €, p and €
but not on a such that

IT@Il, 3 < Clallzr, (3.5)
1,1
IT(q)|lwr < Ca™ 272 gl| s, (3.6)
min(—4,—1)—
IT(q)|| g2 < Ca™™ 20 =271 g| v (3.7)
and
IT@Iwina-3.3) - < Cllglze. (3.8)

Proof. Let f = S(q), i.e. f is the unique vector field which is divergence-free, tangent
to the boundary, with vanishing circulation on each I'1, ..., I'y and such that curl f =
q. Lemma 2.4 implies that

[fllwre < Cligl e (3.9)

Recall that T(q) = (1 + aA)~1f. Since f € WP we deduce from the classical
regularity results for the (elliptic) Stokes operator (see [6]) that T(q) € W3P. In
addition, we have the bound ||T(q)|lws» < C(@)||fllw1r < C(a)llq|Le.

Let s € (0, %) (the value of s will be chosen later). We deduce from Proposition

2.2 that f € D(Az) and moreover
1A% fllze < Cllflw=r < Cllflwrr < Clldllre-
Recall that T(g) = (1 + aA)™1f so
T(q) + aAT(q) = f. (3.10)

Clearly T(q) € D(A2) and since f also belongs to D(A2) we infer that AT(q) €
D(Az). We can therefore apply the operator A2 to relation (3.10) to obtain that

A3T(q) + aAA2T(q) = Az f. (3.11)



We used above that the operators A and A2 commute. This relation can also be

written under the form . )
(= +A)A2T(q) = ~A2 f
« «

or, equivalently

s 1 1 — 3
A2T(q) = a(a +A)TTAf

We use now the analyticity of the Stokes semi-group stated in Theorem 2.1 with
A = 1/a to deduce that
[1A2T(q)l|zr < CllA2f| e

Going back to (3.11), we can also bound
leAAZT(q)|[r < [IAZ flle + [A2T(g)l|zr < ClIAZ f] 1o
Putting together the above estimates we get that
|AZT(g)l|r + | A2 T(q) 10 < CIIAZ 1o < Clla]|r- (3.12)

According to Proposition 2.2 we have the embedding D(A%) — W*P so we can
further deduce that

IT(@)lwer < ClA2T(q)|r < Cllgl|e-

This proves relation (3.5).
Next, let us observe that we have the following estimate:

IT(q)llw2+s < CIATT2T(q)l|1r-

Indeed, if T(q) € D(A'*2) then AT(q) € D(A2) so Proposition 2.2 implies again
that AT(q) € W*P. The classical regularity results for the Stokes operator (see [6])
imply then that T(q) € WP with the required inequalities. Therefore relation
(3.12) also yields

C
IT(@)lwaser < llaler-

Next, we infer by interpolation that

’ ’

1-=5= — s—s’
IT@ e < CIT@lIwss” IT(@lyrep < Ca 2 llalze (3.13)

for all " € [s,2 + s].

We first choose s’ =1 and s = % — 2¢ in (3.13) and we get (3.6).

We prove now the bound (3.8). If p < 2 this relation follows from (3.5) and from
the Sobolev embedding WrP s ' E (for € sufficiently small). If p > 2 we
have that ¢ € LP < L? and (3.8) follows from the relation (3.5) written for p = 2.

Finally, let us prove (3.7). Assume first p < 2. Choose s’ = 2/p in (3.13) (which is
possible because s < 1/p). Recalling the Sobolev embedding W%’p < H' we deduce
that

s_ 1
Tz < CITQI 2., < Ca> v llalre.

Choosing s = % — 2¢ implies (3.7). The case p > 2 follows from the case p = 2 since

if ¢ belongs to LP then it also belongs to L? so one can use (3.6) for p = 2. This
completes the proof. ]



We continue with the estimate of the part of u due to the circulations 1, ..., vn.

Proposition 3.2. Let u € W3P be divergence free and tangent to the boundary.
There exists a constant C that depends only on  and p such that

N
> bl < Cllullay + llallze)-
i=1

Proof. Let us denote

N
g=u—u= Z%’Yz'a
i=1
and
N
X =YY
i=1
so that
g+ alg = X. (3.14)

Now we estimate the H! norm of g. This requires to estimate the H! norm of .
To do that, let us multiply (3.3) by @ and integrate. We obtain

y|a’||ig+a/QM-a= fo%-a. (3.15)

