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Abstract

The convergence of a class of finite volume schemes for the model of coupling between a Burgers
fluid and a pointwise particle is proved. In this model, introduced by Lagoutiére, Seguin and
Takahashi in 2008, the particle is seen as a moving point through which an interface condition is
imposed, which links the velocity of the fluid on the left and on the right of the particle and the
velocity of the particle (the three quantities are all not equal in general). The total momentum of
the system is conserved through time.

The proposed schemes are consistent with a “large enough” part of the interface conditions. The
proof of convergence is an extension of the one of Andreianov and Seguin (2012) to the case where
the particle moves under the influence of the fluid (two-way coupling). This extension contains two
new main difficulties: first, the fluxes and interface conditions are time-dependent, and second, the
coupling between and ODE and a PDE.
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1 Introduction and main results
We study the convergence of finite volume schemes for the Cauchy problem

Ou+ 0 = —A(u— I ()0 (),
mph'" (t) = Au(t, h(t)) — (1)), (1)
uj—o = u’, h(0) = h°, 1/(0) = °.

It models the behavior of a pointwise particle of position h, velocity h’ and acceleration h” with
mass my, immersed into a “fluid”, whose velocity at time ¢ and point z is u(¢,z). The velocity
of the fluid is assumed to follow the inviscid Burgers equation. This system is fully coupled: the
fluid exerts a drag force D = A(u(t, h(t)) — h'(¢)) on the particle, where X is a positive friction
parameter. In accordance with the action-reaction principle, the particle exerts the force —D on the
fluid. The interaction is local: it applies only at the point where the particle is. This friction force
tends to bring the velocities of the fluid and the particle closer to each other: as X is positive, the
particle accelerates if u(t, h(t)) is larger than h'(t), and vice-versa. This toy model was introduced
in [LSTOS] (see also [BCG13| and [Agulb| for related problems). In contrast with the model studied
in [VZ03], [Hil05] and [VZ06], the particle and the fluid do not share the same velocity and the fluid
is inviscid. In particular the fluid velocity is typically discontinuous through the particle. It yields
issues to define correctly the product (u—h')d;, and the ODE for the particle in system (). To do so,
the idea is to regularize the Dirac measure in (), and to remark that the values of the fluid velocity
on both sides of this thickened particle are independent of the regularization. It allows to reformulate
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System () as an interface problem, where the traces around the particle u_(t) = lim,_ 54~ u(t, )
and uy (t) = lim,_,p(¢)+ u(t, ) must belong to a set Gx(h'(t)), which takes into account the interface
conditions. Another way to understand Gy (v) is to say that for a fixed v, this set describes the
family of piecewise constant equilibrium for System (Il in the case where the particle velocity is
fixed equal to v. Indeed, for every (u_,u.) € R?, the function

u_ if x < wt,
u(t,x) = .
uy if x > ot

is the solution of ,
O+ 0p s = —AMu — )0y (),
u’(x) = u_1y<o +utlaso,
if and only if (u_,u+) belongs to Gx(v). Following [AKR11], we call this family of equilibrium states

the germ at speed v. The derivation of Gy (v) via a regularization of the Dirac mass has been done
in details in [LSTO§|, and we recall its definition below.

Definition 1.1. For any given speed v € R, the germ at speed v, G)(v), is the set
Gr(v) = Gy UG (v) UGS (v),

where
Gy ={(u_,uy) €ER*tu_ =uy + A},
Gi(w) ={(u_,uy) eR*:v<u_<v4+Av—A<uy <o and u_ —uy <A},
and
Gi(v) = {(u,,qu) ER?: A<uy+u_ —20<X\ and u_ —uy > )\}.

The germ G (0) and its partition are depicted on Figure [l on the left (note that the germ Gy (v)
is the translation of G»(0) by the vector (v,v)). Here, we choose a slightly different partition of the
germ than in [AS12] and [ALST13|, which is depicted on the right of Figure[ll The reason is that we
are able to find a class of finite volume schemes which are consistent with G i ug§ (0) with this choice,
but not with the original partition. However, the essential property that Q}\ U gi(o) is a definite
germ still holds true with the partition of Definition [Tl (more details are given in Definition [[4] and
Proposition [8). Once the germ has been defined, System (IJ) is defined as an interface problem.

u u
+ g}\ + g}\

G3(0) u- g3(0) U=

G3(0) G(0)

Figure 1: The germ for a motionless particle and its partitions. Left: the partition used in this work.
Right: the partition used in [AS12] and [ALST13].

The equation on the particle is reformulated to keep the conservation of total momentum

mph’(t)+/u(t,z)dz

R

which holds formally in (). In [LSTO8|, an entropy inequality that takes into account the particle
is also derived.



Definition 1.2. A pair (u,h) of functions in L>®(R, x R) x W2°(R,) is a solution of () with
initial data u" in L>°(R) and (h°,v%) € R? if:

e the function u is an entropy weak solution of the Burgers equations on the sets {(¢,z), < h(t)}
and {(¢,z), z > h(t)},

e for almost every positive time t,

~

() = (u-(0) ~ us 0) (=5 ) 2

and
(u—(t),us(t)) € Ga(W(2)).

This definition requires the existence of traces along the particle’s trajectory h. It follows from
the works of Panov [Pan07] and Vasseur [VasOI]. For the one way coupling when the particle is
motionless, well-posedness in the BV setting was proved in [AS12], while for the fully coupled
system (), it is proved in [ALST10] and [ALST13].

Remark that Definition is not suitable to prove convergence of finite volume schemes in a
general framework. Indeed, a scheme can create a numerical boundary layer near the particle, of
several cells width. It does not prevent the scheme from converging in, say, L, in time and L' in
space; but in that case we cannot expect the numerical traces to converge to their correct values.
Nevertheless we will prove the convergence of some schemes that create such boundary layers. The
key point is to use, instead of Definition [[L2] an equivalent definition which does not involve the
traces of u. We begin with some properties of the germ Gy (v).

In the sequel, we denote by ®, the so-called Kruzhkov entropy flux associated with f¥(u) =
uZ

T—UUZ

R — R
(a,b) — sgn(a —b) ((a; —Ua) - (% —Ub))

P, :

and we define
- . R? x R2 — R
- ((a—aa-‘:-)a(b—’b-i-)) — (I)U(a—ab—) _(I)U(a-i-ab-i-)

Proposition 1.3. If both (a—,a) and (b—,by) belong to Gx(v), then

EU((G—’ a-‘r)’ (b—a b+)) 2 0.
Conversely, if (a—,a4) is such that
V(b_,b+) € g)\(’U), Ev((a—aa+)a(b—ab+)) >0,

then (a—,ay) belongs to the germ.

Adopting once again the vocabulary of [AKR11], Proposition [[3 means that G, (v) is a maximal
L!-dissipative germ. The proof can be found in [AS12], see Proposition 2. We now introduce another
notion, which will allow us to restrict our attention to a small part of G (v).

Definition 1.4. A subset H(v) of Gx(v) is said to be definite if any (a_, ay) that satisfies
V(b_,bs) € Ha(v), Eu((a—,a4),(b=,b4)) >0 (3)

belongs to the germ Gy (v).
Example 1.5. The subset Gi U G3(v) is definite. This is proved in Proposition .8

We now focus on alternative traceless characterizations of entropy solutions. In the sequel H (v)
always denotes a definite part of Gy(v). For all (c_,c;) we denote by ¢ the piecewise constant
function

c(t,z) = c-pcny + et lazne)s

and by dist1(a, X) the L!-distance of a point a := (a_, a;) of R? to a set X included in R?:

dist1 ((a—,a4),X) =  inf (|a_ —z_|+]agy — Jc+|)
(Z*11+)6X



Proposition 1.6. Let h be a function of VVIQOCOO (Ry) and let u be a function of LSS (Ry x R), which

loc

is an entropy solution of the Burgers equation on the sets {(t,z), v < h(t)} and {(t,x), x > h(t)}.
The following assertions are equivalent.

o For almost every time t > 0, (u—(t),ut(t)) belongs to Gx(h'(t)).

e For almost every time t > 0, for all (c_,cy) € R?, there exist § € (0,t) and a constant A
depending only on ||u°||oo, A, (c_,ci) and ||h']|o such that for every nonnegative function

in C((t = 0,t+0) x R),

/ /|u — c|(s,2)dsp(s,  — h(s)) + Ppr () (u, €) (s, 2)Dpp(s, x — h(s))dx ds

Ry JR

(4)

> —A/ dist1((c—, cq), Ha(R'(8)))e(s,0) ds.
Ry

Proof. For the sake of completeness we reproduce here the main ingredients of the proof that can
be found in [AS12]. Let ¢ be in C§°((t — d,t + 6) x R), where ¢ belongs to (0,t). For positive €, we
introduce the function

¢(2) =1 —min(1,|z|/e),

whose support is (—¢,¢). The support of the function

Pe(t,x) = (1= G)p(t, x — h(t))

is included in {(¢,z), t > 0, « # h(t)}. The function u is an entropy solution of the Burgers equation
on the sets {(¢t,z), x < h(t)} and {(¢,z), > h(t)}, thus for all real &,

/ / (s, 2) — KOs (5, 2) + Bo(u(s, ), K)Detheda ds > 0.
Ry xR

But 95t (s,x) = 0s((1 — (o)) (s, — h(s)) — W' (s)0:((1 — () ) (s, x — h(s)), and using the fact that
(I)'U(a’ b) = (I)O(a” b) - U|a - b|a
we obtain
JI a0, = Cploa = b)) + Pl e)(5,2)0((1 = ) = hls))do ds > 0.
Thus we have

//R - |u—c|(s,2)0sp(s,x — h(s)) + Qs (1 (u,c)(8,2)0p(s,x — h(s))dxds

> timit [ s OG0 ) B ) (o) 5, — ()
= /]R (I)h’(s) (U—(S)a C_) - (I)h’(s) (U+(S), C+)90(S’ O)dS

- / Sy (u (), 15 (), ey 1)), 0)ds

For all s for which the pair (u—(s), uy(s)) exists and belongs to Gy (h'(s)), we denote by (¢_(s), ¢+(s))
a Ll-projection of (c_,c1) on Hy(h'(s)), i.e. a point that minimizes the distance dist((c_,cy), Ha(h'(s))).
We have

En(s)(u—(8),u(s)), (¢~ (8), e4(5))) 2 Enrs)((u—(5), ut(s)), (¢~ (s), ¢
= |Zn () ((u—(8), us (), (e (5), €4 (8))) = B () ((u—(5), ut-(5)),

Since (¢_(s), é+(s)) belongs to Hx(h'(s)), Proposition [[3] yields

plgs

[ (- (5). 60 6 (9.2 (), 0)ds > 0
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On the other hand

() ((u—(s),up(5)), (¢ (5), ¢4.(5))) = Enr(s) (u—(s), ur(s)), (6~ (s), ¢1(5)))]
S P (s) (u—(8), c=(8)) = Prr(s) (u—(5), €= ()| + [Pnr(5) (u(5), €4 (5)) — Ppr(s) (ut(5), E4(5))]
which is smaller than a constant depending only on ||A/||c, ||t||cc, ¢ and A (since ¢ — & depends on

A), multiplied by the L!-distance between (c_,c;) and (¢_(s),é4(s)), and we obtain the result.

