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Abstract

In this paper, we address the problem of determining the asymptotic behaviour of
the solutions of the incompressible stationary Navier-Stokes system in the full space,
with a forcing term whose asymptotic behaviour at infinity is homogeneous of degree -3.
We identify the asymptotic behaviour at infinity of the solution. We prove that it is
homogeneous and that the leading term in the expansion at infinity uniquely solves the
homogeneous Navier-Stokes equations with a forcing term which involves an additional
Dirac mass. This also applies to the case of an exterior domain.

1 Introduction

We consider the incompressible stationary Navier-Stokes equations with a forcing term in
R3:

(1.1) —AU+ (U -V)U+Vp=f, divU=0 inR? lglgilr_I}OU(x) = 0.

The forcing f is given and the unknowns are the velocity field U and the scalar pressure p.
Clearly p is uniquely (up to a constant) determined by f and U. For this reason, by solution
we mean only the velocity field U. In other words, throughout this paper a solution of (1.1) is
a vector field U such that there exists some p such that (1.1) is satisfied.

The aim of this paper is to determine the asymptotic behaviour of the solutions at infinity
under reasonable assumptions on the forcing f. Several authors investigated this problem.

In [1] the authors studied the existence and uniqueness of solutions under a smallness
assumption in the critical space L>*°. Moreover, that article found an explicit asymptotic
behaviour of the solutions with a decay as O(#) provided that PA™!f is bounded by C/(1 +
|z|?), where P is the Leray projector. More precisely they showed the following expansion for
the solution:

(1.2) Ul)=PA ' f(z)+m(x): | U”U+0 (

where m(x) is an explicit function homogeneous of degree —2 and smooth outside 0. Observe
that PA~! is a convolution operator whose kernel is an homogeneous function of degree —1.
Therefore, if f is sufficiently decaying at infinity, the condition that [PA™!f] < C/(1 + |x|?)
imposed in [1] holds true if and only if [o, f = 0.
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But since all terms in the expansion (1.2) are O(#), it excludes all solutions which are ho-
mogeneous of degree —1. In particular it excludes the very important case of Landau solutions.
The Landau solutions were introduced by Landau in [10] and they are given by the explicit
formula

clz|* — 2z1|z| + ca? zo(cxy — |x|) x3(cry — |z|)

vi(z) =2

C :2
- ) = A =

vg(x) =2

|z |(cle] = 21)? (] = 20)?

with pressure
cxy — |z

P) = A —

They verify (1.1) with forcing f = 36 where

8 +1
ﬁ:ﬁ <2+662—30(02—1)log (Z_1)>

and 0 is the Dirac mass in 0 (see [4]). It was even even shown by Sverdk [12] that all homogeneous
solutions of (1.1) on R3\ {0} with vanishing forcing are the Landau solutions.

It appears then that the relevant asymptotic behaviour at infinity of the solutions of (1.1)
should rather be of order O(1/|z|). And indeed, it was shown in [11] that small solutions of
the stationary incompressible Navier-Stokes equations in an exterior domain of R?® behave like
v(x) + o(1/|z]) where v is some unknown vector field homogeneous of degree —1. Moreover,
Korolev and Sverak [9] observed that the asymptotic profile v must be a Landau solution.
More precisely, they proved that if U is small and verifies (1.1) in the exterior of a ball with no
boundary conditions required, then there exists a such that U = v* + o(1/|z|) as |z| — oc.

Let us also mention the work [5] where the authors study the stationary Navier-Stokes flow
around a rotating body. They obtain again that the asymptotic behaviour of the solution is
given by a Landau solution when the speed of rotation of the body is sufficiently small. In [8],
the authors prove that the asymptotic behavior as |x| — oo of time-period solutions is also
given by a Landau solution.

Since the relevant asymptotic behaviour at infinity is homogeneous of degree —1 and since
the forcing corresponding to a velocity homogeneous of degree —1 is homogeneous of degree
—3, it makes sense to study the asymptotic behaviour of the solutions of (1.1) with a forcing
whose asymptotic behaviour at infinity is homogeneous of degree —3.

