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Abstract

We consider the 2D incompressible Navier-Stokes equations with Dirichlet boundary con-
dition in the exterior of one obstacle. Assuming that the circulation at infinity of the velocity
is sufficiently small, we prove that the large time behavior of the corresponding solution to
the initial-boundary value problem is described by the Lamb-Oseen vortex. The later is the
well-known explicit self-similar solution to the Navier-Stokes system in the whole space R?.

1 Introduction

It is well-known that the large time behavior of solutions of the initial-value problem for the
Navier-Stokes equations considered either in the whole space R™, n > 2, or in an exterior domain
depends on integrability properties of initial conditions. In the finite energy case, that is when
the velocity is square integrable, a solution tends to zero in L*(R") as time goes to infinity, see
e.g. [2, 18, 19] and references therein. In this case, nonlinear effects are negligible for large values
of time and asymptotics of solutions is determined by the corresponding Stokes semigroup.

On the other hand, when an initial velocity is not square integrable, a solution of the initial
value problem for the Navier-Stokes in R™ with n > 2 is constructed in a so-called scaling invari-
ant space (e.g. in a homogeneous Besov space or in a weak L"-space) under suitable smallness
assumption on initial conditions, see the review article [3] and the book [16]. Here, the large time
behavior of solutions is described by self-similar solutions to the Navier-Stokes system.

In this work, we contribute to the theory on the asymptotic behavior of solutions of the Navier-
Stokes system in a two dimensional exterior domain. First, however, we recall that the Navier-
Stokes system in the whole space R? has an explicit self-similar solution called the Lamb-Oseen
vortex

[EJ‘

2
(1.1) ot x) = W<1 —ei), with ot = (2, -31),
which appears in the large time expansions of other infinite energy solutions of this system. Let
us explain this result.

For every initial vorticity wy € L'(IR?), one obtains the corresponding divergence-free initial
velocity field uy via the Biot-Savart law. It is well-known that constructed-in-this-way initial
condition belongs to the scaling invariant space L*»*°(R?) (the weak L%-space) and the Navier-
Stokes equations have a unique global-in-time solution corresponding to such an initial datum, see
[12]. Moreover, the large time behavior of solutions to the initial value problem for the 2D Navier-
Stokes equations with an initial vorticity from L'(IR?) is given by the multiple of the Lamb-Oseen
vortex a®, with the circulation at infinity o = [ wo(x) do. This result was proved in [11] if wp
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is small in L', in [5] in the case of small circulation, and in [9] in the general case. In fact, due to
the regularizing effect of the Navier-Stokes equations, as far as large time behavior is concerned,
an initial vorticity can be an arbitrary bounded Radon measure in R?, see [8].

The aim of this paper is to show an analogous result on the large time behavior of solutions
of the 2D Navier-Stokes equations in an exterior domain with the Dirichlet boundary condition,
when the initial velocity is not square integrable. Here, however, due to the fact that a vorticity
does not verify any reasonable boundary conditions, we cannot use the vorticity equation. Hence,
we formulate our hypothesis and results in terms of velocity rather than of vorticity. To see which
hypothesis should be imposed on an initial velocity, we recall that, for every bounded compactly
supported vorticity, one can construct the corresponding velocity field in an exterior domain,
which behaves when |z| — oo as the vector field z*/|x|?, see [13, Sec. 2.2] and [14, Sec. 3] for
more details. For this reason, we assume in this work that our initial velocity is a small multiple
of the particular vector field 2t /|z|? plus a large L? part.

Let us now be more precise. Assume that 0 C R? is an exterior domain, whose complement
is a bounded, open, connected and simply connected set, with a smooth boundary I'. Moreover,
without loss of generality, we can assume that B(0,1) C R? \ . We consider the incompressible
Navier-Stokes equations in {2 with the Dirichlet boundary condition

(1.2) Oou—Au+u-Vu+ Vp =0, divu =0 for t>0, z€Q,
(1.3) u(t,z) =0 for t>0, xel,
(1.4) u(0,z) = up(x) for x € Q.

