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1 Introduction

J. T. Enright introduced a certain completion of modules over a complex semi-
simple Lie algebra in order to study fundamental series representations of real
semi-simple Lie groups in [E]. Later, the idea of the completion was simplified
and extended by several authors (e.g. [D], [J1], [KT], [M], [KM]). The func-
tor taking the completion is called the Enright functor. A. Rocha-Caridi and
N. R. Wallach applied the functor to the representation theory of Kac-Moody
algebras and show the uniqueness of homomorphisms between Verma modules
with integral support. More recently, in [KT], M. Kashiwara and T. Tanisaki
generalized the Enright functor to treat modules with non-integral support.
Such generalized Enright functor was also considered by O. Mathieu in [M] for
different purposes.

In this paper, we first introduce a super analogue of the generalized Enright
functor associated with a non-isotropic simple root of the Lie superalgebra de-
fined by a Cartan matrix. Second, as an application, we show the uniqueness
of homomorphisms between Verma modules over a Kac-Moody superalgebra
(in the sense of [S]) without isotropic simple roots. Finally, we discuss explicit
forms of singular vectors of Verma modules. For a Kac-Moody algebra, F. G.
Malikov, B. L. Feigin and D. B. Fuks provided a singular vector formula by
means of complex powers of Chevalley generators. A relation between their
formula and the Enright functor was suggested by A. Joseph in [J2]. Here, we
give an interpretation of complex powers of generators in Malikov-Feigin-Fuks
type singular vector formulas in terms of the Enright functor.

This paper is organized as follows: In Section 2, we recall the definition of
the Lie superalgebra defined by a Cartan matrix, and introduce some categories
of modules. In Sections 3 and 4, we define the Enright functor and state some



properties. In particular, we describe the images of Verma modules under the
Enright functor. In Section 5, we show the uniqueness of homomorphism be-
tween Verma modules over a Kac-Moody superalgebra without isotropic simple
roots. In Section 6, we provide the singular vector formula and state the braid
relations of our Enright functors.

Throughout this paper, unless otherwise indicated, the base field of vector
spaces is the complex number field C.

2 Basic definitions

In this section, we recall the definition of the Lie superalgebra defined by a
Cartan matrix, and introduce some categories of modules.

2.1 Lie superalgebra defined by Cartan matrix

Throughout this paper, for n € Z, we denote n + 2Z € Z/27Z by n. For a
superspace (i.e., Z/2Z-graded vector space) V, we denote its even (resp. odd)
part by Vj (resp. Vi). For o € Z/27Z and v € V,, we set |v| := 0.

Let I = {1,2,--- ,n}, and let I, (0 € Z/2Z) be subsets of I such that
I = I3 U I7 (disjoint union). We define p : I — {0,1} by

L J0 (iep)
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Let A = (ai,;j)i,jer be a complex n x n-matrix whose rank is [. Let h be a 2n —1
dimensional vector space, and let {a;}icr and {h;};cr be subsets of h* and b,
which satisfy (i) {c; }ier and {h;}icr are linearly independent, (ii) (h;, ;) = a; ;
for any i,j € I, where (-,-) denotes the duality pairing between b and h*. Put
Q= ;e Za; and 11 := {oy]i € T}.

Let us recall the definition of the Lie superalgebra g(A) associated with the
Cartan matrix A. Let g(A) be the Lie superalgebra generated by {e;, fi, hli €
I, h € b} with the following commutation relations:

|h|=0(hebh), lel=Ifil=0(i€l,)
[hvhl] =0 (hvh/ € b)v [ei’fj] = 5i»jhiv (2)
[h,ei] = (h,ai)ei,  [h, fi] = —(h, i) fi.

Let t be the maximal ideal of §(A) which intersects b trivially. We define the Lie
superalgebra g(A) by g(A) := g(A4)/c. In the following, we often denote g(A)
by g for simplicity. The Lie superalgebra g naturally equips with Q-gradation
9= @, 0" satistying g° = b, g* = Ce; and g~ = Cf;.

Since g(A) ~ g(DA) for any invertible diagonal matrix D, we may assume
without loss of generality that

gk € {0,2} (3)



holds for any & € I. Till the end of Section 4, the Cartan matrix A is not
necessarily symmetrizable unless otherwise indicated.

Next, let us introduce some notation. Set Q% := + Yicr Loy Let A =
{a € Q\ {0}|g™ # {0}} be the set of the root of g and A* := AN Q* the sets
of the positive and the negative roots. For o € Z/2Z, we put I1, := {«;|i € I},
A, = {a € Alg,Ng® # {0}} and AL := A,NA%. By setting g% := P, cpx 8%,
we have the triangular decomposition g = g+ @ h@® g~. Set g= := g+ @ bh. Let
p € b* be an element, which satisfies

(i, ) = Sas (vh € 1), (4)

We fix i € I such that a;; # 0 and introduce subalgebras u(i), s(i) and g(7)
of g as follows:

uE (i) = @ ¢, s(i) =Chio P o™ gt ()= P ¢ )

n€lso neZ\{0} a€EAE\Za;

Then, we have g = g™ (i) @ (s(i) + h) ® g~ (i), g& = ¢F (i) ® u™ (i) and s(i) ~
0sp(1]2) if ¢ € I7 (resp. s(i) ~ sl(2) if i € I5). We further introduce s; € GL(b*
as

si(A) == A = (hi, N (A €BH7). (6)
2.2 Categories

Throughout this subsection, we fix ¢ € I such that a;; # 0. By assumption (3),
we have a;; = 2. In order to introduce the Enright functor associated with the
simple root «;, we assume that

Vj el \ {Z}, aij € 2p(i)Z§0 A (aiyj =0= Qi = 0) (7)

We regard g as s(i)-module via the adjoint action. Under the above assump-
tion, one can easily show the following lemma:

Lemma 2.1. Both ade; and adf; are locally nilpotent on g. Hence, g is an
integrable s(i)-module.

