SOME RESULTS ON THE NAVIER-STOKES EQUATIONS IN THIN
3D DOMAINS
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ABSTRACT. We consider the Navier-Stokes equations on thin 3D domains Q. = Qx (0, ¢),
supplemented mainly with purely periodic boundary conditions or with periodic bound-
ary conditions in the thin direction and homogeneous Dirichlet conditions on the lateral
boundary. We prove global existence and uniqueness of solutions for initial data and forc-
ing terms, which are larger and less regular than in previous works on thin domains. An
important tool in the proofs are some Sobolev embeddings into anisotropic LP-type spaces.
As in [P5], better results are proved in the purely periodic case, where the conservation of
enstrophy property is used. For example, when the forcing term vanishes, we prove global
existence and uniqueness of solutions if ||(1—M )uo|| gr1/2(q.) exp(C~1e™1/*||Muy ||i/25(QE)) <
C for both boundary conditions or ||[Mugl|giq.) < Ce P, [[(Mug)s||r2q.) < Ce7,
(I — M)uo| gr1/2(.y < Ce'/*=#/2 for purely periodic boundary conditions, where 1/2 <
s <land 0 < 8 <1/2 are arbitrary, C' is a prescribed positive constant independent of ¢
and M denotes the average operator in the thin direction. We also give a new uniqueness
criterium for weak Leray solutions.
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1. INTRODUCTION

As is well-known, the Navier-Stokes equations describe the time evolution of solutions
of mathematical models of viscous incompressible fluids. From the mathematical point
of view, global existence of weak solutions is known to hold in every space dimension.
Uniqueness of weak solutions is known in dimension 2 (see [I8]). In dimension 3, to obtain
global existence and uniqueness, one has to assume additional regularity and smallness
assumptions on the initial data and the forcing term. A natural question is how to use
the good properties of the 2D Navier-Stokes equations to improve the uniqueness and
regularity results for the 3D equations, when the domain is thin. In this paper, we consider
the existence and uniqueness of solutions of the Navier-Stokes equations in thin three-
dimensional domains Q. = Q x (0,¢), where ) is a suitable bounded domain in R? and &
is a positive parameter, 0 < ¢ < 1. We do a detailed study of this question in the case
of two types of boundary conditions: the purely periodic condition (PP) and the periodic-
Dirichlet boundary condition (PD), that is, periodic condition in the thin vertical direction
and homogeneous Dirichlet conditions on the lateral boundary I'j = 0 x (0,¢). When
(PD) boundary conditions are considered, we assume that €2 is a regular domain in R?



while, in the case of the (PP) boundary conditions, Q = (0,1;) x (0,l5), where [y, [ are
positive numbers. Our results also hold for other types of boundary conditions, such as
those considered in [27] (See remarks [[.2, [[.3 and [[.4).

The study of the Navier-Stokes equations on thin domains originates in a series of papers
of Hale and Raugel ([I2], [I3], [T4]), concerning the reaction-diffusion and damped wave
equations on thin domains. In thin three-dimensional domains, inspired by the methods
developed in ([12], [13], [14]), Raugel and Sell ([24], [25]) proved global existence of strong
solutions for large initial data and forcing terms, in the case of the boundary conditions
(PP) and (PD). As in [I2], an essential tool in their proof is the vertical mean operator M
(see (L.I7)), which allows to decompose every function g on ). into the sum of a function
M g which does not depend on the vertical variable and a function (I — M)g with vanishing
vertical mean and thus to use more precise Sobolev and Poincaré inequalities. Later, in
the case of Dirichlet boundary conditions, Avrin [I] showed global existence of strong
solutions of the Navier-Stokes equations on thin three-dimensional domains for large data,
by applying a contraction principle argument and carefully analyzing the dependence of the
solution on the first eigenvalue of the corresponding Laplace operator. The analysis in the
case of Dirichlet boundary conditions in a thin domain is simpler, because the size of the
first eigenvalue is of order e~2 and thus the above decomposition is of no use. Next, using
the same tools as Raugel and Sell together with improved Agmon inequalities, Temam and
Ziane ([27], [2R]) generalized the results of [24], [25] to other boundary conditions and,
in the case of the free boundary conditions, to thin spherical domains. In the periodic
case, Moise, Temam and Ziane [22] proved global existence of strong solutions for initial
data, that are larger than in [25]. Also in the (PP) case, using anisotropic spaces, Iftimie
[T5] showed existence and uniqueness of solutions for less regular initial data and proved
that initial data ug with larger (I — M)ug part could be taken. Finally, in the same case,
Montgomery-Smith [23] gives global existence results, which are not contained in [22].