We have that
/M.a:/Aéa.Aéa:HA%aH; = ||Vall},
QO Q

by the usual properties of the Stokes operator. We infer from (3.15) that
[l = /QIP’U'?7 < Pof el 2z < [[Poll 2]l gy

so that .
[l gy < [1Pol[z2-

|
The Sobolev embedding W1P(Q) < L?(Q) together with the bound given in (3.9)
(recall that f = Pv) imply

[l < [[Pollzz < C[[Pollwar < Cllgl e
In the end we get
gy = [lw—ullgy < llullg + [[allgy < lullgz + Cllallze-

This implies
9l < llullmy + Cllgllze (3.16)

and
1 _1 _1
1A2gll2 = [[Vgllrz < o 2|gllmy < a7 2([lullgy + Cllgllre)- (3.17)
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We apply now A2 to (3.14) and we take the L? norm to obtain
|AT2 Xl = [A72g + ah2gl 2 < A 2gllz + allaZgl 2. (3.18)

Since g = (1 +aA)~!X and X € L% we have that g € D(A). So A_%g € D(A%)
and from Proposition 2.2 we deduce that A~z g vanishes on the boundary. Therefore
we can apply the Poincaré inequality to deduce that

_1 1 1,1
IA72g]l2 < Cl[VATZg 12 = Cl[AZAT2g| 12 = Cllg| 2. (3.19)
Using relations (3.16), (3.17) and (3.19) in (3.18) yields

_1 1
IA™> X2 < C(llullgy +lgllze) + o2 (lull gy +Cllglir) < Cllullgy +llallze)- (3:20)

Because the vector fields Y7, ..., Yy are linearly independent, one can easily check
that the application

RY 3 (a1,...,an) — |[A"2 Zaz )2

is a norm on RYV. Because all norms on RY are equivalent, there exists some constant
C such that

N N
_1 _1
Dol SCIAT2(Y_ viYi)llze = CIIATZX | 2 < C(llullmy + llallze)
= i=1
where we used (3.20). This completes the proof. O

Putting together Propositions 3.1 and 3.2 allows to estimate the full velocity.

Proposition 3.3. Let u € W3P be divergence free and vanishing on the boundary
and let € > 0. There exists a constant C' that depends only on §2, p and £ but not on
a such that

lull ) 1-cp < Clllallze + [lull ), (3.21)
1,1
lullwre < Ca™ 25275 (|lql o + [Jull 1), (3.22)
g < Ca™™ 3D (]l + 1wl 1) (3.23)
and
1wl mina—1,1)— < C(llallze + llullg)- (3.24)
H P2

Remark 3.4. The important thing to observe is that the power ofa in (3.23) can be
made strictly larger than —5 (even if it is only slightly larger than —5 when p is close
to 1). The significance of thzs will be obvious later in Section 5. Indeed we will need
to show that the terms of the form aVuVu converge to 0 as a — 0 when ||ul| g1 and

lqllz» are bounded. The trivial bound ||u| g < a2 [Jwll g2 only shows that aVuVu is
bounded while (3.23) with a power of v strictly larger than —5 zmplzes that aVuVu
goes to 0.
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Proof. We already know from Proposition 3.1 that relations (3.21)—(3.24) hold true
with u replaced by u on the left-hand side. It remains to show these relations with
u replaced by Zf\; 1% Y on the left-hand side. Thanks to Proposition 3.2 it suffices
to show that

1 1 : 1 1
Yl a—eo SO 1Y llwre < Ca 225 |V < Ca™™ 2 1)7F

and

vel, <C

min(l—%,%)—e
Since the vector fields Y; are smooth, tangent to the boundary and independent of «,
these bounds can be proved exactly as in the proof of Proposition 3.1 by reasoning
on Y; instead of f. The only issue is that, unlike the f of that proof, the vector fields
Y; do not have vanishing circulation on each I'y, ..., I'y. Nevertheless, the only place
where the vanishing of the circulations of f is used is to deduce relation (3.9). But
the vector fields Y; are smooth and do not depend on «, so we can replace relation
(3.9) by
Yillwro < C.

From this point the proof of Proposition 3.1 goes through by replacing everywhere
lallze by 1, T(g) by Y;* = (1+ aA)~'Y; and f by V. O

We end this section with a result showing that for any divergence free and tangent
to the boundary vector field g € WP (1), one can construct a family of initial data
ug verifying the hypothesis of Theorem 1.2. Let us denote by Ay the Stokes operator
defined as an unbounded operator on L2.

Proposition 3.5. Let g € WP(Q) be divergence free and tangent to the boundary.
Let us define u§ = (1 + abo)"'uy. Then u§ verifies the hypothesis of Theorem 1.2:

e uf € W3P(Q), divug =0 and “(Of|aQ: 0;
o a3 [Vug |2y and || curl(uf — aAug)|| 1) are bounded independently of a;

e ud — T in L2(Q) as a — 0.