By abuse of notation, let us denote by ad the adjoint action of g on the
enveloping algebra U(g) which is defined as

adg(X) = gX — (-)X9Xg (g€ 9. X €U(g)).
The above lemma implies
Corollary 2.1. Both of ade; and adf; are locally nilpotent on U(g).
Next, we introduce categories Modg/ 2% M and ﬂ? of left g-modules.

Definition 2.1. 1. A left g-module M is an object ofModg/2Z if and only if
M is Z/2Z-graded, i.e., M = Mg ® My and g, M, C Myyr (0,7 € Z/2Z).



2. For M,N € Ob(Mod?ﬂZ), we set

Homy g2 (M, N) = {f € Homg(M, N)|f(Ms) C No (Vo € Z/2Z)}.

For simplicity, we denote HomModﬁ/zz (M, N) by Homg/QZ(M, N).

For the fixed i € I and a € C, we introduce full subcategories M® and M
of Modg/ *Z as follows.

Definition 2.2. Let M be the full subcategory of Modg/QZ whose objects M
satisfies the following conditions:

C1 M is b* x (Z/2Z)-graded, i.e.,

M = b M,
(N, 7)ED* X (Z/2Z)
where M* := {m € M|h.m = X\(h)m (Yh € §)} and M} .= M* N M,;
C2 (hi,\) € a+2°7 — M} = {0};
C3 e; acts locally nilpotently on M.

Let M? be the full subcategory of M consisting of the objects M on which f;
acts injectively.

Next, we recall the definition of Verma modules over g. For (A;0) € h* x
(Z/27), let C1) be the one-dimensional h-module defined by |12| := ¢ and
h.1) := A(h)15 (h € ). We regard C1) as g=-module via g*|c1x = {0}. The
induced module

M(X;0) :=U(g) ®4> C1,, (8)

is called a Verma module. Notice that M(A;0) € Ob(M?) for a = (h;, A).
Finally, we remark that if a satisfies

ag2ry, (9)

then, Verma modules over (i) with the condition C2 in Definition 2.2 are ir-
reducible. Hence, the action of f; on M is injective for any M € Ob(M{) and
thus, M; = M¢.

3 Definition of Enright functor

In this section, we introduce the Enright functor associated with a simple root
o satisfying a;; # 0 and (7).



3.1 Super analogue of binomial coefficients

We introduce an analogue of binomial coefficients, which is convenient to define
D (a—k+1
alo—1) k,(a U ¢ cp

the Enright functor. For k € Z~(, we denote

by (Z), and set (g) = 1.

For k € Z>¢, we put

o

{51 = ([’31) (10)

2
where [a] denotes the greatest integer not exceeding a € R. We further set

[a} ([3]) (
= 11)
k [5]

for a € R. Notice that if « is an integer, then

5=, w

Here and after, 6, - (0,7 € Z/27Z) denotes the Kronecker delta. The next symbol
is also useful to simplify formulas. For n,k € Z, 0 € Z/27Z, set

o _ )00 (n=0)
nk - (71)(k+1)o‘ (n

) .
CZ’L,]C == Co7k lf m=n. (14)

n

Il
= =]

By definition,

For later use, we list some formulas related with these symbols.
Lemma 3.1. 1. Forme€Z, k €Z>y and o0 € Z/2Z,

Can [,y |+ e [F] = Y 09

where we set {ml} = 0.

2. Forn€Z, k1 €Z>y, 0,7 €Z/2Z and o € C,

o T o—n—05z1 a—n—k—906;,51
Cn,kCnJrk,l{ i 1}{ I HM}

16
o+T1 o ainiaﬁ,i k+1 ( )
= ok 1Cke k1 oL
3. Form € Z>o, n € Z and o € Z/2Z,
m N ) B . m
Z(_l)[rz(k_‘_&m[))]c's,m m,k [/C:| = 5m,0- (17)
k=0



4. Form,n€Z,j €Ly, 0€Z/2Z and a, § € C,

J
C (a—6.1) (B—0n1 QOB =6
OZ Ca+]c_ {a 7,1 } { . m,1 } — ;:L " { ' m+n,1 } )
kX:;J R U j—k i j
(18)

Proof. All of these formulas can be shown directly by using well-known formulas
for binomial coefficients. O

Using the above symbols, the action of (adg)™ for g € g7 can be described
as follows:.

Lemma 3.2. For g € g1, n € Z>o and X,Y € U(g), we have

n

n n n—
(adg)"(XY) = > O} 7] (adg) (X) (addg)"~* (). (19)
k=0
Proof. By using (15), one can show this lemma by induction on n. O

3.2 Definition of U(g)f**

Let us define a U(g)-bimodule U(g) f&% for i € I satisfying a;; # 0 and (7).
Remark that, by (3),

lei, fi] = hiy  [hi,ei] = 2ei,  [hi, fi]) = —2fi,

and (h;,p) =1 by (4).

Fora € Cand n € Z, let U(g) f*™ be the Z/2Z-graded left free U(g)-module
of rank one generated from the symbol f", where the parity of the generator
is given by

(20)

| = 0 (i€elyVne?2Z)
ST (e Ane2Z41)

For m < n, let ¢, m € Homg/ZZ(U(g)fia:_m,U(g)ff:_") be the homomor-
phism of left U(g)-modules given by ¢, (X f™™) = X ™™ f*"", where
X € U(g). Then, {U(g9)f* ™", ¢n,m} is an inductive system. Let us introduce
U(g) f*Z as the following inductive limit of left U (g)-modules:

U(g) [ = limU (g) [ "
neL

Since @ ., is injective, we have U(g) f~" < U(g)f*Z, and thus, U(g) f&2 =

Unez Ug) £
Next, we will introduce right U(g)-module structure on U(g)f*%. Noticing
Corollary 2.1, we define a right action of U(g) on U(g)f*Z as follows:

Definition 3.1. Suppose that X € U(g) is homogenous with respect to the
Z./2Z-gradation. We define



1. Casei € Ij:
= ()t o, (21)
k=0
2. Casei € Iy:

fEmX = i o {a : " " } {(adf)* (OYFE7F (22)
k=0

Indeed, to check that the above action defines U(g)-bimodule structure on
U(g)f&%, it is enough to prove that (f*".X).Y = f*"(XY) holds for any
X,Y € U(g). In the case where i € I3, this follows from (16) and (19). In the
case where i € I, the same argument as in [D] works. Remark that if g is a
Kac-Moody algebra, then U(g) &% coincides with the U(g)-bimodule U (g) f*+*
in [KT].