In this paper, we improve the previous existence and uniqueness results in two directions,
by requiring less regularity on the initial data and by allowing a larger size of the initial
data and forcing term. We also emphasize the importance played by the third component
of the vertical mean value of the data. For instance, in the (PD) and (PP) cases, we show
that, for any real number v, 0 < v < 1/2, there exists a positive constant K., such that,
for 0 < e < 1, if the initial data uy and forcing term f satisfy

| Muol| 2.y < K\e'? AV — M)uo|lr20. < K,
sup | MP-f ()20 < K., sup |(Z = M)Pof (D)) < K,e 2 Inel",

where A, is the Stokes operator and P. is the Leray projection, then the Navier-Stokes
equations have a global solution u € C°([0, +00); (L*(Q-))?), which is unique in the class of
weak Leray solutions. In the purely periodic case, one can also choose v = 1/2; furthermore,
in this case, assuming that Mwugy is more regular, we obtain global existence of a solution
u in C°([0, +-00); (H'2(Q.))?), which is unique in the class of weak Leray solutions, if, for
instance, ug and f satisfy

1AL (Muo) | 22(q.) +sup [MPf(1)l12@.) < koe ™",



[ Muos]| r2(q.y + sup | AZVA(M P fa() |20y < ko
t
sup [|(I — M)P-f(t)||12(0.) < koe 2/412,
t
JAYA((T = M)uo) |12 (q.) < koe'*=P%

where 0 < 3 < 1/2. These results are stated more precisely in the theorems [, [.9 and

[[.3 below. To prove these theorems, we at first show sharp estimates of the nonlinear term
appearing in the Navier-Stokes equations by working in the anisotropic Sobolev spaces
L99(Q.) = L9(Q; LY(0,¢)), for ¢ # ¢ and also by taking into account commutator prop-
erties. In the purely periodic case, like in [25], we use the conservation of enstrophy of the
variable Mu(t) = (Muy(t), Mus(t),0). But, unlike [25], we work directly in the domain
Q., that is, we do not rescale the domain (). to a domain of thickness 1.

We recall that the Navier-Stokes equations in the bounded domain (). are given by

Ou—vAu+ (u-Vu+Vp =
(1.1) divu = 0,
u(-,0) = uyg ,

where V is the gradient operator, A is the Laplace operator, f is a forcing term and
u(z,t) = (ug,us,us)(x,t), p(x,t) are the velocity vector and the pressure at point z =
(1,9, 23) and time ¢ respectively. We assume that the viscosity v is a fixed positive
number. Here these equations are mainly supplemented either with the periodic-Dirichlet
boundary conditions (PD) or with purely periodic conditions (PP) on dQ.. In the (PP)
case, we require in addition that the data uy and f have a vanishing total mean value, that
is,

(1.2) / updr = fdxr = 0.
€ QE

In order to describe our results more precisely and write the Navier-Stokes equations
in an abstract form, we need to introduce some notation. For m € N, we denote by
H™(Q.) the Hilbert space {9 € L*(Qc); X o< jcm Jo. 1D?g|°dr < +o00} equipped with the
classical norm || - ||gm. For m < s < m + 1, we denote by H*(Q).) the interpolated
Hilbert space [H™(Q.), H""(Q.)]y, where § = s — m and we endow this space with the
standard norm || - [|z=. As usual, H°(Q.) is denoted by L*(Q.) and ||g][z2 = (. g2dx)V/2.
Likewise, for m > 0, we introduce the space H"(Q.), which is the closure in H™(Q.) of
those smooth functions that are periodic in ()., and, for m < s < m + 1, we introduce
the interpolated Hilbert space HS(Q.) = [H"(Qc), H*'(Q:)]s, where § = s —m. We

also define the spaces H;(QE) = {g € H;(Q.); st g(x)dr = 0}. The spaces H(Q.) and

H; (Q.) can be described in terms of Fourier series; for k in the integer lattice Z3, we set
ka = (kyay, keas, ksas), where a; = ll_l, ay = lg_l, as = ¢!, and we write

(1.3) g(x) = e Y2 Jajas Z grexp(2irka - x) |

keZ3



where g, € R, Gy = g4 and gy = ¢ '/? /a1, [, g(x) exp(—2imka-z)dz. Then, g € H3(Q-)

is in the subspace H;(QE) if and only if g(o,0,0) = 0. The usual norm ||g||z+ and semi-norm

|9lms on H3(Q:) can be expressed as follows
(1.4) lgllFe = > 1+ kalPlonl®,  lglie = D [kal®[gel ,
kez3 kez3

and the semi-norm | - |gs is actually a norm on the subspace H;(QE) We now define the
operator A, = A, with domain D(—A,) = H2(Q.). Clearly, for 0 < s < 2, D((—A,)*/?) =
H{;(Qa) and the semi-norm |||, = [|(—=A,)*/?)-||z2 is a norm on H;(Qa), which is equivalent
to the norm | - |y , with constants independent of .