Let o € (0,1) be fixed once and for all. We will assume in the rest of this paper that the
forcing term is of the form

(1.3) f=6fo+h

where
e fo is homogeneous of degree —3, locally bounded on R?\ {0};
e we have that |fi(z)| < C/(1 + |x])*™ for some constant C;

e ¢ € C*(R3[0,1]) is a radial cut-off function such that ¢(x) = 0 for |z| < 1/2 and
¢(x) =1 for |z| > 1.



The questions that we ask ourselves are the following. Under what additional hypothesis
on fo and f; there exists a solution U of (1.1) such that |U(x)| < C/|z| for some constant C?
When such a solution exists, how does it behave at infinity? In short, we give the following
answers. If such a U exists then necessarily

fo=0.
S2

And vice versa, if the above condition is satisfied and if fy, f; are sufficiently small then there
exists a unique U which is small and bounded like O(1/|x|). Moreover, we have the following
asymptotic behaviour at infinity for the solution:

U(z) = Us(z) + O(Jz|~79),

where Uy is the only small solution of the Navier-Stokes equation with forcing term fo+( ng f1)é
which is homogeneous of degree —1.

The precise results and the notation will be given in the next section. In Section 3 we prove
a necessary condition for the existence of O(1/|x|) solutions. We show next in Section 4 the
existence and uniqueness of homogeneous solutions. We prove our main result in Section 5.
Finally, in Section 6 we extend our results to exterior domains.

2 Main results and notation

We introduce the following function space for a > 0:

Xo={1 e L@\ O s Il < o

]

with norm

[fllx, = sup fz[*|f(z)]

z€R3\{0}

We recall now some results on homogeneous distributions that can be found in the book of
Hormander [7, Section 3.2]. Let v € 2'(R?\ {0}) be a distribution homogeneous of degree —3.
There exists a constant S(v) such that the following relation holds true:

(2.1) (v, ) = S(v) /000 Mdr

r

for all radial test functions ¢ € C5°(R?\ {0}). We define the integral of v over the unit sphere
to be the constant S(v):
/ v=S(v).
SQ

This definition is justified by the fact that the relation above holds true when v is a continuous
function as a consequence of the Fubini formula in polar coordinates.

The following result on extensions of homogeneous distributions is stated in [7, Theorem
3.2.4].



Proposition 2.1 ([7]). Let g € 2'(R?\ {0}) be homogeneous of degree —3. There exists a
distribution h € 9'(R3) homogeneous of degree —3 such that h‘R3\{O}: g if and only if [, g = 0.

Moreover, if in addition g is a locally bounded function and fSQ g = 0 then all such distributions
h are giwen by
h =pv(g)+ Co

where C is an arbitrary constant and the principal value of g is defined by

pv(g) € Z'(R%) :  (pv(g),¢) = lim gp Ve e I(R?).

e—0 ‘CI?|>€

In what follows we will work with integrals of functions that decay like 1/|x|® at infinity or
have local singularities at the origin like 1/|z|>. We define such integrals in the principal value

sense:
pv / h = lim h
R3 e—0

R—ooo Je<|z|<R

provided of course that the limit exists.
We recall now the following well-known (and easy) lemma.

Lemma 2.2 ([3]). Let X be a Banach space and B : X x X — X a bilinear map. Assume that
for all x1,x9 € X one has

1By, z2)l|x < nlleallx [ z2]lx-

Then for for all y € X satisfying 4n||ly||x < 1, the equation
r=y+ B(x,x),
has a solution x € X satisfying and uniquely defined by the condition

lzllx < 2yl x-

The proof of this lemma also shows that z = klim x, where the approximate solutions xy,
—00

are defined by o = y and xy = y + B(xr_1,Tx_1). Moreover ||zx||x < 2||y||x for all k.

We denote by P the Leray projector, i.e. the L? orthogonal projection on the subspace of
divergence free vector fields. Applying P to (1.1) and inverting the laplacian we obtain the
following equivalent formulation of (1.1) where there is no pressure:

(2.2) U=PA'div(U @ U) — PA™'f.

In order to state our main theorem, we first need to establish a result of existence and
uniqueness for homogeneous solutions.

Theorem 2.3. Let fy € X3 be homogeneous of degree —3. If the equations (1.1) on R*\ {0}
with forcing fo admit a solution Uy such that Uy € X1 and Uy is homogeneous of degree —1,
then necessarily

(2.3) fo=0
S2

and there exists a constant vector v € R3 such that Uy verifies (1.1) on R with forcing pv(fy)+
0.



