ON THE SMALL RIGID BODY LIMIT IN 3D INCOMPRESSIBLE
FLOWS

JIAO HE AND DRAGOS IFTIMIE

ABSTRACT. We consider the evolution of a small rigid body in an incompressible viscous
fluid filling the whole space R®. The motion of the fluid is modelled by the Navier-Stokes
equations, whereas the motion of the rigid body is described by the conservation law
of linear and angular momentum. Under the assumption that the diameter of the rigid
body tends to zero and that the density of the rigid body goes to infinity, we prove that
the solution of the fluid-rigid body system converges to a solution of the Navier-Stokes
equations in the full space without rigid body.

MSC classification: 35Q30, 74F10, 76D05.

1. INTRODUCTION AND STATEMENT OF RESULTS

The motion of one or several rigid bodies in a liquid is a classical topic in fluid mechanics.
We consider here the motion of an incompressible viscous fluid and a small smooth moving
rigid body in the three-dimensional space. In this fluid-rigid body system, we will not take
into account the gravity, and we suppose that the rigid body moves under the influence of
the fluid. We study the asymptotic behavior of the fluid-rigid body system as the diameter
of the rigid body tends to zero.

Assume that the whole three-dimensional space is occupied by an incompressible viscous
fluid of viscosity v > 0 and by a rigid body of size €. At the initial time, the domain of
the rigid body &5 is a small non-empty smooth compact simply-connected subset of R?
included in the ball B(0,¢) and F§ = R3\ &5 is the domain of the fluid. We also denote by
S¢(t) the region occupied by the rigid body and by F¢(t) = R3\ S¢(¢) the region occupied
by the viscous fluid at time t.

In order to describe the motion of the rigid body, we need to specify its center of mass,
that we denote by h.(t) and a rotation matrix R(t) € SO(3) which describes how the
body rotates compared to the initial position. In other words, we have that

SE(t) = {x € R® | & = he(t) + R(t)xo, To € S5}
The velocity of the solid particle x(t) = ho(t) + R(t)zo is given by
2'(t) = hl(t) + R'(t)zo
= h(t) + R'(OR() " (z — he(t))
= he(t) + RI(ORE) (x — he(t))

where the superscript 7 denotes the transpose. Since R(t) € SO(3), the matrix R'(t)R(t)”
is skew-symmetric and can therefore be identified to a three-dimensional rotation vector

we(t):

RORMDTz=w.(t) x 2z, z€R3
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where x denotes the standard cross product of vectors in R3. Therefore the velocity of
the solid particle at x is given by

(1) BL(E) + we(t) x (2 — he(t), @€ S().

We assume that the rigid body is homogeneous of density p.. We denote its total mass
by me so that m® = p.|S§| where |Sj| is the volume of the rigid body. We also introduce
J*¢ the matrix of inertia of the rigid body defined by

(Jfa) - b= p6/€ (ax (x —he(t)) - (bx (v — he(t))d, for any a,be€ R3,

(see [11]).

We assume that the fluid is governed by the classical Navier-Stokes equations with no-
slip boundary conditions on the boundary of the rigid body, and the dynamics of the rigid
body is described by the equations of the balance of linear and angular momentum. We
suppose that the fluid is homogeneous of constant density 1 to simplify the notations and
we denote by uc(t,x) the velocity of the fluid and by p.(¢,x) the pressure of the fluid.
Moreover, we also denote by X (ue, ps) the stress tensor of the fluid

E(ue, pe) = 2vD(ue) — pels,
where I3 is identity matrix of order 3 and D(u.) is the deformation tensor
2) Due) = 5 (Gt +
With the notation introduced above, we have the following mathematical formulation
for the fluid-rigid body system (see [5], [11] and [20]):
e Fluid equations:

Ou,
(3) ot

)m i,j=1,2,3.

+ (ue - V)ue — vAu, + Vp:. =0 for t € (0,+00), x € F°(t).
divu, =0 fort € (0,400), z € F(t).
e Rigid body equations:

(4) mehl(t) = —/ Y (ug, pe)neds for t € (0,400).
88° (t)
(5) (Jowe)'(t) = —/ (x — he) X (X(ug, pe)ne)ds for t € (0, +00).
88°(t)

e Boundary conditions:
us(t,z) = hi(t) + w=(t) x (z — he(t)), for t € (0,400),z € OS°(t).
lim wuc(t,z) =0 fort e [0,400).

|z|—o00

(6)

In the above system, we have denoted by n. (¢, ) the unit normal vector to dS¢ pointing
outside the fluid domain F¢. The first line in (6) is the Dirichlet boundary condition: the
fluid velocity and the solid velocity must agree on the boundary of the body.

The system (3)-(6) should be completed by some initial conditions. As mentioned at
the beginning, we assume that the initial position of the center of mass of the rigid body
is in the origin. We denote by u? the initial fluid velocity:

(7) u:(0,2) = ug, he(0) =0, h.(0)= lg, we(0) = w?

P
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The coupled system satisfies some L? energy estimates at least at the formal level.
Taking the inner product of (3) with w., integrating the result by parts and using the
equations (4) and (5), we get the following energy estimate (see [11]):

t
(8) Hus(t)!i?(mo)+m5!h2(t)!2+(fws(t))'we(t)+4’//0 1D (ue) 227 oy
< [l Fa gy +meli2? + (Jwl) - .

The sum of the first three terms on the left-hand side of (8) is called the kinetic energy
of the system at time ¢, while the forth term is called viscous dissipation. Obviously the
initial kinetic energy is the right-hand side of (8).

Over the last few years, there were a lot of works dealing with the well-posedness of
the fluid-rigid body system by using energy estimates. Both weak finite energy solutions
(Leray solutions) and strong H! solutions were constructed. When the fluid is enclosed
in a bounded region, the existence of solutions is proved under some constraints on the
collisions between the rigid body and the boundary of the domain. When the domain of
motion is the whole of R? there is of course no such constraint. We give some references
below but we would like to say that this list is not exhaustive. The existence of weak
Leray solutions have been proved in [2], [6], [11] and [20] (see also the references therein).
We refer to [3], [5] and [7] for results about strong H' solutions. The vanishing viscosity
limit was considered in [22]. Let us also mention that the case of the dimension two was
also considered in the literature, see for example [5], [13], [19] and [23].

