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0 Mathematical formulation
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Mathematical formulation

State variable and applied field

@ u:(0,L) x (0, T) — R : displacement @ f(x,t) : density forces
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Mathematical formulation

State variable and applied field

@ u:(0,L)x (0, T) — R :displacement @ f(x,t) : density forces

Dynamic problem (DP)

ui(x, t) — uxx(x, t) = f(x, 1) Wave equ.
0 <u(0,t) L ux(0,t) <0 Signorini cond.
u(lL,t)=0 Dirichlet cond.
u(x,0)=u’(x) and  wux,0) = vO(x) Tnitial cond.

(Journées EDP Rhone-Alpes-Auvergne) Saint-Etienne 22 novembre 2013 4/30



Mathematical formulation

State variable and applied field

@ u:(0,L)x (0, T) — R :displacement @ f(x,t) : density forces

Dynamic problem (DP)

un(x, t) — uxx(x, t) = f(x, 1) Wave equ.
0 <u(0,t) L ux(0,t) <0 Signorini cond.
u(L,t)=0 Dirichlet cond.
u(x,0)=u’(x) and  w(x,0)=vo(x) Initial cond.
—— ——
e H'(0,L) € L2(0,L)
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Mathematical formulation

Notation : K := {u € H'((0,L) x (0, T)) : u(L,.) = 0 and u(0,.) > 0}
Weak formulation (WF)

Find u € K such that for all v € K and for almost every t € [0, T]

/L(Ur(V— u)) |g dx — / /(ut vi — uy)) dxdt
//ux x — Uyx) dxdt>//f(v—udxdt
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e Existence and uniqueness results
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Existence and uniqueness results

Previous works :
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Existence and uniqueness results

Previous works :

@ Existence and uniqueness results [Schatzman, J. Differential Equations, '80].
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Existence and uniqueness results

Previous works :
@ Existence and uniqueness results [Schatzman, J. Differential Equations, '80].
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Existence and uniqueness results

Previous works :
@ Existence and uniqueness results [Schatzman, J. Differential Equations, '80].
@ Existence and uniqueness results [Lebeau, Schatzman, J. Differential Equations, '84].

@ Existence and uniqueness results [Dabaghi et al, J. M2AN "13].
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Existence and uniqueness results

Previous works :
@ Existence and uniqueness results [Schatzman, J. Differential Equations, '80].
@ Existence and uniqueness results [Lebeau, Schatzman, J. Differential Equations, '84].
@ Existence and uniqueness results [Dabaghi et al, J. M2AN "13].

@ Existence result [Kim, Comm. Partial Differential Equations, '89].
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Existence and uniqueness results

Previous works :
@ Existence and uniqueness results [Schatzman, J. Differential Equations, '80].
@ Existence and uniqueness results [Lebeau, Schatzman, J. Differential Equations, '84].
@ Existence and uniqueness results [Dabaghi et al, J. M2AN "13].

@ Existence result [Kim, Comm. Partial Differential Equations, '89].

Let u®(x) € H'(0, L) and v°(x) € L?(0, L), then (WF) admits a unique
solution
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Existence and uniqueness results

@ Characteristics Method

Notation : £ := x + ¢ and n:=Xx-—1
Let

u(x,t) == p(x +t) +q(x - t).
We consider

Characteristics Method(CM)

0<p(t)+q(-t) Lp(t)+q(-t) <0, Signorini cond.

p(x) + q(x) = uo(x) and P (x) — q'(x) = vo(x) Initial cond.
Forall t € [0, T] : p(L+t)+q(L-t)=0 Dirichlet cond.

v
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Existence and uniqueness results

Notations :
o V() :=—p(t) — q(- f)
Where p(t) = %0 1 [Tyo(t)ydt forall t € (0, L),
@ Multivalued functlon Iy iR — P(R)\D :

{0} if x<0,
JIn(X) =< [0, +0) if x=0,
0 if x>0

Then (CM) is equivalent to (CP)

Cauchy problem (CP)
V'(t) e —JIn(W(t) —2p'(t) ae. te(0,L)
V(0) = —uo(0)
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Existence and uniqueness results

Assumption : ug € K and vy € L2(0, L)

Proposition 1
The unique solution to problem (CP) is a weak solution (WF)

Proposition 2
The weak formulation (WF), is a solution to Cauchy problem (CP).