Conversely, assume that v € R® and fy € X3 is homogeneous of degree —3 and that (2.3) is
satisfied. Then PA™' pv(fo) is well-defined in the principal value sense and there exist €1 such
that if

| foll oo (s2) + 7| < €1

then there exists a unique solution Uy € X of (2.2) on R3 with forcing pv(fy) + v such that
|Usllx, < e1. Moreover, Uy is homogeneous of degree —1.

We are now able to state our main theorem:

Theorem 2.4. Let f be as in (1.3). If there is a solution U of (1.1) which belongs to Xy, then
(2.3) must hold true.
Conversely, assume that (2.3) holds true. There exists €5 > 0 such that if

[ follzoes2y + | f1llxonxssa < €2

then the equation (2.2) admits a unique small solution U € X;y. Moreover, this solution has the
following asymptotic behaviour at infinity:

U(x) = Up(x) +O(Jz| 7)) as |z| = o0

where Uy is the only —1 homogeneous solution of the Navier-Stokes equation with forcing term
pv(fo) + (pV [gs )0 obtained in Theorem 2.3.

3 A necessary condition

The aim of this section is to prove that if the asymptotic behaviour at infinity of the forcing
is homogeneous of degree —1, then a necessary condition for the existence of O(1/|x|) solutions
is that the asymptotic part of the forcing has vanishing integral on the unit sphere. More
precisely, we prove the following result.

Proposition 3.1. Let Ry > 0 and U be a divergence free vector field defined on Qg = {z ; |z| >
Ry} such that |U(x)| < Co/|z| for some constant Cy. Let fy and fy be vector valued distributions
such that fo € 2'(R3\ {0}) is homogeneous of degree —3 and f1 is a (vector valued) bounded
Radon measure on Qq. If there exists some p € 2'() such that

(3.1) —AU+ (U -VYU+Vp=fo+fi in2'(Q)
then
fo=0.
S2
Proof. Let us choose two radial functions ¢, and ¢y such that:

e o, € C®(R3]0,1]) such that p(z) = 0 for all |[z] < Ry + 1 and ¢i(z) = 1 for all

o € C(R3[0,1]), po(x) =1 for all |z| < 1 and ¢y(z) = 0 for all |z] > 2.



We define ¢®(x) = @o(x/R)p1(x) and we observe that ¢ € C5°(B,). We apply the curl
0
operator to (3.1) and we multiply by the test vector field Vg = ¢f ( T3 ) to obtain that

—(AcurlU, Vi) + (curldiv(U ® U), Vi) = (curl(fo + f1), V&)
which implies that
(3.2) —(U, curl AVR) — (U @ U,V curl Vi) = (fo + f1,curl Vg).

0 1
X = I3 and €1 = 0].
— T2 0

curl AVg = A(Vp® x X + ¢f curl X)
= AV x X —2p%%))

Let us denote

We have that

3
= VAR x X +2 Z@ngoR x ;X — 2Ap%e;
i=1

= VAP® x X +20,Vpf — 4Ap"e,.

Observe next that

(33) V@) = =Ve/Ripu(a) + eala/ R)V1(2) = £Vieale/R) + Vipr(z)

if R > Rg+ 2. Therefore, if R > Ry + 2,

curl AVp = ﬁVsz(:c/R) x X + 281Vg02(x/R) RQAgoQ(:U/R)a
+ VAp; x X + 20,V —4Apie;.
Clearly
(U, 5V Aeala/B) x X)] < 15 [ 980ala/B)] = CIV Al
and similarly
(U, R281V(p2(:v/R) ;sz(fﬂ/R)@lH < CIV2ga/lzl .

We infer that
(U,curl AVR) = O(1) as R — oo.

It can be shown in a similar fashion that
(U U,Vcurl Vi) =0O(1) as R — oo.
We deduce from (3.2) that (fo + f1, curl Vx) must also be bounded as R — oco. But

(fo+ fr.curl Vi) = (fo + f1, —2¢"er + Vo' x X))

= —2((fo)1, ™) = 2((f)1, ") + (fo, V" x X) + (f1, V" x X))
=L+ L+ 13+ 1.