Proof. The classical regularity results for the (elliptic) Stokes operator (see [6]) imply
that u$ € W3P. Moreover, u$ is divergence free and vanishes on the boundary
because it belongs to the domain of As.

Next, we write u$ = (1 + aAs) 1%y under the form

ug + alouy = o (3.25)
which in turn implies that
ug — aAug = ug + Vo

for some my. Taking the curl above implies that curl(uf — aAuf) = curlig, so
| curl(u§ — aAug)| (o) is bounded independently of a.
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Multiplying (3.25) by u§, integrating on € and using the self-adjointness of Ag
yields

1
HUSH%%Q)+0¢HA22U8H%2(Q) = /QUO'Ug < ol 2@ llugllz2 ) < WOH%%Q)JF”USH%Z(Q)

SO
1
2, a2 — 2
allAZuglizeiq) < [TollLzo)-
1
Recalling that [[AJufz2) = |Vug|lL2(q) we infer that oz%HVug‘HLz(Q) is bounded
independently of a.
Finally, let us prove that uf — %g in L?. It is well-known that there exists an

orthonormal basis { X} }ren of Lg such that each Xj is an eigenvector of As. Let Ay
be the corresponding eigenvalue. We have that

ug = Zaka

keN

for some sequence (ay)ren € £2(N). Then

ay

ug = (1+ aAQ)_lﬂo = Z ap(1l+ OZAQ)_IXk; = Z ka
kEN kEN k
We conclude that

2
A ‘ —0 asa—0

a — 112 _ _Lz— 2178
) v —%'“k' Tran

keN

by the dominated convergence theorem. This completes the proof. O

4 Construction of the solution for fixed «

In this section the parameter « is fixed and the constants are allowed to depend
on .

Our aim in this part is to prove the existence part of Theorem 1.2. More precisely,
we will show the following result.

Theorem 4.1. Suppose that ug € W3P is divergence free and vanishing on the
boundary. There exists a unique global W3P solution u € Cl?’w(RJ,_; W3P) of (1.1)-
(1.2) with initial data ug.

Above Cl? " stands for weakly continuous bounded functions.
We now proceed with the proof of Theorem 4.1.

The uniqueness part of this theorem is quite easy once we observe that, by the
Sobolev embedding W3? — W1, the solution is Lipschitz. One can subtract the
PDEs for two solutions and multiply by the difference of the solutions to observe
that one can estimate the H} norm of the difference and conclude by the Gronwall
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inequality that the two solutions are equal. The argument is quite standard so we
leave the details to the reader.

To prove the existence of the solution, we will first find an equivalent formulation
of the equations. Let v; be the circulation of vg = ug — alAug on I';. We know from
Lemma 2.3 that ~; is conserved in time.

Taking the curl of (1.1) implies that the vorticity ¢ = curl(u — aAu) verifies the
following transport equation:

Oiq+u-Vgqg=0. (4.1)

Conversely, if (4.1) holds true and the circulations «; are conserved then (1.1)
holds true. Indeed, let F' denote the left-hand side of (1.1). The fact that (4.1)
holds true means that curl /' = 0. Going back to the proof of Lemma 2.3 we observe
that the circulations =; being conserved means that the circulations of F' on each
I'y,...,I'x vanish. From the properties of the Leray projector we know that PF and
F differ by a gradient: PF — F = Vx. Taking the curl implies that PF is curl free.
But PF' is also divergence free and tangent to the boundary so it must be a harmonic
vector field. Since the circulations of F' on I'; vanish and recalling that a gradient
has vanishing circulation on I'; we deduce that PF' has vanishing circulation on each
I'y,...,I'n. Since it is a harmonic vector field it must therefore vanish. We conclude
that F' = —Vr and (1.1) holds true.

Recalling (3.4) we infer that (1.1)—(1.2) is equivalent to the following PDE in the
unknown q:

N
Qg +u-Vg=0 with u=T(g)+ > %Y (4.2)
=1

Above, the quantity ¢ will belong to some LP, 1 < p < co. From the construction of
T(g) and of Y;* given in Section 3, we observe that u is (1 + aA)~! applied to some
LY vector field. So u must vanish at the boundary, hence (1.2).