Conversely, using a sequence of test functions ¢ concentrating at a time ¢ for which u has traces
in (@), we obtain that for all (c_,cy) in Hx(h'(1)),

Eh’(t)((u—(t)’ U+(t)), (C_,C+)) =0,

and thus by Proposition [[L3] (u_(¢),u(t)) belongs to the germ Gy (h'()). O

Proposition 1.7. Let u in L7, (R xR) be a solution of the Burgers equation on the sets {(t,x), x <

h(t)} and {(t,x), = > h(t)}. A function h in VVlQOCOO(RJr) satisfies @) almost everywhere, with initial
data (h(0),R'(0)) = (h°,0°), if and only if for all & € C5°([0,T]) and for all ¢ € C°(R) such that
¥(0) =1 the following holds:

/ mph! ()€ (t)dt = my°€(0 // ()¢ (z — h(s))ds da
+/ / (5,2)[€'(5) — K (50 (z — h(s)))ds d (5)
+ [ w@yie — 160)ds.

Proof. This characterization was proved in [ALSTI0]. It follows from the application of the Green—
Gauss theorem and the fact that u is an entropy solution of the Burgers equation away from the
particle:

T 2
/ / S (5. 2)() (@ = h(s)) + uls, 2)['(s) = I ()8 (z = h(s))]ds da
0 R
_ / / U (5, 2)00 (€4 (x — h(5))) + uls, )0y (E(a — h(s)))ds da

/ / » (81 +8tu> (€)da ds — /R () — h(0))E(0)dz

<<u 2(8 “(S)) N (@ - h’(S)U+(s))) ds
/ mph" ()€ (s)ds — /R u® () (x — h(0))£(0)d.
[l

We now present the family of finite volume schemes for which we prove convergence. The proof
follows the guidelines of the Lax—Wendroff theorem. In Section Bl we obtain a BV bound on the
fluid velocity and a W2 bound on the particle’s trajectory that allow us to extract convergent
subsequences in L}, (R4 x R) and Wlicoo( +)- The difficulties are to treat numerically the interface
conditions enclosed in the germ and the coupling between an ODE and a PDE. More precisely:

e First, we have to take into account at the numerical level the interface condition of Defini-
tion [LTl We will use schemes that preserves a “sufficiently large” part of the germ.

e Second, the moving particle must be handle with care. It is crucial that the particle lies at
an interface of the mesh at the beginning of the time step. To do so and avoid the problem
of the replacement of the particle, we use a mesh that tracks the particle and we update the
particle’s velocity by conservation of total momentum.



Let us fix a time step At and a space step Az. In the sequel we assume that the time step and
the space step are proportional, and we denote by u = ﬁ—; their ratio. We propose to approximate
the solution of (dl) with a finite volume scheme. We use a mesh that follows the particle, which
is placed between the cells numbered 0 and 1. The speed of the particle is approximated by a
piecewise constant (v™),cn. Given the solution a time nAt: we consider that the particle has
constant velocity v™ on the whole time step (nAt, (n + 1)At) to update the fluid velocity, then
we update v™ by conservation of the total momentum. The interface 1/2 where the particle lies
is special, and we have to use appropriate fluxes at this interface. Due to the source term, the
equation is not conservative around the particle, thus we have two different fluxes f;’ /; and f1 J2 on
the left and on the right of the particle respectively. Away from the particle, Equation () writes as
a scalar conservation law, and we can use any standard flux for the Burgers equation. The scheme
is initialized with
1 Jit1/2
Vj€Z, u) = M/ u®(z) da.
i—=1/2

From the integration of the first equation of () on the space time cell
Cj = {(nAt—l—s,x}Zl/Q +y+s0"),0<s<At0<y< Az},

we obtain the finite volume scheme

u;“rl — u( ]+1/2(U”) fin 1/2( ™)) for j € Z,j ¢ {0,1},

W = (g (0) — (),

U?Jrl =uf — ,u(fg/Q(U") - 1/27+( n))a (6)
o o AL (o) S (o)),

J:}H'l =} +v"At.

Here we emphasized the dependency of the flux on the particle’s velocity. In the sequel we denote
by ua; the constant by cell function

uae(t,x) = uj if (t,z) € CJ. (7)

J

and by va; and ha; the constant and linear by cell functions:

{vm(t) =" iant<t<(n+1)At, @)

hae(t) =h0 4+ At ™ 4ot — nAt) if nAt <t < (n+1)At.
Another way to proceed is to perform the change of variable
a(t,x) = u(t,x + h(t))
in (). This function satisfies the PDE

a2

01t + Oy (?—h( )@ ) =~ — h')do(2) 9)
The particle is now motionless but the flux depends on time. Integrating (@) on [nAt, (n + 1)At] x
[x?f 120 x? 1 /2], and using special fluxes around the particle (still placed at interface 1/2), we obtain
the finite volume scheme

ittt =ay —u(f;;’f}z 1 1/2) for j € Z\ {0,1},

angl = ﬂ’g (fl/ T — ffl/g)

~n+l _ ~n v n+ (10)
Uy =up — (fg/g 7f1/2 )7

o = BT £,

The two points of view are illustrated on Figure 2
The fluxes f}' 1/2( v™) with j # 1/2 (or f1/2( v™) if j = 1/2) are strongly related to the fluxes

f;’_’l%: in (@), 7'y, /,(v") is an approximation of
1 (n+1)At

At A (f%(u) — v u)(t, Tii1yp T "t)dt



O+ 0, = —A(u — W (£))bp(n (@) dyii + 0, (“7 - h’(t)a) — (@ — W)do(z)

L1/2 nl

,UTL

-0
T1/2 x(l)/Q

Figure 2: To approximate the solution of ([Il), we can either use a mesh that follows the particle (on
the left) or straighten the particle’s trajectory and approximate the solution of (@)). In both cases, the

particle’s trajectory is the bold line.

n
while in (I0Q), fﬁl’/z is an approximation of

1 (n+1)At
o 0
E/A fv (u)(t,xj+1/2)dt.
nAt
In the following we prove the convergence of Scheme ([]) under a set of assumptions on the fluxes
;n+1 /27 f{’/Q _ and f;ﬂrl /2.4 and a Courant-Friedrichs-Lewy condition. We restrict the study to
two-points fluxes

+
f;l+1/2 = g(u_?vu_?ﬂ—la ,Un) and fin/Q,i =9\ (U?, u?—}-la ,Un).

The assumptions on the flux fj’.ﬂrl /2 Away from the particle are the classical ones:

e consistency with the modified Burgers equation:

(12

Va € R, Yo € R, g(a,a,v) = 5 e, (11)
e monotonicity with respect to the first two arguments:
Y(a,b) € R?, Yo € R, Oig(a,b,v) >0 and dag(a,b,v) <O0. (12)

e local Lipschitz-continuity of g; (13)

they ensure convergence of the scheme to an entropy solution of the Burgers equation away from
the particle.

The assumptions on the fluxes around the particle are the following. We first have some con-
sistency assumptions, which ensure that some particular solutions corresponding to a large enough
part of the germ are exactly preserved by the numerical scheme. More precisely, the hypotheses on
the fluxes gi[ are:

e consistency the part G} of the germ:
a2 2
Yo € R, Y(a,b) € G, g5 (a,b,v) = 5 ~va and gy (a,b,v) = 5 vb. (14)

In Section [ we make the stronger assumption that g is consistent with a subset ) of G
which contains G} and is definite (see Definition [[4])

2 2
Vv € R, Y(a,b) € Ha(v), g, (a,b,v) = % —wva and g (a,b,v) = 5 vb. (15)



Hypothesis (I4) will be used to prove BV estimates on the fluid part (u);eznen. We also assume
that

e if the particle has the same velocity as the fluid, its velocity does not change:
Yo € R, g; (v,v,v) = gy (v,v,v). (16)

This hypothesis will be used to prove a L> bound on the particle velocity (v"),en. We add two
classical conditions of regularity and monotonicity, also used to prove the BV bound on (u;l) jeZneN-
We assume that:
e both g, and g are locally Lipschitz-continuous;  (17)
e g, and g;\r are nondecreasing with respect to their first arguments, and nonincreasing with
respect to their second arguments. (18)

Just like in [AS12], we need a dissipativity property to prove discrete entropy inequalities. Moreover,
it will also be a key assumption to prove the bounds on the particle’s velocity.

e The function g5 — gy is nondecreasing with respect to its first two arguments. (19)

For this family of finite volume schemes, we are able to prove the following convergence theorem.

Theorem 1.8. Consider a finite volume scheme of the form (@) that satisfies the set of Hypotheses
(IIH7J) and ({IBHIY), and ([@T) in Section [ Assume that u® belongs to BV (R) N L'(R). Let us
denote by L the largest Lipschitz constant of g, g* and g~ on the set [m, M|* x [v, 9], where

= min{essinfg-u" — A, essinfp+u},

m
M = max{ess supg-u, ess supgp+u® + A},

Then, under the Courant-Friedrichs-Lewy condition
1

the sequence (uat) converges in L}, (R4 XR) toward u and the sequence (hat) converges in I/VllocOo (Ry)
toward h when At tends to 0, where (h,u) is the solution of ().

The next two Sections are devoted to the proof. In Section Bl we prove bounds on the total
variation of the fluid and on the acceleration of the particle, which permit us to extract converging
subsequences. Then in Section @ we prove Theorem [[L8 Hypothesis ([T is sufficient to obtain
a discrete version of (). In Section Bl we drop hypothesis (IH) and prove the following theorem,
which extends the proof of convergence of [AS12] to the fully coupled case ().

Theorem 1.9. Consider a finite volume scheme of the form (6l) with

gy (a,b,v) = g(a,b+ A v),
g:\"(a,b,v) =g(a— A\ b,v).