Above, ug must be divergence free and tangent to the boundary. In the following, we assume that
the initial condition is of the following particular form

(15) Ug :ﬂO‘i_O{HQ

where uy € L2(Q) is an arbitrary square integrable, divergence free, and tangent to the boundary
vector field, and Hg the unique harmonic vector field in €2 (i.e. the unique vector field on Q which
is divergence free, curl free, vanishing at infinity, tangent to the boundary, and with circulation
equal to 1 on the boundary I'). It was proved in [13, Sec. 2.3] that such a harmonic vector field Hg
exists and behaves at infinity like x/(27|z|?). Moreover, it follows directly from [14, Lemma 6
with e = 1] that every velocity field with a compactly supported bounded vorticity can be written
under the form (1.5). Notice, however, that in an exterior domain, the circulation at infinity « is
not the integral of the vorticity as it is in the full plane case. Namely, here, one has to subtract
the circulation of the velocity on the boundary, so the integral of the vorticity is in fact the total
circulation of the velocity, see [13, Sec. 3.1] for more details.

If the circulation at infinity is sufficiently small, we are able to prove a counterpart of the result
from [11, 5, 9] on the large time behavior of the Navier-Stokes in the whole plane. The following
theorem contains the main result of this work.

Theorem 1. For every ug € L2(Q) there exists a constant g = (g, Q) > 0 such that for all
la| < ag the solution of problem (1.2)-(1.5) satisfies
(1.6) lim 275 |Ju(t) — aO(t)|| pr() = 0

t—00
for each p € (2,00).

In other words, Theorem 1 says that the large time behavior of solutions to the Navier-Stokes
system in an exterior domain, supplemented with the Dirichlet boundary condition and particular
initial condition (1.5) is described by the explicit self-similar solution (1.1) of the Navier-Stokes
system.



Remark 2. The global-in-time well-posedness for problem (1.2)-(1.5) was established by Kozono
and Yamazaki [15, Thm.4]. The existence part of that result requires an initial velocity ug to
satisfy a smallness condition of the form limsup R|{z € Q : |uo(x)| > R}|*/? < 1. This condition

R—oo
is satisfied for every @y € L2(f2). Since Hgq is bounded, the limsup above is always zero in this

case.

We apply the following strategy to prove Theorem 1. In the next section, we prove the limit
relation (1.6) for the linear evolution, that is when the nonlinear term w- Vu is skipped in equation
(1.2). This is achieved by combining results in [14] with a rescaling technique used by Carpio in [5].
Next, in Section 3, we show that we can assume, without loss of generality, that ug is small in the
norm of the space L>* (), by replacing the initial condition in (1.4) with u(to, z) with sufficiently
large to and choosing sufficiently small || (see Lemma 11 below). Finally, using the integral
representation of solutions to problem (1.2)-(1.4), we apply a stabilization argument inspired from
[1, 4] to show that, for small data in L2°(£2), the asymptotic stability at the level of the Stokes
equation implies the asymptotic stability at the level of the Navier-Stokes equations.

Notation. In the following, the space LP(2) is the closure of the set of smooth, divergence-
free, and compactly supported vector fields C2°(Q2) with respect to the usual LP-norm. We denote
by Pq the Leray projection, i.e. the L? orthogonal projection onto L2(£2), which can be extended
to a bounded operator on LP(2) for every p € (1,00). Thus, the space L2 () is the image of LP(€2)
by Pq. In a similar way, for every p € (1,00), we define L2>°(Q) = Pqo(LP>*(Q2)), where LP>(Q)
is the Marcinkiewicz weak LP-space. Hence u € L2*°(Q) if u € LP>°(Q) x LP>*(Q2), divu = 0 in
Q and u-n = 0 on I, where n is the normal vector to the boundary I'. The ball B(0, R) C R?
is centered at zero and of radius R > 0. By the letter E, we denote the extension operator of
functions defined on Q to R? with zero values outside the domain of definition.

2 Asymptotics of solutions to the linear evolution

It is well-known that the Stokes operator associated with the following linear boundary value
problem

(2.1) v — Av+ Vp =0, diveo =0 for t>0, x€,
v(t,z) =0 for t>0, xzel,
(2.3) v(0, ) = vo(x) for z€Q,

where vy is divergence free and tangent to the boundary, generates an analytic semigroup S(t) on
LP(Q), for each 1 < p < oo, see [10]. Moreover, this semigroup satisfies the following decay L?
estimates.