To complete the proof of Theorem 4.1 it suffices to construct a solution ¢ €
L>*(R4; LP) of (4.2). Indeed, by the regularity results for the Stokes operator and
recalling that Y; is smooth we deduce that Y;* is smooth too. From Proposition 3.1
we deduce that ||T(q)|/ws» < C|/q||zr. Therefore u € L (R, ; W3P). From the PDE
verified by g one can immediately see that 0yq is bounded in the sense of distributions,
so ¢ must be continuous in time with values in 2. Since ¢ € L*®°(R; LP) we infer
by density of 65 in LP that q € Cg "(Ry; LP). Then u is also weakly continuous in

time: u € Cg’w(R+; W3P).

To solve (4.2) we will regularize it by introducing an artificial viscosity. More
precisely, for € > 0 let us consider the following PDE

N
h¢" +u° V¢ —eA¢" =0 with «* =T(¢%) + Z%Yio‘ (4.3)
i=1

with Dirichlet boundary conditions

0| yo=0 (4.4)
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and some smooth initial data
q°(0) € 65~ (4.5)

such that ¢°(0) — ¢o in L? as ¢ — 0. The global existence of smooth solutions of
(4.3)-(4.5) can be proved with classical methods, see for instance [25, Chapter 15].
Moreover, the LP norms of the solutions decrease in time:

W) llze < lE(0)||lzr  VE = 0.

Using also Proposition 3.1 we infer that ¢° is bounded in L*°(R4; LP) indepen-
dently of ¢ and u° is bounded in L>®(R,;W?3P) independently of . Then we can
extract a subsequence of ¢° that we denote again by ¢° and some ¢ € L*®(Ry; LP)
and % € L®(Ry; W3P) such that

¢ — ¢ weak*in L>(Ry;LP)

and
u® — 4 weakx in  L®(R,; W>P). (4.6)

We now pass to the limit in (4.3) in the sense of distributions when ¢ — 0. Obvi-
ously 0:¢°* — 0:q and eA¢® — 0 in the sense of distributions when € — 0. It remains
to show that u®q¢® — ¢ in the sense of distributions. To do that, we observe first from
(4.3) that 9;¢° is bounded in L>°(Ry; W~2P). Since the embedding W =2P — W =3P
is compact we deduce from the Arzela-Ascoli theorem that there exists a subsequence
of ¢°, again denoted by ¢°, such that ¢° — § strongly in L ([0, 00); W—3P). This
strong convergence combined with (4.6) implies that u®¢® — @ ¢ in the sense of dis-
tributions. Indeed, the product (u,q) + ugq is continuous from W3P x W =3P into &’

as can be seen from the following estimate:

Vee s | [ uap] < lalw-ssluglwss < Cllalw-ssllulwss lelsss

We conclude that we can pass to the limit ¢ — 0 in (4.3) to deduce that
ohg+u-Vg=0.

From the uniform in time convergence: ¢° — § strongly in L5 ([0,00); W3P) we
infer that

(0 — Tm g(0) — o
¢(0) = lim ¢°(0) = go

To complete the proof of Theorem 4.1 it remains to prove that @« = T(§) +
Zi]\il 7Y *. We know that ¢° = curl(u® — aAu®) so, after passing to the limit ¢ — 0
in the sense of distributions, we get that ¢ = curl(t — aA@). On the other hand,
from (4.6) we have that v® = u® — aAu® — © = % — aAu weaks in L®(Ry; WP). In
particular we have convergence of the trace of v* on the boundary to the trace of ¥ on
the boundary. So the circulations of v on each I'; converge towards the circulations
of ¥ on each I';. But the circulation of v* on I'; is 7;. Indeed, if we denote by ~; the
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circulation of v® on I'; then the construction performed at the beginning of Section
3 implies that

N
ut =T(¢") + ) %Y (4.7)
=1

(see relation (3.4)). Comparing to the second part of (4.3) and observing that the
vector fields Y;* are linearly independent (because Y; = (1 + «A)Y® are linearly
independent) we get that 4 = ~;. We infer that the circulation of v on I'; is ;.
This information combined with the relation ¢ = curl(a¢ — aAu) implies that 4 =

T(q) + Zfil v Y,®. This completes the proof of Theorem 4.1.

5 Passing to the limit a — 0

In this section we show the convergence part of Theorem 1.2. Let u® the solution
constructed in Theorem 4.1 and let us also denote v® = u®* — aAu® and ¢* = curl v®.

Multiplying (1.1) by u® and integrating in space and time implies that the H}
norm of the velocity is conserved:

[ @)l = llugllmy Yt = 0.
By hypothesis, we know that [uf||f1 is bounded uniformly in a hence
u® bounded in L= (R, ; H}) (5.1)

uniformly in a.
Moreover, from the transport equation verified by ¢* we know that the LP norm
of ¢* is also conserved:
la*(@)llr = llagllr VE=0

S0
¢ bounded in L= (R4 ; LP) (5.2)

uniformly in a.