Assume that g satisfies Assumptions (IIHL3). Then g5 and gy satisfies (Id) and (IBHI8). Eventu-
ally, assume that Hypothesis (1) holds.

Let the initial data u° belongs to BV (R)N L (R), and denote by L the largest Lipschitz constant
of g, g7 and g~ on the set [m, M]* x [v,v], where

= min{essinfp-u" — A, essinfp+u},

m
M = max{ess supp-u", ess supg+u’ + A},

Then, under the Courant-Friedrichs-Lewy condition Ly < 1

27
LL.(Ry x R) toward u and the sequence (hat) converges in W (Ry) toward h when At tends to
0, where (h,u) is the solution of ().

the sequence (uat) converges in



This type of schemes was introduced in [AS12]. They a priori only preserve the part G} of the
germ, i.e. they do not satisfy (I5). As G} is not a definite subset of Gy(v). This makes the proof
more difficult, because we cannot use a numerical equivalent of Formule (@) anymore. In Section 2]
we present several numerical illustrations, illustrating either Theorem [L.8] or Theorem We also
compare the results given by different numerical fluxes. In particular, we bring out the possible
occurrence of numerical boundary layers at the particle position for the less accurate scheme.

2 Numerical Results

To begin with, let us give some numerical illustration of solution of Model (I]) with Scheme (6]). For
the fluxes around the particle, we compare the choice

gy (u—,uq,v) = g(u—, min(uq + A, max(u—,v)),v) (21)
gy (u_,uq,v) = g(max(u_ — A\, min(ut,v)), uy,v)

which satisfies Hypothesis (I5), with the choice

g;(u*aUJrv’U) = g(u*7u+ + )\,’U)
\ B (22)
9 (’U,,,’LLJF,’U) - g(u* - A,’LLJ”’U)

studied in Section [Bl which only satisfies (I4]). In both cases, we compare the Rusanov flux and the
Godunov flux. We will prove in Propositions and LT0 that the monotonicity assumption (I8
and the dissipativity property (I9) hold for these fluxes. Numerical schemes for () are proposed
in [ALST10] and [Tow15|]. They both use a fixed grid and the flux form (22)) around the particle in
order to preserve the equilibrium in Gy. In [ALSTI10] the motion of the particle is updated with a
random sampling procedure, while in [Tow15|, a modified stencil is used when the particle crosses
an interface. Below we present several numerical test cases. The initial data is a Riemann problem,
in the sense that the fluid’s velocity is constant on both sides of the particle. The solutions are
classified and described in [LSTOS].

2.1 Standing particle in a fluid at rest

One of the aims of this subsection is to show that with Choice ([22]), boundary layers may appear
around the particle. On the contrary, no such boundary layer with Choice (2II), which has the
additional property (IH). The key difference between the two schemes is that (2I) exactly preserves
the trivial equilibrium «w = 0 and v = 0. This is illustrated on Figure Bl We do not plot the velocity
as it is always equal to 0. For this test case, A =1, m, = 0.1, Az = 0.02 and At = 0.01. The final
time is T' = 1.

0.4 0.4
Godunov =——Godunov
0al . + Rusanov 0al == RUsanov

02F 4 0.2 B

0.1F 1 0.1r b

L L L L L L L L L L L L L L L L L L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 3: Scheme (2I)) on the right preserves the solution consisting of a fluid at rest containing a
standing particle, while Scheme ([22) on the left may create boundary layers.



2.2 Particle traveling inside a shock or a rarefaction wave

We now give two other examples of this phenomenon, with A = 1, m, = 0.1, Az = 0.02 and
At = 0.01 as before. The final time is T' = 1. The first one is the case where

() =0.2% 100 — 0.2 % 1,50, h° =0,0° =0.1. (23)

This is an example of Case (V) of [LSTO08|, in which all the Riemann problems for () are solved.
The exact solution consists in the initial shock moving at the speed of the particle, whose trajectory

is given by
my,v° _04,
h(t) = =2 (17 mp )
=1 c
The second one is with the initial data
u(z) = —0.2% 1,00 + 0.2 % 1,50, b’ =0,0° = 0.1. (24)

This is case () in [LSTO8]. In that case the fluid does not see the particle: the solution is a
rarefaction fan for the fluid in the middle of which stands the particle, which velocity is constant
equal to v°.

0.4 T T T T T T T 0.4 T T T T T T T
Godunov = Godunov
* * Rusanov '=+='Rusanov
03F 03t

0.2 B 02

01r b 0.1f

-0.21 Bl -02f

-0.3F b -0.31

-1 -08 -06 -04 -02 0 02 0.4 06 0.8 1 -1 -08 -06 -04  -02 0 02 0.4 06 08 1

v ‘ ‘ ‘ ‘ ‘ ‘ ‘ -— Godunov . ‘ ‘ ‘ ‘ ‘ ‘ ‘ -— Godunov
0.091 = = =Rusanov 0.09 ='='Rusanov
0.08F 4 - 0.08}
0.07 A} T
0.06

0.06 Ay b

0.05F

Velocity of the particle
P
Velocity of the particle

-
L.
-----

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time Time

Figure 4: Comparison of Scheme ([22]) (left) and Scheme (2I) for the initial data (23]). All schemes
except (22)) with the Rusanov flux are very close to the exact solution.

The results are displayed on Figuresd and Blrespectively. Scheme (22) with the Rusanov scheme
creates a boundary layer. We also observe that the velocity of the particle is strongly impacted by
the boundary layer. In fact the particle’s trajectory does not converge in W2°°: it is easy to check
that the numerical acceleration at time 0 is given by

vt — 0 U_ + Ut
MRy A (T ‘“0)

10



and not by ([2). Let us underline however that this scheme converges toward the exact solution by
Theorem [[8] in W for the particle’s velocity.

On the other hand, when g is the Godunov flux, no boundary layer appears in Scheme ([22). This
is because the scheme is more consistent than expected: it satisfies (I5) with Hx(v) = G} U G3(v).

— Godunov —Godunov
04l . * Rusanov 0l * Rusanov

03 B 03

4 02k

4 O oaf

°
3
3
°
3
T

== Godunov
— Rusanov

°

Velocity of the particle

Velocity of the particle
28
ee

°
s
8
T
°
3
T

0.8 1 (] 02 04

Figure 5: Comparison of Scheme (22]) (left) and Scheme (21]) for the initial data ([23]). All the scheme
except ([22)) with the Rusanov flux give solution that are very close to the exact solution.

Once again, a boundary layer is created around the particle if Choice (2I) is made.

2.3 Particle initially much faster than the fluid, large friction

This test case is a Riemann problem in which the particle initially has a velocity much larger than
the fluid’s. It corresponds to case (III) in [LSTO8|, and can also be compared with the result
in [Tow15] (which has the advantage of being written on a fixed grid). At first the particle generates
an acceleration of the fluid behind it, creating a rarefaction fan. As A = 15 is large (compared to
the jump in the fluid’s velocity), the particle is quickly slowed down. Eventually, the rarefaction fan
disappears and the particle travels inside a shock. The initial data is

ul(z) = =2 % 1,50, h° =0.5,0° = 10. (25)

and we took Az = 0.001 and At = 0.000025. The solutions at different times are depicted on
Figure Bl Once again, boundary layers appear when the jump in the fluid’s velocity through the
particle becomes smaller than A.

2.4 Particle initially much faster than the fluid, small friction

Here again the particle is initially very fast, but this time A\ = 1 is small (compared to v —uy). It
corresponds to case (IV) in [LSTO8|. At first the solution contains two discontinuities: the first one
is a shock in the fluid’s domain, and the second one is a discontinuity that travels at the speed of
the particle. At first the speed of the first shock is smaller than the one of the particle, but it always

11
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Figure 6: Comparison of Scheme (22) for g the Rusanov flux (top) or the Godunov flux (bottom) for
the initial data (253]). The particle’s trajectory is in black.
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has the same speed, whereas the particle slows down. Thus at some point a new Riemann problem
with a single discontinuity appears. In the example below, the pattern with two shocks separating
and regrouping occurs three times, after what the particle just travels inside the shock.

The initial data is

uO(z) =7.2% 1y — 2.2% 1,50, h° = 0,00 = 15. (26)

and we took Az = 0.001 and At = 0.000025 as before. The solution at different times is depicted on
Figure[dl Here the fluid’s velocity jump through the particle is always larger than A and there is no
boundary layers. Thus we only represent the results for Scheme ([22). The results for Scheme (21])
are almost identical.

16—

= Time= 0.2
14 Time=0.3
Time= 0.37
12 Time= 0.48
= Time= 0.6
" = Time= 0.7
— Trajectory
8
2
'©
S s
(]
>
2l
oL N1
T !
Ll 1
—4 I I | I ]
0 0.5 1 1.5 2 25

Figure 7: Scheme (22]) with the Rusanov flux for the initial data (26]). The particle’s trajectory is in
black.

3 A priori bounds

In the sequel we assume that u® belongs to L*(R) N BV (R), that Hypotheses (), (IZ) and (3] on
the flux ¢ are satisfied, and that the monotonicity and regularity assumptions (I8) and ([I7) on g*
are satisfied. We will specify the consistency hypotheses on g along the way. We first consider the
uncoupled problem where (v™),¢n is fixed.

Proposition 3.1. Let u° be in BV(R) N LY(R). Let (v")nen be given and v and v in R such that
VneN, v <" <7.
Consider the finite volume scheme

u}’“ =ul — p(g(uf, uf g, v") — g(uj_y,uf,o")) for j € Z\{0,1},

-7
ugt™t =l — plgy (uf, up, ") — g(umy, uf, o)),
uptt =l — p(g(ul,up, o) — gf (uf, uf, o).

Assume that the fluves g% satisfy (I4) and that the CFL condition ([20) holds. Then we have the
following L and BV estimates in space on uas, with m and M the constants of Theorem [L.8:

Vn>0,Vj€Z, m<ultt <M (27)

13



and

Ve N, Y juf —up | <> [uf —ud |+ 2 (28)

JEL jEZ

Proof. Due to the presence of the particle, the maximum and the total variation of the exact
solution u of () can increase through time. For example if u° is equal to 0 and if v > A, then
[[u(0F, )|z ®) = [[u°]| oo m) + A and [[u(0F, )| pv @) = [[u’||v(r) +2A (see [LSTOS|, Lemma 5.7).
This prevents us from applymg the LeRoux and Harten lemma (see [Har84] and [LeR77]) directly
to (u})jez, nen. Yet it can be applied to the sequence (w});ez, nen defined by

Let us prove that there exists two families of real numbers (C7., 5)jeznen and (D}, 5)jeznen
such that for all 5 in Z, for all n in N,

’U_)-?+1 = ’LU;L + C;l+1/2(w;}+1 - w’jn) - D?*l/? (w;l - w;lfl)’ (29)

and
0§1—C;‘+1/2—D+1/2<1 0<C+1/2<1 and0<D+1/2<1

1 Wwrites as a convex combination of w™

In other words, w 1

wi and wi, and therefore,

n+1

Vn > 0, mkmw < wj <mliixw7,§.