Recall that V! can be expressed as in (3.3). By homogeneity, we observe that I3 does not
depend on R. Because ¢® and Vpf x X are uniformly bounded and because f; is a bounded
Radon measure, we have that I, and I, are bounded. We infer that I; must be bounded as
R — oo. Since fy is homogeneous of degree —3 and ¢ is radial, we have from (2.1) that

/R?)(fo)wp” = /000 @dr /SQ(foh

But ¢ is nonnegative and ¢®(r) =1 for all r € [Ry + 2, R] so

/Ooo p"(r) dr > /R #(r) dr > /R Lar = In(R) — In(Ro + 2).

r Rot2 T Ro+2 T

We conclude that for ((fo)1, ") to be bounded it is necessary to have that [, (fo)1 = 0. The
same argument can be applied to the other components of fy, so we finally deduce that

fo=0
s2

must hold true. This completes the proof of the proposition. O

4 Homogeneous solutions
In this section, we prove Theorem 2.3.

Assume first that there exists Uy € X; homogeneous of degree —1 and some pressure pg
such that
—AUO + le(UQ &® Uo) + Vpo = fo in RB \ {0}

Proposition 3.1 immediately implies that (2.3) must hold true.

We prove now that there exists a constant vector v € R? such that Uy verifies (1.1) on R?
with forcing pv(fy) + 0.

Since |Uy| < C/|x] we observe that Uy € L} (R3). Therefore Uy defines a distribution of
2'(R3) which is homogeneous of degree —1. Taking the laplacian of this distribution implies
that AU, admits an extension to a distribution on the whole R? which is homogeneous of degree
—3. Similarly, Uy ® Uy is bounded by C'/|x|? so it belongs to L, (R?) C 2'(R3) so div(Uy ® Up)
also admits an extension to a distribution on the whole R? which is homogeneous of degree —3.

Let us define f, as follows

(41) —AUO + le(Uo (%9 U()) = fO'
We have that f, is a distribution on R? which is homogeneous of degree —3. Clearly
curl f, = curl(—=AUy + div(Uy ® Up)) = curl fy in Z'(R*\ {0})

so curl f, — curl pv(fo) is a distribution in 2'(R?®), homogeneous of degree —4 and supported
in the origin. Therefore, there exist three constant vectors A, Ay, A3 such that

(42) curl(?o — pV(fo)) = A1815 + A2826 + A3835 in .@/GRS)



Because of the identity div curl = 0 we infer that
diV(A1815 + A2825 + A3835) =0

SO
3
Z aij&-jé =0
ij=1
where a;; are the components of the matrix A whose columns are A;, Ay, A3. Because the
derivatives of the Dirac mass are linearly independent we infer that the matrix A must be

M
skew-symmetric. Therefore there exists some vector v = | 72 | such that
3
0 7 —7
A={- 0 M1
Y2 —mn 0

Then it can be easily checked that
A1016 + As020 + A3036 = curl(~0)

so we deduce from (4.2) that

curl(fo — pv(fo) —=70) =0 in Z'(R%).
We infer that there exists some distribution p € 2'(R?) such that

fo—pv(fo) =76 =Vp
so equation (4.1) can be rewritten under the form
— AUy + div(Uy ® Up) = pv(fo) + 76 + Vp in Z'(R?).

This means that Uy verifies the Navier-Stokes equation on R? with forcing pv(fo) + 7.

Assume now that fSQ fo = 0. Then by Proposition 2.1 we have that pv(fy) is well defined
and homogeneous of degree —3. It is not difficult to see that the Fourier transform of pv(fp)
is a bounded function, so PA~!pv(fy) can be easily defined in Fourier space. However, we
need some estimates for PA~! pv(fy) in the space X; so we prefer to avoid using the Fourier
transform and prove directly that PA™ pv(fy) is well defined and estimate it in Xj.

Let us recall that PA~! is a convolution operator with kernel given by the following matrix

(see [6]):

1/ z2Q@«x
4.3 Glz) = — — <_ _>
(4.3) (#) = —¢- FRERFE
where I3 is the identity matrix.

We prove next that the convolution G * fy is well defined.



Lemma 4.1. The convolution G x fqy is well defined in the principal value sense:

G folz) = pv / G(x — y)foly) dy

Rf')

and we have the bound

1G = follx, < Clifollxs = Clifollzes2)
for some universal constant C'.