It is easy to see that, for any a,b € C satisfying a — b € 2Z if i € I7 (resp.
a—0beZifie I), there exists an isomorphism of U(g)-bimodule

Ulg) i ~ Ule) £ (23)
The left and the right multiplications are related as follows:

Lemma 3.3. Suppose that n € Z>o and X € U(g). Then, we have

1. Casei € Iy:
XJf = i(l)k ( . ”) FEm M (ad ) F (X))
2. Casei€ Iy:
X = i(—lﬂé“ﬁ‘;'xn”q’ﬁ S Y O ES)]
=

(24)

Proof. In the first case, we can check this formula in a way similar to the Lie
algebra case. In the second case, the formula follows from (22), (16) and (17).
O

This lemma implies
U(g) f* = lim f{"U(e) = |J 7" Ule). (25)
ne nez

By using (19) and (25), the following isomorphism of U(g)-bimodule can be
easily shown:

Ulg) fiH0% ~ U(g) % @4 Ulg) f77. (26)



For M € Ob(Modg/M), we naturally regard U(g) f&Z®q M as left g-module.

Then, U(g)f#* ®4 (-) defines a functor on the category Modg/ZZ. In a way
similar to [KT], one can show the next proposition:

Proposition 3.1. U(g)f*% ®4 (-) : Modg/2Z — Modg/2Z is exact.

3.3 Definition of T;(a)

Using the functor U(g) f*Z ®q (+), we define the Enright functor Tj(a).
We first state a general fact. Let a be a Lie superalgebra, and let b be a
subalgebra of a. Suppose that the adjoint action of b on a is locally finite.

Lemma 3.4. Suppose that 'V is a left a-module. Then, {v € V| dimU(b)v < oo}
is an a-submodule of V.

By this lemma, we see that V — {v € V|dim U(b)v < oo} defines a functor
on Mod%/ 22 We denote this functor by Fy. By definition,

Lemma 3.5. The functor Fy is a left exact functor.

Let u™ (i) be the subalgebra of g given in (5). Recall that g is u™(i)-locally
finite. We define the functor T;(a) : Modg/2Z — Modg/QZ as follows:

Ti(a)(M) = Fyur ) (U() f&% ®g M) (M € Ob(Mod%/*))

Combining Proposition 3.1 with Lemma 3.5, we see that T;(a) is a left exact
functor.

Since h;.(f&"@m) = (u(h;) —2(a+n)) f&™@m for m € M* (u € h*), T;(a)
defines a functor from M¢ to M; *, which is denoted by the same symbol.

4 Properties of Enright functor
In this section, we study the properties of the functor T;(a) for i € I such
that a;; # 0. In the case where i € Ij, the same arguments as in [KT] work.

Hence, for simplicity, we concentrate on the case where ¢ € I7, unless otherwise
is indicated.

4.1 Preliminaries

We collect some formulas which are necessary in the following subsections.

Lemma 4.1. Suppose that g € g1 and X € U(g). For any m € Zx>o,
m _ - | X| m m—k k
9 X = Z Cm,nz—k k {(a‘dg) X}g .
k=0

Proof. Using (15), one can show the formula by induction on m. O



The next lemma is a super analogue of the formula (2.4.4) in [KT].
Lemma 4.2. For anya € C, m € Z>¢ and n € Z,

J+1

5 )

2

x{ m— 0 1 }{a+n§n71}{hian+m5m_n71}
JH+1—=bm1 j+1_6ﬁ,i j+1_6m—ﬁ,i 7

where we put

m .
: i pan—j_m—joird
e fim = O [ e 202
=0

Gl = (—DBEH L 1 (i

Proof. This lemma can be proved by induction on m. O

4.2 Image of Verma modules

Let g* (i), 5(i) and u® (i) be the subalgebras of g defined in (5). Since g~ =
g (i) ®u (i), we have U(g~) ~ U(g~ (¢)) ®c C[f;] as vector space. Hence, by
Definition 3.1, we have

Lemma 4.3. For any a € C, there exists the following isomorphism of vector
spaces:

U(g_(z)) ¢ (C[fza fiil]flqzo Rc U(gz) AN U(g)fiazz'

27
X" @Pf%°XT s X PfeOXT 27)

Let M(A;0) be the Verma module over g defined in (8). The above lemma
implies

U(9)f{* ©g M(X;0) = U(g™ (i) ®c CLfi, fi 1/ @c C13. (28)
The next theorem is one of the main results of this paper.

