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Abstract

We study a family of non linear schemes for the numerical solution of
linear advection on arbitrary grids in several space dimension. A proof
of weak convergence of the family of schemes is given, based on a new
Longitudinal Variation Diminishing (LVD) estimate. This estimate is to
be a multidimensional equivalent to the well-known TVD estimate in one
dimension. The proof uses a corollary of the Perron-Frobenius theorem
applied to a generalized Harten formalism.
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1 Introduction

We address the numerical solution of linear advection in several space dimen-
sions on triangular or quadrangular arbitrary grids, with either linear or non
linear schemes. This problem relies on the general theory of numerical approx-
imation of scalar linear and non linear hyperbolic equations by means of finite
volume methods. In his seminal work in 1D ([12], [11]), Harten introduced what
is commonly referred to as the Harten formalism. TVD (Total Variation Dimin-
ishing) schemes derived from the Harten formalism for the numerical solution in
1D of various linear and non linear hyperbolic problems are now very popular:
see also [13], [14], [15], [28], [21], [20], [7], [34] and the references therein.

We refer to [18] and [19] for a presentation of major issues about the devel-
opment of non dissipative schemes for linear advection in 2D for discontinuous
flows: see also [29], [20], [7], [30], [31], [2], [32], [33], [35]. We particularly
agree with Roe and Sidilkover ([18]): “Genuinely multidimensional algorithms
are only just beginning to be understood”; see also LeVeque ([7] page 207). To
our opinion this is strongly related to the lack of a general multidimensional
VD (Variation Diminishing) estimate in 2D on arbitrary grids. Deriving gen-
eral VD estimates for genuinely multidimensional schemes for various linear and
non linear problems on arbitrary grids is challenging. This has been reported for



instance by Lax (in Systems of conservation laws and related topics: a confer-
ence celebrating Burt Wendroff’s birthday): ”Much efforts were spent on trying
to devise TVD schemes for multidimensional conservation laws. The search is,
of course, doomed to failure, since TV does not D in more than one dimension”.

The actual theory of approximation ([1], [5], [36], [3]), also suffers from the
lack of a general BV (Bounded Variation) estimate, at least on general grids. It
has motivated convergence study on arbitrary grids by mean of measure value
solutions [16], [17] at the numerical level, by the so called kinetic formulation [6],
[3], and via Kuznetsov error approximation [5], [1]. Nevertheless BV estimates
exist for Cartesian meshes [9], [10], thus allowing to obtain optimal bounds for
the numerical error on Cartesian meshes.

This work is an attempt to set a convenient framework for the development
and analysis of genuinely multidimensional schemes on arbitrary grids. Our
main result is an extension of TVD schemes and TVD estimate, called in the
following LVD (Longitudinal Variation Diminishing) schemes and LVD estimate.
Note that it does not enter in contradiction with Lax’s remark: T is replaced
by L, V is unchanged, the gain is D. An abstract of the paper is the following.

Let Q C R? be a bounded domain, and let () be an arbitrary mesh of
Q. For any time evolution equation, consider a finite volume approximation:
o (resp. @;) is the current (resp. updated) numerical solution in the cell ;.
Assume that a scheme allows to compute &;’s from the o, such that

Vi, Fy; € [0,1], @ = (1 =)+ > Pk, (1)
k
where P = (pji) is a stochastic matriz (cf. [26]):
> pik =1, Vj and pjr > 0y, k.
k

The dimension of the matriz P is the number of cells, assumed to be finite.

Definition 1 We say that a scheme which may written as (1) satisfies a gen-
eralized Harten formalism.

LVD estimate for generalized Harten formalism. For a scheme (1)
there exists non negative weights A; > 0 (with at least one which is non zero)
which depend on P and do not depend on the vy;’s, a;’s and @;’s, such that the
estimate (2) holds

ZAj a; — ijkak < ZAJ' aj — ijkak
j % j 3

The weights A = (A;) are solution of a global eigenvector problem for the
eigenvalue 1

: (2)

P'A = A.