As a consequence, for all n € N and for j < 0,
mkinwg +A/2 <wj < mkaxwg + /2,

which rewrites

min{- -, u,ul + A, .-} < uf < max{--- sud,ul + A -}
Similarly, for all n € N and for all j > 1,

min{--- ,u) — A\ ud, -} < u} < max{--- Jug = Aud, )
hence the L>° bound (27)) is proven. Moreover, the LeRoux and Harten lemma yields

Vn € N, Z|w§l+1 ”+1|<Z|w —wj_4,
JEZL JEL

and thus (28).
Let us go back to the existence of C}l+1/2 and D%y ) In the sequel we denote by |a,b| the

interval [min(a, b), max(a,b)]. Assume first that (29)) holds for some n € N. Then for every j < —1,
there exists W', € [wj_y,wj| and @7, 5 € W], wi4|

w;‘H_l*w M( (uf, ufyr,0") = g(uj_y,uf, v ))

I S N N S
=wj —p wi + 50+ 50" ) —aa (wia 5, wi A+ 5
>\ n A n n n
:w] alg)\ ] 1/2+ 9’ j+1+§,?} (’LUj _wj—l)
A A,
+52g,\( wj_ 1+2 j+1/2 ,’U )(wj+1—wj)>.

Both triplets (ﬁ’?—l/z + %,wglﬂ + %,U”) and (w}’_l + %, W0+ %,U”) belong to [m, M]? x [v, 7).
The CFL condition (20)), and the fact that d1g > 0 and dag < 0, yield 29) with

D?—1/2 = pdigx (“7?—1/2 + %’w?+1 + %’Un) )

Claajy = —HO29x (w}il + 20+ %v“n) :

14



The case j > 2 can be treated in the exact same way. We now turn to the trickier case j = 0. The
facts that g} is consistent with G} and that g is consistent (Hypothesis (I4) and (II))) imply that

g)\ w0+§,w0—§,v = gx wO +§aw0 +§,’U 9

which allows us to write

Thus, there exists w”, , € [w”,wg| and wy), € |wg, wi| such that

n n - n A T A 10 I 1
witt = wf —p (529,\ (wo + 5 W2 T 5 ) (w' — wg)

o D N S n "
+019x 1U_1/2+§,w0+§,v (wg —w™y) ).

Once again, both triplets (wg + %, w?m — %, vn) and (wg + %,121’_11/2 + %70”) belong to [m, M]? x
[v,7]. The monotonicity on g and g, allows to conclude with

DT_ll/g :Malg)\ (12}’_11/2+%,w61+%,v”) )

C?/2 = —‘Ltagg; (U}g + %,’ZD?/2 —_ %71)”) .

The case j = 1 can be treated in the exact same way, using the consistency assumption

gy |wy +s,wy — 5,07 | =ga|lwy — 5,w; — 5,00 ).
O

We now turn to the case where the particle’s velocity is updated from time to time, and focus
on the estimates on the velocity and acceleration of the particle.

Proposition 3.2. Assume that the fluzes g& satisfy (I6) and (M), that the CFL condition (20)
holds, and that the time step also satisfies

AL A<, (30)

mp

Then, the sequence (uf})jeznen defined by (@) satisfies Estimates 1) and @8)), while for (v")nen
we have the following estimates:

VneN, v<o” <0, (31)
and
n+17vn 2L
— | < (i |oo + A 00)- 2
vneN, | < e+ A+ l) (32

The constants v and v are defined in Theorem [I.8.

Proof. We proceed by induction. Let us first remark that if the estimate (I on v™ is satisfied at

time t", the proof of Proposition 3] yields the L*° and BV estimates on (u;‘"’l) jez. Therefore, we

15



focus on the estimate on v"*!. Using Hypothesis (IG)), we introduce the null quantity g (v™, v", v™)—
gx (v, v, v™) and write

n+1

t
v =v" + m_(g; (uga ’U/?, Un) - gj\r(uga u?avn))
P

=" +—(/ Os(gy (V" + s(ug — "), v" + s(uy —v™),v"))ds

/ 0s(gy (V™ + s(uf — ™), 0" + s(ul — v"),v"))ds) ,

and we obtain

At
A Vi Ep— (/ (ug —v™) d1(gy — gx) (V" + s(ug —v™),v"™ + s(u} —v™),v")ds
0

Mp

N (33)
+ / (uy —v™) 02(gy — gy )(U” + s(uf — ™), 0" + s(uf — U"),U”)ds) .

0
Assume now that v" < min(ug,u}). Then both (u} —v™) and (uy — v™) are nonnegative.

Moreover, the dissipativity assumption (I9) implies that 01(gy — g¥) and da2(gy — gi) are also
nonnegative. Hence we have v"*! > v™ and Hypothesis ([30) yields

At
< ”+2L—( —v" 4} — ")

max(uf, uf)

( 4LAt) n  ALAt
+
Mp
<.
We now treat the case uf < v™ < up. The only difference is that uj — v™ is now negative. The
integral form (B3] of v"*! and Hypothesis 1)) yield

At At
v <" —2L— (" —ug) <"t < +2L—( —v") <7D
myp myp
Once the L> bounds on (u})jeznen and (v")nen are proven, the bound of the particle’s accelera-
tion ([B2)) is an easy consequence of the integral form of v" 1. O

Remark 3.3. Condition ([B0) is satisfied for small enough At. Thus it is not a restriction to prove
the convergence of the scheme. However from the numerical point of view, one has to check Condi-
tion ([B0) in addition to the CFL condition (20). This restriction is severe if the particle is very light.
It is possible, at the cost of solving a nonlinear system, to use an implicit version of Scheme (@) for
the particle’s velocity, i.e.

“;H_l —u(f +1/2( 1) - Jm /2(”n+1)) for j € Z,5 ¢ {0,1},
ungl *uo (fl/g_( ) fn ( n+1))7

W = ()~ f (07 )),

T i (fl/g_( 1)*f1n/27+(vn+1))7

x?""l =} + U”At.

In that case, we obtain Bounds (3I)) and ([B2]) without Constraint (30) on the time step. The proof is
exactly the same than the one of Proposition3.2l For example in the case where v"*1 < min(ug, ut),
we obtain

<™ 4 QLE(UZ} — " g — ),
My

and thus, without any constraint on At other than (20),
n At (. n n
ntl v+ 2L (uf + uf)

- 1+4LE8E =0 A

v
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We are now in position to extract converging subsequences of (ua) and (ha) (defined in ()
and (). In Section @, we will prove that their limits are solutions of the Cauchy problem (IJ) for
the fully coupled problem.

Proposition 3.4. Assume that u® belongs to BV (R)NL'(R), and that Hypotheses (1I{17) and (18-
[9) are satisfied. Moreover, assume that the CFL condition [20) holds. Then there exists u in
BVioe(Ry X R) and h in VVIQOCOO(RJF) such that, up to a subsequence, the sequence (uat) converges in
L}, (Ry x R) toward u and the sequence (hat) converges in VVllocoo(R) toward h as At tends to 0.

Proof. Let us first fix a time 7' > 0 and a constant A > 0 and prove the convergence in L([0, 7] x
[—A, A]) and W >°([0,7T]). By Proposition Bl we can use Helly’s theorem to prove the conver-
gence in LY([0,T] x [—A, A]) of (ua¢), toward a function u in BV (([0,T] x [—A, A])). Similarly
Proposition allows us to apply Arzela-Ascoli’s theorem to prove convergence in W>°([0,T7]) of
(hat) to a function h belonging to W2°°([0,T]). The result is extended to the whole time-space
R4 x R thanks to the Cantor diagonal extraction argument. O

Remark 3.5. Up to the same subsequence, (va¢) converges toward b’ in L}

ioc- Moreover the sequence
of functions (ca;) defined by

(t ) ift < hAz(ﬂ,
C Xr) =
Arh ey ift> hao(t),

converges in L}, toward
c if ¢ < h(t),
c(t,xz) =

Indeed, we have

A T T
/ / lear(t, z) — ct, 2)|dtde < |es —c_| / Ihae(t) — h()|dt < 2LTAL.
—AJO 0

A

4 Convergence of schemes consistent with a definite part of
the germ

From now on, we assume that all the hypotheses of Proposition [3.4] are satisfied, and that both
Conditions ([20) and (B0) are satisfied. The aim of this section is to prove Theorem To that
purpose, we prove that under Condition (IH]), which states that the fluxes gf around the particle are
consistent with a definite subset 7 of the germ (see Definition [[4), the limit (u, h) of the scheme
is the solution of ().

The fact that the Cauchy problem (I)) is well-posed in BV (R) is proven in [ALSTI3|. Once we
know that Scheme (@) converges toward a solution of (), the uniqueness of the solution yields that
the whole sequence (ua¢, hat) converges. Theorem [L8 gives a different way to prove the existence
of a solution (but not the uniqueness).

4.1 Convergence of the fluid’s part

The aim of this subsection is to prove that the limit u of (ua;) satisfies (). We prove in Proposi-
tion [4.3] that (U?)jeZ,nEN satisfies a discrete version of ({#)). In the sequel, for all real numbers a and
b we denote by

aTb = max(a,b) and by alb = min(a,b).