Proof. The existence of G * fy in the principal value sense follows from the estimates below.
We decompose

v Gz — oly)dy = Gz — ) foly)dy + Gz —vy)foly)d
+ pv Gz —vy)foly)d
p /|x/2>|y ( y) (y) Yy

- / Gz — y)foly)dy + / G(x — y)foly)dy
ly|>2|z| 2)z|>|y|>|x|/2
=[Gl - GEDRy
|| /2> |y|

E[1+IQ+[3

where we used that fy has vanishing mean on the unit sphere so

pV/ Jo(y)dy = 0.
| /2>y

We bound now each of these terms. Observe first that

Cll foll Lo (s2
n=| [ ca-nnen|< [ Sy,
ly|>2z| w20z 17— yllYl
1 C|| foll Lo (s2)
< Ol foll e / L gy < Elfolle=
h g w2 WIYT T 7]
Next
C|| foll o= (s2)
Bl =|[ Glo— i < [ Cllblle=e
2fa|>[y|>|a| /2 Slel>ly>lzl2 1T — Y|yl
C oo C .
< ||fo||L3 s2/ L < | foll )
W lz—y|<3|z| \37 y\ |x|

We estimate now /3. By the mean value theorem we have that G(z —y) — G(z) = y- VG()
for some ¢ € [z,z —y|. If |y| < |z|/2 then we can bound

1 Y
Gle—y) -G <l swp [VGEI<Clyl swp 1<
g€la,z—y] ¢efz,z—y] ‘f’ Ed
Therefore
Cllfollr=s2) 1 Cllfoll=2)
ml=|[ (Gl - Genmn] < e [ gy < S,
lz| /2>y |z]? lz| /2>y |y|? ||
Putting together the above estimates completes the proof of the lemma. O]
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Once this lemma is proved, it is not difficult to finish the proof of Theorem 2.3. Indeed, we
have that G *d = G € X; so G * (pv(fo) +70) € X;. Therefore PA~(pv(fo) + 7d) is well
defined, belongs to X; and we have the estimate

(4.4) IPA™ (Dv(fo) +790)lx, < Cllfollz=(e2) + Clyl.

To show the existence and the uniqueness of a small solution Uy it suffices to appeal to the
following result from [1, Theorems 2.2 and 3.1

Theorem 4.2 ([1]). There ezists an absolute constant €g > 0 with the following property. If f
is such that PA™1f € X, and
IPA™ fllx, < €0

then there exists a unique solution U € Xy of (2.2) such that
IUllx, < 2[PA™ f]lx,

Because of (4.4), we can apply the above theorem and deduce that if || fo||feos2y + 7] is
sufficiently small, then there exists a unique small solution Uy of (2.2) with forcing pv(fo) + 9.
Moreover, we have that

(4.5) 1Uollx, < Cllfollpoe(s2) + Cll-

It remains to show that Uy is homogeneous of degree —1. This follows from a standard
scaling argument. By homogeneity, pv(fy) + 79 is invariant through the scaling f + A3 f(\x).
Moreover, the X; norm of PA~!f is also invariant through this scaling. But if U, solves the
Navier-Stokes equations with forcing f then Uy x(x) = AUp(Azx) also solves the Navier-Stokes
equations with forcing A3 f(Az). By uniqueness of solutions, we must have that Uy, = Uy for
all A > 0. Therefore the solution Uy must be homogeneous of degree —1.

5 Asymptotic behaviour for general solutions

In this section we prove Theorem 2.4.

The necessity of the condition (2.3) for the existence of U € X; is a consequence of Propo-
sition 3.1.

We assume now that the condition (2.3) is verified. It can be proved exactly like in Lemma
4.1 that PA™ (¢ fy) = G * (¢ fo) is well defined and belongs to X; and that

IPA™ (8 fo)llx < Cllfolloes2)

for some universal constant C. Since f; € Xy N X344, we know from [1, relation (3.1)] that
]P)Ailfl € X; and
IPA™ fillx, < Cllfrllxonxaya-

We infer that PA™'f € X, and

IPA™ fllx, < C(llfollpoe(s?) + | fillxonxsra) < Cea.