In the following P is such that (2) is an estimate of the Total Variation Longi-
tudinally to the streamlines. This is the reason why we propose to retain this
LVD (Longitudinal Variation Diminishing) terminology.

LVD estimate for linear advection. Consider 2D linear advection with
periodic boundary conditions

o+ aNVa=0, (t,z)€[0,T] x Qpe,.

a is given and constant. Consider the standard finite volume upwind approxi-
mation on arbitrary grid of this problem: «; is the current numerical solution
in the cell Q;; @; is the updated numerical solution in the same cell. De-
note I~ (j) the set of neighboring incoming cells (i.e. k € I~ (j) if and only
if mji = _fﬁjm@(a’ fi;) > 0), and define pjr, = Zleﬁijs)w if ke I=(j) and
ik =0 if k& I7(j).

Then a) the upwind scheme may be rewritten as (1) using the matriz P given
above, b) for this particular matriz P the weights A; (2) are given explicitly

Aj = Z mji.

lel= (@)

As a consequence the LVD estimate (2) for the upwind scheme applied to linear
advection may be rewritten as

SO mpna; — > mgd| <[ Y mipa;— > myrox|.

J | kel=(@) keI~ (j) J | keI=(@) keI~ (j)
(3)

In 1D one easily checks on simple examples (a > 0) that pj, = d;,;-1 and
A;=1.So0(2)isin 1D

Sl = <Y ey —ajal. (4)
i i

It explains why inequality (2) is a multidimensional generalization of the well
known 1D TVD inequality (4). The upwind scheme discussed in the following
is the simplest example of a scheme for which the generalized Harten formalism
(1) is true.

In section 2, we introduce some notations: linear advection is, in this work,
the model problem. In section 3 we propose a 2D generalization on arbitrary
grids of TVD schemes, based on an extension of the formalism [22], [24]. These
schemes are non linear in the general case and satisfy a generalized Harten
formalism. In section 4 we derive a natural Variation Diminishing estimate
(2) for this family of schemes on arbitrary grids. We propose to call it LVD
estimate due to the presence of various weights. The proof of the LVD estimate
relies on essentially three points: a) rewriting the generalized Harten formalism
with a stochastic matrix P; b) the Perron-Frobenius theorem for the study
in the general case of the maximal left eigenvector of this matrix; c) explicit



calculation of the maximal left eigenvector for the matrix P defined by the
numerical approximation of linear advection. Simple examples on square grids
show that the LVD estimate is a natural extension on arbitrary grids of the
TVD estimate. Finally in section 5 and for sake of completeness, a simple
consequence of the LVD estimate on arbitrary grids is WBV (Weak Bounded
Variation) estimates [1] with better constants (see also [36]). It gives a proof
of weak convergence on 2D arbitrary uniformly regular triangular mesh for all
linear non linear LV D schemes defined in section 3.

It is worthwhile to notice that the standard proof of convergence via WBV
estimates assumes enough dissipation of the scheme: see [1] for a complete
discussion. Our proof does not assume such a dissipation process: it is an im-
portant advantage of LVD estimates. It leaves place for the study of convergent
non linear and non dissipative schemes for linear advection and transport equa-
tion on arbitrary grids (recent progress has been made on finite difference grids
[24], [22]). We delay to a forthcoming work the question of finding optimal non
dissipative LVD schemes for “real computations”.

2 Notations and model problem

We consider the following linear advection model problem

{ S+ aVa =0, (t,x) € [0,T] x Q, )

at=0,z) = ap(z), =€
For sake of simplicity we consider the 2D case
Q=10,1] x [0,1] C R?, (6)

assume that @ # 0 is constant in space and time, and supplement (5) with
periodic boundary conditions

Oz(t, O, IQ) = Ot(t, 1,$2), (tva) € [Oa T] X [Oa 1]3 (7)
at,x1,0) = alt,z1,1), (t,21)€[0,T] x [0,1].
Let (€2,),es be a finite mesh of Q
QN =0, ik jAk 5
UjesQ; =2 =Q.