Relation (5.1) implies that u® is bounded in L>(R;L?). Using also relation
(5.2) we deduce that there exists a subsequence u®* of u®, some vector field w and
some scalar function @ such that

u™ —~ 7 weaks in L°(R,; L?) (5.3)

and
q** —w  weakx in L°(Ry; LP). (5.4)

Because u®* is divergence free and tangent to the boundary, the weak convergence
stated in relation (5.3) implies that w is also divergence free and tangent to the
boundary. Since oy curl Au®* — 0 in the sense of distributions we have that ¢® =
curl u® — a, curl Au® — curl@ in the sense of distributions. By uniqueness of limits
in the sense of distributions we infer that @ = curl u.
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We need to prove that @ verifies the Euler equation (1.3). In order to do that, we
shall pass to the limit @« — 0 in (1.1). A simple calculation shows that the a—Euler
equations can be written under the following form

O (u® — aAu®) + div(u®* ® u®) — « Z 0;0;(uj Ou) + « Z 0;(0iuj diu®)
2t VK
-« Z 0i(0iu5Vuj) = =Vr* (5.5)
jyi
for some 7 (see [19]).

Because u®* — w in the sense of distributions we have that Ju® — du in
the sense of distributions and also 0;Au* — 0;Aw in the sense of distributions so
apOsAu®t — 0 in the sense of distributions. Recall also that the limit of a gradient
is gradient.

Let us now show that the last three terms on the left-hand side of (5.5) go to 0
in the sense of distributions. Let us consider for example the term «;0; (azu?’“ Qju*).

Thanks to Proposition 3.3 we know that there exists some 7 < % such that ||u®|| g1 <
Ca™"([[u*[| g + [1g%]| ). We bound

< Callu™ |
< Cop 720([[u |y + [lg** | r)
< Cakl—Qn

—0

||ak8iu?k @-uo"“ HLl

when ap — 0. We infer that ak(“)iujo-"“(‘)iuak — 0 in the sense of distributions so
ag D2 0j(0u*O;u) — 0 in the sense of the distributions. One can show in a
similar manner that the remaining two terms from (5.5) with coefficient a also go to
0 in the sense of distributions.

It remains to pass to the limit in the term u®* @ u®*. To do that we require
compactness of the sequence u“*. This will be obtained via time-derivative estimates.
To get these time-derivative estimates it is more practical to work in L? based function
spaces.

We denoted by As be the Stokes operator seen as an unbounded operator in L2.

For s > 0 we define X* to be domain of AQ% with norm || f||xs = ||A§f||Lz. We also
define X% to be the dual space of X*.

Estimates on the time derivative of u® — aAu® are easy to obtain directly from
the PDE (1.1) but we need estimates on d;u® and we must be careful about the
dependence on «.

Let us consider a test vector field ¢ € X* and let us define p® = (1 + ahy) lp.
One can use the classical results about the domain of A3 (see for example [10, Chapter
4]) to observe that ® € D(A3). Expressing both ¢ and ¢® in terms of an orthonormal
base of eigenfunctions of Ay as in [10, Chapter 4] and using the regularity results in
that reference, one can easily see that we have

le®llme < CllAZR* 22 < CllAZ@ll L2 = Cllel xa- (5.6)
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Recall that since ¢® is divergence free and tangent to the boundary (even van-
ishing on the boundary) we have that Pp® = ¢®. We multiply (5.5) by ¢ = Pp® to
obtain

(O (u® — aAu®),Pp®) = /Q

+ Z /Q Ojus Ou® - 0jp” — « Z /Q 8Z-ujo-‘Vu§‘ - 0j%.
]72 .]72

u® - Ve - u® + « g / u§ ou® - 050;¢”
— JQ
72,

We now bound each of these terms. First, by the Holder inequality and by Sobolev
embeddings we have that

\/Qu“ Ve u®] < Ollu|| 22 Vel < CllutlfZalle™ s < Cllellxs

where we also used (5.1) and (5.6).
Similarly,

@Y [ gt 0,0 < Callu uallun 1 e
— JQ
.7’7/

1
< Coz [[u®|[3 o™ | s
< Cllollxa

and
|a g / Ojuf 0u® - 0% — « E / Oju§Vusg - 6¢g00“ < Ca||u°‘H%11||Vg0a||Loo
jl J?Z

Cllu 7 el o

<
< Cllellxs-
On the other hand, we have that

(O (u® — aAu®),Pp®) = (PO (u® — aAu®), %)
= (O (u® + alou®), p*)
= (O, (1 + alg)p®)
= (Qyu®, ).