In the following proposition, we establish a discrete entropy inequality.
Proposition 4.1. Assume that Hypotheses [(IIHI4) hold (included [IX)) and that the CFL condi-

tion @0) is satisfied. Then for all (c_,cy) in R?, there exists a constant A, depending only on X,
[1u°||so, [|V]|oo and (c_,cy), such that for all j € Z, for all n € N, the following inequality holds:

it =il = — il | Glraja = Ciajs

At Az

< Ejé disty ((c—, e4), Ha(v™)), (34)
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where
Vi# 0, Giiryn— = Giiapa g = Gl
with
G?+1/2 = g(u;-‘ch, U?+1ch+1, o) — g(u}’Lcj, u}‘HLch, v"),

n +/ n n n +/ n n n
G1)a,+ = g (ug Teo, uy Ter,v™) — gy (ug Leo, uf Ler,v™),

_ if 5 <0 1 ifyg 0,1
cjz{c iriso, and gj:{ i j €101},

c+ ifj>1, 0  otherwise.
Proof. We follow the guidelines of proofs of classical entropy inequalities. They rely on the identity

n+1 | — ,,n+1 .+l .
[ui ™ —cjl =ufT Te; —uiT Loy

For j € Z\ {0, 1}, we use the condensed notation u?“ = H(u}_y,u},uj}y,v"). Hypothesis (I2)) on
the monotonicity of the fluxes and the CFL condition (20)) ensure that for every v, H is increasing
with respect to its first three arguments. Moreover if j € Z\ {0,1}, ¢j_1 = ¢; = ¢j+1 and we use
the consistency of the flux away from the particle (IT)) to write ¢; = H(c;—1,¢j, ¢j+1,v™). It follows

that

U?HTCJ = H(u}ll, ul,ul g, V") TH(cj—1,c¢4, Cig1, V")
< H(u?_chj_l,u?ch,U?HTCJ»H,U ),
U?HLCJ = H(u?_l,u?,u;ﬂrl,v")LH(cj_l,cj,ch,v )
> H(u?_lj_cj,l,u?icj,u?_,_lJ_chrl,v ),
and that
|u?Jrl —¢j| < H(uj_ 1 Tejo1,uf Tej,ulg Tejpn,v") — H(uj_y Lej_,uf Lej,uf g Lejir,0™)

SujTe; —ujle; — (Gl n — Gy )
< uf = ¢l = (Gl e — Gy )a)-

Let us now focus on the more complicated case j = 0 (the case j = 1 can be treated in the exact
same way). We denote by (&, ¢f') a projection of (c_,cy) = (cff,cf) on Hx(v™) for the L'-norm,
and by (¢7);eznen and (G}Zrl/g)jez,neN the analogues of (¢;),ez and (G;—l+1/2)j€ZanGN constructed
with ¢:

Vi#0, Glijo =Gliip s =Gliyjn =g T, ufy T, v") — g(uf L&, ufy Léj41,0"),

~n +/ nTx noTx n +/ n | = n|x n
V2.4 =095 (ug Téo,uy Tér,v") — gy (ug Léo, ut Lér, v™).

Let us first remark that

lugtt — co| — |ug — col < lug™ — &1+ |5 — col — |luf — & | — |&G — col
< Jugtt — &) — ug — & |+ 2|5 — col.
Thus we have
lugt! — col = [uf —col | Gijom =Gy
At Az
g™ — | — g — &l | Gipp- — a2
< ! — dist, -, S Ha (o™
< Y A + 5 dis 1((c—, eq), Ha(v™))
n —Gn én _ én 9
1/2,— —1/2 1/2,— —1/2 . n
- = distq((c_, 4 ), H :
< Ao A + g dis 1((c—, eq), Ha(v™))

Indeed, as (&§, &) belongs to Hx(v™), Hypothesis (I0) yields that & = Hx(¢"4, ¢, 7, v™), and we
obtain as before

|ug+1 - ¢l < |U? — &l — M(G?+1/2 - G?—1/2)-

We now attempt to bound
12— — ~?/2’_ =g, (ug Teo,uy Ter,v") — gy (ug Leo,uy Ler,v™)

— gx (ug Tég, ul Ter, v") + gy (ug Lég, uy' Ly, o).
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As (v")nez is bounded (Proposition B.2]), the maximum and minimum over n of ¢} is a bounded
function of (c—,cy) and ||v||oo. Thus the set

[min(ma C—,Cq, 6715 Er—:—)a maX(Ma C—,Cq,y 5715 &1)]2 X [Qa 1_)]'
is compact. Therefore, with L. the Lipschitz constant of g, over this set, we have
|gA_(U8TCO,U?TCh’U”) _g;(ugTéO) Tcla n)'
< gy (ug Teo,ut Ter,v™) — gy (ug Tég, ul Ter,v™)
+ gy (ug Teg, uyTer,v™) — gy (ug Tég, uy Ter, v")|

< L, diStl((Cfv C+)7 H)\(vn))a

and similarly
lgy (ugLeo, uy Ler,v™) — gy (ug Tég,ut Ter,v™)| < Ledisti((c—, ey ), Ha(v™)),

which conclude the proof with A = 2L, + 2A””. O

We are now in position to obtain a discrete version of (). Let us first state a lemma which
ensures that the interface is “numerically dissipative”.

Lemma 4.2. If g, — gj is mondecreasing with respect to its first two arguments then we have the
dissipativity property

Vo = Gly > 0.
Proof of Lemmal[4.2, Let us denote by a = ugTco, @ = uglco, b = uyTer and b = u}Lecy, such
that a > a and b > b. The dissipativity property holds if and only if

g; (a’ b, Un) - g; (da b, Un)) > g,J\r (a, b, 'Un) - g;\r(da b, Un)a

which is a straightforward consequence of the monotonicity of gy — g;r with respect to its first two
variables. O

Proposition 4.3. Let (¢7)jecznen be a compactly supported sequence of nonnegative reals. If ([34)
holds for all n in N and j in Z, then

s0n+1 o 90 (,Dn L (pn
+
AtAx Z |U?+1 cj| -2 N J +A:cZ|u — ¢ + AtAz Z J+1/2]chj
JEZ,nEN 1€EZL JEZ* meN
+ AT Y Gy TS > —ANEY dista (e, Ha (™) (95 + ¢1).
neN neN

Proof. Classically, the starting point is to multiply Equation (34]) by @' and to sum over j € Z and
n € N. Then the different terms are rearranged to bring out discrete time and space derivatives of
. However, this is not straightforward around the particle, because two different fluxes are used on
its left and on its right. The first term of ([34]) yields

[uf ™ — | = [uf — ¢yl L o7 — it 0
DA A S AR e A Y EYF )
JEZ,nEN JEZ,nEN JEZ
and the second term yields
2=~ Gl sﬂ 8 o?
J+1/2,— J=1/2,+ _ Yy T+l Yo 1
) Ax o= Ga+1/2 +D xeCle = s Gl
JEZ,nEN JEZ* ,neN nEN
tp 41
= Y G +Z (GYr2— = G2 4)
JEZ* meN nEN
o — 1
+ Z Ax SEVCRS
neN
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We almost have a discrete version of (@). Hypothesis (IJ) exactly says that g5 — gy is nondecreasing
with respect to its first two arguments. Thus we can apply Lemma to obtain

G" -G?

J+1/2,— Ji—1/2,+ ‘PJ-H ‘Po o1
) Az DY Ga+1/2 +> G124
JEZ,nEN JEZ* meN neN

Eventually, we have

3 gjé dist1((c—, c4.), Ha(v™)gh = é > disti((e—, eq), Ha(0™) (5 + ¢7)

JEZ,nEN neN

and (B3] is obtained by regrouping all the terms and changing their signs, and multiplying by
AtAzx. O

Passing to the limit At — 0 in Equation (3H]), we obtain the following proposition.

Proposition 4.4. If u® belongs to BV (R)N LY (R), if the CFL condition Q) holds and if Hypothe-

s (IIHI9), (included (), are satisfied, then the limit u of (ua:) satisfies Inequality @) for any
nonnegative function ¢ in Cg°(R4 x R).

Proof. For small enough At, Condition ([B0) is satisfied. We recall that the ratio ﬁ—; is fixed, so
the limit At — 0 also reads Az — 0 in what follows. Let us fix (c_,c;) in R?, and prove that
for every nonnegative ¢ in C§°, the discrete inequality (B5]) converges to the continuous entropy
inequality (), where the sequence (¢});ez nen is defined by 7 = o(nAt,z? — h™). We recall that
C}' is the space-time cell

Ci ={(nAt+s,27_ 5 +y+sv"),s €[0,At),y € [0,Ax)},
that A™ is the discrete position of the particle’s trajectory deduced from its velocity:
"L = B 4 o™ At,
and that the mesh is moving with the particle: :c?“ = 27 + v"At. We first treat the first term
of B5). The sequence of piecewise constant functions ({a;) defined by
n+1 n

¥j ¥y

CAt(tv'r) At

if (t,2) € C;

converges uniformly to the function (¢, z) — (9:) (¢, — h(t)). Indeed, for every (¢t,z) € C}“H, there
exists t € [nAt, (n + 1)At] such that

o((n+ 1)At,:c?+1 — ") — p(nAt, xf — h™)

Canlt,2) = (Bup)(t,2 = h(1)] = N — (@)t = h(1))

= |(8rp) (T, 2} — h™) — (Bpp) (L, — h(t))]
< O(t = t[ + |z — | + [B™ = h(t)])
< C(At+ Az + ||hat — hl|oo)-

We used the fact that zj — pntl = z? — h"™. We conclude thanks to Remark [3.5] :
n+l

. o7 50
AtAx Z |uj+1 cj|L———"L = Z / luat — cat|Cardt dx

JEZ,nEN JEZ,nEN

:// 1i>atluar — carlCardt do
Ry

At_}()//]R+ |u — ¢|(Op) (t, & — h(t))dt da.
On the other hand,

O — o
AtAx Z GJ+1/2% =/ Garéardt dz
j<0,n€EN x <-4 JRy
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where for every (¢,z) in C?

j+1/2:{(nAt+s,xj+y+v"s),O§s<At,0§y<Az},

A A
Gat(t,x) = Gjr1/2 =g (um (t,x - —x> Te—,uat <t,$ + —z) TC,UAt(t))

2 2
Az Az
—agx | uas [ t, 2 — - dle_,une [t + > Le,ua(t)

and for every (¢,z) in 2

Pl —#5

tg) = 27T
Eae(t, ) Az

The sequence (€a¢) converges uniformly to (¢, ) — Jyp(t, 2 — h(t)). By continuity of translations
in L', the sequences (uas(t,- + 5%))ar and (uar(t,- — 52))as converge in L}, and therefore, up

to extraction almost everywhere, toward u. On the other hand, (va;) converges almost everywhere
toward h’. The consistency of the germ implies that Ga; converges almost everywhere to

2 2
guTe_,uTe_,h") —g(ule_,ulc_,h") =sgn(u—c_) <<% — h/u) — <% — h/c>) .