The shape of any cell is arbitrary. Most usual cases are square cells (finite
difference) or triangle cells (finite volume).

Two cells are neighboring cells if and only if they have an edge in common
(taking in account periodic boundary conditions). Each cell has a finite number
of neighbors: I(j) is the set of indices of the neighbors of cell j. The outgoing
normal from €2; on the edge Q; N €Yy, is denoted as 7. Of course the outgoing
normal from €; is the opposite of the outgoing normal from €y, for k € I(j)

ﬁjk + ﬁkj =0. (9)
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Figure 1: I*(j) = {ko,k3}, I (45) = {k1}

We introduce some very natural notations

{ ljx = lx; = R-Lebesgue measure of Q; N Qy, a length, (10)

s; = R2%-Lebesgue measure of ©;, a surface.

We also define
I7(j) = {k € 1(j); (a@, 7ix) > 0},
1°(j) = {k € 1(5); (@, ;) = 0}, (11)
17(j) = {k € 1(j); (@, i) < O}.
and
mjk = mij = Li|(@, 7i51)]- (12)
I7(j) (resp. I7(j)) is the set of outgoing (resp. incoming) cells from ;. An
example on triangle is given in figure 1. With all these notations a standard
finite volume like method may be defined as
sj% + Z MKk — Z | mipor =0, Vi€ J, (13)
kelt(j) kel—(j)

where m;,a i is the flux value integrated along the edge Q; N Qy, to be deter-
mined. In order to save notations the index of iteration n has been omitted: o

stands for the current value in the cell €2}, a; = o; @; stands for the updated

value in the same cell, &; = oz}H_l; since we study explicit schemes, a;j stands
for a7, In the following we consider symmetric values of the fluxes
o = ag; for k € I(j5), (14)

thus the scheme (13) is conservative.
Of course the standard upwind value of the flux

o = ay for ke I7(j) (15)

gives the well known upwind scheme

T — Qs '
Sj ]At J + Z mipQ; — Z Mgy = 0, Vj c J. (16)
kelt(j) kel-(4)



The following formula will play an important role in the analysis.
Lemma 1 One has the equality
S ompe= > my, Vi (17)
keIt (5) keI~ ()
It is a well-known consequence of the divergence theorem
0= [ diva= [ @)= > mu- Z s
2 9% kEI+(j) kel-

Here (.,.) denotes the standard scalar product.
It is straightforward to check that the upwind scheme (16) may be rewritten

as
@ = (1= )+ Y pjka, (18)
%
with
ALY per- () Mk
Vi = Py
J
and

mijk — (1
Pik = Sy R EL(),
pjk =0, VEE I (j).

Assuming a CFL condition, then 0 < v; <1 for all j. It is clear from intuitive
geometrical reasons that Zkel,(j) m;, > 0, so the definition of p;; makes sense.
See (65) in the appendix for a rigorous proof.

3 Some non linear schemes

In this section we propose other values of the fluxes than the upwind ones (15).
Our purpose is to show that the LVD estimate, consequence (next section) of
the generalized Harten formalism (18), is not restricted to the upwind scheme.
These new fluxes define non linear schemes, even if linear advection is a linear
equation: it is already the case in the 1D TVD theory [20].

The construction is an extension on arbitrary grids of the recent work [24],
[22] about non dissipative TVD schemes on regular grids. We assume that
the fluxes ajj, have to satisfy a compatibility principle for all & € IT(j), a
compatibility principle for all k € I7(j), plus a kind of L* estimate.