Let us recall now the following result, see [1, Lemma 3.6]:
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Lemma 5.1. Let U; € X145 and Uy € Xq4, with 8,7 =2 0 and B+ v < 1. We have that
PA-! le(U1 & Ug) € X1+7+5 and

IPA™ div(Uy @ Us)llxyy s < CllU x| U2l x s

Therefore the application X; x X; 3 (U, Us) — PA~1div(U; ® Uy) € X is bilinear and
continuous. Applying Lemma 2.2 we deduce that if e, is sufficiently small, then there exists a
unique solution U of (2.2) which is small in X;. We know from the proof of Lemma 2.2 that
the solution U is obtained as the limit of the approximate solutions defined by

U= -—PA~Yf, UM =PA Ndiv(U* @ U*) —PA S

Moreover, we have that |U*||x, < Ce; for all k.

Let Uy be the only —1 homogeneous solution of the Navier-Stokes equation with forcing
term pv(fo) + (pv [gs )0 as obtained in Theorem 2.3. Let us define v = U — Uy. To complete
the proof of Theorem 2.4 we need to show that v € X3,,. We have that v solves the following
equation:

v=PA  diviv@v+v® U+ Uy®@v) — PATLf,

where

f2:(¢—1)f0+f1—(/Rgf1>5-

We used above that [, fo = 0 and that ¢ is radial to deduce that pv [ps ¢fo = 050 [os f1 =
pv ng f. Because U is the limit of the approximate solutions U*, we have that v is the limit of
the approximate solutions v, = U* — U, which solve

Vo = —]P)A_lfg, Vi1 = ]P)A_l diV(Uk KR v + v K UO + UO X Uk) — ]P)A_lfg.
We have that
(51) ”Uk“Xl < 062 Vk.

Indeed, we observed above that ||U¥||x, < Cey for all k and we also know from the proof of
Theorem 2.3 that ||Up||x, < Cey (see relation (4.5)).

We will show by induction that there exists some small €3 such that if 5 is small enough
then v, € Xy, for all k£ and

(5.2) [0kl 40 < 50
The first step is to prove this bound for £ = 0.

Lemma 5.2. We have that

||]P)A71f2HX1+a < C(HfOHL“’(S?) + HleXSJra)'
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Proof. Recall that PA™! is a convolution operator with the kernel G defined in (4.3). We write

PA oo + 1)) = [ Glo =)+ @l fols) + i)y
—pv [ Gl—nhldn+ G- [ A [ 6= 0= DA
+ [ (6la =) = 6la) - Aty
=G it [ 6@+ [ (G =) =66 (6= Dy
+ [ (6la =) = 6la)) - Aty
We deduce that

[PA™H(f2)(2)] <

/ (6 =)= 6) (0 1)fo(y)dy‘+

/Ra<G(x —y) —G(z)) - fl(y)dy‘

<

[ G- - DA [ (Gl - 6@ o= D)
ly|<min(|z]/2,1) lzl/2<]yl<1

+

/| (6= G- f1<y>dy] ;

E]1+IQ+]3+]4,

/ 6= -6l fl(y)dy‘

where we assume that I, = 0 if |z| > 2. We estimate now each of these terms. First
n< [ Gl — ) = |6~ Dfolw)ldy
|y|<min(|z]/2,1)
VG(((x, .
< C\|fo|!Loo<sz>/ VG(C(z.y) -yl

ly|<min(jz[/2,1) ly3

dy

where ((z,y) is between x and x — ¥, so 1/|¢]? < C/|x|?

1
<Cllhllen [ oy
&9 ly|<min(|z|/2,1) |$‘2|y|2
C -
< _”f(l)g'l'g ) min(|a]/2, 1)
Cll foll oo (s2)
‘x|1+a

Next, if |z| < 2 then we can bound 5 exactly as in Lemma 4.1 to obtain that
Clifollzes _ Clifoll=es2)

L] <
’ 2| X |J]| = |J}|1+O‘

We can estimate I35 as follows:
L[ 16—y - G@)lfwdy
ly|<|z|/2
IVG(©) -yl

|y|3+a

<CliAills.. |

lyl<|z|/2
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where ((z,y) is between x and x — ¥, so 1/|¢]? < C/|x|?