— CP is equivalent to WF
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e Numerical approximation
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Numerical approximation

Notations :
@ V= {vheC%0,L]): vjg.a.0 EP1, i=0,...,n—1, V(L) = 0}

1228l if x e [anaxi_1.0) @
@ ©i(x) = h 1 [ maf<(/ 1,0)> it 1]
0 otherwise
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Numerical approximation

Notations :
@ V= {vheC%0,L]): vjg.a.0 EP1, i=0,...,n—1, V(L) = 0}
1228l if x e [anaxi_1.0) @
@ ©i(x) = h 1 [ maf<(/ 1,0)> it 1]
0 otherwise

We approximate u by un(x, ) := 370 u;(t)ej(x)
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Numerical approximation
Notations :
@ V= {vheC%0,L]): vM|j54,0€P1,i=0,....,n—1, vI(L) =0}

1228l if x e [anaxi_1.0) @
@ ©i(x) = h 1 [ ma?<(/ 1,0)> it 1]
0 otherwise

We approximate u by un(x, ) := 370 u;(t)ej(x)

Approximated Problem (AP)

Find up : [0, T] — Vj, A: [0, T] — R such that for all v, € V),

L L L

/ uhﬁt,vhdx+/ Up x Vh x dX :/ fvpdx — Avp(0)
0 0 0

0<up0,)) LA<O ae te]0,T]

Up(,0) = uf and  wpy(.,0) = v§
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Numerical approximation

Notations :

(] U/7:=(U()7...7Un,1)—r @ ¢ 22(1,0,...70)T
° M= fOch,-gojdx, i,j=0,...,n—1 @ Sj:= fOLgJ;cpl/.dx, i,j=0,...,n—1

@ F = fQ foidx o UY, V,? : initial displacement & velocity
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Numerical approximation

Notations :

(] U/7:=(U()7...7Un,1)—r @ ¢ 22(1,0,...70)T
° Mj:= fOch,-gojdx, i,j=0,...,n—1 @ Sj:= fOLgJ;cpl/.dx, i,j=0,...,n—1

@ F = fQ foidx o U,?, V,? : initial displacement & velocity

Algebraic formulation (AF)
Find Uy : [0, T] =+ R" and A : [0, T] — R such that
MUpw+ SUp=F —Xeg ae. tel0,T]
0<uLA<0 ae te]0,T]
Up(0) = U9 and Up4(0) = VP
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Numerical approximation

Notations :

(] UhZ:(U(),...,Un_1)T 060::(1,0,...,0)T

L . L ..
o M; = fo wipjdX, i,j=0,...,n—1 @ S = fo gp?(p;dx, ij=0,...,n—1
@ Fi:= fQ fidx <} U,?, V,? > initial displacement & velocity

Algebraic formulation (AF)
Find Uy : [0, T] = R" and X : [0, T] — R such that
MUpy + SUp=F — gy ae. te[0,T]
0<uLA<0 ae te]0,T]
Un(0) = Uy and  Ux(0) = VP

— (AF) is ill-posed problem ' 2

1. Paoli, R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci, '01
2. Khenous, Laborde, Renard, Eur. J. Mech. A Solids, '08
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Numerical approximation

Mass redistribution method (MOD)3

3. Khenous, Laborde, Renard, Eur. J. Mech. A Solids, '08
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Numerical approximation

Mass redistribution method (MOD)3
Notations :

L L. A .o
[+ M;/T‘Od = fh (pi(pjdx i,j=0,...,n—1 4 M/j = Mi+1,j+1;’7/:17---7n_2

@ Modified mass matrix : M™¢ .= (

o o

W)

3. Khenous, Laborde, Renard, Eur. J. Mech. A Solids, ‘08
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Numerical approximation

Mass redistribution method (MOD)3
Notations :

L ., Vi ..
(] M;}md = fh (p,'(pjdX ij=0,...,n—1 o M,j = M,-+1’/-+1,/,/:1,...,n—2

- . 0 0
. mod
@ Modified mass matrix : M™° := ( 0 M >

Semi-discrete approximation with mass redistribution method (MA)

Find U: [0, T] — R"” and X: [0, T] — R such that
M™ Uy +SU=F+AN A:=(-)0)"
0<uplAX<0 ae te]0,T]