3.1 Compatibility principle for all k € I7(j)

We impose to the flux a;; to be a convex combination of a; and aj. The

compatibility principle means that the combination coefficient is the same for
all k € IT(5)

Qjf = (1 — Bj)aj +6jak; ﬁj S [0, 1], vk € I+(j), V‘] e J. (19)



3.2 Compatibility principle for all k € I~ ()

We assume that the fluxes satisfy

Z mjy | min (aj,ijkak> < Z My Ok (20)

kel (5) k kel—(j)

< Z mjr | max (aj,ijkak>,

kel—(3) k
where

P — 0, Wk & I-(j). (21)

We will see in the following what this assumption means.
Since pjr, = 0 Vk & I~ (j), then the sum in (20) is restricted to k € I~(j).
Note the interesting property

> bk =1Yj, pjx >0 Vik.
k

= Mk —(1
{pjk— s YhE (),

A rigorous proof of Zkel,(j) mjx, > 0 is given in section A, formula (65).
If ever only one index is in I~ (j) (in other words I~ (j) = {ko}), then

Pjko = =22 =1. In this case (20) may be rewritten as

ko
min(ay, ag,) < ajp < max(ay, ag,),

and is a direct consequence of (19). Thus the constraint (20) is active only if
card(I~(j)) > 1.
A simple manner to enforce (20) is to adopt the convention:

if | Y mk(ax —ay) | (aw — a;) < 0 for some k' € I7(j), (22)
Kel=(5)

then we impose
B =0 Vk eI (j). (23)

A simple interpretation of (20) is the following: if the upwind scheme (16)
predicts an increasing (resp. decreasing) value of @; then all the incoming fluxes
have to follow this prediction.

3.3 L™ estimate

We would like to impose the following L estimate

min (aj, ijkak> <@; < max (aj,ijkak> . (24)

k k



Inequality (24) is indeed a L stability estimate, since it implies

min ( j, min o | <a; <max | o;, max g | . (25)
kel—(4) kel (4)

A simple way to enforce (24) for a general scheme (13) is to impose some con-
straints on the fluxes. We do this with the help of the formalism developed in
[22]. First of all we use (13) and rewrite (24) as

.y
Z mjkoyk + Kjt <04j — max <aj,2pjkak>> Z mikcyk, (26)

kel (j) k kelt(j)
and
Sj )
Z Mk < Z Mk + Kjt <04j — min <aj, ijkak>> . (27)
keIt (j) kel—(5) k

The compatibility principle (20) allows to eliminate incoming fluxes in (26-
27). We derive a sufficient double inequality

Z mji | max <aj,2pjk04k>
k

kel=(5)

5.
+A_Jt <ozj — max <ozj,2pjko¢k>> Z mjkajk, (28)

k keIt (j
and

Z Mk < Z M | min (%Z%M) (29)
k

keIt (j) kel=(4)
S; .
+Kjt (aj — min <aj,¥pjkak>> .

Lemma 2 If (20) and (28-29) are true then (26-27) is true so the L* estimate
(25) is true.

We thus have

Note that (28-29) is an inequality only for the 3; variable, due the compat-
ibility principle (19) for k € I (j)

ST ompragr =Y mgag 8 Y myk(ak — o).

kelt(j) kelt(j) kelt(j5)
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Figure 2: Example of monotone profile on a cartesian mesh

We rewrite (28-29) as

5
A; > .)mjk (aj — max (% ijkak>> <B;i D muk ok —ay)
J

kel—( k kel (j5)
(30)
and
Bi Z mi (ar — ;) < % - Z Mk (aj — min <0<jazpjkak>>
kelt(j) kel—(3) k
(31)

(recall lemma 13 37, o vy Mk = D per- () Miks VJ)-
The following result states that at least 5; = 0 (i.e. the upwind scheme) is a
solution of (19), (20) and (30-31). In other terms all inequalities are compatible.

Theorem 1 Assume that the CFL condition

Zke]+(j) Mjk
Sj

At<1, VjelJ (32)

is satisfied. Then B; = 0 solves the inequalities (19), (20) and (30-81) for all
jeJ.

Due to the CFL condition the left hand side of (30) is non positive and the
right hand side of (31) is non negative. So 8; = 0 is a solution.

However the upwind scheme (; = 0 Vj) is not the only solution of inequal-
ities (19), (20) and (30-31).