In the (PD) boundary case, we introduce the space H}(Q.), which is the closure in
H'(Q.) of those smooth functions that are periodic, of period ¢ in the vertical direction
and have compact support in  x [0,¢]. We then define the operator A; = A, with
domain D(—A) = {g € H}(Q.); Ag € LX(Q.)}. Clealy, D((—A0)!?) = HY(Q.). For
0 < s < 2, we thus introduce the space H3(Q.) = D((—A,)*/?) equipped with the graph
norm || - || = [[(=A4)*?) - ||2. We recall that, for 0 < s < 1/2, H3(Q.) = H*(Q.) and
that, for 1/2 < s <2, Hi(Q.) = {9 € H*(Q.);9g =0on I'; ; g periodic in the variable x3}
(see [IT]). The case s = 1/2 is more delicate but here we do not need to characterize this
space. For details on this question, we refer to [20].

Below, when there is no confusion, we denote by X* the space H;(Qa) or H3(Q.). Using
Fourier series in the vertical direction or arguing as in [Z1], one shows that there exists a
positive constant ¢y > 1, independent of ¢, such that, for all g € X?,

7j=2
(1.5) coMllglla < QO I1D7gll72)"* < collglla

j=0
which implies, by interpolation, that there exists a constant ¢; such that, for all g € X*
with 0 < 5 < 2,

(1.6) lg]

Since we are dealing here with vectors, we as well introduce the spaces (H*(Q.))?,
(H3(Q:))%, (H3(Q:))?, etc..., equipped with the corresponding norms and semi-norms.
For the abstract setting of the Navier-Stokes equations, we classically consider a Hilbert
space H., which is a subspace of (L*(Q.))* and depends on the boundary conditions. In
the (PP) case, H. = H,, denotes the closure in (L*(Q.))* of those smooth vectors u that
are periodic in (). and satisfy

Hs S Cl”.g”s )

(1.7) / u(z)de = 0, divu = 0.

In the (PD) case, H. = Hy denotes the closure in (L*(Q.))? of those smooth vectors u
that are periodic in the vertical direction, have compact support in 2 x [0,¢]| and satisfy
divu = 0 in Q.. The classical subspaces

Ve =V, = H, 0 (H)Q)) = {u€ (fH(Q.) " divu =0}
Vo =Va= Hin(Hy(Q.))* = {ue (Hi(Q:))*divu =0}



are also useful. If ((-,-)) denotes the inner product on V., we introduce the Stokes operator
A, as the isomorphism from V. onto the dual V. of V. defined by

(Acu,v)yvrv. = ((w,v)), YveV..

One can also extend A, as a linear unbounded operator on H.. The domain D(A.) =
{u € V.; A.u € H.} is exactly the space (H?(Q.))> NV, in the (PP) and (PD) cases that
we consider here. If P. denotes the orthogonal (Leray) projection of (L*(Q.))® onto H.,
the Stokes operator A. is given by

Au = —P.Au, Yu € D(A,) .

Furthermore, in the cases (PP) and (PD), the Cattabriga-Solonnikov inequality holds uni-
formly in e, that is, there exist positive constants co = ¢2(2) > 1 and ¢35 = ¢3(Q2) > 1,
independent of ¢, such that, for 0 < e < 1, for any u € D(A.),

(1.8)

j=2 J=2
¢ (D IID7ullz)? < o[ Aulpe < [JAcullie < eallAulle < es(D 1 DMull72)' 2
j=0 Jj=0
In the (PP) case, the property ([[.§) directly follows from ([[.5), since then A.u = —Au, for
allu € D(A.). In the (PD) case, the inequality ([[.§) is proved, as in [21], by extending u by
periodicity to the domain @) = 2 x [0, 1] and applying the known Cattabriga-Solonnikov
inequality in ;.

For 0 < s < 2, we denote by V.’ the space D(A?ﬂ), equipped with the natural norm
|-l =1-|s = ||A§/2 +||z2. Arguing as in [9] and using (@), one shows that, for 0 < s <2
D(Ai/ %) = (X*)3N H. and that there exists a constant ¢, > 1, independent of £, such that,
for 0 < s <2,

(1.9) i (=2 ullre < A %ullze < eall(=2)"ullze, YueV?.

For 0 < s < 1, we also consider the dual space V.=* = D(A*/?) of D(A%?), endowed with
the dual norm |u|_s = sup, ey ,20((u, 2)vzv./]2s)-
Finally, let B. be the bilinear form on V. defined, for (u;,us) € V. x V., by

(Be(uq,ug), usg)vey, = / (uy - V)ug -ugdr Yuz € V. .

€

For the sake of simplicity, we assume, in the whole paper (except in Theorem [[.3), that
the data ug and f satisfy the conditions

(1.10) up € V2 forsomes, 0 <s< 1, feL>0,+o0;H.).

In Theorem [[.9, we shall suppose that f € L?(0,+oc; H.). The Navier-Stokes equations,
supplemented with the boundary conditions (PP) or (PD) can then be written as a differ-
ential equation in V/:

ou+ vA.u+ B.(u,u) = P.f,
. t (w,u) = P.f

u(-,0) = wy .

Here 0;u denotes the derivative (in the sense of distributions) of u with respect to ¢.