Proposition 3. Assume that 1 < g < oo.
Let g < p < 00. There exists K1 = K1(§2,p,q) > 0 such that for every vy € LL(£2)

11
(2.4) HS(t)UoHLp(Q) < Kltp q H’UoHLq(Q) fOT all t>0.
If, in addition, we assume that ¢ < p < 0o, then for every vy € LL>°(Q) we also have
1_1
(2.5) ||S(t)UoHLp(Q) < Kltp a HU()HLq,oo(Q) f07’ all t>0.
There ezists Ky = K5(€2,q) > 0 such that for every vy € LL>°(Q) we have the inequality

(26) ||S(t)UOHLLLOO(Q) < KQHU()HLq,oo(Q) fOT all t>0.
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Let g < p < 2. There exists K3 = K3(2,p,q) > 0 such that

1

1,1 1
(2.7) HVS(t)TJQHLp(Q) < th 2Ty ‘IHU()HLq(Q) fOT all t>0.

Assume q = 2 and let ¢ < p < 0o. Then there exists Ky = K4(2,p,q) > 0 such that for every
matriz F € L1(2; Mayo(R))

(2.8) 1S(t)Pq div F|| ey < K4t*%+%*5||F||Lq(Q) for all t>0,

with the divergence div computed along rows of the matrix F'.

Estimates (2.4)—(2.7) were proved in [6, 7, 15, 17] and estimate (2.8) follows from (2.7) by a
duality argument because the adjoint of V.S(t) on LE(Q) is S(¢)Pdiv.

Remark 4. Recall the following scale invariance of the Stokes equations: the vector (v(t, x), p(t, x))
is a solution of system (2.1) on Q if and only if for every A > 0 the vector (Av(A\%t, Ax), N2p(A\?t, Az))
is a solution of the same system on Q/\ = {x € R?; Az € Q}. It follows from this scale invariance
that the constants Kj,...,K, associated to Q/\ are independent of A.

The following corollary contains a minor improvement of the decay estimate (2.4).

Corollary 5. Assume that 1 < g < 0o and let vy € LL(). Then for every p € (q,o0)
.11
Jim ¢577 |[S(#)vol| ey = 0.

Proof. This limit relation is clear when the initial datum is smooth and compactly supported. To
show it for all vy € LP(2), it suffices to use a standard density argument combined with estimate
(2.4). O

Now, we consider the linear problem (2.1)-(2.3) with the initial datum vy = Hq, where Hg, the
unique harmonic vector field in 2. The main goal of this section is to show that the large time
behavior of S(t)Hgq is described by the Lamb-Oseen vortex ©. More precisely, we will prove the
following theorem.

Theorem 6. For every p € (2,00), we have tlim t%_%”S(t)HQ —O(t) () = 0.
—00

The reminder of this section is devoted to the proof of this theorem. Here, we use a scaling
argument that was also applied in [5] to study large time asymptotics for the Navier-Stokes
equations. Hence, for every A > 1, we define

W=/ ={zeR’; \xe€Q}.

The vector field AHq(\x) is divergence free, curl free, tangent to the boundary of 2, vanishes at
infinity and has circulation equal to 1 on 0€2y. Thus, by [13, Prop. 2.1], this rescaled vector field
has to be equal to the unique harmonic vector field on €2, namely, we have the identity

Let us now denote by Sy(t) the Stokes semi-group on the domain 2, and let us define
(210) H,\(t,x) = S)\(t)HQA.

By the scaling invariance of equations (2.1), by (2.9), and by the uniqueness of solutions to the

Stokes problem, we infer that
Hy(t,7) = NH (N, \x),
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where we put Hy(t,z) = S(t)Hgq. Recalling, moreover, the scaling property of the Lamb-Oseen
vortex AO(\*t, \r) = O(t, ), we observe that the conclusion of Theorem 6 is equivalent to

/\lim |Hx(1) = O©(1)|lryy =0 for every p € (2,00).
—00

In the following, we denote by E the extension operator to R? with zero values outside the domain
of definition. Since O(1) is a bounded function, we immediately obtain that )\lim 10(1)||Lr(r2\0y) =
—00

0. Hence, in order to prove Theorem 6, it suffices to show that
(2.11) EH\(1,2) oy O(1,r) strongly in LF(R?) for every p € (2,00).