We deduce from the above estimates the following bound:

[(Oru®, )| < Cllpllxa-

This implies that d;u® is bounded in L®(R,; X~*). In particular, the u® are
equicontinuous in time with values in X 4. The u® are also bounded in X ~* because
by (5.1) they are bounded in L? and L2 = X° < X% Moreover, by compact
Sobolev embeddings we know that the embedding X% < X~ is compact. Finally,
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the Arzela-Ascoli theorem implies that there exists a subsequence of u“*, again de-
noted by u®*, such that u®*(t) — u(t) in X ~° uniformly in time:

u® — 7 strongly in L2,([0, 00); X °). (5.7)

Thanks to Proposition 3.3 we know that there exists some sy € (0, 5) such that
u® is bounded in L*(Ry; H*). Therefore in L*°(R4; X*°) too. Consequently uw €
L>°(Ry; X*®°). By interpolation and using (5.7) we deduce that

u™ — 7 strongly in Li%,([0, 00); L?). (5.8)

We infer that u** ® u* — % ® w in the sense of distributions and therefore
div(u®* ® u*) — div(z ® @) in the sense of distributions too.

We proved that u verifies the incompressible Euler equation. Moreover, we recall
(5.4) which says in particular that w = curlu € L*°(R4; LP). To complete the proof
of Theorem 1.2 it suffices to show that u* — @ in LjS.([0,00); W*P) for all s < %.
We consider two cases, depending on p being larger or smaller than 2.

If p < 2 we have that L? C LP so from (5.8) we deduce that u® — % in
Li® ([0,00); LP). But we know from Proposition 3.3 and from the boundedness of
|[u®[| 2 and of [|¢®||L» that u® is bounded in Lf;, ([0, 00); W*P) for all s < }%. By
interpolation we conclude that u® — u in L2 ([0, 00); W#P) for all s < %.

If p > 2 then p/ = z% < 2. So we have the Sobolev embedding Wol’p, s [2.
Passing to the dual we obtain that L? < WP, Then we deduce from (5.8) that
u® — 7w in Lf° ([0,00); W 1P). We conclude as above by interpolation that u®* — u
in L7 ([0, 00); W*P) for all s < %. This completes the proof of Theorem 1.2.
Remark 5.1. If p = oo we have that L° C L" for any r so if q§ is bounded in L™ it
is also bounded in any L" with r finite. Therefore one can still pass to the limit oo — 0
using the case p < oco. The limit solution @ is a Yudovich solution, i.e. a solution of
the incompressible Euler equation with bounded vorticity (see [27]). Indeed, on one
hand we know from (5.4) that ¢“ converges to @ and on the other hand q% is bounded
in L®(Ry x Q). So necessarily w € L™ (R x Q) which implies that w is a Yudovich
solution. We conclude that Theorem 1.2 remains true in the case p = oo with the
following modifications in the conclusion:

e the solution u® belongs to the space L™®(Ry;W3T) for all v < oo instead of
LRy W),

e the convergence holds true in L7 ([0,00); W*") for all s < 1 and r < co.

6 The case of second grade fluids

The equation of motion of second grade fluids read as follows:

ﬁt(u—aAu)—yAu+u-V(u—aAuH—Z(u—aAu)jVuj = -V, divu =0. (6.1)
J
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We endow this equation with the Dirichlet boundary conditions too:
u|yo= 0. (6.2)

We observe that the a—Euler equations are a particular case of second grade fluids,
more precisely they are the vanishing viscosity case v = 0. We refer to the recent
book [8] for an extensive discussion of various aspects of the second grade fluids.

As for the a—FEuler equations, we use the notation v = u — «Au and ¢ = curlv.

Let us mention at this point that convergence towards a solution of the Euler
equation when «a,v — 0 was proved in the case of the Navier boundary conditions
without any condition on the relative sizes of v and « in dimension two, see [4], and
with the condition £ bounded in dimension three, see [5].

In the case of the Dirichlet boundary conditions, convergence towards a solution
of the Navier-Stokes equations when o — 0 and v > 0 is fixed was proved in [3], see
also [19].

We would now like to know if the solutions of (6.1)-(6.2) converge to a solution
of the incompressible Euler equation (1.3)—(1.4) when both a and v converge to 0.
The only result in that direction is given in [22] where convergence towards a H3
solution of the Euler equation is proved under the assumption that ¢ is bounded.