We now recall three classical existence results of solutions to ([.IT]) (see [4], [6], [§], [I7],
[R], [19], [26], [29], ... ), which are valid if f belongs to L>(0, +oo; H.) or to L*(0, +00; H.):
o(P1) For ug € H., there exists a solution u of ([.IT) (not necessarily unique), such that

(1.12) u € L3,([0,400); V) N L=(0, +00; H.) N Wyt ?([0, +00); V7)
and, for all 0 <t < 400,
t t
(1.13) lu(t)]172 + 2v / IVu(s)|72ds < Jluoll7z +2 / (£(s), u(s))ds .
0 0

A solution u of ([.11]) satisfying ([.12) and ([.13) is called a weak Leray solution.
o(P2) For uy € V,, there exist a time T, = T.(Q., v, ug, P-f) and a unique solution u of

(L.I0), such that
(1.14) u € Li,([0,T5)V2) N CO([0, T2); Vz) -

Such a solution is usually called a strong solution of ([.IT]).
¢(P3) For ug € ‘/.51/27 there exist a time 7 = T(Q., v, up, P-f) and a unique solution u
of ([[.IT]), such that

(1.15) u € L ([0, T2); V) n C°([0, T7); V2/?) .

Furthermore, using a classical small data argument like in [24], for instance, one shows
that, if

(1.16) |AY 40| 2 + sup [ AZVAP.f(s) || 2 < CY2

where C' is independent of e, then the solution u of ([LIT) is global in time, that is,
T = +oo0.

Here, we improve this global existence result as well as those of [I5], [22], [23], [24], [25]
and [27]. Before giving the precise statements, we need to define the mean value operator
M in the vertical direction:

(1.17) (Mf)(x1,29) = / f(z1,m9,8)ds Vf e L*Q.) .

We extend this operator M € L(L*(Q.); L*(Q.)) to an operator in L((L?(Q.))?; (L*(Q.))?)
by setting Mu = (Muy, Muy, Mug), for any vector u € (L*(Q.))3. Clearly, M and I — M
are orthogonal projections in L?(Q.) and (L*(Q.))? and commute with the derivations D;,
for i = 1,2,3. Moreover, M H. C H.. Using these properties and the fact that P. is an
orthogonal projection onto H., one shows that

(1.18) MP.u = P.Mu, Yue€ (L*(Q.)*,
which implies that
(1.19) MAwuw = A.Mu, Yue D(A,) .

One directly deduces from ([.1I9) that M also commutes with the operator A2, for s > 0.
The Navier-Stokes equations can now be rewritten as a system of equations for v=Mu
and w= (I — M)u
o +vAv+ MB.(v,v) + MB.(w,w) = MP.f ,

(1.20) o(.0) = Muo |



and
(1.21) ow + vA.w+ (I — M)(B:(v,w) + B:(w,v) + B-(w,w)) = (I — M)P.f,
' w(-,0) = (I — M)uy .

For the sake of simplicity, we suppose in the whole paper that 0 < ¢ < 1. We could of
course replace the upper bound 1 by any positive real number £¢; in this case, the constants
appearing in our results would also depend on &y.

In the case of the (PD) and (PP) boundary conditions, we show the following results.

Theorem 1.1. For any nonnegative numbers «, 3, v, s, satisfying 0 < B < 1, 0 <
v < 1/2, sup(f,2v,1/2,a/(a + 1 — ) < s < 1, there exists a positive constant K, =

K.(a, B,7,s) such that, for 0 < e < 1, if the initial data (Mug, (I — M)ug) € H. x A
and the forcing term f € L>(0,00; (L*(Q.))?) satisfy

| Mug|| 2 < Koe ™2 0 (I = M)ugliys < K.,

1.22 _ _
(1.22) sngMPEf(t)HLz < K,e P12 sng(I—M)PEf(t)HLz < K,e Y% Ine|,

and the additional condition
(1.23)
(< sup [[(1=M)P- f(#)[32 exp K (=74 sup | MP-f(£)|[15'+2"/* sup | (= M) P-f (1) [72)

10 = M)uol,) x exp KM (e 2| Muo 1) < K.

then the equations ([[.11) admit a global solution u € C°([0, +o0); H.) N L2 ([0, +00); V) N
Hl

a0, 400); V), which is unique in the class of weak Leray solutions. Moreover, (I —

M)u € LOO(O,OO;VEI/z) N L2 ([0, 00); 83/2) and the estimates ) and ) hold, for
t>0.

Remarks 1.1. i) In the particular case « = § = 0, the condition ([.23) always holds,
provided the constant K, is small enough. If v =0, (L.23) can be written as
(10 = Ayl + &8 sup 7 = AP0 exp e sup VP01
x exp K (&2 Mug||2)** < K. .

ii) In the case of periodic boundary conditions, we can set s = 1, # =1, v = 1/2 in the
hypotheses ([.29) and ([.23). Moreover, the limitation on ||Muyl|z2 disappears, provided
that the following condition holds:

(1.24)
(£ sup | (2 = AP (O exp K e sup [ MPS (O3 + £ sup (2 = M)P-F(O)2)

1 = M)uol o) x exp K (e Mug||12)? < K.