The initial conditions should satisfy the following compatibility conditions (see [5]):

ul € L*(F5), divel =0 in F,

(9) 0

ul -n. = (12 +w? xx)-n. on SS.

The second condition above is a weak version of the Dirichlet boundary condition in which
only the normal components of the fluid velocity and of the solid velocity must agree on
the boundary of the obstacle. This is in agreement with the usual theory of Leray solutions
of the Navier-Stokes equations where the initial velocity is assumed to be only tangent to
the boundary.

Before stating a result of existence of weak solutions for the motion of a rigid body in
a fluid, let us introduce the global density and the global velocity, defined on the whole of
R3. The fluid is homogeneous of constant density 1 while the rigid body is of density pe,
so we can define the global density p.(t,z) as follows:

pe(t, ) = XFery (¥) + pexse(py (x), for x € R

where we denote y 4 denotes the characteristic function of the set A. Moreover, recalling
the formula for the velocity of the rigid body, see (1), one may define a global velocity u.
by

~ ue(t, x) if x € Fe(t)
U’E (t7 x) = / . &
RL(t) + we(t) x (z — he(t)) if z € S¢(¢).
Clearly, by conditions (9), we know that
a0 € LA(R?), dival =0 in R3.
Motivated by the energy estimates (8) and by the construction of p. and u. we introduce

the following notion of weak solution (see [2], [6], [11] and [20]).

Definition 1. A triplet (te, he,w:) is a weak Leray solution of (3)—(7), if
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® U, h.,w. satisfying
he € WhO(R;RY),  w. € L®(Ry;RY),
us € L (Ry; LA(F9)) N Ly, (Rys HY(F)), . € CY (Ry; L2(RY)) 5

e U is divergence free in the whole of R® with Du.(t,r) = 0 in S(t);
e u. verifies the equation in the following sense:

- /OOO /R3 Petic - (Opps + (Te - V)e) + 2v /Doo g D(.) : D(¢.)

- / 7=(0)7 - . (0).
RB

for any test function ¢, € WhH>® (R+; H;(]R:s)), compactly supported in Ry x R3
such that Dyg(t,x) = 0 in S°(t).

One has the following result of existence of weak solutions of the initial-boundary value
problem (3)—(7) in the sense defined above (see [2], [6], [11] and [20]).

Theorem 1. Let u? € L*(R3) be divergence free and such that Dul = 0 in S§. Then, there
exists at least one global weak solution (ug, he,w:) of the initial-boundary value problem
(3)(7) in the sense of Definition 1. Moreover, u. satisfies the following energy estimate:

(10 [ tiop s [ ip@ps [ mome wso

We now let € — 0 and wish to find the limit of the solution given in Theorem 1. Let us
first review the literature available on related results.

In dimension two the literature is richer. Iftimie, Lopes Filho and Nussenzveig Lopes
[15] proved convergence towards the Navier-Stokes equations in R? in the case when the
rigid body does not move. Lacave [16] considered the case of a thin obstacle tending to a
curve. Dashti and Robinson [4] were the first to consider the case of an obstacle moving
with the fluid, but it was observed in [1, Subsection 2.1] that the elliptic estimates of
[4] are sometimes faulty. Recently, Lacave and Takahashi [18] considered a small disk
moving under the influence of a two-dimensional viscous incompressible fluid. Under the
condition that the density of the solid is independent of € and assuming that the initial data
is sufficiently small, they used the LP — L9 decay estimates of the semigroup associated to
the fluid-rigid body system to deduce the convergence towards the solution of the Navier-
Stokes equations in R2. In [12], the authors extended the result of [18] to the case of
arbitrary shape of the body and with no restriction on the size of the initial data but
assuming that the density of the obstacle is large.

In dimension three, Iftimie and Kelliher [14] considered the case of a fixed obstacle and
proved convergence towards the Navier-Stokes equations in R®. Lacave [17] considered
more general shrinking obstacles (for instance shrinking to a curve) but still fixed. When
the obstacle is moving with the fluid, the limit ¢ — 0 was considered in [21] in the case
when the rigid body is a ball. Unfortunately, the elliptic estimates in that paper, see [21,
Theorem 3.1], are not correct as was observed in [1, Subsection 2.1].

As far as we know, Theorem 2 below is the first result on the limit € — 0 in dimension
three for a moving obstacle. We will essentially show that if the density of the rigid
body goes to infinity, then the energy estimates are sufficient to pass to the limit in the
weak formulation by using a truncation procedure. We obtain then the convergence of
the solutions constructed in Theorem 1 to a solution of the Navier-Stokes equations in R?
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under the assumption that the initial data uC is bounded in L?. We do not need to impose
any small data condition or any restriction on the shape of the body.
Let us now state the main result of this paper.

Theorem 2. Let @0 € L*(R?) be divergence free and such that DT = 0 in S§. We assume
that

e S5 C B(0,¢);

e the mass m& of the rigid body satisfies that

€

(11) %—)oo as € — 0;

e U0 converges weakly in L*(R3) towards some ug.

o VmehL(0) and (J°w?) - w are bounded uniformly in e.
Let (ug, he,we) be the global solution of the system (3)—(7) given by Theorem 1. Then there
exists a subsequence Ug, of us which converges

U, —u  weakx in L™ (Ry; L*(R®)) and weakly in L7, (Ry; H'(R?))

towards a solution u of the Navier-Stokes equations in R> in the sense of distributions with
initial data up(x).