Up(0) = U and Up4(0) = VP

3. Khenous, Laborde, Renard, Eur. J. Mech. A Solids, '08
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Semi-discrete approximation with mass redistribution method (MA)

Find U: [0, T] — R" and X:[0, T] — R such that
M™ Uy +SU=F+N A:=(-)0)"
0<uLA<0 ae te€][0,T]

Up(0) = U) and Upns(0) = VP

Discrete Potential energy relation associated to (MA)

1
Enlt) = 5 (UR M™ Up, -+ UL SUL)- U} F
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Semi-discrete approximation with mass redistribution method (MA)

Find U: [0, T] — R” and X:[0, T] — R such that
M™ Uy +SU=F+N A:=(-)0)"
0<uplAX<0 ae tel0,T]

Up(0) = Uy and Un4(0) = VP

— (MA) is well-posed
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Semi-discrete approximation with mass redistribution method (MA)

Find U: [0, T] — R” and X:[0, T] — R such that
M™ Uy +SU=F+N  A:=(-)0)"
0<uLA<0 ae te€][0,T]

Un(0) = Up and Uny(0) = VP

— (MA) is well-posed
= The solution of (MA) is energy conservative
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Semi-discrete approximation with mass redistribution method (MA)

Find U: [0, T] — R"” and X: [0, T] — R such that
M™ Uy +SU=F+N A:=(-)0)"
0<uplAX<0 ae te]0,T]

Un(0) = U) and  Un(0) = VP

— (MA) is well-posed
= The solution of (MA) is energy conservative

Theorem*
The solution of (MA) converges to the unique solution to (WF)

4. Dabaghi et al, J. M2AN, ’13
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Numerical approximation

Notation : a(u, v) = OL u'v'dx

Variational formulation associated to MA(VM)

Find u": [0, T] — V" st forall v € K"

T, oL
/ (/ i"(v" — u"dx + a(u", v — u”))dtz 0,
0 h

U"(x,0)=0u™ and i"(x,0)=v"™

Assumption : limy_,o(||u"(x, 0) — Uo|l 1.1y + 14"(x,0) = Volli20.1)) = O

Theorem (Convergence)
The solution of approximation problem (VM) converge to the unique solution of (WF)

Idea of proof : Energy estimate implies
u"—u in L®(0,T;V) weak*}

. u"—u in C¥(Qr) foralla < }
u"—=u in L™(0,T;H) weak*
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Numerical approximation

Notations :
@ Kh=Knvh

o¢(t)-—1 if  tel0,T—%
Tl0 i te[T-5,T]

@ Q" the projection onto V"
We observe that the test function

vIi= (1) + Q(vI(t) — u(t) e K" forall t € [0, T,

where

VI(x, 1) = u(x, t) + %/f’#’(v — u)(x, s)ds + k(n)(L — x)®(t) it t<T-—n,

u(x,t) it t>T—n.

and k(n) := 2 CllUlla. 7 With He :={ue L>(0,T;V): e L>(0,T;H)}

Schatzman, Bercovier, Math. Comp. 1989.
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Numerical approximation

The test function v" is substituted in (VM), we obtain

_ / " i"(0)Q"(v"(0) — u(0))dx + / ’ i"(0)Q"(v"(0) — u(0))dx

L T
_ - h heen h ,7 .
/O /0 dQ (I (t) — dtdx+/ / Q" (1) — i(t))dtdx
;
+/ a(u"(t), Q"(v(t) — u(t))dt > 0.
0

Therefore we may pass to the limit when h tends to 0, we get

"(0) — v,
Q"(v(t) — i(t)) — v(t) — i(t), Q"(v(t) — u(t)) — v'(t) — u(t) J

Then we pass to the limit with respect to n and we get (WF)
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@ Time integration methods
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Time integration methods

Newmark method

1
Upt' = Up + AtUR, + (5-8) DR UL, + BARULY
Uit = Up+ (1—-7)AtUp ¢ + vALUS
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Time integration methods

Newmark method

1
Upt' = Up + AtUR, + (5-8) DR UL, + BARULY
Upt! = Ug + (1=7)AtUR 4 + v AtURY]

(NP) : Application of Newmark method to (AF)

Find Ul [0, T] — R and A™": [0, T] — R such that
1-28

( M +S> uptt = M (UR+ALUR ) + ———MUj s+ F — A" ey

NG CING
o<uftt LA™ <0
Un(0) = Uy and  Up(0) = VP

253
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Time integration methods : Newmark method

Notations :

o Vi =U" - U @ AT =\ )1 @ A7 := (1—7)A" 4+ yA™!