This improvement will be explained in Remark 1.



iii) Applying the Poincaré inequality (2.1]) below to the term (I — M )ug, we easily see that
the above theorem still holds if, in the conditions ([.23), ([.23), |({ — M )ug|1/2 is replaced
by 51/2[(0’([ — M)Uoh-

The above theorem has already been proved in [I5], in the frame of anisotropic spaces
and Littlewood-Paley theory, in the particular case of periodic boundary conditions and
vanishing forcing term f.

Remark 1.2. We also improve the results of [1] in the case of homogeneous Dirichlet bound-
ary conditions, by requiring less regularity on the initial data uy. In this case, we introduce
the Laplace operator Agy = A, with domain D(—Ayy) = {g € H}(Q.); Ag € L*(Q.)},
where H}(Q.) is the closure in H'(Q.) of those smooth functions that have compact sup-
port in Q.. For 0 < s < 2, we define the space X* = D((—Ay)*/?) equipped with
the norm || - ||s = ||(=Aa)*? - ||z2. If H. = {u € (L*(Q.))?; divu = 0; u - v. = 00n 9Q. },
V. ={u € H.; u=00n0Q.}, where v, is the outer normal to the boundary 9Q)., we define
the corresponding Stokes operator A, with domain D(A.) = {u € V; A. € H.}. From [{],
it follows that D(A.) = (H?*(Q.))>N V.. Arguing as in [27], one shows that the Cattabriga-
Solonnikov inequality ([[.§) holds uniformly in e and that the inequalities ([.9) are still
true. We remark that the first eigenvalue of —Ayy (respectively A.) is of order 2, which
implies that the Poincaré inequalities (2.1]) and (B.2) below hold, with (I — M) replaced
by I. Hence, the decomposition u = Mu + (I — M)u is of no use. Replacing simply w by
u and v by 0 in the proof of Theorem [[.1], one shows that there exists a positive constant

K such that, for 0 <e <1, if ug € V22 and f e L>(0,00; L*(Q.)) satisfy
(1.25) ol < K, sup || P.f(t)|| < Ke™™?,
t

then the equations () admit a global solution u € C°([0, +00); H.) N L>(0, oc; V51/2) N
L2 ([0, 00); V%) which is unique in the class of weak Leray solutions. Moreover, there

exists a positive constant C' independent of e, such that, for t > 0,

(1.26) u(t)i)2 < exp(=Ce™?t)|uglij, + C<’ Sl;p||(f— M)P.f(t)|7> -

Remark 1.3. Asin [27], if Q = (0,1;) x (0, l3), we can consider the Navier-Stokes equations
(L.1), supplemented with the (DP) boundary conditions, that is, homogeneous Dirichlet
boundary conditions on I', = (2 x {z3 = 0}) U (2 x {z3 = €}) and periodic conditions in
the variables x1, x5. As before, one defines the corresponding spaces X*®, H., V. and the
corresponding Stokes operator A.. The inequalities ([.§) and ([[.9) still hold. Thus, like in
Remark [[.2, ones proves that there exists a positive constant K such that, for 0 < e <1,
if ug € V2% and f € L>=(0,00; L*(Q.)) satisfy the conditions ([L.25), then the equations
(L.11)) admit a global solution u € C°([0, +00): H.) N L(0, 00; V2/%) N L2, ([0, 00); V/?),
which is unique in the class of weak Leray solutions, and the estimate ([[.26) holds.

We now assume that the forcing term Pf belongs to L?(0,00; (L*(Q.))?), which is a
rather strong requirement. But, in this case, we can remove every smallness assumption
on the data Mug and M P f(t), provided the data wy and (I — M P)f(t) are small enough.



Theorem 1.2. For any positive number s, 1/2 < s < 1, there exists a positive constant
K = K(s) such that, for 0 < & < 1, if the initial data (Mug, (I — M)ug) € H. x V2'* and
the forcing term f € L*(0,00; (L*(Q.))?) satisfy

o) (1= Mwllp+e [ 1= MRS

~ +o0 1/s ~
exp Kt (5_1||Mu0||%2+6_1/ ||MP€f(T)||%2dT) < K,
0

then there exists a global solution u € C°([0, +00); H.)NLE ([0, +00); Vo)NHL ([0, +00); V)
of ([.11) which is unique in the class of weak Leray solutions. Moreover, (I — M)u €
L=(0, 00; V27%) A1 L2,([0, 00); V2.

loc

If, for instance, in Theorem [L.1], we want to choose Mug of order £/, for § < 1/2, we
need to assume that (I — M)ug and (I — M)P.f are exponentially small functions of e.
However, in the case of the (PP) boundary conditions, these drastic restrictions become
much milder. In the theorem below, we split the vector field v = Mwu into two parts

(128) Mu = Mﬂ+M(u3) = (Mul,MUQ,O)+(0,0,MU3) y
and set v = Mu. In the proof, we use the conservation of enstrophy for the vector field v.