Moreover, suppose in addition that ul converges strongly in L*(R3) to ug(x) and that
both v/msh.(0) and (szg) -w? converge to 0 as ¢ — 0. Then the limit solution u satisfies
the energy estimate

t
V>0 [lu(t)| 7z +4V/0 ID@) 72y < lluollz2gs) -

Let us give a few remarks on the hypotheses of the Theorem above. First, if the rigid
body shrinks isotropically to a point, then hypothesis (11) means that the density p. of
the rigid body tends to infinity as € — 0. If the rigid body does not shrink isotropically
to a point, then condition (11) is stronger than simply saying that the density of the

rigid body goes to infinity. Indeed, since S§ C B(0,¢) we have that |S5| < e’ so
pgzg—éz%%masséo.

Next, the weak convergence of @ in L?(R?) implies its boundedness in L?(IR?). Together
with the hypothesis that v/m#h.(0) and (Jw?)-w? are bounded uniformly in ¢ this implies
that the right-hand side of (8) is bounded. Then (10) implies that /p-u. is bounded
in L®(Ry; L*(R3)) and D(.) is bounded in L*(Ry; L?(R3)). We observed above that
pe — 00 so we can assume that p. > 1. Then we have that p. > 1 (recall that p. = 1 in
the fluid region and p. = p- in the solid region) so . is bounded in L™ (R, ; L%(R3)). We
infer that

(12) Ue(t, ) is bounded in L™ (Ry; L*(R*)) N L, (Ry; H' (R?))

and we will see that this is all we need to pass to the limit in our PDE. We require neither

the Dirichlet boundary conditions nor the special form of %, inside the rigid body. All we

need is the above boundedness and the fact that the Navier-Stokes equations are satisfied

in the exterior of the ball B(h(t),e). More precisely, we can prove the following more

general statement.

Theorem 3. Let v.(t,x) be a divergence free vector field bounded independently of € in
Be(Ry; L2(R?)) N LE,o(Ry; HY(R?)) N Cgy (R4 L2(R?)).

We make the following assumptions:



o The vector field v. verifies the Navier-Stokes equations
(13) Opve — VAV, + v, - Vv, = -V,
in the exterior of the ball B(he(t),e) with initial data v-(0, ) in the following sense:

o) o] T
_/ / Us'aﬂp‘i"// VUE:V‘P+/ / Us'vva'@_/ 1)5(0)-@(0)
0 R3 0 R3 0 R3 R3

for every test function ¢ € WH™® (R+ X R3) which is divergence free, compactly
supported in Ry x R® and such that for all t the function x +— (t, ) is smooth
and compactly supported in the set {|x — h:(t)| > £}.

e The initial data ve(0,x) is divergence free, square integrable and converges weakly
to some vo(x) in L?(R3).

e The center of the ball verifies h. € W1 (R ;R3) and 8%h/€(7§) — 0 strongly in
L (Ry) when € — 0.

loc
Then there exists a subsequence of v. which converges weaks in L?SC(R+;L2(R3)) and
weakly in L7 (Ry; HY(R3)) to a solution v of the Navier-Stokes equations in R3 in the
sense of distributions with initial data vo(x).
Moreover, if we assume in addition that v-(0,z) converges strongly in L? to vo(x) and

that the following energy estimate holds true for v,

t
(14) vVt =0 Hva(t)"%2(R3\B(h€(t),a))+4l//0 1D (va)lI72 @3\ Behe 1),0)) < [10(0) |72 () +0(1)

as € — 0, then the limit solution v satisfies the following energy estimate

t
(15) VE>0 o) Z2s) +4V/O ID@)[1Z2gs) < llvoll 22 gs) -

Let us observe that Theorem 2 follows from Theorem 3 applied for v (¢, x) = u(¢, x).
Indeed, from (12) we have that v. is bounded in L{° (Ry; L?(R3)) N L2 (Ry; HY(R3)).
Next we obviously have that u. verifies the Navier-Stokes equations in the exterior of the

ball B(h(t),e) and so does v.. We observed that the right-hand side of (8) is bounded

so v/meh. is bounded. From (11) we infer that 5%h’€(t) — 0 strongly in L*°(Ry) when
€ — 0. Then all the hypothesis of the first part of Theorem 3 is verified and the first part
of Theorem 2 follows.

Let us now assume in addition the L? strong convergence of 10 towards ug and let us
prove (14). We have the L? strong convergence of v (0, ) to vg. Recalling that the matrix
of inertia is non-negative we can ignore the second and the third terms in (8) to estimate

t
Hva(t)H%Q(R3\B(h5(t),5))+4y/0 1D (o) 122 @\ B(he (9.0))
t
= Jlue ()72 Bh. (1).0)) +4V/0 1D (ue) 122 e Bk (8).))

t
< Ol + 42 | 100 e
< w272z iy + melle? + (J7wd) - o2
< e (0) 72 may + mel 2 + (Jwe) - we.

By hypothesis m. |12 + (Jw?) - w? — 0 so (14) follows.
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The passing to the limit stated in Theorem 3 uses the boundedness of v, in the energy
space L™ (Ry; L*(R*)) NLE . (Ry; H'(R?)) and the construction of a cut-off ¢. supported
in the exterior of the ball B(h.(t),). We multiply (13) with the cut-off ., and then pass
to the limit by means of classical compactness methods. The main obstruction is that,
when the rigid body moves under the influence of the fluid, not only the velocity depends
on time, but also the cut-off function. Time derivative estimates for v. are not easy to
obtain and, once obtained, it is not easy to pass to the limit in the term with the time
derivative.

Let us comment now on the hypothesis of large density assumed in Theorem 2. This
hypothesis is not very satisfactory, it would be more natural to assume that the density of
the obstacle is constant like in the paper of Lacave and Takahashi [18] in dimension two.
That would allow for instance to include the case of “tracer particles” to follow a fluid flow.
Unfortunately we are forced to assume here that the density of the obstacle is large. But
if we look at the proof we realize that the large density hypothesis is not really necessary.
What we require is a bound for the velocity of the obstacle, namely h. = 0(57%). The
large density hypothesis is only a mean to obtain this bound from the energy estimates
(8) (see the paragraph following Theorem 3). In dimension two, Lacave and Takahashi
[18] were able to use some estimates for the Stokes-rigid body semigroup in order to derive
estimates for h. without resorting to the energy estimates. But in dimension three we
were not able to find another way to bound the velocity of the obstacle.