As (uay) and (va) are uniformly bounded in L™, the dominated convergence theorem yields

i — @)
AtA G" Q—)//@/ t NOpo(t, x — h(t))dt dx.
zj<QZnEN j+1/2 Az Ao Jg - h (t)(u( ,ZL'),C ) 90( y L ( )) €

The second and fourth terms of (B8] are easily treated:
A 0 _ ¢ 0_
xz luj — cjle; foué /R|u cle(0, z)dx
€L
and
i
AtAz Y Gy T — 0.

—¥0
Az At—0
neN

Eventually, we study the convergence of

t,—A2) + pac(t, 42
Aty dist (e, Ha(0")) (9§ + ) =2 / dist (e, (va) P20 =) O ) gy

2
neN Ry

oaz(t,—A2)+ons(t,42)
2

Clearly, converges uniformly to ¢(-,0). Moreover,

| disty (¢, Ha(var)) — disti(c, Ha(R'))| = | disti(c, (var — B/, var — ') + Ha(h')) — disty (¢, Ha(h))]
= | dist1(c — (vat — A ;var — B'), Ha(R)) — disty (¢, HA(R))]

< lvae — 1|
and
AFY dista (e, Ha0) (6 +0f) . 2 /R dist: (e, Ho (1)) (1, 0)dt,
neN +
which concludes the proof. [l

Remark 4.5. In [CS12], the authors are able to derive error estimates for the Godunov scheme
adapted to a conservation law with a discontinuous flux (with respect to the space variable). The
jump in such a flux can be related to the presence of the particle in our case, and a treatment
partially consistent with the interface is also proposed in this paper. A careful investigation of the
interface enables the authors to prove adapted BV bounds, which are one of the main difficulties
for obtaining error estimates. Due to the particular fluxes we use around the particle, we can also
prove here BV bounds, see Proposition Bl and one may expect to adapt the proof of [CS12| and
thus obtain error estimates for our numerical methods. A
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4.2 Convergence of the particle’s part

We now prove that the limit h of (ha;) satisfies (@). To begin with, we prove that a discrete version
of (@) holds.

Proposition 4.6. Let (u})nen jez and (v")nen be given by Scheme (@). Then, for every compactly
supported sequences (5”)n€N and (Y7 )nen,jez such that 1y = 7 =1 for all integrer n,

R e R .

n—1
—mAt Z " § = mo’¢° + AzAt Z uj At
nEN* neEN* jEZ (36)
n +1 wn
+A$Zu0§0¢j+AtA$ Z Fihayat il R
JEZL neN,j£0
Proof. We write
my v =m0 ALY (flhe - — fe )€
neN neN neN
YD D D [ 0 A | R
neN j¢{0,1}
+ e Y [ — ) = (s — S| €
neN
+ A2 Y (g = ) = p(fs — fia )] €
neN

This comes from the fact that the sum of the last three lines is zero. We now rearrange the different
terms. On the one hand we have:

Z (fjn-i-l/2 o f?_1/2)§”¢;’ = Z ff+1/2§n(¢? - ?-1—1) + Z fnffl/g;

neN,j<—1 neN,j<—1 neN

and on the other hand we have:

Z (ff+1/2 fg 1/2 fn 7 Z +1/2§" (s ?H)—anfg/g-

neN,j>2 neN,j>1 neN
It follows
mY VT =m Yy " Ar Y (uf —ufTET — A Y € (0 — va).
neN neN neN,jEZ n€eN,j#£0

To conclude, we just have to rearrange the sum over n. Being careful with n = 0 we obtain

Z(,UnJrl o ,Un)gn _ Z Un(§n71 - é-n) . vOgO

neEN neN*
and
Yo (W —uptheter = Y 0 w(ret — T ) + ) ugetyy
neEN,jEZ neN*,jez jez
and the result follows by regrouping all the terms. O

We can now pass to the limit At — 0 in Proposition to prove that h satisfies (&l).

Proposition 4.7. Assume that Hypotheses (IIHI9) hold, and that the CFL condition Q) is satis-
fied. For all test functions & and ¢ such that ¥(0) = 1, the limit h of (ha:) satisfies Inequality ().

Proof. Define
Y7 =] —h") and " =E(nAt).

Proposition applies if 1§ = ¥ = 1. Here, we only have

vje{0,1}, |[¢f —1| < CAz.

22



The equality (B8) holds up to the following corrections appearing in the left hand side:

L= mEn — (1 =gt 060,
AzAt Z u” A7 +Az > w19
neN+ je{0,1} je{o,1}

+A$Atz<fn1/2§n( 1/)0) 7f1/2§n( wl))v

neN

which all tend to zero since ¢¥§ — 1 = O(Az) and ¢} — 1 = O(Az). The sequence

nen _ o, pn—len—1
iy B

converges uniformly to the function (¢, z) — ¥¢’. Indeed, by definition of the moving mesh, 2} —h" =
— h*~1. Therefore, 7 = 7~ L and

Pren — i et i gn—1
At S At

which converges uniformly toward the expected function. Now, define Fa; by

Ax Az
FAt(t51") = gx <uAt <t;1‘ - 7) y UAE (tv‘r + 7) avAt(t))

in such a way that for all (¢,2) in C7,, ,,

Far(t,) = [Ty -

By continuity of translations in L', the sequences (ua¢(t, -+ S%))a¢ and (uae(t, - — 52))a¢ converge
in L},,, and therefore, up to extraction, almost everywhere, toward u. On the other hand, (va;)
converges almost everywhere toward h’. The consistency of the flux (IIl) implies that Fa; converges
almost everywhere to

if (t,x) € C}

]

g(u,u,h') = % — hu.

4.3 A family of schemes consistent with a definite part of the germ

In this section we exhibit a family of schemes that satisfies the set of Assumptions ([IHI9). Let us
clarify which definite subset of G is used.

Proposition 4.8. The part Hi(v) = G} UG (v) is a definite subset of the germ.
Proof. Following [AS12] (see Equations (13) and (14) in this reference), it suffices to show that if
Zo((u—,usg), (v-,v4)) > 0 for any (v-,v4) € G3(v), (37)
then the stronger following property holds
Z((u_yuy), (v_,vy)) >0 for any (v_,vy) € Gy UG3(v).

In the sequel we assume that v = 0. The general case follows by translation. The two main arguments
are, first, that Proposition [[4] implies that this is automatically satisfied if (u_, u4 ) belongs to the

2
2 vl
2

an element of G3. We proceed by a tedious, but not difficult, disjunction of cases.

< %2 In the sequel, (v_,v;) always denotes

germ, and, second, that for all (v_,v;) in G3,

e Ifu_ >\ and uy > 0, then we want to prove that

2 2 2 2
u_ —v_ u;, —v
+ % 5.

2 2
If we apply Equation 1) to (), 0), we obtain that

2 _ 2 2
uz u+>)\_
2 -2

and the result follows.
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o If 0 <u_ < Xandug >0, then (u_,uy) belongs to the germ. Indeed, Equation (1) applied
2
to (u—,0) yields —u% > 0 and therefore, uy = 0.

o If u_ <0 and uy > 0, then (u—,u) belongs to the germ. Indeed, Equation [37) applied to

(0,0) yields
u?
2

>0

ol S

and therefore, u_ = uy = 0.

o Ifu_ <0and —\ <uy <0, then (u_,uy) belongs to the germ. Indeed, Equation (B7) applied
to (0,u4 ) yields —% > 0 and therefore, u_ = 0.

e Ifu_ <0and <uy < -\ then we want to prove that

and the result follows.
e If0<wu_ <Xand usp < —A\, let us first assume that u_ > v_. We have to prove that

2 2 -
But 0 <v_ <wu_ and 0 > v4 > u4, and we have the result:
2 2 2 2 2 2
vz + vy < uZ + vy < u_+u+.
2 - 2 - 2

We now assume that u_ < v_. We want to prove that

2

uZ —w ug — vy
> 0.

2 * 2 -

Moreover, (u—,u4) does not belong to the germ Gy, and therefore uy < —u_ — A and

uifua >2u,/\+/\2 /\_2 v_2i_71)2_
2 - 2 2 2

o If A <wu_ and uy < —A\, the result

u? —v2 uf —vi
>0
2 + 2 -
is a straightforward consequence of
2 2 2 2
uZ +ul > 2 > vZ + vy
2 2
e Eventually, if A <wu_ and —A < uy <0, let us first assume that vy < vy and prove
2 2 2 2
u? —v2 ug —vi
>0
2 + 2 -

It follows from ) ) ) ) ) )
vy +vZ < uy +vZ < uy +uZ

2 - 2 - 2

Assume now that vy > vy and uy > —u_ + A. The result

2 .2 2 2
uZ —v-uy U+>0
2 2 -
comes from ) ) ) ) )
uf—u+>—2)\u++)\ >)\_>v7—v+-
2 - 2 -2 2



It is possible to find fluxes that satisfy (I5) with # = Gi UG% and (I3).

Proposition 4.9. If g verify the monotonicity assumption [I2)), the family of finite volume schemes
defined by

{g; (u—,uy,v) = g(u—,min(uy + A, max(u_,v)),v), (38)

g;r (u,, U+, ’U) = g(max(u, - >‘a min(UJrv ’U)), U+, ’U),
18 consistent with gi U gf(v) and satisfies the monotonicity assumptions 819)%: >0 and 82g/j\E <0.
Proof. The proof consists in a simple verification. We first check that for all u_ and u4 in R,
g (s us = A,v) = glu, min(u_, max(u_,v)),v) = glu_,u_, o)
and
g;\r(qu + >‘a U+, ’U) = g(maX(UJra min(UJra ’U)), U+, ’U) = g(u+7 U+, ’U).
Then, we verify that for all uy in [v — A, v],
gy (v,uq,v) = g(u—, min(uq + A, max(v,v)),v) = g(v,v,v)
and
gx (v,uy,v) = g(max(v — A\, min(ut,v)), us,v) = g(uy, uy,v)
while for every u_ in [v,v + A],
gy (u—,v,v) = g(u_, min(v + A, max(u_,v)),v) = g(u_,u_,v)
and
gx (u—,v,v) = g(max(u_ — A\, min(v,v)),v,v) = g(v,v,0).

Eventually, the monotonicity properties are implied by those on g as soon as the first component
is not u4 and the second is not u_. But if the first component is uy, then uy < v and dogi =
us — v < 0, while if the second component is u_, then u_ > v and 029, =u_ —v > 0. ([l

It remains to prove that Assumption (I9) holds. This is not the case for every choice of flux g
(a counterexample can be found in [AS12]), but we can check it for three classical fluxes.