< C||f1||X3+a/ 1 dy
X
|z]? wi<iel/2 [Y1*T

O”f]-HX3+a

‘:L-’Pra

Finally

I < / G — ) — G@)||fu(y)|dy
ly|>|x|/2

< Gz — 1(y)|d G(x — 1(y)|d G| f1(y)|d
<[ G —laG s [ (GE -l Wl [ e@)

ly|>2]| ly[>[z|/2
1 1 1 1 1
< ClAllx a(—/ dy—l—/ —dy + — —dy>
NP Sy 2aiyi<all [T =yl WECTER 2] Jiy s a2 [Y1PH
< C”f1||X3+a
|x|1+a
This completes the proof of the lemma. O

We now go back to the proof of relation (5.2). From Lemma 5.2 we deduce that
[vol[ 110 < Ceo.

We impose the condition Cey < €3 so that (5.2) is verified for & = 0. Suppose that we have
proved (5.2) for v, we want to prove it for vp ;. We use relation (5.1) and Lemma 5.1 to
estimate

< CO|vrllxigallvrllxy + 10rllx1 00 1 U0l 1) + llvoll xipa
< Ceal|vill x4, + Cea
< 062(1 —|—€3).

(7SR [P

Clearly if e is sufficiently small then we can choose some e3 such that Cey(1 + e3) < 3. For
such a choice of €5 and €3, relation (5.2) holds true for all k. Therefore it must hold true for
the limit v. So v € Xy,, and this completes the proof of Theorem 2.4.

6 The exterior domain case

In this section, we prove the following extension of Theorem 2.4 to exterior domains.

Theorem 6.1. Let R > 0 and consider f, U and p be defined for |x| > R. Assume that U € X3
and f = fo+ f1 with fy € X3 homogeneous of degree —3 and f, € X3.1,. We assume moreover
that

—AU+ (U -VU+Vp=f, divU=0 in {|z|> R},
that condition (2.3) holds true and that

(6.1) /|:R U-2=0
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for all Ry > R. There exists ¢ > 0 such that, if

| follxs + [ f1llxsa + 1Ullx, <€

then there exists some small constant vector mqg such that U admits the following asymptotic
behavior:

1
U(l’) = Uo(flf) + 0 (W) as |.T| — 00
where Uy s the only —1 homogeneous solution of the Navier-Stokes equation with forcing term
pv(fo) + mod obtained in Theorem 2.3. Moreover, we can express mgy under the following form

(6.2) mo :/ fi +/ —OU+(U-U+p] YR >R
|x‘>R1 ‘x|:R1

where v = x/|x|.

Remark 6.2. The condition (6.1) is natural. It is automatically satisfied if U verifies the Navier-
Stokes equations together with homogeneous Dirichlet boundary conditions in an exterior do-
main 2. This can be easily checked by integrating the relation divU = 0 on QN {|z] < Ry}.
Moreover, a similar integration by parts shows that the integral in (6.1) is proportional to R;
so it suffices to assume (6.1) for only one R;.

To prove Theorem 6.1, we proceed as in [9]. We extend U to the whole space, we study the
additional forcing term that appears and we apply Theorem 2.4.
Let Q = {|z| > R}. First, let us observe that U and p are more regular than stated:

Lemma 6.3. We have that (U,p) € W29(Q) x Wh(Q) for any 1 < q < co.

loc loc

Proof of the lemma. The proof follows from the following interior regularity result for the sta-
tionary Stokes equation proved in [13]:

Theorem 6.4 ([13]). Let Q be a domain in R®, and By C By be concentric balls of radii R and
2R, strictly contained in Q. Let 1 < q < oo, and f € W, (Q). If (U,p) € W24(Q) x LL ()

loc
is a pair of solutions of the stationary Stokes system with forcing term f in Q0 (without any

boundary condition), then
1T llwracy + 10k [P = cllzam) < CUIUlr om0y + 1 lw-raez,))

This theorem implies the following regularity result: if U € L} (Q) verifies the Stokes

loc

equation in 2 with forcing f € I/I/'l;cl “4(Q), then U € Wl’q(Q). Indeed, we can approximate

loc
U by using cut-off and convolution with an approximation of the identity. The regularized

velocity verifies the Stokes equation on a sub-domain of 2 (where the cut-off function is 1), so
by Theorem 6.4 it will be bounded in W2 of that sub-domain. So its limit U will also belong

loc

to W27 of that sub-domain. Since the sub-domain can be an arbitrary bounded sub-domain of

Q, we infer that U € W9(Q).