Theorem 4.1 (cf. [KT] Proposition 2.4.6). Let (A\;0) € b* x (Z/2Z), and set
a := (h;,\). Then, we have

(sio)\;a‘—i-i) (O,Q/QZZ())

M
Ti(a)(M(X;0)) ~ {M(/\;O) (a€2Z>¢) ’

where
sioX:=s;(A+p)—p. (29)



Proof. We first consider the case where a € 2Z>(. Lemma 4.2 implies

+
il @1) e {U(g) fE7 @ M(N; o)} . (30)
Hence, by (28), we have
Ug)-fi*t @15 = M(s; 0 Ao + 1),

and thus, it suffices to show that T;(a)(M(X; o)) is generated by f&!®12. Since
any vector v € U(g) f#* @4 M(\;0) can be uniquely written as

v=Y P ffr®1) (P, €U(g (1)),
nez

we may show that if e”.v =0 (3m € Z~o) then P, =0 (¥Vn € Z<g).
Suppose that e”.v = 0. In a way similar to [KT], Lemma 4.1 and 4.2 imply

P, k. k+1
chn;kkckn+k2k[21[ —
k=0

m] fa+n+k—0;51 —n =051 ek B
X[k}{ k4+1—6, 51 }{k+1—5mi}{(ad€") i} =0.

Let us assume that P_,, # 0 for some n € Z>o and lead to the contradiction.
Suppose that ¢ is the maximal non-negative integer such that P_. # 0. Then,
we have

Poclm om™) mAlyfa—c—der | fetm—deimT
2 ? =
C,, Cm—c [2“ 2 I {m+1 021 m+1—0cym1 :

a—c—0z1 ~0

m + ]. - 66,1 o
Since ¢ + 0, 1 € 2Z3>0, this contradicts to a ¢ 2Z>¢. Hence, P,, = 0 (Vn € Z<o).
Next, let us suppose that a € 2Z>¢. Since T;(a) = T;(0) by (23), it suffices to

show that 7;(0)(M(A; o)) is generated by 1 ® 12. For w € U(g) f¥% @4 M(\;0)
such that

and thus,

w=Y"Quf" 81} (Qu €U (i),

nez

we show that if e”.w = 0 (Im > 0) then Q, = 0 (¥n € Zp). Let d be the
maximal positive integer such that Q_4 # 0. Then, by looking at the coefficient
of fiozfdfm ® 12 in e".w, we have

Q@igm om™) m41 —d—6;1 at+d+m=—0gm1
2 ’ e
C C’H’L—d [2}[ 2 ]{m+l_5d,1 m+1_5d+ 1 ’

But, this is impossible, since d,a + d € Z~o. Hence, Q,, =0 (Vn € Zg).

10



One can similarly show

Theorem 4.2. In the case where © € I, we have

T(a)(M(X; 0)) ~ {%Ei Z)M) E Z iﬁiﬁ ; '

Remark that for a Kac-Moody algebra g, the theorem was proved in [RW]
for a € Z and in [KT] for a & Z>¢.

4.3 Homomorphisms between Verma modules

We compare two spaces

Homg/** (M (p; 7), M(X;0)),  Hom§/**(T;(a)(M (p; 7)), Ti(a)(M(X; 0)))

where a := (h;, A). Let us divide this subsection into two parts, Case a &€ 27

and Case a € 2Z.

Case a & 27, We show a preliminary lemma.

Lemma 4.4. For any a € C, M € Ob(M?) and uw € M, we have f&" @ u €
Ti(a)(M) (n>0).

Proof. 1t is enough to show that for any u € M, there exist n, m € 2Z~¢ such
that ef.(f#™ ® u) = 0. We may also assume that h;.u = au. By Lemma 4.2,
we have

m a+n m—n
e:.”_(fia:n ® ’LL) — 22k(k!)2<z> ( ]2C > ( Z >flqzn2lc ® e?ﬁbizku.

k=0

o

Hence, by an argument similar to Lemma 2.4.3 in [KT], one can show this
lemma. U

Hence, there exists a morphism of functor
idpie — Ti(—a) o Ti(a). (31)
By using (31) and Theorem 4.1, we obtain
Proposition 4.1. Suppose that A € b* satisfies (h;, \) & 2Z. For any p € h*,
Hom2/?*(M (p; 7), M(X; 0)) = Hom2/** (M (s; o p; '), M(s; 0 X; o)), (32)
where 0’ ;=0 +1 and 7" := 7+ 1.

Case a € 27 In this case, (23) implies that Tj(a) = T;(0). Let M? be the
category defined in Definition 2.2.

11



Lemma 4.5. T;(0)(M) € Ob(ﬂ?) for any M € Ob(ﬂ?).

Proof. By definition, f; acts injectively on U(g) f*Z® M if it does on M. Hence,
the action of f; on T;(0)(M) is injective, and thus, the lemma holds. O

Hence, T;(0) defines a functor on M?. Moreover, we have
Lemma 4.6. For any M € Ob(ﬂ?), we have M — T;(0)(M) (m — 1@ m).

Proof. Since f; acts injectively on M € Ob(ﬂ?), we have M — U(g) fY7®4 M.
Moreover, the action of e; on M is locally finite, M < T;(0)(M) holds. O

Using this lemma, one can show the next proposition.
Proposition 4.2. The functor T;(0) :ﬂ? - ﬂ? is faithful.

Proof. For M, N € Ob(ﬂ?) and f € Homg/QZ(M, N), we have T;(0)(f)|am = f,
since M — T;(0)(M). Hence,

T;(0) : Hom%/**(M, N') — Hom%/**(T;(0)(M), T;(0)(N))
is injective, and thus, the proposition holds. O

Corollary 4.1. Suppose that A, € b* satisfy (hi, \), (hi, ) € 2Z. Then, the
following inequality holds:

dim Homg/%(M(u; 7), M(X\;0))

33
< dim Homg/* (7;(0) (M (1 1), T3(0) (M (X; 0))) o

5 Verma modules over Kac-Moody superalge-
bra without isotropic simple roots

As an application of the Enright functors introduced in the previous sections,
we show the uniqueness of homomorphisms between Verma modules over a
symmetrizable Kac-Moody superalgebra without isotropic simple roots. For
representations of such Lie superalgebras, the reader may consult [K2].