Theorem 1.3. There exist positive constants ki, ko, ks, ks and ks such that, for 0 <
e < 1, if the initial data (Mug,(I — M)ug) € V, X V% and the forcing term f €
L>(0, 005 (L*(Qe))?) satisfy

|Mug|; < kie™'/?, |( = M)ug|ijz < ko

1.29 _ _
(129) S IMPS@®) iz < ke, sup |(I = MYPF(B)li < kae™"
t t

and the additional condition

(1.30)
Ao = (10o]s + sup |MPF (0|2 + 211 = Muofiy + € sup (1 = M)PF ()] )

< (11 () 12+ 5up [M(PPa(8)] 1) < ks

then the equations ) admit a global solution u(t) € C°([0, 0); Vpl/Q)ﬂLoo(O, o0; Vpl/Q)ﬂ

L2 ([0, 00); Vi¥'%) | which is unique in the class of weak Leray solutions. Moreover, Mu

belongs to the space C°([0, 00); V) NL>(0, 00; V)N LT, ([0,00); Vi2) and the estimates (.33)
and (5.43) hold, for every t > 0.

Remark 1.4. Similar existence results hold, if one considers the Navier-Stokes equations
(L.1), supplemented with the (FP) boundary conditions, that is, with the free boundary
condition

(1-31) u3($1,$2,$3) =0, 3mguj($17132,9€3) =0, j=12, z3=0¢,

and periodic conditions in the variables z1, x5. As before, one defines the corresponding
spaces H., V. and the Stokes operator A.. In the proofs of Section 2, one also needs to



define the spaces X*®, which are now different for u;, j = 1,2 and wu3. Since us(xy,x2,0) =
us(x1, x9,€) = 0, one introduces the following mean value operator Mpp on H,,

Mppu = (Muy, Mus,0) , Yu € H, .

Then, one easily checks that the theorems [[1, [.2 and [[.3 are still true, if the operator
M is replaced by the corresponding operator Mprp. Remark that, since Mpp (0,0, up3) =
Mpp(0,0,(P.f)3) = 0, the additional condition ([.30) disappears. The proof of Theorem
[.3 in the (FP) case is actually much simpler than in the periodic case, because the term
vg is zero. Also in the (FP) case, Theorem [[.3J improves the corresponding result of [21].

In Theorem p.1 of Section 5 , we shall give another global existence and uniqueness
result, involving the LP-norm of Mugs. As a direct consequence of Theorem [[.3 , we obtain
the following simple corollary:

Corollary 1.1. There exists a positive constant kg, such that, for 0 < e < 1, for 0 <
6 < 1/2, if the initial data (Mug, (I — M)ug) € V, X V' and the orcing term f €
p p
L(0,00; (L*(Q:))?) satisfy
(1.32)
| M|y + sup || MP.f(t)l[2 < ko™, sup |[(I = M)P.f(8)||2 < koe™*/*72
t t

|MU03|1 + sup ||MP5f3<t)||L2 S k?08_1/2, ||MU03||L2 + sup |M.Paf3(t)|_1 S ]{705/6 s
t t

and

(133) |(I — M)U0|1/2 S k0€1/47ﬂ/2 s

then the equations (1.11) admit a global solution u(t) € C°([0, 00); Vi/*)NL=(0, 00; V, /)N
L2 ([0, 00); ‘/},3/2), which 1s unique in the class of weak Leray solutions. Moreover, Mu

belongs to the space C°([0, 00); V,)NL>(0, 00; V)N LT, ([0,00); Vi) and the estimates (.33)
and (B.43) hold, for everyt > 0.

Applying the Poincaré inequality (B.2) to (I — M )ug, we at once get the following global
existence result:

Corollary 1.2. There exists a positive constant kg, such that, for 0 <e <1, for0 < (<
1/2, if the initial data ug € V, and the forcing term f € L>(0,00; (L*(Q.))?) satisfy the
conditions ([.33) and

(134) ’(I — M)U[)h S l{0€71/47ﬁ/2 s

then the equations (I.11) have a unique global strong solution u(t) € C°(]0,00);V,) N
L?oc([ov OO), ‘/;)2)
Remark 1.5. In [25], it has been proved, in the (PP) case, that there exists ¢ > 0 such

that, for 0 < ¢ < g1, the equations ([.I1) admit a unique global strong solution u €
C°([0,00); Vz), if the data satisfy the following conditions, where ¢ is a small positive
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constant,

|Mugly +sup [|[MP.f(t)|| 2 < O/
t

1.35
| ) |(I — M)ug|; < Ce®=5/48 sup ||(I — M)P.f(t)| 2 < 12
t
or
|Mugly < C¥V3 sup |MP.f(t)||2 < O
t
(136) I =Mul < CEVEL sup (1= M)PS @)1 < €2,

[Muos||r2 + sup M P- f5(t) |2 < koe .
t

In [22], Moise, Temam and Ziane have shown that, in the (PP) case, there exists €; > 0
such that, for 0 < ¢ < g1, the equations ([.IT) admit a unique global strong solution
u € C°[0,00); V2), if the data satisfy the following conditions, where § is a small positive
constant,

|Mugly + sup ||MP.f(t)||2 < CeOH1/6
¢

(1.37) §-1/6
(I = M)uoly + sup |[(I — M)P-f(t)l|z2 < Ce™ .