loc

Coing back to the proof of the lemma we observe that f € W, 1%(Q) and div(U ® U) €
W, Q) for any 1 < ¢ < co. Since we have

loc

—AU+Vp=f—-div(U®VU)
divU =0
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in €2, we can apply the above mentioned regularity result to obtain that U € VVl})Cq(Q) for any
1 < ¢ < 0. Then we can derive these equations and we get:

—A(0;U) 4+ V(0,p ) 0;f 4+ div(0;(U ® U))

for any j € {1,2,3}. Again 9;f € W, %(Q) for any 1 < ¢ < co. Moreover, since U €
L2 (Q) N W54(Q), we have that 0;(U @ U) = ;U @ U +U @ 0;U € LY () for any 1 < ¢ < oo.

loc

Sodivo;(UxU) e W, 19(Q) for any 1 < ¢ < co. Reapplying the same regularity result implies

loc

that U € W2%(Q) for any 1 < ¢ < co. From the equation we also get that Vp € Ll .(Q) so

loc

€ W-9(Q) for any 1 < ¢ < co. This completes the proof of the lemma. O

loc

Let R < Ry < R; and consider a radial cut-off function n € C*°(R3, [0, 1]) such that n = 0
on B(0, Ry) and n =1 on B(0, R;)¢. We define the following extension of the solution (U, p):
ﬁ:U, 5:}) on B(O,Rl)c
U=nU +v, p=mnp on B(0, Ry)
where we extended nU and np with zero values for |x| < R. The vector field v is constructed

in such a manner as to ensure that U € L* N X; and divU = 0 everywhere. Therefore v must
verify the following problem:

divo =—-U -Vnin B(0, Ry)

(6.3) v=0on 0B(0, Ry)

This problem has many solutions, and a way to find one with good estimates is given by the
Bogovskii operators, see [2]. In particular, we have the following result:

Theorem 6.5 ([2]). Let g € WPY(B) where B is a ball and k € N, 1 < q < co. Assume that
fBg = 0. Then there exists a solution V & W§+1’Q(B) of the equation divV = g, with the
following estimate:

[V lwrirasy < C(q, k, B)||gllwras
We have that

/ U-Vn:/ U'I/77—/ ndivU:/ U-v=0
B(O,Rl) S(O’Rl) B(Ole) S(O7R1)

where we used (6.1). Moreover, because U € W24(Q) for any 1 < ¢ < 0o we have that U -V €

loc

W24 for any 1 < ¢ < oco. Using Theorem 6.5 we infer that there exists v € WS’Q(B(O, Ry)) for
all 1 < ¢ < oo a solution of (6.3). We extend v to the whole space R? by setting v = 0 for
|z| > Ry so that v € W34(R3).

We observe now that the extension ([7 ,p) verifies the following stationary Navier-Stokes
equation in the whole space:

(6.4) —AU+ (U -VYU+Vp=nf+F,  divU=0

where

F=—-Av—AnU—-2VU -Vn+divinU @v+n@U +v@v+n°URU) —ndiv(U@U) +pVn
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is compactly supported in B(0, Ry).

Given that U € W/ZQO’CQ, p € T/Vlif and v € W3 for all 1 < ¢ < oo, one can use Sobolev
embeddings to deduce that F' is bounded. From the estimates of Theorems 6.4 and 6.5 we
know that the VVl?Ocq norms of U and the W3 norm of v can be bounded in terms of the L2,
norms of U and f. Because these norms are assumed to be small, we conclude that F' is
bounded, small and compactly supported. Moreover, U is also small in X;. We can therefore

apply Theorem 2.4 to (6.4) to deduce that U has the following asymptotic behavior:
U=Upt0(——
=Uo+ <|$|1+a>

where Uj is the only —1 homogeneous solution of the Navier-Stokes equation with forcing term
pv(fo) + mgd obtained in Theorem 2.3 and

m():/ 7]f1+/ F
R3 R3

It remains to prove relation (6.2). We integrate relation (6.4) on the ball B(0, R;) and use
the Stokes formula to obtain that

/ (nfr + F) :/ div(—=VU + U @ U + pId) :/ [—0,U + (U - v)U + pv]
B(0,R1) B(0,R1) S(0,R1)

Since F' is compactly supported in B(0, R;) we have that

[
B(0,R1) R3

so relation (6.2) follows immediately.
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