Energy evolution associated to (NP)

AR =(1-29)(VR)TSVE + At ) (VE)TSVE

+ At(8—2 ) (VR A6 — (VE) Ao
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Time integration methods : Newmark method

Notations :

o Vi =U" - U @ AT =\ )1 @ A7 := (1—7)A" 4+ yA™!

Energy evolution associated to (NP)

AR =(1-29)(VR)TSVE + At ) (VE)TSVE

+ At(8—2 ) (VR A6 — (VE) Ao

- Crank-Nicholson
® (8,7)=1(z,3) =

A& = _(V’?)TAZ €
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Time integration methods : Newmark method

Notations :

o Vi =U" - U @ AT =\ )1 @ A7 := (1—7)A" 4+ yA™!

Energy evolution associated to (NP)

AR =(1-29)(VR)TSVE + At ) (VE)TSVE

+ At(8—2 ) (VR A6 — (VE) Ao

Energy dissipative

—(1
*UM=h= {Aé‘ﬁ — - (V)TSV] — (V) TAes
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Crank-Nicholson

Comparison of the analytical solution v and the approximated
solutions Uy by using standard mass matrix (left) and modified mass

matrix (right) in the contact

~— Exact solution
o Ax=10" and At=107| &
—=ax=10" and At=10"

g
o

=
o

~=-Ax=10" and At=107

Displacement in the contact point

FIGURE: STD
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Displacement in the contact point

0.2

0.1

-0.1

~ Exact solution

- Ax=10" and At=10"*
— = ax=10" and At=10"
~—-ax=10" and At=10"

FIGURE: MOD
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Crank-Nicholson

Comparison of the convergence curves of displacement obtained by
using standard and modified mass matrices J

1 1
10 10
—©~ mod matrix (slope=0.88075) ~©-mod matrix (slope=0.97113) )
% std matrix _(slope=0.4804 % std matrix_(slope=0.47113) |

. 4 . - 4 <

g 10 5 g 10 o |
g g

= g

= =

2 2

- -

] ]

- 3 %

£ £

= -

-4 -4
10 10
0.001 0.01 0.1 1 0.001 0.01 0.1 1
At At
. n . n
FIGURE: ||Uf — ulli (0, 712(0,1)) FIGURE: || Uy — ulli2(0,7:12(0,0)
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Crank-Nicholson

Comparison of the convergence curves of displacement obtained by
using standard and modified mass matrices J

~©-mod matrix (slope=0.38624) |- ~©~ mod matrix (slope=0.36192) | :::
% std ma lope=-0.3027 % std mat ope=-0.31299

Exror of displacement
Exror of displacement

10 10
0.001 0.01 01 1 0.001 0.01 01 1
At At

FIGURE: [[Uf — UllLe 0,717 (0.0)) FIGURE: [[Uf = tlli2(0, 71 (0,0
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Crank-Nicholson

Comparison of the analytical Lagrange multiplier A and the
approximated Lagrange multiplier A" by using standard mass matrix
(left) and modified mass matrix (right) in the contact

0 06
— Exact solution
04 - Ax=10" and At=10"*
10 —=ax=10" and At=10"
02 3 p
= = ——-ax=10" and at=10"
520 3 o0
s s
£ £
E £ 02
, °
830 8
s g 04
Bl 2
' _4oll 7 Exact solution ~
40
5 4 06
-+ ax=10"" and At=10
— = ax=107 and At=10" 08
-50 -1 2 ’
—=-Ax=10" and At=10
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time Time
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Crank-Nicholson

Comparison of the convergence curves of contact force obtained by
using standard and modified mass matrices J

10

-6~ mod matrix (slope=0.48812) |55
=% std matxix_ (slope=-0.13546

Exror of Lagrange multiplier(A)

0.001 0.01 0.1 1
At

FIGURE: [[A" — Allr2(0, )
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Crank-Nicholson