Another issue which is definitely worth investigating is to find the limit of h., the
position of the obstacle. The first step in doing this would require some estimates for h.
independent of . Here we only rely on energy estimates and the energy estimates (8) give
a bound on m#|h.(t)|?. So, if we want to obtain estimates for h. uniform in & we need the
mass of the particle to be bounded from below by a constant independent of €. Therefore
the density needs to be larger than Ce—3, which is considerably more restrictive than just
saying that the density should go to infinity. So our method cannot be used to find the
limit of the position of the obstacle. Let us observe that the semigroup method of [18]
allows to find uniform estimates for h. in dimension two in the case of constant density.
However, even [18] does not find the limit of h.. Finally, we remark that in the inviscid
case in dimension two one can find an equation for the limit of A, in various situations,
see for instance [8], [9] and [10]. This is due to the particular form (transport equation) of
the equation of the vorticity which implies many conservation laws for the vorticity. This
is not available neither for the Navier-Stokes equations, nor for the case of the dimension
three.

The rest of the paper is organized as follows. In Section 2, we introduce some notation
and present some preliminary results. The construction of the cut-off near the rigid body
is given in Section 3. We show the strong convergence by means of temporal estimates in
Section 4 and pass to the limit to conclude our proof in Section 5.

2. NOTATION AND PRELIMINARY RESULTS

In this section, we will introduce some notations and preliminary results.

For a sufficiently regular vector field u : R? — R3, we denote by Vu the second order
tensor field whose components (Vu);; are given by du;/0z;, and by D(u) the symmetric
part of Vu (see (2)). The double dot product M : N of two matrices M = (m;;) and
N = (n;;) denotes the quantity »; ; mi;n;.

For function spaces, we shall use standard notations LP? and H™ to denote the usual
Lebesgue and Sobolev spaces. Cj" denotes the set of bounded functions whose first m
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derivatives are bounded functions. We add subscripts 0 and o to these spaces to spec-
ify that their elements are compactly supported and divergence free, respectively. For
instance, the notation C(()),Oa defines the space of smooth, compactly supported and diver-

gence free vector fields on R3.

In addition, unless we specify the domain, all function spaces and norms are considered
to be taken on R3 in the z variable. For the ¢ variable, we use the notation R, = [0, c0)
and emphasize that the endpoint 0 belongs to R,. Throughout this article, we denote by
C' a generic constant whose value can change from one line to another.

Let ¢ € C}(Ry; C§5). The stream function 9 of ¢ is defined by the following formula:

vie) = = [ = < ely

where x denotes the standard cross product of vectors in R3.

Because ¢ is divergence free, we have that curly = ¢ and ¢ = curl A~!¢. Furthermore,
1 is smooth, ¥ € C’g (Ry;C®), and vanishes at infinity. Moreover, we have the following
well-known estimate:

(16) IV () gz < Cllelts )l gz -

In our case, in order to deal with the singularity in h., we need to have a stream function
vanishing in h.. The stream function v defined above has no reason to vanish in h., so
we are led to introduce a modified stream function .. We define

(17) ¢5(t7 :L’) = w(ta x) - T/}(t, hs(t))'

Clearly 1.(t,h-(t)) = 0. We collect in the following lemma some useful properties of
the modified stream function.

Lemma 1. Let p € C}(Ry; C§s,) and define the modified stream function . as in (17).
We have that:

(i) e € WHR(R,; C™®) and curl . = ¢
(ii) There exists a universal constant C' > 0 such that for all R > 0 we have that

(18) [9e(t ) oo (Bhe (1), m)) < CR ot )l g2

for allt >0 and

1080t M e 1) < C (RIBo(t, N gzz + IO 0L ) 2)
for almost all t > 0.
Proof. We observe first that curly, = curlyy = ¢. Moreover, 1 € CI}(RJF;COO) and
he € WH°(R,) imply that ¢, € WH(R; C*). This proves part (i).
Next, to prove (ii) we use the mean value theorem to estimate
19 (s @) | oo (B(he (1), m)) = V(@) = (&, ()| oo (B(he 1), R))

<z = he O] VY@ )| Loo (B 1), )
< RV
< CR|l¢| g2

where we used relation (16). This proves (18).
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We recall now that h. is Lipschitz in time so it is almost everywhere differentiable in
time. Let ¢t be a time where h, is differentiable. We write

Ore(t, ) = O (P(t, ) — (¢, he(1)))
= 0pp(t, ) — O (t, he(t)) — he(t) - Vi (t, he(2)).

We can bound

1053 (t, ) Loo (B(he (1), R)) < 10 (t, ) — B (t, he(£))] Loo (B 1), R)) + [PE@) | [[V(E, )| oo
< |z = he (O 10:VY(E, ) oo + ROV (L )| oo
< C(RONVY(t, ) g2 + [he@)] V(L) =)
< C(RBep(ts )l gz + Ihe@)] ot ) =) -

This completes the proof of the lemma. O

3. CUT-OFF NEAR THE RIGID BODY

In this section, we will construct a cut-off ¢, near the rigid body, which will be used as
a test function in the procedure of passing to the limit in Section 5.

Firstly, we construct a cut-off function n.(t,z) near the ball B(h.(t),e). Let n(x) €
C>(R3;[0,1]) be a function such that

0 if |z

<3
1 if |z >2

n(z) :R* = [0,1], n(x) = {

The function n(z) is a cut-off function in the neighborhood of the unit ball B(0,1). A
cut-off 7. (¢, z) in the neighborhood of the domain B(h.(t),¢) is the following function

 (z—h(t)\ O if]z—h()] < 3e
(19) ng(t’x)_"< e >_{1 ifyx—hg(t)\z;'

Notice that n.(t,z) is a space-time function while the function n(z) only has a space
variable. We state some properties of this new cut-off in the following lemma.