Proposition 4.10. The family of finite volume schemes [B8)) satisfies that g, — g;r is nondecreas-
ing with respect to its first two variables if g is the Godunov, the Rusanov or the Engquist—-Osher
numerical fluz.

Proof. Let us divide the phase space (u_,u,) in six zones, depending on which values are taken by
g~ and gT:

glu_,u_,v) ifvo<u_ <wuy+A zone 1,
gy (u—,uq,v) =< glu_,v,v) ifu_ <v<uy+A zone II,
glu—,ur + A\v)  if up + A <max(u_,v) zone III,
while
glug, uy,v) ifu_ —A<wuy <w zone 1,
gy (u—,up,v) =< g(v,uq,v) ifu_ —A<v<uy zone 2,

glu— — MNuyg,v) if min(ug,v) <u_ — A zone 3.

These zones are depicted on Figure[®l If uy belongs to zones 1 or 2, g does not depend on u_ and

gy — g;r is nondecreasing with respect to its first argument. Similarly, if u_ belongs to zones I or
11, g, — gj is nondecreasing with respect to its second argument. We focus on the case where u_
belongs to zone I11 or uy belongs to zone 3. Let us first remark that the case where u_ belongs to
zone IIT and uy is in zone 3 reduces to the choice of flux studied in [AS12], where the monotonicity
property has been proven for the Godunov, Rusanov and Engquist—Osher scheme. Assume that case
u_ is in zone I and w4 is in zone 3. Then we have

(g; - g;\r)(u*aUJrv’U) = g(u,,u,,v) - g(u* - A,’LLJ”’U).

For the sake of simplicity we assume that v = 0.
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Figure 8: Choice of the fluxes in the family of finite volume schemes (38]).

e If g is the Godunov flux, as uy + A > u_ > A, the Riemann problem between u_ — A and u
is a shock traveling faster than v. It follows that

(g; 79;)(“‘*7’“4”0) = (u;) - (U7 ; >\) = Au_ — %

is nondecreasing toward its first two arguments.

e If g is the Rusanov flux,

(g; - g;\r)(u,,qu,O) =

and we have

— u77>\ ’U,+—(u7i)\) U,*)\
al(gk 79;)(11,,,’&4”0):'“77 < 5 — 5 + 5
Zu-t3Atus

2

As u_ belongs to zone I, uy + A > u_, and the last quantity is larger than A. On the other
hand,
up — (u— = A)
2
and this last quantity is nonnegative because w4 belongs to zone 3.

62(9; - gj\r)(u—au-l-ao) = -

e Eventually, if g is the Engquist—Osher scheme, the fact that 0 < u_ — A < uy implies

(g5 — g5 e 0) = L WA

is once again nondecreasing with respect to its first two arguments. The case where u_ is in
zone 111 while u, is in zone 1 can be treated in a symmetrical way.

O
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5 Convergence of schemes only consistent with G}

In this section, we no longer require Hypothesis (IH]) to be satisfied, and prove convergence of a
family of finite volume schemes that satisfies only (I4). The difficulty is that G; is not a definite
part of the germ, and we cannot prove a discrete version of ({#]) directly. The key point is to study the
convergence of the solution of Scheme (@) for initial data in the definite subset of the germ G} U G3.
We then extend the comparison argument of [AS12] to prove convergence for arbitrary initial data.
Our aim is to prove the following theorem (we do not provide a rigorous statement, the details of
the convergence results are stated in Theorem [[.9)).

Theorem 5.1. If the numerical fluxes around the particle are given by

flya,— (ug, up, v") = g(ug, uy + A, 0"),
f1/2 +(u07u17 ) g( —A ula )7

where g is a numerical flur satisfying (IMTJ)) and (TBHII), and if the CFL condition ([20) holds,
Scheme (B) converges toward the solution of ().

Proof. Let us first remark that Proposition [B.J] and Proposition did not use Hypothesis (I3,
thus we can extract converging subsequences as we did in the previous Section. Now, consider a test
function ¢ supported in {x < 0} or {z > 0}, we have pj = ¢} = 0 for small enough Ax. We easily
obtain, as in Proposition [£]] that for all ¢ in R, for all j < —1,

-1

|U7 —c| - |U? — ¢ n G?H/z -

At Az

Multiplying by AtAz¢” and summing over n € N and j < —1, we obtain as in Proposition

G"
Jj—1/2 S 0.

P —op Pl =@

1 0 0

AtAz Z uf Tt — |3th + A:EZ lu; — clgj + AtAx Z G?+1/2]71J >0
jE€Zn<—1 €T jEZ* n<—1

and we straightforwardly obtain that the limit u of the scheme is an entropy solution of the Burgers

equation on the sets {x < h} (and similarly on { > h}). It remains to prove that the traces around

the particle belong to the germ for almost every time. Let us fix a time o such that A’ and the

traces u_(tg) and u4 (to) exist. Fix (c_,c4) in Hxa(R'(tp)). Our aim is to prove a discrete version

of (@). Let us first assume that (c_,cy) belongs to the straight line G} but not to the closed square

G3(h'(to)). By continuity of i/, there exists § > 0 such that,
Vt € (to — 0,10+ 6), disti((c_,cy),Gy) = disty((c_, cy), Ha (R (1))

(see Figure [I). Up to taking a smaller §, this equality is also true at the numerical level for small
enough At, since from Proposition B4l (v,)nen converges. Therefore, passing to the limit in (B3]
with ¢ supported in time in (¢g — d,¢9 + §), we directly obtain ().

We now treat the case where (c_,c4) belongs to the interior of G3(h'(to)). The principle of the
proof is to compare the numerical solution with another one, for which the initial data is much
simpler as it corresponds to an element of G5 (h/(t)). Since I’ is continuous, there exists d such that

Vt € (tg — 6,t9 +6), (c—,ci) € Gr(W (1))

and on the time interval (tg — 9,to + ¢), @) becomes
/ / lu — c|(s,2)0rp(s,x — h(s)) + Ppr(r)(u, c)(s,2)0u (s, — h(s))dx ds > 0. (39)
Ry JR

Up to reducing § and for small enough At, this is also true at the numerical level. Now, for
(u})jez.nen and (v")nen given by the fully coupled scheme (@), consider (c);eznen+ the sequence
given by the scheme

C;ﬁ_i :c?_u(g(cjacj-‘rl’ n) _g( ;l 1 J’ " ) for j ¢ {0’1}’
= = ulg(eg, e + A ") = g(cty, g, vm), (40)
C;H_l :c?iﬂ(g(c?acgavn)i ( Co 7)\’01’ n))’
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with initial data

.
g=ae BI=) ()
cy ifj>0.

We recall that (c_,cy) belongs to G3(h/(to)). Simple modifications of Propositions 1] and {3 yield

(pn+1 - spn
AtAz Z |u;-”r1 — c;-’+1|Jth + A:EZ |ud — c2])
JEZ,nEN €L
(p"? — (p’.‘ n__.n
AT Y Gy T A Y Gy T > 0,
JEZ* ,neN neN

Assume that (¢?);ez nen converges to c(t, ) = c—1ycp(r) + c+Losn(r) on the interval (to — 6,0 + ).
Then with ¢% = (", 2"') where ¢ is a test function supported in (to — d,%o + &), we obtain ([B9) by
passing to the limit. We now study this convergence.

Lemma 5.2. Assume that at iteration n, the sequence (c}})jez given by the scheme ([@Q) is nonde-
creasing on j <0 and on j > 1, and such that

ng(),c,gc?gc,qL)\ and Vj21,c+—/\§c?§c+
and
cy —cf <A,
then the same holds at iteration n + 1.
n+1

Proof. The monotonicity of (c]

tion (20)). For j < —2, we have

)j<o follows from the monotonicity of Hy under the CFL condi-

n+1l __ n n o n n o n n _ . n+1
T = Hx(cj_1, ¢}, cjp) < Ha(cf s ¢fyq, cfyn) = ¢

As ¢ < cf' + A, we also have
1 1
"= Hy(c"y, "y, cl) §H>\(c’11,cg,c’f+)\):cg+ )

Moreover, for j < —1, both ¢i_q, ¢ and ¢}y, are between c_ and c_ + A, thus the same holds at
iteration n + 1. For j = 0, as ¢4 < c_ (because (c_,c4) belongs to G3(h/(t))), we conclude by
remarking that

c- <cpg <l +HA<cy+A<c_+ A

The results for positive integers j are obtained in a similar way. Let us now prove that u8+1 —u’f“ <

A. We have a

Cg+1 - C?Jrl = H/\(Czlvcgac? + /\) - HA(Cg - /\,C?,Cg)
< H/\(Cgacgac? + /\) - HA(Cg - /\7071170711)
< +plleg — (¢ + A = + pLl(cg —A) — |
Sef = F (e +A-c)
<A

O

For (c_,cy) in the open subset G3(h/(to)), there exists a positive § such that h/(t) stays in the
interval (c4,c_) on the time interval (tg — 0,to + d). For small enough At, it is also true at the
numerical level. Up to reducing slightly §, (c_,c4) belongs to G3(v™) for small enough At and for
all iteration in time such that ¢ belongs to (to — d,to + d), and in particular ¢4 > v™ > c_.