Comparison of the energy associated to the analytical solution and the
energy associated to the approximated ones for standard (left) and

modified (right) mass matrices

1.2! — Exact solution 12 Exactrsaoluiion .
- Ax=10" and At=10" - ax=10"" and At=10
i ) -2 3
1 —="Ax=10" and At=10" ’f q Ax=10" and At=10
A —— A1 -2
~=-Ax=10" and At=107 Al Ax=10"" and At=10
a
508 1 508
2 o
5 c
ol i}
R 06
2 3
= =
0.4 o4
02 02
0 . . . . \ o .
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time Time
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Crank-Nicholson

Comparison of the convergence curves of the energy obtained by
using standard and modified mass matrices J

~©- mod matrix (slope=0.99313)
—-% std matrix 607

~©~ mod matrix (slope=0.99486)
1885)

Exror of Energy
5
—

Exror of Enexgy

-
=]
&
e .

0.001 0.01 01 1
At

=1

At
FIGURE: ||&h — &||Lee(o,1) FIGURE: [|€n — Elli2(0,m)

Saint-Etienne 22 novembre 2013
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Newmark method with (8,7) = (3, 1)

Comparison of the analytical solution v and the approximated

solutions Uy by using standard mass matrix (left) and modified mass

matrix (right) in the contact

— Exact solution

06 Ax=10°and at=10"
— = Ax=10" and At=10"
-=-Ax=10" and At=10"

Displacement in the contact point

! z TirSne ¢
FIGURE: STD
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Saint-Etienne

Displacement in the contact point

g
@

A
o

=
a

ok
@

o
N

A

o

I

~— Exact solution
o Ax=10" and At=10""
= ax=10 and At=107

-—-Ax=10" andAt=10"

FIGURE:

3 4 5

MOD
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Newmark method with (8,7) = (3, 1)

Comparison of the convergence curves of displacement obtained by
using standard and modified mass matrices J

10 10
~©-mod matrix (slope= 0.49236)| —©~ mod matrix (slope=0.48034)

-% std atrix Eslone-l] 51444y | i - std matrix 15102::0 ﬂﬁ_ﬁL
ity

“%

®X

25

v 5

Exror of displacement
]

Exror of displacement
=
=]

3 3
10 10
0.001 0.01 0.1 1 0.001 0.01 0.1 1

FIGURE: ||Uf — ulli (0, 712(0,1)) FIGURE: [|Uy — ulli20,m2(0,0)
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Newmark method with (8,7) = (3, 1)

using standard and modified mass matrices

Comparison of the convergence curves of displacement obtained by }

10

~©-mod matrix (slope=0.28219)

=% std matrix (slope=0.26104) |

H )
£ =2l
E 2 o
gw
¥ e
2
&

2|

0.001 0.01 0.1 1

At
. n

FIGURE: ”Uh — u||Loo(07T;H1(O,L))

(Journées EDP Rhone-Alpes-Auvergne)

Saint-Etienne

10

~©O-mod matrix (slope=0.25943)

% std matrix _(slope=0.24

§

Exror of displacement
=
3

0
0.001 0.01 0.1
At

FIGURE: ||U;,7 — u||L2(0,T;H1(0,L))
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Newmark method with (8,7) = (3, 1)

Comparison of the analytical Lagrange multiplier A and the
approximated Lagrange multiplier A" by using standard mass matrix
(left) and modified mass matrix (right) in the contact
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g 2
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= -2 | 2 -2
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g 2
= 25/ — Exact solution -1 -25
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~ ax=10" and At=10"*
— = Ax=107 and At=10"

o Ax=10" and At=10""
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Newmark method with (8,7) = (3, 1)

using standard and modified mass matrices

Comparison of the convergence curves of contact force obtained by }

Exxor of Lagrange multiplier(A)

10
0.001
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Newmark method with (8,7) = (3, 1)

Comparison of the energy associated to the analytical solution and the

energy associated to the approximated ones for standard (left) and

modified (right) mass matrices
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Newmark method with (8,7) = (3, 1)

Comparison of the convergence curves of the energy obtained by

using standard and modified mass matrices
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Time integration methods

Paoli- Schatzman method

@ Paoli- Schatzman method with e € [0, 1]*
@ Newmark method with v = } and 3 € [0, 1]°