10



For sake of simplicity consider a cartesian mesh (figure 2) and assume that
a given numerical profile (¢;); is monotone, in the sense that

ax < oy, Vi, Yk € I7(5). (33)

One is frequently faced with this monotone situation in applications (or with the
revers situation: ax > o). In this case (22) is never true: in other words, (20)
is automaticly true. So it is sufficient to consider only (30) and (31). Now the
term 35 3 pcr+ ;) Mk (i — @) is the product of 8; with a positive coefficient
> ker+(j) Mk (akx — a;). Thanks to a strict CFL condition

. m'k
L%H(” At <1
S5

and to (33), the left hand side of (30) is negative and the right hand side of (31)
is positive. We deduce that all 3; in the interval

B; € [0, 57,
pes = (% = 2kel-(j) mjk) oy —min{os Dy ricon) g

D ker+ ) Mik(ak—aj)

(34)

are other values such that (19), (20) and (30-31) are true. As a consequence the
L estimate (24) is true for this choice of §;. We have proved

Corollary 1 There exists other fluxes and other schemes than the upwind scheme
such that (24) is true. In the monotone situation (33), formula (34) is an ex-
ample.

We stop here this discussion and prefer to concentrate on the consequences
of (24).
4 Longitudinal Variation Diminishing estimate

Now we derive the LVD estimate for all schemes (13) such that the L> estimate
(24) is true. Necessarily @; is a convex combination of the upper and lower
bounds of (24).

Vi, 3y €[0,1], @ = (1 =) +7 > Pk (35)
k

This is the generalized Harten formalism. In dimension 1, (35) implies the TVD
estimate (4).

11



Let us gather all these quantities using some vector and matrix notations

P = (pjr), a square matrix,

I = diag(1), the identity matrix,
D = diag(v,), a diagonal matrix,
X = (aj), a vector,

X = (a;), a vector,

Y = ’((I—P)X)j ) , a vector,

Y =(|(I- P)Y)j) , a vector.

All these objects are of dimension card.J, number of cells. As already mentioned
a matrix P such that pj;, > 0, Vj, k, and }_, pjr = 1, Vj is called a stochastic
matrix [26].
We rewrite (35) as
X=X-D(I-P)X.

Thus

(I-P) X =(I-P)X—(I-P)D(I-P)X =(I-D)(I-P)X+PD(I-P)X. (36)
Now we introduce the natural vector ordering
V vectors (X,Y), X <Y if and only if X; <Y; Vj,
and the natural matricial ordering
V matrices (P,Q), P <@ if and only if P, < Qji Vj, k.

Taking the absolute value of each coefficient of the vector equation (36) we

obtain o
Y <(I-D)Y + PDY.

We have used the positivity of P and the very important property 0 < D < I,
which is a consequence of its definition. In summary we have

Y <Y+ (P-1I)DY. (37)

4.1 Basic properties of the matrix P

Since P is a matrix with non negative coefficients such that >, p;r = 1, Vk,
then

[Pllc =1 (38)
for the induced matrix [°° norm
|[PX oo
[|IPX||o0 = r}(li)gm, where || X||o = m]ax|Xj|.

12



Since

E= (39)

is clearly a right eigenvector of the matrix P (indeed, PE = E), we know that
there exists at least one left eigenvector of the matrix P, for the same eigenvalue.
We denote this left eigenvector as A,

AP = AL (40)
If we assume that all the components of A are non negative,
A; >0,
then we deduce from (37)
(A,Y) < (A, Y)+ ((P'—=I)A, DY) = (A,Y), (41)

where (.,.) denotes the standard [? scalar product. This is exactly what we call
the Longitudinal Variation Diminishing estimate. Note that A depends only on
P and not on (). It depends only on @ and on the mesh. In particular it is
constant in time.

4.2 More properties of the matrix P

So the key point is to prove that the left eigenvector A is indeed a non nega-
tive vector. Reminiscence of the Krein-Rutman [25] theorem or of the Perron-
Frobenius theorem [25], [26] gives some hints that this property is true. Let us
recall the following result which is a corollary of the Perron-Frobenius theorem
[26].

Theorem 2 Let A # 0 be a non negative square matrix with non negative
coefficients
Ajk > O,Vj, k.