Lemma 2. The cut-off function n. satisfies
(i) ne € WH(Ry; C);
(7i) me vanishes in the neighborhood of the ball B(h(t),¢);
(iii) For any real number q > 1 there exists a constant C = C(q) such that

3—2q

3 3—q
-t Moo =1, () =10 < Cea,  |Vne(t, ) < Ce o, |[|[V20e(t, )], < O o

Proof. Since h. is Lipschitz part (i) follows immediately. Part (i) is also obvious. We
prove now part (7).
Clearly ||n:(t,-)]| oo = 1. Next

ety ) — 1] 0 = Hn (= 20)

9

3 3
— ¢t In(x) — 1]| 4 < C<5.
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Notice that Vn(z) and V2n(z) are bounded functions supported in the annulus {2 < |z| <
2

2}. So
1 x — he(t 3-q 3=q
195t )1 = Hw (F D) = g, < o',
5 5 I
1 x — h-(t 3-2¢ 3-2¢
P A e IR CIPEL
5 £ La
This completes the proof of the lemma. O

Given a test function ¢ € C}(Ry; Cgfa), we use the cutoff 7. and the modified stream
function 1. defined in Section 2 (see relation (17)) to construct a new test function .
which vanishes in the neighborhood of the ball B(h(t),e). We define

(20) e = curl(n:1:).

We notice that this new test function . depends on time even if ¢ is assumed to be
constant in time. We state some properties of ¢, in the following lemma:

Lemma 3. The test function p. has the following properties:
(i) . € WHR(Ry; C§5,) and @ vanishes in the neighborhood of B(he(t),¢);
(ii) for all T > 0 we have that p. — ¢ strongly in L>=(0,T; H') as e — 0;
(iii) there exists a universal constant C such that for all T >0
el Loo 0,751y < Cll@ll oo 0,112

Proof. The various norms used below are in the x variable unless otherwise stated.

Clearly, 7. and 1), are W1 in time and smooth in space, so . has the same properties.
The function ¢, is a curl so it is divergence free. Because 7). vanishes in the neighborhood
of B(he(t),e), so is . The compact support in space follows immediately once we recall
that curly. = ¢ and observe that

pe = curl(n-1e) = nep + Ve X e
Claim (3) is proved.
To prove (ii), we observe that supp Vn. C {|x — he(t)| < 2¢} and we estimate

e = @l 2 < (e — Dol p2 + [Vne X ¥l 2
< me = Ul g2 llell oo + 1Vl L2 1¥ell Lo (B(he (1),20))
3 3
< C (e el + 3 ol )

3
< Ce2 [l@ll g

where we used Lemmas 1 and 2.
Taking the supremum on [0, 7] we infer that

(21) lpe = Pllzorize) < Ce2 9]l Lo o,riar2) -
Next, by the Sobolev embedding H?(R?) < W16(R?) and by Lemma 2 we estimate
IV (e — o)l 2 = |V ((- — D)o + Ve x e || .2
< lIne = Ulps IVellps + [IVnell g2 1ol poo + VRl L2 [Vl oo
+ HV2776HL2 H¢€||L°°(B(h5(t),25))
<C (e lelwrs + 2% 9l + 22 V8l oo + O el i (s(ase200) ) -

10



From relations (17) and (16) we get that
Vel oo = VY 1o < C VY| g2 < Clig] 2
From Lemma 1 we have that
[Vell oo (B(ho () 26)) < Cell@llm2-
We conclude from the above relations that

1
V(e = @)l 2 < Ce2llol g2
Taking the supremum on [0, 7] we deduce that

1
(22) [V (ee — @)HLOO(O,T;L?) < Cez ”80||Loc(o,T;H2) :
We conclude form (21) and (22) that
1
||90€ - QOHLOO(O,T;Hl) < Ce2 H@HLOO(O7T;H2) —0 as —0.
This proves (ii). To prove (iii) we simply bound
el oo 0,11y < @l zoe 0,111y + e — Pllnoeo,m;m1y < Cllell Loo (0,1 12)-

This completes the proof of the lemma. O

4. TEMPORAL ESTIMATE AND STRONG CONVERGENCE

The aim of this section is to derive a temporal estimate and to prove the strong con-
vergence of some sub-sequence of v, in L2 (R4 x R3). We will prove the following result.

Proposition 1. There exists a sub-sequence v., of ve which converges strongly in LZZOC(RJ,_ X
R3).

It suffices to prove that for any 7' > 0 there exists a sub-sequence v,, of v. which
converges strongly in L?(0,T; L% (R?)). A diagonal extraction then allows to choose the
same subsequence for all times T'. We choose some finite time 7" and for the rest of this
section we assume that ¢ € [0, 7.

The main idea is to use the Arzela—Ascoli theorem. Let ¢ € Cg5, (R?) be a test function
which does not depend on the time. By the definition of the modified stream function, we
observe that even if ¢ is constant in time, . (¢, ) still depends on the time through h.(t).
We construct a family of ¢, as in Section 3, so that ¢, is time-dependent and satisfies
Lemma 3.

We first bound
‘/ ve(t, ) - pe(t, x) dx’ = ‘/ Ve - curl(nalba)dx‘
R3 R3

= ‘/3“5'(778(P+V775 Xwa)dm‘
R
< vellp2 1mell oo 1l 22 + [lvell 22 ([ Vel 2 H¢<€HL°°(B(hE(t),25))
3
< C (leellge el + € el 2 llell e )

< Clloellpz 1@l g2 -

where we used Lemma 1 and Lemma 2. The boundedness of v, in L*(R3) implies that
there exists a constant C; independent of € and t such that

[ vet.0) - oult,a) da] < Ca ol
R

11



We infer that, for ¢ fixed and ¢ € C§°, the map

0,0

80'—>/ ve(t,z) - pe(t,x)dx € R
R3

is linear and continuous for the H? norm. Then, there exists some Z.(t) € H, 2 such that

E®.9) = [ wlta) otz Vo€ 2.
R
Moreover
(23) |1Zc(®)||g—2 < C1 Vit >0.