First, we state a result on the weak convergence.

Lemma 7. Let Hy(t,x) = NH{(\*t, \x). Then
(2.12) EH,\(1,2) oy O(1,7) weakly in LP(R?) for every p € (2,00).

Proof. Observe now that due to the identity [|Ho, || 2 q,) = [[Hallj2 ) for every A > 1, the
scaling invariant estimate (2.5) implies that the family {FHy(1)}1>1 is bounded in LP(R?) for
every p € (2,00), hence weakly compact in these spaces.

From now on, we follow the reasoning from [14], where the authors considered the Navier-
Stokes equations in €2, with a more general initial velocity. In our case, the initial vorticity
vanishes while in [14] the vorticity is smooth, independent of A\ and compactly supported in
R%\ {0}. The difference between the Stokes and the Navier-Stokes equations is the bilinear term
u - Vu which only complicates matters. Therefore, ignoring all additional difficulties caused by
the bilinear term, the results proved in [14] go through to our case. Note that the smallness
assumption required in [14] is irrelevant in this work since we deal with a linear equation.

Let us be more precise. It was proved in [14] (see Proposition 18 and the end of the proof
of Theorem 22) that Prz[n*EH,] converges to the Lamb-Oseen vortex © when A — oo, up to
a subsequence, uniformly in time with values in H, l;?(Rz). The precise definition of the cut-off
function n* is not required here (the interested reader can find it in relation (4.1) of [14] with
e = 1/)). We only need to know that 0 < n* < 1, that »* vanishes in the neighborhood of the
boundary of 2, and that n*(z) = 1 for all |x| > C/\.

In particular, we have that Pre[n* EH,(1)] — ©(1) in H,,’(R?) when A — oo, up to a sub-
sequence. On the other hand, the sequence Pgz2[n* EH,(1)] is bounded in LP(R?) since Hy(1) is
bounded in LP(€2,). By uniqueness of limits, we infer that Pge[n*EH\(1)] — ©(1) weakly in
LP(R?) as A\ — oc.

Finally, we observe that

B i EHA(1)] — EHAQ) | re2) = [Pes (" — D)EHA)][lzoge
< Ol = DEHAW) rzry < CHAD) 1y mes(B(0, C/A)F < O~

A—00

— 0.

RSN

This completes the proof of the lemma. n

Consequently, to prove the strong convergence (2.11), in view of the weak convergence (2.12),
it suffices to show that {E£Hy(1)}x>1 is relatively compact in LP(R?) for every p € (2,00). Here,
we proceed in two steps; we show that the family {EH,(1)}x>1 is:

i) relatively compact in L7 (R?) for every p € (2,00) (Lemma 8, below),

ii) small in the LP-sense for large |z|, uniformly in A > 1 (Lemma 9).
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Then, the relative compactness of the family { EH,(1)},>1 in the space LP(IR?) is a consequence
of a standard diagonal argument. Here, a set is called to be relatively compact in L} (R?) if it is
relatively compact in LP(B(0, R)) for every R > 0.

In the following two lemmas, R > 1 is a sufficiently large constant and

(2.13) hr(z) = h(z/R), where h € C®(R?)
is such that h(xz) =0 for |z| < 1 and h(z) =1 for |z| > 2.

Lemma 8. Let H,(t) be defined in (2.10). The set {EH(1)}x>1 is relatively compact in LY (R?)
for every p € (2, 00).

Proof. Here, as the usual practice, one could show LP-estimates for VFEH) (1) which are uniform
in A > 1. Unfortunately, we do not know any scaling invariant gradient estimate for solutions of
the Stokes equation with initial conditions from L*°°(€2). Thus, we have to proceed in a different
manner.