Theorem 6.1 ([22]). Let g € H? be divergence free and tangent to the boundary.
Assume that ug'” verifies

° ug"/ € H?, div ug"/ =0 and ug"/’aﬂ: 0;

o oz%HVug"/HLz — 0 and a%Hug’V

|73 s bounded as a,v — 0;
o ug” — Uy in L? as a,v — 0.

Assume moreover that £ is bounded. Then the unique global H solution of (6.1)—
6.2) with initial data ul” converges in L ([0,00); L?) when o — 0 towards the
0 loc

unique global H3 solution U of (1.3)—(1.4) with initial data .

We would now like to extend our result for the a—Euler equations to the second
grade fluids, proving convergence of (6.1)—(6.2) towards solutions of (1.3)—(1.4) with
LP? vorticity on multiply-connected domains. Our convergence result is based on
LP? estimates uniform in « for the vorticity ¢. Let us remark right away that such

estimates cannot hold true when a and v are of the same size. More precisely, we
have the following observation.

Proposition 6.2. Under the hypotheses of Theorem 6.1 assume in addition that both

L and fQ qS"V have non-zero limits when o« — 0. Then for any r > 1 the vorticity

™ is unbounded in LT ((0,00) x Q).

a,v
q loc

Proof. Let us apply the curl operator to (6.1). We find that ¢®” = curl(u®” —
aAu™") verifies the following PDE:

g™’ — veurl Au™” + u® - Vg™’ = 0. (6.3)
Integrating in space yields
d
— [ ¢*" — 1// curl Au™"” + / div(u®”g™"”) = 0.
dt Jo Q Q
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Because u®" vanishes on the boundary, the Stokes formula implies that the last term
on the left-hand side vanishes. For the same reason we have that fQ curlu®” = 0.

We infer that )
/curlAuO‘7”: —/ q*r.
Q o Jqo

d o,V v o,V
— ) —_ ) :O

/ () = e 5t / @, (6.4)
Q Q

By hypothesis, there exist £1, #2 # 0 such that

We deduce that

SO

v
— — /{1 and / a0 = L.
o Q

Relation (6.4) implies that
/ g (t) — e ey, (6.5)
Q

Now let us assume by absurd that ¢*" is bounded in L ((0,00) x Q) for some
r > 1. Then there is a subsequence of ¢®", also denoted by ¢®¥, which converges to
some g weakly in L], ((0,00) x Q). Then [, ¢*" — [,q weakly in L ((0,00)). In
view of (6.5) we infer that

/QQ(t, x)dr = e 10, (6.6)

almost everywhere in time.

But u*” — u so acurl Au®” — 0 in the sense of distributions. Consequently
q*" = curlu®” — acurl Au®” — curl@ in the sense of distributions. By uniqueness
of limits in the sense of distributions, we infer that § = curl@. This is a contradiction
because for a solution of the Euler equation the integral of vorticity is conserved in
time while (6.6) implies that the integral of g is not constant in time. This completes
the proof. O

Proposition 6.2 shows that we cannot hope to adapt our approach to second grade
fluids if v and « are of the same size. But if v is slightly smaller in size than « then
we can prove convergence to the Euler equations.

Theorem 6.3. Let Q be a smooth bounded domain of R? and 1 < p < co. Assume
that v < o't for some € > 0 independent of . Let g € WP be divergence free
and tangent to the boundary. Let uy” be such that

° uS"V e W3P, div ug’y =0 and ug"”‘aQ: 0,

o |lug”lzz, a%HVug’VHLz and ||qy""||» are bounded independently of o and v;

o uy” — g in L? as a — 0.
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Then there exists a global solution u®v € L®(Ry; W3P) of (6.1)-(6.2). Moreover,
there exists a subsequence of solutions u®*** and a global solution u of the Euler
equations (1.3)~(1.4) with initial data Wy such that u®** — w in L2 ([0, 00); L?). In
addition, if € > § then the limit solution has LP vorticity: curlu € L5%.([0,00); LP).

Ife < % then the limit solution has L" wvorticity, curlw € L2 ([0,00); L"), for any r

loc
verifying 1 <r < p and r < 1—1725
Remark 6.4. The conclusion of Theorem 6.3 is slightly better than stated in the
sense that we actually obtain convergence in LS ([0,00); W) for all s < % and, by

loc
Sobolev embeddings, in LS ([0,00); H) for all ' < min(1 — 1.3). Here r is either
pife> %, or any real number verifying 1 <r < p and r < ﬁ ife < % A second
remark is that Theorem 6.3 is somewhat weaker than Theorem 1.2 in the sense that
the limit solution does not always have vorticity in LP as we would expect from the

wnatial vorticity belonging to LP.