From Lemma 3 | we know that . vanishes in the neighborhood of B(h.(t),¢), so it is
compactly supported in the exterior of this ball. Therefore it can be used as test function
in (13). Multiplying (13) by ¢. and integrating in space and in time from s to ¢ yields

t t t
/ 87'7)5’905"‘”// VUE:VQOE"‘// Ve - Ve - e = 0.
s JR3 s JR3 s JR3

After integrating by parts in time the first term above and using the definition of (Z.(¢), ¢),
we obtain that

t t t
(24) (E.(t) — Z(8),9) = / / Ve - Orpe — 1// / Vv : Vo, — / / Ve - VU - e
s JR3 s JR3 s JR3

To bound the second term in the right-hand side above, we recall that v. is bounded
independently of ¢ in L>°(0,T; L?) N L?(0,T; H'). Thus, by the Hélder inequality and by
Lemma 3, we deduce that

t t
v [ [ Fos Ve <v [ 190l 1960
s JR s
< Cv(t—s)

< Cv(t—s)

N|=

1l g2 lvell L2 o 7,

N

el gz -

Next, we estimate the non-linear term in (24) by the Holder inequality and by the
1 1
Gagliardo-Nirenberg inequality [|ve|| s < C [lve| 72 [[Vve| 72,

t t
| / / v V. | < / loell s 170l 2 llell o
s JR3 s

t 1 3
<c / ol 22 190 2 floe g
S

1 1 3
< Ot = 3)7 el e .13y 10 Eo o sy

1
< C(t =) [lol g2
12



It remains to estimate the term with the time-derivative. Notice that since ¢ does not
depend on time, we have that d,p = J; curl ). = 0. Several integrations by parts give us

t t
/ / Ve - 87905 = / / ve - curl 87'(778¢5)
s JR3 s JR3
t
= / / curl v - 9-(n:1:)
s JR3
t t
= / / curl ve - (aTnawa) +/ / curl v - (na&rwa)
s JR3 s JR3
t t
:/ / curlve - (0rnetbe) +/ / v - curl (n0-1)
s JR3 s JR3
t t
= / / curl ve - ((97775%) +/ / Ve * (Vﬁa X 57"%)
s JR3 s JR3

We estimate the two terms in the right-hand side of the equality above by using Lemmas
3
1 and 2 and recalling that 2 |h.| is bounded in L*°(0,7T) independently of e:

t th/ —h
[ et @i < | el curt v w(‘”” )
s R3 s £ g

t
3
<c / 3|1 leurl vell 2 [l 2
<C(t—s)
<C(t—s)

[9ell oo (B(he 26))
L2

NI

||Us||L2(o,T;H1) [l g2

N|=

1l 72

and

t t
’/ / Vg + (Vne X a’rlbs) ‘ < / HUEHLG HVUEHLg ”87'¢EHL°°(B(hE,25))
s JR3 s

t
3
SC/ e he| llvell o ol 2
S

1

< C(t = )2 [Jvell 20,7511 101 2
1

< C(t—9)2 [loll g

where we used the Sobolev embedding H'(R3) — L%(R3).
Gathering the two estimates above, we infer that

t
1
|/ / Ve Oripe] < C(t—5)7 o]l o -
s JR3

Putting together all the estimates above yields the following bound for =.:
- - 1 1 1
[(Ee(t) — Ec(s), o) < Cv(t — 5)2lollmz + C(t = s) i |lpllaz + C(t = 5)2 [l g2
1
< C(t =) [lol g
where the constant C' above depends on T" and v.
By density of C§%, in H, 2 we then obtain that = (¢) is equicontinuous in time with value
in H,2
- - 1
1E=(t) = Ec()l[g-2 < C(t = 9)%.
13



On the other hand, :5( ) is also bounded in H 2, see relation (23). So the compact
embedding H~? — H < and the Arzela-Ascoli theorem enable us to extract a subsequence
=, of E¢ converging to some = strongly in H1

(25) E., =2 inC%0,T; HY).

We now use Lemmas 1 and 2 to estimate

(e (t) — ve(t) |—|/ velt ) - pe(ty ) — /vs(t,w)-so(t,x)\
~| / 0e(t, ) - (ep + Ve X 1) — / velt, ) - ()|

-
|/ Dve(t, z) - gO-i-/RSUe‘(vnexwaN

< lvellgz [1e = Ulpz @l oo + lvellpe 1Vnell 2 HwEHL“’(B(hE,%))

<0 (& el el + < el ol

< Ce (|l g2 el 2

Using again the density of Cg%, in H, 2 the above estimate implies that

3
IZ2(t) = 0 (B)ll s < O ol
So Z. — v — 0 in L>®°(0,T; H~?). In particular =, — v, — 0 in L*(0,T; ngg’) Recalling
(25) and relabelling E = v we infer that
(26) ve, — v in L®(0,T; H3).

Let f € C§°(R?). We have the interpolation inequality

1£(vey — 0)llz2 < O (vey — 0| s | F(veg — )12

SO
1 3
O e[ (] et CAREs [ g

Given relation (26) and the boundedness of v. in L?(0,T; H') we observe that the right-
hand side above goes to 0 as g, — 0. We deduce that

. 8 2
ve, — v strongly in L3(0,T; Li,.).

The embedding Ls (0,T; L?

loc

) C L*(0,T; L3 .) completes the proof of Proposition 1.

5. PASSING TO THE LIMIT

In this section we are going to complete the proof of Theorem 3 by passing to the limit
with compactness methods.