5.1 Definitions and main result

Throughout this section, let us always assume that g = g(A4) is a Kac-Moody
superalgebra whose simple roots are non-isotropic. Hence, we assume that the
Cartan matrix A = (a; ;)i jer satisfies (i) a;,; € Z (3,5 € I), (ii) a;; = 2, (iii)
a;; <0 (i #j), (iv) if a;; =0, then a;; =0, (v) a;; € 2Z (i € I1). Here, we
also assume that A is symmetrizable. Hence, in particular, we identify b and h*
so that the duality pairing induces a bilinear form on h* which will be denoted

by (’)

12



Next, let us introduce some notation for the root system. Set
_ 1 - | - . 1
Ag:={a€fglga g A}, Aj:= {8 Mg\ Ag|dimg” # dimg’},  (34)

Ay = A5NQ* and ALF = AL N Q*.
Let s; € GL(h*) be the simple reflection defined in (6) and W := (s;|i €
Iy C GL(b*) the Weyl group of g. An element in

Ay = W(Ilg UTI; U 2IT7)  (resp. Aim i= A\ Ake)

is called a real (resp. an imaginary) root. We set AL = A, NQ+, A =
Aim N Q+.

For a € Ay, sq € GL(H*) denotes the reflection given by s,(A) := A —
(¥, N)a, where @V := 2a/(a, ). Recall that the shift action o of W on h* is
defined by

wod:=wA+p)—p (A€hY) (35)

where p € b* is given in Section 2.1. Remark that (p, ;) = 3(c, ;) holds for
any i € I.

The next theorem is a consequence of the Shapovalov determinant formula
([K1], see also [IK1]) and the injectivity of non-trivial homomorphisms between
Verma modules over g ([IK1]).

Theorem 5.1. For (\;0) and (p;7) € h* x (Z/27), the following conditions
are equivalent:

1. there exists an sequence {(\r;ok) o C b* x (Z/2Z) such that
(a) (Moso0) = (A;0), (Mis01) = (w; 7) and
(b) there exists {(Br,nk)},_, which satisfies
(Bromx) € {(Bg UAG) x Zoo f U{AT x (2220 +1)},
2(Ae—1 + p: Br) = 1 (Br, Br),

Ok—1 (ﬂkEA() UA—)
Ak = Ag—1 — Nk PBr, Ok = _ 07
k k—1 — Bk k {Jk1+1 (B, € AY)

2. Homg/**(M (i:7), M(X; 0)) # {0}
3. there exists an injective homomorphism M (u;7) — M(X;0).

We describe the first condition of the theorem in terms of the integral Weyl
group. The integral root system A(X) and the integral Weyl group W () asso-
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ciated with A € h* are defined as follows:
Z6( ) = {a € Are N Agl(A+p,a) € Z},
Az () —{aeAreﬁA [N+ p, ) € 2Z + 1},
Ag(A) = A5(\) U2A1(A), A(N) = Ag(A) UAT(X), AF(N) == A(N) NQT,
o(A) :
):

5(A) == {a € Ag(\) N QT [sa(AT (V) \ {a}) € AT(N)},
I (A) = {or € A(A) N Q7 [s5a(AT(N) \ {a, 20}) € AT(N)},
I(A) :=T5(A) UTIT(A),  W(A) = (sala € TI(A)).

(36)

As we will see in the next subsection, W(A) is an integral Weyl group of a
certain Kac-Moody algebra contained in g, and hence, ({sq|a € TI(A\)}, W (X))
is a Coxeter system.

To state the main result of this section, let us introduce a set K of highest
weights. For A € h*, set

Ry = {8 € AL NBg|(A+p, BY) € Zo},

R :={B e ALNAL|(\+p,BY) € 2Z< — 1}, (37)
R):=TR,U2R}, R»:=R)UR)
and define K C h* as follows:
K= A€ B iR <o A2\ +p,8) # (B.8) (B € AL} (38)
Then, as an immediate corollary of Theorem 5.1, we obtain

Corollary 5.1. Suppose that A € K. If HomZ/M(M(M; ), M(X\; o)) # {0},
then there exists w € W(X) such that = wo \.

The following is the main theorem of this section:
Theorem 5.2. Suppose that (\;0) € K x (Z/27). Then,
dim Homg/QZ(M(u; ), M(X\;0)) <1 (39)
holds for any (u; ) € b* x (Z/2Z).
Remark 5.1. Set K~ := {2p — X\ € h*|\ € K}. By the tilting equivalence for
Lie superalgebras ([Br], [IK2]), the inequality (39) holds for A € K.
5.2 Kac-Moody algebra contained in g

We introduce a certain subalgebra of gg, which is isomorphic to a Kac-Moody
algebra and shares the same Weyl group with g. Let {e;, fi, h;|¢ € I} be the
Chevalley generators of g. We set h; := 27 P(Dh,,

. { iel) & {fz- (i € Iy)
' Heive (ierp)’ ™ —1fi, fi] (e’
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and @; := 2D q;. Then, we have
€6, f] = bighis &) =a@i(hye, [ fil = —ai(h)fi (heb)
by direct computation. Let us introduce the matrix A= (@,)i,jer as follows:

2a;; (i€lyNjel)
@ =150, (ielinjely), (40)
a;;  (others)

where A = (a;;)ijer is the Cartan matrix of g. One can easily check that
a;; € Z for any 4,5 € I and A is symmetrizable. Let g be the subalgebra of

g generated by {é;, ﬁ-, hli € I, h € h}. Remark that V. Serganova introduced
subalgebras similar to g for more general Kac-Moody superalgebras in [S].

Proposition 5.1 (cf. [K2], [S]). The subalgebra g is isomorphic to the Kac-
Moody algebra g(A) associated with the Cartan matriz A.

Proof. We may assume that b is a Cartan subalgebra of g(A), since (5, {@; }ier, {hi}ier)
is a realization of the Cartan matrix A in the sense of Chapter one in [K3].