Recall first that, by [13, Prop. 2.1], the vector field Hg is smooth, bounded, and there is a
constant C' > 0 such that |Hg(z)| < C/|z| for all z € Q (recall that Q C R?\ B(0,1)). Since the
rescaled harmonic vector field Hq, is divergence free and tangent to the boundary, we can write
the following decomposition

HQA = ]P)QAHQx = ]P)Qx (hRHQ/\> + ]P)Q)\[(l - h’R)HQA]?

with the cut-off function hg defined in (2.13).
Obviously, the Leray projector Pq, is a bounded operator on the space L4(€2,) for each 1 < ¢ <
oo, with norm independent of A. Thus, for fixed ¢ € (1,2), using the identity (2.9) we estimate

[Pq, [(1 — hr)Ha, ]|z < Cl(1 = hr)Ha,||zo@y) < CA|[Ha(A ')||Lq (Q\NB(0,2R))

(2.14) = C)\I_EHHQHLQ (QNB(0,2RN)) Al_f”

La(1<|z|<2R)\)

< C(q, QR

Therefore, the quantity Pq, [(1 — hr)Hgq,] is bounded in L?(2y) with ¢ € (1,2), uniformly with
respect to A. Now, we deduce from the scaling invariant decay estimates (2.4) and (2.7) that
{S\(1)Pg, [(1 — hR)HQA]}A21 is bounded in H'(£2). Moreover, since Sy(1)Pq,[(1 — hg)Hq,| van-
ishes on the boundary of €2, we have the relation

EVS\(1)Pq,[(1 — hgr)Ha,] = VES\(1)Pq,[(1 — hr)Ha,]

which implies that {ESy(1)Pq,[(1 — hg)Ha,] }/\>1 is bounded in H'(R?). By the compactness of
the Sobolev imbedding H'(R?) C L} (IR?), we infer that the set { ES)(1)Pq, [(1 — hr)Hq,]

loc
relatively compact in LP (R?) for all p € (2, 00).
On the other hand, calculations similar to those in (2.14) with p € (2, c0) lead to the inequality

Fas 18

1 2
B < C(p, Q)R

Po. . hpH < C’)\lig
[Po, hrHo, || r(0y) < ! LP(|z|>RN)

Using the decay estimate (2.4) we infer that

| ESA(1)Pa, (hrHa, )| zr®2) = [[SA(1)Pa, (hrHa, )| Lr )

(2.15) 2 4
< CHPQ/\(}LRHQA)HLP(QA) < C(p? Q>Rp .
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Finally, since ESy(1)Pq, (hgHgq,) tends to zero in LP(R?) as R — oo uniformly in A and since
the family {ES\(1)Pq, [(1 — hr)Hq,]}r>1 is relatively compact in L (R?) for every fixed R, we
infer that

(2.16) EH\(1) = ESy(1)Hq, = ESy\(1)Pq, (hgHa,) + ES\(1)Pq, [(1 — hr)Ha,]

is relatively compact in L7 (R?). O

loc

Lemma 9. Let Hy(t) be defined in (2.10) and hr be defined in (2.13). For every p € (2,00), we
have that I%im |hrEH\(1)||Lrr2y = 0 uniformly in A > 1.
—00

Proof. Let £ > 0 be an arbitrary small constant and Ry = Ry(¢) be a large constant to be chosen
later. We estimate the LP-norm of hg E'H,(1) using the decomposition of EH,(1) from (2.16) with
R = Ry. First, repeating the calculations from (2.15) we have

2_q
”hRES)\(l)PQA(hROHQA)HLP(RQ) < C(p7 Q>R5 :

Since the right-hand side tends to 0 as Ry — oo uniformly in A > 1, there exists Ry independent
of A\ such that
||hRES)\(].)]P)Q)\(hROHQ>\)||Lp(R2) < € for all A Z 1.

Now, for fixed Ry, we show that

lim hREU)\(l) =0 with ’U)\<t) = S)\(t)PQA[(]_ - hRO)HQ/\]

R—o0

where the convergence is in the norm of LP(R?) and is uniform with respect to A > 1.