Let T' > 0 be finite and fixed. We will pass to the limit only on the time interval [0, 7.
A diagonal extraction allows us to find a subsequence which converges to the expected
limit for all £ > 0.

Thanks to the assumptions on v., we know that

Ve 18 bounded in L™ (O,T; L2) NnL? (O,T; Hl) .
14



This implies that there exists some v € L™ (O,T; LQ) N L? (O,T; Hl) and some sub-
sequence vg, of ve such that

ve, — v weaks in L>(0,T; L?),

(27) ve, = v weakly in L*(0,T; H').
Moreover, using Proposition 1, we can further assume that

ve, — v strongly in L*(0,T; L2 ).

The main goal of this Section is to prove that the limit v is the solution of the Navier-
Stokes equations in R3 with initial data vg(z).

Let ¢ € C§°([0,T) x R3) be a divergence-free vector field. We construct the family
of vector fields ¢, as in Section 3 (see relation (20)). These vector fields are compactly
supported in the exterior of the ball B(he, (t),ex), so they can be used as test functions
n (13). Multiplying (13) by v, and integrating in space and time yields

T T T
- / / Ve, - 87%05}9 + V/ vvfk : V@ak +/ / Ve, - vak * Pey,
0 R3 0 R3 0 R3
= [ 540 95,00
RS

We will pass to the limit e, — 0 in each of the term in the equation above. First, from
Lemma 3, we have that

©e,. (0) = ©(0) strongly in L*(R3).

We also know by hypothesis that v.(0, ) converges weakly to vo(x) in L?(R3). We infer
that

(29) L0200 % [ 00)-00).
Next, we also know from Lemma 3 that
Ve, — Vo strongly in L*(0, T L?).
Recalling that Vov., — Vv weakly in L%([0,T] x R3), see relation (27), we deduce that

T er—0 T
(30) / Ve, : Vipe, = / Vou:Ve.
0o Jr3 0o Jr3

We decompose the non-linear term in the left-hand of (28) as follows:

/ / Vey, - VUsk Pep, = / / Vey, - vvsk 90+/ / Vey, * V’ng' Pep, — P )
R3 R3 R3

To treat the first term on the right-hand side, we know that ¢ is compactly supported,
that Vv, — Vo weakly in L2([0,7] x R®) and that v., — v strongly in L?(0,T; L3 ).
These observations enable us to pass to the limit:

r er—0 T
/ /vgk~vak-cpk—>/ /v-V%gp.
0 JRs 0o JRs

For the second term, we make an integration by parts to get that

T
/ / Vg, - wak—w)=—/ / Ve @ ey V(pe,, — ).
R3 0 R3
15



1 3
By the Holder inequality, the Gagliardo-Nirenberg inequality |[ve, || 4 < C'llve, |72 Ve, | 72
and the strong convergence of ¢., in L°°(0,T; H!) stated in Lemma 3, we obtain that

T T
2
- / / Ve ® ey 1 V(e — 0)] < / e 24 19 (0o, — )]l 2
0 R3 0
T 1 3
<c /0 el 22 1V0ec 122 oey — @l

1 1 3
<CTs |’v5k||EW(07T;L2) ||,U€kH[2/2(07T;H1) leer = @ll oo (0,11

er—0

=0

where we also used the boundedness of v, in L™ (O, T, L2) N L? (O, T; Hl).
Combining the relations above, we deduce that

T T
(31) / / Uffk . V/Ué‘k . 908;@ EQO / / v-Vo- ®.
0 JR3 o JR3

Now, it remains to pass to the limit in the first term on the left-hand side of (28).
Integrating by parts twice allows us to decompose this term into three parts as follows:

T T
/ / Uek : 615906]@ = / / 'Uek - curl at (775k¢sk)
0 R3 0 R3

T
/ / curlvg, - Or (e, Ve,)
0o Jrs

T

Curl U&‘k : (8t778k¢8k) + Curl /Uak . (nakatd)ak)

3

3

!

I
T 5 5

I
T
curlvsk-(ﬁtngki/)gk)+/ /R Vg, - curl (g, Ope, )
0
[

curlvg, - (One Ve, ) + Vep - (Ve X Optde,,)

3

T
—i—/ / Ve, - (Mg, curl Ophe, )
0 JRs

Ve, * (VTIEk X atdjsk)

T
+ / / Ve, + (M, 0kp)
0 JR3
where we used the fact that curley,, = ¢ (see Lemma 1).
We will treat the three terms in the right-hand side of the relation above. For the
first term, we use the Holder inequality twice, the definition of 7. (see relation (19)) and
16
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Lemma 1 to bound
T
|/ / curlve, - (04nz, Ve, ) |
0 JR3
T i, (1) 7= he, ()
< ) 7 etz 9 () H 1erlmane, 200

3 2
<c / P21 @) leurlvey |2 ol g2

1 3/2
< CT2e) ||, ()| e 0.1) v | 2o sy 120 oo o %)

er—0
E500.

where we used the hypothesis ei/ 2hf_:k (t) = 0in LS (R4) when g, — 0.
To bound the second term, we use again the Holder inequality, Lemmas 1 and 2 and

the hypothesis on ek/ h,:

T
|/0 /]1{3 Ve, - (Vnsk X at¢sk) | < / ||U€k||L6 ||V77€k||Lg Hatwgk”L"O(B(hgk(t),ng))
<0 [ ol (o el + 1, 0 )

2 3/2
<0 [ Nerdan (27 10600 + <5, O ol

1 5/2
< CT2 vy 20,11y <€k/ 106l oo (0,122

3/2

+ &I o) Il i)

er—0
L

0.

where we also used the Sobolev embedding H'(R3) — L5(R3).
For the third term, we shall write ve, 1., = ve, (s, — 1) + (v, — v) + v to get that

T
//vek-nekﬁtw //nsk— Vg, - 6t90+/ / Usk_v)'6t90+//v'at()0
R3 0 R3

Recalling that v., — v strongly in L?(0,T; leoc) we observe that the second term in the

right-hand side of the equality above converges to 0. We estimate the first term by the
Holder inequality and by Lemma 2

T
‘/ / Nep — 1)V - 3t‘P‘ </0 l[veg ll 2 [1mey, — Ll 2 10spll oo
3 T
< el /0 el 22 10kell o

3
< CTe} vakl\Loo(o,T;Lz) 1062l oo (0,7, 1.0¢)

0.