Choosing 8 = 0 in Corollary [[.9, one at once sees that the conditions ([.39) and ([.34) allow
larger data than the hypotheses ([.35), ([.3G) or ([.37). Finally, Corollary [[.2 improves
as well the results of [23], where global existence and uniqueness are proved under the
assumption |ug|y + sup, || P-f(t)]|zz < C, for some constant C'.

An outline of the paper is as follows. In order to estimate the quadratic term in ([[.IT]),
we prove some auxiliary inequalities in Section 2. Section 3 is devoted to a uniqueness
result. In Section 4, we give the proofs of the theorems [ and [.2. Section 5 contains the
proofs of the theorems [[.3 and p.1].

In the sequel, we shall write P for the projection P.. The constants K, Ki,... and
C,Cy, ... will always denote positive constants, that are independent of . We recall that
we denote the spaces H; or Hj by X* when no distinction concerning the boundary
conditions is necessary.

2. AUXILIARY ESTIMATES

In ([.17) we have introduced the mean value operator M € L(L?(Q.); L*(Q.)) and ex-
tended it to an operator M € L((L*(Q.))?; (L*(Q.))?), by setting Mu = (Muy, Mug, Mus).
This operator M allows to decompose every function f € L*(Q.) into f = M f+ (I —M)f,
where M f is a function of x; and x5 only and (I — M) f satisfies the following Poincaré
inequality

(2.1) )
(I =M)flle < Koe*||(I —M)f]

e < Koe||(I—M)flls, VfeX®’, 0<s<2,

11



where Ky, K; are independent of s, f and ¢ (see [14], [I2], for instance). We notice that
the constant K in the inequality (B.1]) can be chosen so that

(2.2) (I = M)ul e < Koe®|(I — M)ul,, YueVs, 0<s<2.

These inequalities will be often used below.
We shall also need the following classical Poincaré inequalities, for 0 < s < 2,

(2.3) ullz < pollulls ,  Vue X*,
and
(2.4) ullrz < pgluls , VueVE,

where g is a positive constant depending only on §2.

We denote by L9 (Q.) = L(Q; LY (0,¢)) or simply L%? the space of (classes of) func-
tions u such that [|ul|; .. = H||u||ng(07€)HLil(Q) is finite, where o’ = (x, z2). Of course, L91
is the usual space L%(Q.) and the norm ||u||zq.q is denoted by ||ul|za.

The following property of a divergence-free vector field will also be frequently used:

25 IVulla = X IVulfagy =~ | w-du= [ w A= 14 ulh,

Lemma 2.1. There exists a positive constant Ky so that, for 0 < e < 1, if w; € X* are
three functions satisfying Mw; = 0, 0 < s; < 3/2, fori =1,2,3, and s; + sy + s3 = 3/2,
then

(26) \ [ wntountepunte) de

< Kqffwi[lsy lJwals, [lws]l s

Furthermore, there exists a positive constant Ky such that, for 0 < ¢ < 1, if v, € X°1,
0 <51 < 1 s a function independent of 3, 0 < s; < 1, fori=2,3 and s1 + s + s3 = 1,
then

(2.7) ' / (o) de

< Koe P funlls, wsllsy lws s,

Remark 2.1. Tt will be clear from the proof below that, if we omit the dependence on ¢,
Lemma B still holds for functions without vanishing mean in the thin direction.

Lemma PT] is a consequence of the following result.

Lemma 2.2. Assume that 0 < s < 3/2 and q,q" € [2,00) are such that % + & =3 s
Then the following embedding holds:

X® — L9(Q,) .

Moreover, there exists a positive constant K3 such that , for 0 < e < 1, for any w € X?
satisfying Mw = 0,

(2.8) ”wHLM’ < K3||w||5~
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Proof of Lemma [Z_]. Let us assume that Lemma 2.2 is proved. The particular case ¢ = ¢’
implies the embedding X* — L9((Q).) provided that 1/¢ = 1/2 — s/3. Therefore, there
exist three positive constants C, Cy and C3 independent of € such that

lwillze: < Cillwills, , Vi €{1,2,3},
where 1/q; = 1/2 — s;/3. Since 1/q1 + 1/q2 + 1/g3 = 1, Hélder’s inequality gives

‘/ wy (v)wa(z)ws(z) do| < |lwy||pa |wal| e [[ws]|Le < CLCCsl|wi s, [|walls, [|ws]]s;
£

which implies (2.6) with K; = C1C5C5.

Now we prove the inequality (2.7). As in the introduction, we define the usual Hilbert
spaces H®({2) by interpolation, when s > 0 is not an integer. Remarking that, for all
v e HI(Q),j €N, [v||lmi@ = ?||v]miq.), we deduce, by interpolation, that, for s > 0,

(2.9) lollwe@) < e olliq . Vo€ HYQ) .