4. Paoli, R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci, '01
5. Dumont et al, M2AN, 06
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Time integration methods

Paoli- Schatzman method

@ Paoli- Schatzman method with e € [0,1]*
@ Newmark method with v = } and 3 € [0, 1]°

Application of Paoli- Schatzman method to (AF)
Find U7 : [0, T] — R" and A" : [0, T] — R such that :

MU —2up+Up) N
A

n+1 +eug 1

0<uf® LA™ <0 with uf°="0 ——

U2 and VP aregiven
Ul = UR + AtV + Atz(At)

S(BUM +(1-28)Ul+BUT") = F — A" e

4. Paoli, R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci, '01
5. Dumont et al, M2AN, 06
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Time integration methods : Paoli- Schatzman method

(e — BP) : Application of Paoli- Schatzman method to (AF)

Find UJ™' : [0, T] — R"and A" : [0, T] — R such that :
MU —2up+ U
Af2

+ S(BUIM +(1-2B8)Ui+-8UT 1) = F — A" g

n+1 n—1
UO TF euo

0<uy® LA™ <0 with up®= —

U2 and VQ are given
Ul = U2 + AtV? + Atz(At)

Energy evolution for 8 = 1 — Agp = (e \nt1 -1
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Paoli- Schatzman method with (e, 8) = (3, 1)

Comparison of the analytical solution v and the approximated
solutions Uy by using standard mass matrix (left) and modified mass

matrix (right) in the contact

~— Exact solution

06} | Ax=10" and At=10"
— = ax=10" and At=10"
~—-ax=10" and At=10"

4

Displacement in the contact point
©°
@

FIGURE: STD
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0.6

— Exact solution
“ Ax=10" and At=10"*
—=ax=10" and At=10"

-—-ax=10" and At=10"

FIGURE: MOD
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Paoli- Schatzman method with (e, 8) = (3, 1)

Comparison of the convergence curves of displacement obtained by
using standard and modified mass matrices

J
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FIGURE: ||U/r,7 — u||L°°(O,T;L2(0,L)) FIGURE: ||U,’,7 — u||L2(0,T;L2(O,L))
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Paoli- Schatzman method with (e, 8) = (3, 1)

Comparison of the convergence curves of displacement obtained by
using standard and modified mass matrices
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Paoli- Schatzman method with (e, 5)

Comparison of the analytical Lagrange multiplier A and the

approximated Lagrange multiplier A" by using standard mass matrix

(left) and modified mass matrix (right) in the contact

Lagrange multiplier

—Exact solution
15 5 .
o Ax=10" and At=10"| }
—=Ax=107 and At=10"
~=-Ax=10" and At=10"
& : : ;
0 1 2 3 4 5 6
Time
FIGURE: STD

Lagrange multiplier

-0.5

— Exact solution
Ax=10" and At=10"

—="ax=10" and At=10"

-=-Ax=10" and At=10"

1 2 3 4 5
Time

FIGURE: MOD
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Paoli- Schatzman method with (e, 8) = (3, 1)

Comparison of the convergence curves of contact force obtained by
using standard and modified mass matrices }
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1

Paoli- Schatzman method with (e, 8) = (3, 1)

Comparison of the energy associated to the analytical solution and the
energy associated to the approximated ones for standard (left) and
modified (right) mass matrices

0.3 : : 0.3 - .
~— Exact solution — Exact solution
- Ax=10" and At=10" - Ax=10" and At=10"*
0.25 5 5 1 0.25 3 £
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Paoli- Schatzman method with (e, 8) = (3, 1)

Comparison of the convergence curves of the energy obtained by
using standard and modified mass matrices
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e Outlook
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@ It is proved that the semi-discrete contact Problem by (MOD) is
well-possed, energy conservative and its solution converges to the
unique solution to (DP)

@ We compared several time-integration methods by using (MOD)
and (STD)

@ Numerical experiments illustrated that by using (MOD)

e The oscillations of displacement are eliminated
e The oscillations of contact forces are reduced
e The energies are conservative with very small oscillations

@ In general, (MOD) improved the convergence rate

Future Aim : study the space semi-discretization by mass
redistribution method in higher dimension
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Thank you for your attention
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