First, it follows from relation (2.14) that v)(0) = Pq,[(1 — hg,)Hgq,] is bounded in L?(£2,) for
each 1 < ¢ < 2, uniformly in A > 1. Using the decay estimates for the Stokes equation stated in
(2.4) and (2.7), we infer that vy verifies

(2.17) lox(t)|lzaay) < Clg) and  ||Vux(t)| 2, < C)t™", uniformly in = A > 1,

for each g € (1,2),n=1/q € (1/2,1), and all £ > 0.
Let wy denote the curl of vy. The quantity EFhgrw, verifies the following equation in the full
plane
8t(Eth,\) — A(Eth)\) = E[Ath)\ — 2d1V(Vth)\)} in R+ X ]R2,

supplemented with the zero initial datum, because

Eth)\(O) = EhR CllI'lU)\(O) = EhR curlPQA[(l — hRO)HQ)\]
= EhR curl[(l - hRO)HQA] = _EhRHQ)\ : VLhRO =0

for R > 2Ry. In these calculations, we used the fact that, for any vector field w, the quantity
w — Po,w is a gradient, that Hg, is curl free, that supp hg C {|z| > R} and that supp Vhg, C
{Ry < |z| < 2Ry}.
The Duhamel principle for the inhomogeneous heat equation in the full plane implies now that
1 -2

1
(218) EhRW)\<1) = / m@_4(1—8) * E[AthA — 2d1V(VhR(,U>\)] (S) ds.
0



Let ¢ € (1,2) satisfy 1/¢ = 1/241/p. We estimate the L9-norm of Ehgwy (1) using relation (2.18)
in the following way

1 _ 12
He (1-s)
1—s

1
||Eh/RCL))\(1)HLq(]R2) < C/ Ll(RQ)“AhRCL))\HLq(RQ) ds
0

2
|-

1
1 _ I
+C/ 1—8HV[6 4(1*5)]HLl(RQ)HVth)\HLq(RQ) ds
0 —

1 1
1
<C Ah w —1—0/ Vh w ds
< /OH rllzr@2)llwall 20y s Vialle ey

1

s O/ (IARR] o) + | Vhgllzoe)) (L + (1= 5)72)s™1 ds
0

<CRv Y,

where we used (2.17). We conclude, using again (2.17), that

H curl(Eth,\(l))HLq(Rz) HEhRW)\(l)“Lq(]RQ) + HEU)\(l) . VlhRHLq(Rz)
|

[ER RN (D) a2y + [[ox(D) | o) IV hR]| oo @2)

2

Rr .

NN N

On the other hand, we can also bound

=10

| div(EhgoA(1))||pa@e) = | EvA(L) - Vhg|[Lagz) < [[oa(D)]za@y) [VAr] e @2) <
Finally, putting together these estimates, we obtain

[ERR0A(D)| Lo e2) < CIV(Ehgoa(1))]| o)

<
< CH diV(EhRUA(]-))HLq(]RQ) + CH CUI"l(EhRU)\(l))HLq(Rz) < CR%il Eﬂ)o 0

uniformly in A > 1. This completes the proof of Lemma 9. O]

3 Proof of the main result

The proof of Theorem 1 proceeds in two steps. First, we reduce the problem to the study
of initial velocities, which are small in the L*»*-norm. In the second step, we assume that wu is
sufficiently small in L?*(Q2) and we show that if the solution of the Stokes problem (2.1)-(2.3)
converges towards the Lamb-Oseen vortex, then so does the solution of the nonlinear problem.
Once these two steps are completed, Theorem 1 follows from Theorem 6.

3.1 Reduction to the case of small initial velocity.

We begin by recalling a classical result on the L?-decay of weak solutions to problem (1.2)-(1.4).

Theorem 10 (Borchers & Miyakawa [2, Thm. 1.2]). For every tig € L2(Q) there is a unique weak
solution u € L*((0,00); L*(Q)) N Lz .([0,00); H(Q)), of problem (1.2)-(1.4) with uy = Uy as an
initial datum, such that tlim |l (t)||2 = 0.

—00

We show now the following auxiliary result.



Lemma 11. Let u be a solution to (1.2)-(1.4) with uy of the form (1.5) with arbitrary uy € L2(S)
and a € R. Denote by u the weak solution from Theorem 10. For every ty > 0, we have that

sup ||lu(t) —u(t) — aS(t)Hal|r20) — 0 as o — 0.
[O,to]

Proof. We show a L*-estimate for the function z(t) = u(t) — u(t) — aS(t)Hg which satisfies the
following equation

(3.1) Oz —Az+ (u+z+aH,) - V(u+z+aH) —u-Vu+ Vp =0,

where H,(t) = S(t)Hq.
We multiply equation (3.1) by z and integrate in the space variable to obtain, after some
integrations by parts,

1d _ _
5&”»’5“%2(9)+ HVZH%Z(Q) :a/U'VZ'Hl —/Z-Vu-z+a/z-Vz-H1

(32) +a/H1.vz~ﬂ+a2/H1~Vz-H1
EIl+[2+Ig—|—I4+[5.