The commutation relation (adel)1 “i(e;) =0 = (adf; )17eii(f;) in g im-
plies (adé;)'~%i(g;) = 0 = (adfl)1 a”(fj) Hence, there exists a surjective
homomorphism g(A) — g whose restriction to § is the identity. The kernel of
the homomorphism intersects § trivially, and thus, it is an isomorphism. O

Next, let us introduce some notation for the root system of g. We put
Il .= {al\z el}, Q= > icr Za; and QF = :I:Zlele)ozZ Let A := {a €
Algng® # {0}} be the set of the roots of g g and W : <so,|oz € H> C GL(b*)
the Weyl group of g. Let Are = WII (resp. Alm =A \ Are) be the sets of the
real (resp. the imaginary) roots of §g. By definition, W coincides with the Weyl
group W of g, and thus,

Are = Are N Qva zim C Aim N QV

hold. Put A% := An @i, ﬁrie = A N éi and ﬁfn = Ajm N @i. Let p be an
element of h* such that (p,a&;) = 1(a;,a;) holds for any i € I. We denote the
shift action of W on h* with respect to p by %, namely,

wH X :=w(A+p)—p.

We define the integral root system 3(/\) and the integral Weyl group W()\)
of g associated with A € h* as follows:

AN = {a € A|(A+p,0Y) € Z}, AT\ := A(N\)NAT,
() = {a € AT(W)[sa(AT (M) \ {a}) C ATV},
W(A) := (sa]o € TI(N)).
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Proposition 5.2. For A € b*, A(\) = AN N Q = Ay(A) U 2A:(N) and
II(\) = II5(\) U 2IT5 (N).

Proof. We first show that
~ v 1
(p - p7ﬁ ) S/ + 550,1 (41)

holds for 8 € ﬁrm where o € Z/27 such that 8 € A,.

There exist i € I, and w € W such that § = w(a;). If 5 = o; then (41)
holds, since (p — p, @) = %50,} Hence, we show that if (41) holds for 3, then
it does for s,(83). Suppose that ay, € 1L (7 € Z/2Z). Since s;(B8)Y = si(8Y) =
BY — (BY,ag)ay, we have

(5 p5:(5)) = (5 p,BY) — 36:1(8, ).

If oy, is an odd root, then (8Y, o) € 2Z, since (hj, ay) € 2Z (Vj € I). Hence,
(41) holds for any 8 € A.

Using (41), we prove the proposition. Suppose that 8 € A NA,. In the
case where 0 = 1, we have 8 € 2Az. Setting v := %ﬂ, we have (A + p,8Y) €

Z < (A+p,yVY) €2Z+1 by (41). Hence, A(A) N2A7 = 2A1(A). In the case
where o = 0, we have 8 € Ag. Hence, A\ +p,8Y) €Z < (A+p,BY) € Z by
(41). and thus, A(A) N Ag = Ag(A). Now, we obtain A(X) = Ag(A) U 2A1(N).
Since A(A) = Ag(A) U AT(A) U2A7(A) and A;(A) N Q = 0 by (36), we have
A(N) = A(N) N Q. Moreover, TI(A) = II5(\) U 2115 (A) holds by the definition of
II()\) and II(\). O

By Proposition 5.2, for A € h*, we have W (\) = W(A) Hence, Proposition
2.2.9 in [KT] implies

Corollary 5.2. W(X) is the Coxeter group with the Cozeter system {so|a €
II(\)}, whose length function £y : W(X) = Z>¢ is given by

O(w) = A~ ) nw(AFT ) (we W), (42)
We need the following lemma to prove Theorem 5.2:
Lemma 5.1. Suppose that A € h*.
1. For&; €1l, if a&; € A()), then &; € TI(\).
2. If &; €11 and o € TI(N) satisfy (0, 0) > 0, then a = &; or &; & A(N).

3. Fora; € A(N), set N := s;oX. Then, A(X) = s;A(N), AT(X) = ;A% ()),
II(N) = s;II(N) and W(N) = s;W(A)s; hold. Moreover, for w € W(A),
set w' = s;ws;. Then, £y (w') = £y (w).
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Proof. The first and the second statements follow from Lemma 2.2.1 and 2.2.3
of [KT]. Hence, we show the third one. We have

N =sixA=si(p—p)— (p—p) = 05104,
where o € Z/2Z such that i € I,,. Sinceiai,ﬂv) € Z for any g e Em, we have
A(X) = A(s; * A). On the other hand, A(s;  A) = s;A(A) by the definition of
A(N), and thus, A(X) = siA(N).
Lemma 2.2.2 of [KT] implies II(X) = s;II(A) and W (X) = s;W (A)s;. Hence,
O (') =H(A™(N) N’ AT (V) = #(s:A7 (V) N swst AT (M)
= #si(A7 () NwAT(N)) = by (w).
O

Next, we state some properties of the set . To do it, we show a preliminary
lemma.

Lemma 5.2.

> Zxpo (43)

a€ll(N)
Proof. Define the hight of v = >, kia; € Q by hty := >, k. For v €
AT(N), set 7 := 2%.1v, where o € Z/27Z such that v € A,()\). By Proposition
5.2, 7 € AT(\) holds.
For 3 € AT ()), let us prove 3 € Zaen()\ Z>oa by induction of ht3. Lemma

2.2.6 of [KT] implies that there exists o € II(A) such that (B,a) > 0. Hence,
(B,a) > 0. If one of f = @ and 8 = %a holds, then 8 € Zaen()\) Zsoo. If
it does not holds, then for v := s, we have v € AT()\) and hty < ht3. By
induction hypothesis, v € ZQGH(A) Z>po. Hence,

B=say=7+ B a)ae > Zxa
a€ll(N)
and thus, (43) holds. O
Lemma 5.3. 1. WoK CK.