T erp—0 T
/ / Ve, + (12, 0¢0) ’“—>/ / v - Oyp,
0 R3 0 R3

17
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which implies that

T
(32) / / Orpe, L / / v-Ohp.
R3 0 R3

Gathering (28), (29 31) and (32), we conclude that

/ /R3U atgoJrl// RSVU;VSDJF/OT/R?)U,VU.@:/RSU(O),@(O)

which is the weak formulation of the Navier-Stokes equations in R3. This completes the
proof that v is a solution of the Navier-Stokes equations in R? in the sense of distributions.

In order to complete the proof of Theorem 3, it remains to prove the energy inequality
(15) under the additional assumption that v.(0) converges strongly to vg in L2.

Let us observe first that v € C9(Ry; L?(R3)). This follows from the fact that v €
L%C(R+; L?(R3)) is a solution in the sense of distributions of the Navier-Stokes equations

in R?. The argument is classical, but let us recall it for the benefit of the reader. We apply
the Leray projector P in R? to the Navier-Stokes equations verified by v to obtain that
0w — vAv +Pdiv(v ® v) = 0.

Because v € L (Ry; L*(R?)) we have that v@v € L (Ry; Ll(R?’)) C LIOC(R+; H2(R3)).
We also have that Av € L (Ry; H2(R3)), so 9w € L2 (Ry; H2(R3)). We infer that v
is Lipschitz in time with values in H~2(R3); in particular it is strongly continuous in time
with values in H~2(R?). This strong continuity in time together with the boundedness of
the L? norm implies the weak continuity of v in time with values in L?. In particular, we
have that v(t) is well-defined and belongs to L?(R3) for all times ¢ > 0 (and not only for
almost all times).

Let us observe now that for all £ > 0 we have that v, () — v(t) Weakly in L2(R3). In-
deed, we know from relation (26) that v., (t) — v(t) strongly in H, 2 (R?), so (ve, (), ) —
(v(t), ¢) for all test functions ¢. The boundedness of v, (t) in L? and the density of the
test functions in L? imply that (v, (t),p) — (v(t),¢) for all p € L?, that is v, (t) — v(2t)
weakly in L?(R3).

Let us denote by x4 the characteristic function of the set A. We prove now that for all
t>0

Ve, ()X B(he, (t),ex) — O
weakly in L2. Indeed, let g € L?. Then

8k—)0

[V, (D)X B(hey (8).1)> 9| = |/ Vey, (1)) < Nlve, Ol L2 ll9ll L2(B(he, (1).00)) — O
B(hsk(t) £k)

because ||ve, ()|l 2 is bounded and ||g||z2(5 B(he, (t),e)) 80€s to 0 as e — 0.
We infer that
Ve, (D) XES\ B(hs, (1),r) — V() weakly in L*(R?).
By the weak lower semi-continuity of the L? norm we infer that
(33) Il 2y < liminf e, (Ol 2@e\B(he, (0,0
Similarly, from the weak convergence
D(v.,) — D(v) weakly in L?((0,t) x R?)
we infer that

XR3\B(he,, (t),sk)D(’ng) — D(v) weakly in LQ((O,t) X Rg)
18



so by lower semi-continuity

t
(34) HD(U)||%2((0¢)X1R3) < halzl_i}%f/o ||D(U€k)‘|%2(R3\B(hEk(t),ak))'

We also observe at this point that the strong L? convergence of v.(0) towards vg gives
that

(35) [[voll 2 = lim inf [lve, (0)]] 22
er—0

Finally, taking the lim i%f in (14) and using (33), (34) and (35) implies the required
Ep—
energy inequality (15). This completes the proof of Theorem 3.

We end this paper with a final remark about the weak time continuity assumed in
Theorem 3: v. € CY(Ry;L*(R3)). We know that u. € CO(Ry;L*(R3)) so we made
this hypothesis for the sake of simplicity, but it is in fact not necessary to make such an
assumption. Indeed, we used it to make sense of the various terms of the form [p5 ve(t,)-
e(t,x) dx, see for instance on page 11. But the Navier-Stokes equation itself implies a
time-continuity property allowing to make sense of such terms. More precisely, let us make
a change of variables to go to a fixed domain. The vector field v (t,x) = v:(t,x — he(t))
verifies the following PDE:

(36) vz + h. - Vo, — vAV, + 0. - Vi, = =V, for |z| > ¢

where 7 (t,x) = m.(t,x — he(t)). Since ve € L2 (Ry; L2(R3)) N LE (Ry; HY(R?)) we also

have that 0. € L (Ry; L2(R3)) N LE (Ry; HY(R?)). Recalling that h. is Lipschitz, we
4

infer by classical estimates that h. - Vo, — vAV, + 0. - Vo, € L (Ry; H 1(R3)). So, if we

choose some ® € CF, (|| > €) and we multiply (36) by ®, the pressure goes away and we

obtain that

(D52, ®)| = |(B. - V- — VAT + 7. - Ve, ®)| < ||hL - Vi — vAT. + e - Ve || g1 || |1

If we denote by X the dual of C§% (x| > €) for the H' norm, the relation above implies
that

10:0: ]| x < ||BL - VU — vAD, + 02 - V|| g1
S0 OyUs € LEC(RJF;X). In particular 0. € C%(Ry; X). We infer that [9.(t,) - ® is well-
defined for all t > 0 and ® € Cg%,(|z| > €). Going back to the original variables, we infer
that if . € C§%, (Jz — he(t)] > €) then [v.(t,-) - we is well-defined.
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