Using the following interpolation inequality
1w < Ol IV Flfagy  forevery f € HY(S).
we bound each term on the right-hand side of (3.2) in the following way
1 < Jal il @l V2llsell Hill oy < IV 21aq) + Ca?aq 10 ey
Ir < ||Z||%4(Q)||Va||L2(Q) < Cllzll 2@l V2l 20 VUl 22i0) < éHVZHQL?(Q) + C”Z”%Q(Q)”vaH%Q(Q)v
I < lafllzll 2@ V2l 2@l Hill oo () < éHVZHiz(Q) +Ca?||2)| 7o) 1 H1 [ )
Iy < af[[Hull e @ IV 2]l 2@y Ul £2() < éHVZH%z(Q) + Co® || Hy |7 o 17Tl| 72 0
Is < o[ Hi [ 1V 2|20 < éIIVZIIizm) +Ca'l| Hi g

Plugging the above inequalities into (3.2) yields

d 1 -
&HZH%Q(Q) + gHVZ”%%Q) gCHZ”%Q(Q)(Hqu%?(Q) + 042HH1H%OO(Q))

+ Ca2HH1H%°°(Q)HaH%2(Q) + Ca4HH1H4L4(Q)'

Recall that zp = 0 and H,(t) = S(t)Hgq. Thus, the Gronwall inequality implies

to to
sup 210y <Ca*( | IS Hale o) [T ooy dr + 0 [ 1S() Hallbso )
0 0

[O,to]
to to
X exp <c /0 IV@(T) 220 d7 + Ca? /O 1S(7) Hol |0 dT).
Since u € L>((0,t0); L*(2)) N L*((0,to); H(Q)) and since Hg € LP(Q2) for all p € (2, 00], we infer

from the decay estimate (2.4) that the right-hand side of the above inequality is finite and tends
to zero as a — 0. This completes the proof of Lemma 11. n
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In the following, we need a simple consequence of this lemma.

Corollary 12. Under the assumptions of Lemma 11, for everye > 0, there exists oy = (€2, U, €) >
0 and Ty = To(2, Uo, €) = 0 such that if |a| < ag then ||u(Th)| 2@ < €.

Proof. Let € > 0 be arbitrary. First, by Theorem 10, we choose Tj so large to have ||[u(7Th)|| r2(q) <
e/3. Next, by (2.6), we have the following bound

£
@S (t) 20y < Kolal | Hallzze < &)
provided that o < e/ (3K> || Hol|r2.(0))- Finally, we infer from Lemma 11 that if ay is sufficiently
small, then
sup |lu(t) —u(t) — aS(t)Hal 12 <
[0,T0]

w| ™

Consequently,

(T L2~y <[a(To) — T(Ty) — aS(To) Hll 2oy + [T |12~
+ [|aS(To) Hal| 2. () < &

3.2 Large time asymptotics for small velocities.

Now, we show that, for sufficiently small initial conditions, if the linear evolution converges to
the Lamb-Oseen vortex, then so does the nonlinear evolution. This result is stated in the following
proposition.

Proposition 13. Let ug € L>*(Q) and denote by u = u(t,z) the corresponding solution to
(1.2)(1.4). There exists € = £(2) > 0 such that if max{||uo|| 2.=(0), ||} < € and if

(3.3) tliglot%_% 1S (t)uog — a©(t)| o) =0  for every p € (2,00)
then
(3.4) tlggo t%ﬁHu(t) —aO(t)||r) =0 for every p € (2,00).

Proof. Tt follows from the results in [15, Thm. 3| that for every p € (2, 00) there exists a constant
C(p) > 0 such that

(3.5) sup 27 [|u(t) | r @) < Clp)e,
>0
provided € > 0 is sufficiently small.