2. Set C:= {Aebh* |R>=0A20\+p,B8) # (8,8) (VB € Al)}. Then, for
any A € K, we have {W(X\) oA} NC # 0.

Proof. We show the first assertion. Since Ai'fn is W-invariant, for any w € W,
the following holds:

2A+p,B) # (B,8) (VB e Af) = 2(woX+p,B) #(B8,8) (V8 € AL). (44)

Hence, we may show that fR* < oo = #R®*°* < oo for any i € I. Fori € Iy,
we have R*°* < R + 2, since

Si(A+(/\) \ {O&,’, 20&1}) = A+()\) \ {Oéi, 20@}, Si({Oéi, 20[1}) = {—Oli, —2061'}.
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For i € I5, one can show §R®*°* < #R* + 1 in a similar way. Hence, the first
assertion holds.
Let us prove the second assertion. By (44), we may show that

Jw e W(\), R =40 (45)

holds for any A € K. We prove (45) by induction on fR*. In the case where
1R = 0, by definition, A € C. Hence, suppose that {R* # 0. If II(\) N R* = 0,
then (A+p, 3) > 0 holds for 3 € At ()) by (43). This means that R* = (). Hence,
we may assume that there exists a € II(A\) N R*. In the case where o € II5()\),
we have fR*>°* = #R* — 2, since s,(AT(\) \ {a,2a}) = AT(N\) \ {a,2a} and
sa({a,2a}) = {—a,—2a}. In the case where a € IIj()\), we have fR%=°* =
#R* — 1. By induction hypothesis, (45) holds for s, o A, and thus, it does for \.
We have completed the proof. O

5.3 Proof of Theorem 5.2

In general, the root system A of g is not reduced. Here, we modify the arguments
in the proof of Theorem 2.5.3 in [KT] to deal with non-reduced root systems.

Proof of Theorem 5.2. Since {W(X) o A} NC # @ by Lemma 5.3, Theorem 5.1
ensures that M(\;0) — M(N;0’) for some X € C and ¢’ € Z/2Z. Hence, we
may assume that A € C.

Suppose that Homg/QZ(M(M;T)7M(>\;U)) # {0}. By Corollary 5.1, there
exists w € W(A) such that 4 = w o A\. We show the theorem by induction on
E,\(w)

If £, (w) = 0, then the theorem clearly holds. Suppose that £ (w) > 1. There
exists & € II(\) such that £x(szw) < €\(w), and hence, w™'d € A~(\) C Q™.
We express a as o = ), kia; € @ and set hta := > o1 ki. We further use
induction_on hta.

Case hta = 1 There exists ¢ such that a = a;.

icl

Case i € I;: By Proposition 5.2, a; = a; € II;(\). Hence, (A+p, ) € 2Z+1.
Since R* = (), we have (\+p, af) & 2Zo+1. Hence, (\+p, ) € 2Z>o+1.
On the other hand, by (u+p,a)) = A+p, w1 (aY)) and w=(&;) € A(N),
we have (u+p, a)) € 2Z+1. Since w™(&;) € Q, we have (u+p, ) <0,
and hence, (u+ p, oY) € 2Z o + 1. Noticing that (p,a;) = 1, we obtain

<h7;, )\> S 22207 <h2, /1,> € 27 . (46)

Case i € I5: In a way similar to the above case, we have (A+ p, o)) € Z>( and
(u+p, ) € Z<o. In the case where (u+ p, ) = 0, we have sz o u = p,
and thus, the proof can be reduced to the case where the length £y (w) is
smaller. Hence, we may assume that (¢ + p, ) # 0 and

<hi, )\> S szl, <hl, u> € ZS,Q. (47)
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It follows from (46), (47) and Theorem 4.1 that
T(0)(M(X;0)) = M(X;o),  Ti(0)(M(p; 7)) = M(si 0 p; ).

Here and after, we set 7/ := 7 + p(i) for 7 € Z/2Z. By Proposition 4.2,
dim Hom%/**(M (11;7), M(X; 0)) < dim Hom?/**(M (s; 0 11;7), M(X; 7).

Since £y (s; o w) < £x(w), the dimension in the right hand side is less than or
equal to one by induction hypothesis. Hence, in the case where ht& = 1, (39)
holds.

Case htar > 1 There exists ¢ € I such that (&, @) > 0. Lemma 5.1.2 implies
&; & A(N). Putting N := s; o A and & := s;&, we have & € II(\) by Lemma
5.1.3. Moreover, putting p' := s; o u, w' := s;ws;, we have p/ = w' o \.
Hence, Lemma 5.1.3 implies w’ € W(X') and £y (w’) = €x(w). Since a; & A(N),
Proposition 5.2 implies o; ¢ A(X). Since M(A;0) and M(u;7) are objects in
M? for a := (h;, A}, Theorem 4.1 implies that

Ti(a)(M(X;0)) ~ M(XNs0'),  Ti(a)(M(u; 7)) =~ M(u's 7).
Applying Proposition 4.1, we have

Hom?/* (M (u;7), M(X; o)) = Hom%/ (M (13 '), M(X'; 0)).

It follows from (o, &) > 0 that ht&/ < ht@. Hence, by induction hypothesis,
dim Hom?/**(M (45 7'), M(X';0")) < 1.

Now, we obtain dim Homg/QZ(M(u;T),M(/\;a)) < 1. Hence, (39) holds in the

case where hta > 1, and we have completed the proof. O

6 Singular vectors of Verma modules

In the previous section, we have shown the uniqueness of homomorphism be-
tween Verma modules. This means that for A € K, a singular vector in M (\; o)*
is unique up to scalar. In this section, we discuss explicit forms of singular vec-
tors.