The remainder of this section is devoted to the proof of Theorem 6.3. We will
not give all the details as the proof is very similar to the proof of Theorem 1.2. We
will only underline the differences. For clarity reasons we drop the superscript ®” on
the various quantities.

If we analyze the proof we gave for the a—Euler equations, we realize that there
are three main ingredients that need to be checked in the case of second grade fluids:

e H! estimates for the velocity u;
e Estimates for the circulations of v on each I';;
e [P estimates for q.

The H! estimates for u go through easily. Indeed, if we multiply (6.1) by wu,
integrate in the x variable and do some integrations by parts using that u vanishes
on the boundary we obtain that

d
el + 20|Vl 3 0.

So the H! norm of u decreases.
The circulations of v on each I'; are not conserved anymore but can nevertheless
be computed and shown to be decreasing. More precisely, let

310 = [ vlt) .

We have the following result.

Lemma 6.5. Let u be a sufficiently smooth solution of (6.1). Then for every i €
{1,...,n} the circulation of v on T'; is given by

%i(t) = 7i(0)e~a"

Proof. We proceed like in the proof of Lemma 2.3 by multiplying (6.1) by n' and
integrating on I';. We get

d
— U'TZL—I// Au-nt=0.
dt I I
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Since u vanishes on I'; we have that Au = —%(u —aAu) = —2 on I';. We infer that

1,V 1L
— venT + — v-n—- =0.
dt T; O‘/F@

Consequently

O

It remains to see if we can get LP estimates for ¢ and this is where the trouble
lies. We can prove the following:

Lemma 6.6. For any § > 0 and 1 < r < p there exists a constant C' depending
solely on 6, r and Q) such that

,§+%,5
gz < (laoller + lluoll g Je“ > (6.7)

Proof. We will make L" estimates on equation (6.3). The rigorous way to proceed is
to multiply that PDE by ¢(q? + /i)%_l, integrate in space, do the necessary estimates
and let K — 0 at the end. This kind of argument is well-known so, for the sake of
the simplicity, we are taking the liberty of letting x = 0 from the beginning and we
are making a slightly formal argument. More precisely, we multiply (6.3) by ¢|q|" 2
and integrate in space to obtain that

/ 0iq Q|(J|T72 - V/ curl Au q|q|r*2 -|-/ u - vq(]‘q|r72 —0.
Q Q Q

We observe that diqqlq|" 2 = %8t|q]” and Vqqlq|"™2 = %V|q|’”. Let w = curlu.
Making an integration by parts and recalling that curl Au = %q we deduce that

1d r v r v r—2 v -1
I r - r = — < — T ’I’T
rdtHQHL + quHL Q/qu\q! < aHWHL lall7

so, after simplifying ||q||7]l;1 on both sides,
d v v
—_ r — r g — r. 6.8
Ligler + Zlalr < Lllle (6.9
Using (3.22) and recalling that the H. norm of u is decreasing we bound

i, 1 1,1
lwllzr < lluflwrr < Ca™ 22 (llgllzr + llullgs) < Ca™2% 2 (lgl - + Juollmy).

Using this in (6.8) implies that
d 34,15
gpllallzr < Cra™272 70 (llgllzr + fJuollmy)-

The Gronwall inequality completes the proof of the lemma. O
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Recalling that we assumed v < a!*® we deduce from (6.7) the following bound

—l+%+5—6
la@®)lzr < (laollzr + lluoll gy )e* 7 < (laoller + lluollmy)e (6.9)
provided that
1 1

We consider two cases.

If £ > 1 then we choose 7 = p and § = £+ 5~ — 1 and we use (6.9) to deduce
that ¢ is bounded in the space L;S ([0,00); LP) independently of a and v. Given
the boundedness of the LP norm of ¢, the decay of the H. norm of u®" and the
explicit formula for the circulations ~;(t) one can argue as in the case of the a—Euler
equations and pass to the limit in (6.1) towards a solution of the Euler equation.
Indeed, the additional term —vAu®" is linear and goes to 0 as v goes to 0. The limit
solution have vorticity in LS ([0,00); L”) and the convergence u®” — % holds true
in the space LjS.([0,00); W*P) for any s < % (with the strong topology).

If e < % then we choose an r such that 1 <r < pand r < 1%25 The condition
(6.10) is verified for 6 = £ + 5= — 2 > 0. We obtain then from (6.9) that ¢ is

bounded in the space L5 ([0,00); L") independently of o and v. In this case we

obtain convergence in LS ([0,00); W*") for any s < 2 and the limit solution have

vorticity in Lj.([0,00); L").
The proof of Theorem 6.3 is completed.
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