First, we show relation (3.4) for p = 4. The Duhamel principle allows to rewrite problem
(1.2)-(1.4) as the integral equation

t
u(t) = S(#)uo — / S(t — $)Pa div(u ® u)(s) ds.
0
Subtracting the Lamb-Oseen vortex © on the both sides of the above relation we get
t
u(t) —aO(t) = S(t)ug — aO(t) — / S(t — s)Pqdiv(u ® u)(s)ds
0

= S(t)ug — aO(t) — /Ot S(t — s)Padiv [(u — a®) @ u+ aO® @ (u — a©)](s) ds,
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because P div(© ® ©) = 0. This is a consequence of the fact that the vector field © is orthogonal
to the gradient of a radial function so that div(© ® ©) is a gradient.

Now, computing the L*-norm of the above equality, using the decay estimates for the Stokes
semigroup (2.8), the Hélder inequality, the assumption on «, and estimate (3.5) we obtain

[u(t) — a® )|l L) < ISE)uo — aO(t)|| L2
+ c/o (t—s) (1= ) ®u+a® ® (u— aB)](s)|| e ds
< [[S(uo — O() || 24(0)

+C /Ot(t — )" [l(w = aB®)(s) |z ([u(s) ]| L1y + 10O(5)[| 20y ds
< 1S (t)uo — aO(#)|| (o) + Ce / (6= 9 Hs (0 — aB)() e ds.
Hence, denoting ¢(t) = 7 |u(t) — aO(t)||L1(q) we infer that
C(t) < i [|S(E)uo — aO(t) | sy + Cet / (1= 5) b ((s) ds
< 5[|S(H)up — aO(t) | paay + Ce /01(1 — )i a((tr) dr.

Now, we compute limsup of both sides of this inequality and we use (3.3) for p = 4. By the
t—o0
Lebesgue dominated convergence theorem, we obtain

1 ..
limsup ¢(t) < Celimsup () / (1-— T)’%T’5 dr = Cyelimsup ((t),
t—o00 t—o00 0 t—o0

where (' is a constant independent of €. If Cie < 1, this inequality implies immediately that
lim sup ((t) = 0, which is the relation (3.4) for p = 4.

t—o0
The same argument as above works for p # 4 but the constant C; will depend on p so the

smallness condition Cie < 1 cannot hold true unless € = 0. To get around this difficulty, we show
that if (3.4) holds true for p = 4 then it holds true for all p € (2, 00). Using similar computations
as above we obtain

lu(t) = a®@)||zr@) < [1S(E)uo — aO@)]|r(e)

t
+ C’(p)s/ (t— s)fHES_Z llu(s) — a@(s)||L4(Q) ds
0
1
<1IS(t)uo — a®®) |uney + Clp)ets / (1= 7) 3¢ (rt) dr.
0

Multiplying both sides of this inequality by t%ﬁ, computing lim sup, and using the already-proved
t—o0

decay for p = 4 completes the proof of Proposition 13. m

3.3 Proof of Theorem 1.

We fix € > 0 required in Proposition 13 and choose ag € (—¢,¢) and T as in Corollary 12 to
have that ||u(7)|| f2.0(0) < €. Let us observe that u(7p) verifies

(3.6) u(Ty) — aHg € LA(9).
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Indeed, it follows from Lemma 11 that u(Ty) —u(Tp) —aS(To) Hg € L2(2). Clearly u(Ty) € L2(Q),
because u is a square integrable weak solution of the Navier-Stokes equations. Moreover, we have
S(t)Hq — Hg € L2()) as was shown in [14]. Thus, the proof of (3.6) is complete.

In particular, using Corollary 5 we have

tli)rglot%_%||5(t)(u(T0) —aHo)|r) =0  forevery p e (2,00).
Thus, we infer from Theorem 6 that

tliglo t%_%HS(t)u(TO) —aO(t)||r) = 0 for every p € (2,00).
Apply now Proposition 13 starting from time 7j to obtain

lim (£ — ) #|ju(t) — aO(t — Tyl e =0 for every p € (2,00).

t—ro0
A calculation using the explicit formula for © given in (1.1) shows that

_1 t
PH("‘)(t) — @(t — TO)HLP(Q) = H@(l) - @(m)HLP(Q) —0 ast— o0

NI

(t —Tp)

by the dominated convergence theorem (observe that |®(ﬁ)‘ < |©(1)). This completes the
proof of Theorem 1.
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