6.1 Malikov-Feigin-Fuks singular vector formula

We first recall the singular vector formula given in [MFF]. For a while, let g
be a Kac-Moody algebra with a Cartan subalgebra h and A € bh* satisfying
(A + p,aV) € Zso for a € Af. Suppose that the reflection s, is written as
Sq = Skp - - Sk, by simple reflections. Define A\; € h* anda; € C (j=1,---,P)
by A1 = A, Ajy1 = sg; 0 Aj, aj := (hx,;, Aj). F. G. Malikov, B. L. Feigin and
D. B. Fuks show the following formula:

frtto fmrir e M)\ {0},
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where M()) and 1* denote the Verma module over g and its highest weight
vector.

In [MFF], they first show that f;'” + f,'jllﬂ makes sense for regular dom-
inant integral weights and their descendamts7 ie, A € Wopu (uis a regular
dominant integral weight), and they conclude that the formula holds for any A
such that (A+p, @") € Zs¢ by ‘analytic continuation’; since the set of the above
A is Zariski dense in h*.

Here, we remark that their singular vector formula (including its super ana-
logue) can be directly interpreted in terms of the Enright functor. From now
on, let g be a Kac-Moody superalgebra without isotropic simple roots. Suppose
that A € h* and o € AL N (Ag U Ag) satisfy

Z~g (ifaezg)
A pa¥)ed ” :
( pa) {2Z20—|—1 (ifOéEAT)

There exist w € W and a3, € Il Ul such that o = w(ag). Let w = s, -+ 84
be a reduced expression. Then, s, = wspw ™! = 85, * Sy SkSiy *** Siy. We
choose the sequence (ki,--- ,kp) := (i1, ,in, k,in, -+ ,41) with P:=2N 41
and set )\1 = )\, )\j+1 = Skj @) )‘jv aj = <hkj7>\j> and

F(sa; A) = firt @@ fi e Ulg) fir" @ Ulg) .
One can show that ay;1 € 21’(’“)220 and asny2—; +a; € 2r(15)7,. Hence,

F(sa; ) € U(a)f, " @q - @ U@ f" 7 @ U@) f10" @ - @ Ulg) f 7
Proposition 6.1. Suppose that the following condition holds:
a; ¢ 2707 (Vj=1,---,N). (48)
Then, F(sq;\) ® 12 gives a non-trivial singular vector in
Ty (—a1) -+ Tiy (—an)Tiy (an) - - Tiy (a1) (M (X 0)) = M(A; 0).
Successive use of the following lemma shows this proposition.

Lemma 6.1. Suppose that there exists an inclusion M (v;7) < M (u;0) which
maps 1% +— S1# (S € U(g™)). Fori € I such that (h;, ) & 2PDZ, we set

Fo= [0 @ S € Ulg) [ @ Ule) S,
where a := (h;,s; o ). Then, we have
1. F@ 1% € Ty(~a)Ti(a)(M(s: o i o)) = M(si o i),
2. M(s;ov;7') < M(s;op;0’) (15° = F® 1M,

where o' == o +p(i), 7 =7 + p(i).
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Proof. Under the identification
M{(si ovs7) = Ty(~a)(M(vi7),  M(ui0) = Ty(a)(M(s; o 5 o),

we have
175—1-/01/ _ fi<h,i,u>:1 ® 1:7 ].g _ fi(hi,sio;J,):l ® 1(5771/0;1..

siov
7—/

Hence, the image of a highest weight vector 1 under the composition

M(s; 0 v37) = Ti(=a) (M (v 7)) — Ti(—a) (M (15 0)) = Ty(~a) Ty(a) (M (s, o p; o))
is given by

1:7-1}01/ _ f;hi’y)ﬂ ® ]-Z — fi(hi,y):l ® Slg —F® 1sio,u

and thus, the lemma, follows. O

Remark that by the above proposition, we conclude that
F(saiX) ® 1) € {M(X0)}*" \ {0}

holds without the assumption (48).

6.2 Braid relations

In the case where g is one of the simple Lie algebras of type As, By and Ga,
the uniqueness of singular vectors of Verma modules with regular dominant
integral highest weight implies the so-called Verma relations ([V]). By means of
the Verma relations, V. V. Deodhar and A. Bouaziz independently proved the
braid relations of the Enright functors. More conceptual and less computational
approaches were proposed by A. Joseph in [J1] and S. K6nig and V. Mazorchuk
in [KM].

In this subsection, we make brief comments on the Verma relation for the
simple Lie superalgebra of type B(0,2) and the braid relation of the Enright
functors T;(0). For simplicity, we denote T;(0) by T;. Let g be a Kac-Moody su-
peralgebra without isotropic simple roots, and W the Weyl group of g. Suppose
that

W= 8i\ 80y Sip = 81,85, Sjn (11, ks G, sk € 1)
are two reduced expressions of w € W. One can prove the next theorem by
arguments similar to [D].

Theorem 6.1. For any M € (\;; Ob(ﬂ?), there exists an isomorphism of
g-module

TiloTizo---oTik(]M);>leoTj2o-~-oTj,c

(M)

whose restriction to M is the identity on M.
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As stated in [D], we can reduce the proof to the cases where g is one of finite
dimensional simple Lie superalgebras of type As, Ba, G2 and B(0,2). The cases
of Ay, By and G5 have been done in [D]. In the remaining case, I := {1},
I7; = {2} and the Cartan matrix is given by

2 -1
AB(O,Z) = (_2 2 ) .

Proposition 6.2. Suppose that g = g(Ap(o,2)). For M € Ob(ﬂ?) N Ob(mg),
there exists an isomorphism of g-module

¢p:TioThoTyoTo(M) - TooTyoTyoTi(M)
such that ¢|ar = idays.

This proposition can be proved by using arguments similar to [D] and the
following lemma;:

Lemma 6.2 (Verma relation for B(0,2)). For any p € Z>¢ and q € 2Z>o + 1,
we have

2p+q ¢p+ +q 2p+
SR = AR
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