Due to the two-dimensional Sobolev embedding H%1(Q) — L% (Q2), where 1/q; = (1—3,)/2,
and to the estimates ([.6) and (2.9), we obtain

HUIHL%(Q < 5”U1HH§1(Q) < 5571/2”“”1{31 Qo) = 51571/2HU1”§1 3

where C; = ¢;C' is a positive constant independent of €. On the other hand, one can apply
Lemma @ with ¢’ = 2 to get the existence of two constants Cy and C’3 independent of ¢
such that, for ¢ = 2, 3,

|wi|| paie < @sz

Si

where 1/q; = (1 — s;)/2 for i = 2,3. Holder’s inequality adapted to the case of anisotropic
spaces and the equality 1/q; + 1/g2 + 1/q3 = 1 yield

/ v (w)ws(x)ws () de| < [lor]| pa ) l[wall paz 2 [l ws]| a2

€

< C1CyCse 2 Jua 15, llwallss [l s
whence the inequality (@) with Ky = C,CyCs. The proof is completed. O

Proof of Lemma [2.3. Let d > 0. Like in the introduction, we can define the operator
d—NAy =d—02 , —02,,, on Q, supplemented either with homogeneous Dirichlet boundary
conditions in the (PD) case or with periodic boundary conditions in the (PP) case. Let
(Ak, ©x)k>0 be a sequence of eigenvalues and eigenfunctions of —A,, such that (¢k)r>0
forms an orthonormal basis in L?(Q) and that 0 < \g < A\; < --+. For 0 < o < 2, the

operator (d — Ay)?/? writes, for any v € D((d — Ay)?/?),
(d— Dg)"Pu(a') =Y (d+ M) vrpr(a’) |
k>0

where v = 37, vrpr(2'). We notice that (e~ Y/2e2mnz3/2 5y (7)) ez p>0 i an orthonormal

basis in L?(Q.) and the operator (d — A)?/? on Q. (where A = Ay or A = A, according
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to the boundary conditions) writes, for any u € X7,

2 .
(@=8)Pula) = e 50 (o Mt (T P ()

nEZ,k>0

where u = e 12y o unpe®™ 0y (2.
Again, like in the introduction, for 0 < o < 2, we define the Hilbert spaces H (0,¢) and
H7(0,1) of periodic functions on (0,¢) and (0,1). Performing a change of variables from

(0,¢) to (0,1) and using the Sobolev embedding in dimension 1, Hg'((), 1) — L7(0,1),
where 0/ = 1/2 — 1/¢/, we obtain, for any g(z3) = /23, g.e*™"3/* in HZ'(0,¢),

(2.10)

P .
191l 0.0y = €/CNE™D " 9n™™ ™| o 01
neL

< e ([le72 Y e |20y + 1(=85,)7 272 7 gn€® ™| 120.)
neL neL

< Coe V(|| gl r200) + €7 N(=82,00)7 P9l 220,0)) -

313

But we have

(2.11) l9llz200) + 7 1(=02,2,) gl 2200y < Csll(1 = 02,0,)7 gl z2(0,e) -

If g € Hgl(O,E) satisfies Mg = 0, then, due to the Poincaré inequality (@), we improve
the above inequality and obtain

HgHLZ(O,E) + gng(_aigw;a)G//QgHL?(O,E) S (KO + 1)50/H<_aa2:3x3>gl/2gl|112(075)
< Cee” (1= 82,.,)" gl r20e) -

= 313
The estimates (R.10), (B.11)) and (B.13) imply that

(2.13) 191l .0y < €Y7 T2CCo() (1 = B2,0,) gl 20

T3T3

(2.12)

where Cy(e) = C3 in the general case and Cy(e) = C4e”, when Mg = 0. Let now u be a
function in X* and ¢,q’ € [2,00). If 0/ =1/2 —1/¢, we deduce from (R.13) that

lell g = Ml s, < €47 12CoCo(e)| (1L = 02,0, 2l 2, s,
< MO I = 82,0)7 2uls s,

where we could interchange the order of integrations, since ¢ > 2. Now, the 2-dimensional
Sobolev embedding D((1 — Ay)?/?)) — L(Q) with 1/q = (1 — 0)/2 implies that

(2.14) ]| o < €Y7 7H2CCH()C5 /(1 — AQ)2(1 — 92, )7 2ul| 2 .

33
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But, as o0 + 0’ = s,

o — z 2mn o Tin
(1= 22)3(1 =5, ) Fullie = <M D0 (L4 A)3(L+ ()") Zune™ = pu(a’) 172

€
nEZ,k>0

= Z (T+X)7(1 + (T)Q)a |t

neZ,k>0

<D (TN ()

neZ,k>0
< 11— A)ulz. .

Finally , we remark that there exists a positive constant Cs such that, for 0 < & < 1, for
any u 