Thus the limit ¢ of the scheme (0] with initial data (Il at time to — § is such that ¢ is larger
than A’ on x < h and smaller on « > h. It allows to prove that ¢ is, on {(¢,2) : @ < h(t)}, the
solution of

Bpu+ 0, =0 Vte (tg—6,to+8),Va < h(t),
u(to — 6,z) = c—  Va < h(0), (42)
u(t,h(t)) =h'(t) Vte (to—d,to+9).
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As c_ is larger than A’ on the whole time interval, the boundary condition is inactive and the
solution is u = c_. Let us recall the definition given by Bardos, LeRoux and Nedelec in [BLN79] of
this conservation law on a bounded domain. A function u in L° is a solution of

Ou+ 0z f(u) =0 Vit >0,V < h(t),
uw(t =0,2) =u’(z) Vo < h(0),
u(t,h(t)) =up(t)  Vt>0,

if for all real k and for all nonnegative function ¢ € C3°(Ry x R), the following inequality holds:

/ / u(t,x) — K[Oip(t, x — h(t)) + Ppr () (ult, ), K)Oxp(t, x — h(t))dx dt
>0 <h(t) (43)
[ ) = rlOu)da + [ senls = )Lt ) = F)}e(t.0) > 0.
<h(0) t>0
The convergence of finite volume schemes for scalar conservation laws in a bounded domain has been

proven in [Vov02] for instance. We are here in a favorable case: we can obtain a discrete version
of ([A3)) by summing (34) multiplied by At Az ¢} over n > 0 and j < —1. We obtain

it —op
AtAx Z |c;-”r1 - /ilet] + Az Z |c? - /£|g0?
n>0,j<-1 Jj<-1
$i — #F
+AtAT Y Gl — ALY G peh <0.
n>0,7<-—1 n>0

Passing to the limit yields

/ / e(t,2) — KOup(t, 2 — h(t)) + Brio) (et 2), K)ot — h(t))da dt
t>0 z<h(t)

t>0

/ e — rlp(0, )z + / sen( — e(t, h() {F(e(t. h(t) ) — F(m)}olt, 0) > 0.
<h(0)
To conclude we check that

sgn(k — W' () {f(c(t, h(t)7)) — f(r)} = —sgn(e(t, h(t) — w)){f(c(t,h(t)7)) = f(r)}.
This relies strongly on the fact that ¢ remains larger than h'.

e If i/ < k < ¢, the inequality reduces to

{£(c(t,h()7) = ()} = —{F(c(t, h()7)) = f(K)}
which holds because f is increasing on (0, +00).

e If i/ <c <k ork <h <cthe inequality reduces to

{f (e, n(t)7)) = f(w)} = {f(c(t,h(t)7)) = f(K)}

or
—{f(e(t, n(t)7)) = f(r)} = —{f(ct, h(t)7)) — f(K)},
which are both trivial.
This ends the proof. [l
Remark 5.3. Of course, Theorem [5.1] applies when the initial data is
u®(z) = c_1y<o + et 1p>0,

with (c—,c4) € G3(v°). In Appendix [A] we prove the convergence for this specific initial data
directly, without using the local in time comparison with the one-way scheme (@0) in which the
velocity of the particle is fixed.

A
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Appendices

A Detailed analysis when the initial data belongs to G3(v°)
Our aim in this section is to prove directly that if
u(z) =u_l,c0+uily>o and R =0, (44)

with (u_,u) in G3(v°), Scheme (@) converges toward the exact solution, which in that case is given
by

U— —U4

_ u_+u 0 u_~+u m —u:;u+t
h(t)T*tJr(”T*)—p(le p >
u(t, ) = u_Lycp) +utlosne-
In this section only and for technical reasons, we consider a finite volume scheme on a bounded

space domain [—a, a], subdivided with 2M,. cells and with periodic boundary conditions. The scheme
under consideration writes

with = — (g (ufufg,v") = (g uf,om) for j € {=Mo+ 1,00 M\ {0, 1},

up™ = ul — p(gul, uf + N o") — f(um g, uf, o)),

uptt =l = plg(uf,ug,om) — gluf — Auf o)), (45)
uly,  =uy, o oand wy g o=l o,

oL = o B (g(uf,uf o+ A 0") — gluf — A uf, o),

$?+1 =zl +v"At,

We recall that the ratio of the time step At and the cell size Az is equal to u. We fix the final
time T. At each time step, four new cells (one of both part of the particle and one of each extremities
of the interval because of the periodic boundary conditions) are influenced by Scheme ({3)), in the
sense that their values were constant equal to u_ or uy before. We take a large enough so that the
influence of the particle does not interact with the influence of the boundary condition, and stays
in the interval [—a/3,a/3] during the time interval [0,7T] (see Figure [d below). This is achieved by
taking a larger than % The next proposition states that Scheme (@8] converges toward the solution

u_ L

T

—a — a

S

\—\/—/

]\gc cells influenced % cells influenced by the

by the boundary particle on each side

Figure 9: Shape of the numerical solution at time 7. If a is large enough, the contribution of the
particle and of the boundary conditions remain separated.

of the fully coupled problem ().
Proposition A.1. Assume that the numerical fluz g satisfies (IINTF) and (IGHIT), that

VAeR,VBeR, gv—Av—B,v)=gv+ B,v+ A,v), (46)

and that Osg is decreasing with respect to its first two arguments. Under Condition [20) and for the
initial data @), Scheme D) converges toward the solution of () on

{t,z):t<T and —a/3+h(t)<z<a/3+h(t)}.
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Proof. We prove, as we did in Section Bl that (u})_as,/3<j<0 converges toward the solution of ([@2).
The key point is to prove that v™ remains smaller than u_ on the whole time interval [0, 7], in
which case the boundary condition is inactive and we obtain the result. Similarly on the right of
the particle, the boundary condition is inactive if v™ remains larger than wy. It can be seen on
Figure[@ if the solution has the shape depicted on this Figure, the part of the solution on the left of
the particle has a speed larger than u_, thus if the particle’s velocity is smaller than u_, this “wave”
is entering inside the particle and is indeed a boundary layer. This intuition was made rigorous in
Section [G
To prove that uy < v™ <u_, we apply the Crandall-Tartar lemma [CT80] to the application

T : S — S
(W) -mor1<iem.,v°) — ((u})-m.1<j<nr,,v")

where
S ={((bj)je{—Mot1, e Mo} V) 0 ER, by <y <ovv by, Sb_pgoq1 <bopsogo < <boy <bo < bi+A}.

Lemma A.2 (Crandall-Tartar). Let (€, 1) be a measured space, and let S be a subset of L*(Q)
stable by sup:

Y(u,v) € §?, max(u,v) € S.

Consider a function T : S — S such that the integral is preserved

WE&AHMZL%

T (w) = T(v)l[Lr < [lu—vllLr.

Then, if T is order preserving,

In our case, Q = R?Me x R,

M.

\/gl((bj)je{_Mch‘l,“‘7Mc}’v) = Ax Z bj + muv

j=—Me+1

and
MC

1(bs)je{-nts1, arys vl = Az > |bs| +ml].
= Mot1

It is straightforward to verify that Scheme (@3] preserves the norm || - ||z1. The fact that T takes
its values in § is proven exactly as in the proof of Lemma We prove in Lemma [A 4] that T is
order preserving. Applying the Crandall-Tartar lemma to ((u9),v°) and (@9,7) = ((u9), “=5"*),
we obtain

MC
_ _ u_ +u
Az Z |ujn+1 o u;}+1| + m|vn+1 o ,Un+1| <m 20 — T‘i‘
j=—Mc:+1

The result follows since 3" = =2+ (see Lemma A3 below).

Lemma A.3. If g satisfies [@G) and if the initial data is

9:u_ for j <0,

u]Q:qu forj>1,
_+

W0 = e

then Scheme @R) satisfies v™ = v° for all integer n.
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Proof. We prove by induction the following stronger result:

U_+u+
——— and ul; —v"=0"—uj .

vn e N,Vj <0, v" = 5 j

The symmetry of the initial data ensures that this is satisfied for n = 0. Assume that this holds
true for some n > 0. Hypothesis (@) on the flux and the induction hypothesis yield
g(ug,uff +A,0") = g™ = (uf + A =0"),0" = (ug —0"),0")
= g(ug — A\ ut,v").

Hence, the velocity remains constant. A similar reasoning can be applied to the fluid velocity. Let
us give some details for j < —1:

U_; =U_;— M(g(ur—ljvui(j—n,vn) - 9(“71(34-1), Ur_ljvvn))
=20" —uj, —p {g(v" — (" — u’_lj), (™ — (V" — u’_l(j_l)),v”))

—g (W = (0" = gy), 0" (0 - uzj),un)}

n n n)

=" — {u;ﬁrl +plg(20" —ul(;_q), 20" —ul ;v

—g(20™ — u” ;20" — u’_l(j_i_l),v")}

= 20" — (U?Jrl —H [Q(U?Jrlvu?Jrzvvn) - g(“?vu?+1vvn)])
= 2"t u;lj_rll,
and for j = 0:
ungl = ug - M(g(ug’ ug - )"Un) - g(uzla uga Un)
— 20— uf — g0 — (0" — ), (0" — (U — uf + A), "))
—g(" — (0" — ), 0" — (0" — ), 0")]
— 20" — [uf + ulg(20" — uf + A, 20" — u,0")
g2 — uf, 20" — uy v")]
= 20" — (u? — M [g(u?a ugﬂ ,Un) - g(u? + A, u?ﬂ ,Un)])
="t — u?""l.

O

We now prove that if two initial data of S are ordered, this order is conserved after one iteration
of the scheme.

Lemma A.4. Let [(u})jez,v"] and [(4})jez,0"] be two elements of S such that
Vj€Z, uj <uj and 0" <",
If the time step satisfy the additional condition

2At
— max|05g| < 1, (47)
Myp

then
Vj € Z, u}“‘l < a;’“ and V"t <gntl
Proof. The case where v™ is equal to v is a straightforward. On the one hand the monotonicity

assumption (IZ) on g and the CFL condition (20) yield as usual

n+1 __ n n n n —n -n —n ny __ =
Uy *HA(Uj—pujvuj-g-pU )SH/\(UJ‘—hUj,Uj-f-pU ) = U]

On the other hand,
At

Mp

o=t ((gx — g0 (@g, a7, v") — (g5 — gX)(ug, ui,v")
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is nonnegative by Hypothesis (I9).
We now focus on the case where (u}’)jez is equal to (ﬂ?)jez and v™ < ¢". For j < —1 and j > 2,

a straightforward computation gives that there exists a7, /2 € [uf, ujq] and b7, /2 € [u

such that

U

Jj— ?*1’11'?]

1
ntl _ ﬁ}”l = M/ Org(uf, ufyq,v" + (0" —v")) = Og(ufj_q,uf,v" + (0" —v"))dt
0

1
:”/“”—”H%MWW%DW+NW—Mm
0
—0sg(uff_y,uf, 0" + (0" —o"))] dt
1
= /j//o (’Dn — ’U’”) {8239(1;?, a?+1/2’vn + t(’Dn _ Un))(u;}+1 o U;L)

P )]

+813g(b;}71/25 ’U/;-L, v" + t(ﬁn - Un))(uj J

Moreover, u?_; <u! < uj,; because we are considering elements of S, thus if d3g is decreasing with

respect to its first two variables, u;

ntl < ﬂ?“. The same reasoning extends to j € {0, 1} because

uy — ul < A. Eventually,

At
/Dn+1 - Un+1 =0" —v" + _(g(uga ’U/? + )‘aﬁn) - g(uga ’U/? + )\’,Un))

My
At n n =n n n n
- _(g(uo - /\7ulvv ) 79(“0 - /\7ulvv ))

mp

2At

> <1 - — max|83g|) (" — "),
mp
which is nonnegative if (@) holds. O
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