Then there exists one mazximal real eigenvalue
A= p(4) >0,
associated with a non negative eigenvector A # 0
Aj >0 V5,

such that
AA = DA

13



Applying this theorem to A = P? and since p(P?) = p(P) = 1, it explains
why A; >0, A # 0, is true (A being defined by (40) and A = 1). If we assume
moreover that the matrix A is irreducible, the Perron-Frobenius theorem states
that A > 0, ie. A; > 0 for all 5.

With straightforward notations we denote X™ = (') the numerical solution

of the scheme (13) at the nth time step. We assume it enters the generalized
Harten formalism:

Vn, V4, 3yi €[0,1], a}”‘l =1 —=9j)a} +97 ijka};. (42)
k

Y™ =|(I — P)X"| is defined by

Y/ =Y pila] —af)l
k

Iterating in time (41) and since A depends only on the constant matrix P, we
get

Theorem 3 A numerical solution of any scheme verifying (42) satisfies the
LVD (Longitudinal Variation Diminishing) estimate

(A, Y™) < (A Y"1 <. < (A, Y9 (43)

that is

DoAY ikl —a)l < DAY plal — ). (44)
i K 7 P

4.3 More about the left eigenvector

Thus the previously cited corollary of the Perron-Frobenius theorem gives an
abstract framework such that a generic diminishing estimate holds for every
scheme which may be rewritten as (42). Hopefully it is possible, in the case of
linear advection, to give the exact value of the weights.

Theorem 4 Consider the matriz P given by (21). Then a solution of (40) is

Aj= > m>0. (45)
kel=(j)

All A;’s defined by (45) are positive due to (64). The equation P'A = A
means that

> prihe = A, Vi,
k

3 (#) A=A, Vj (46)

_ m
keI+(5) rel— (k) kr

that is

14



Define

Then we rewrite (46) as

S )= D mye | py Vi (47)

kel*(5) rel=(j)
Due to the divergence identity (17) one has
S o X me Y
rel—(j) rel*(j) keIt (j)
Thus (47) is
S k)= D mu | n, i (48)
keIt (j) keIt ()

Finally u; =1 for all j is a solution. It proves (45).

Corollary 2 Consider a numerical solution of the scheme (13) such that (35)
is true (assuming a CFL condition, the upwind scheme is an example of such a
scheme). Then the following diminishing estimate holds

Z Z mjk | @ — Z ML (49)

J kel=(j) kel=(j)
<2 2 ma )= X maan
J kel—=(j) kel=(j)

The proof is by direct calculation: consider (44), use (45) and combine with
the definition (21) of P.

At this point we would like to make a comment: at first sight (49) may be
considered as a numerical approximation of the L norm of div(ad) = @.Va. It
would be elegant to find a continuous definition of the same quantity, such that
both definitions (the discrete one and the continuous one) give the same result
(as it is the case in 1D). Actually it is not so clear for us how to find this kind
of continuous definition in the multi-D case.

4.4 The matrix P for square cells

Here we discuss the simple example where the cells are squares. In some sense
this example corresponds to finite differences. It is clear that in this case A; =
Ay, for all j, k (see (45)). So the diminishing inequality simplifies into

Z|Zpak o |<Z|Zpak0‘ —ap)] (50)

15



Figure 3: Example: @ = (v/2/2,v/2/2)
We consider two cases.
a) Assume that @ = (v/2/2,v/2/2). So
1
Pik = 5 Vk € I7(j), pjr =0 otherwise.

pjk is non zero if and only if the cell £ is immediately under or on the left
of the cell j. In the example of figure 3

1
Piki = Pjka = 5 and pjk, = pjk, = 0.

By summation we thus obtain

Z ay SZ ag—% Z adl. (51)
5 ,

J keI~ (j)

]
-

b) Assume that @ = (1,0). So
pik =1k €I (j), pjr =0 otherwise.

pjk is non zero if and only if the cell £ is immediately on the left of the
cell j. In the example of figure 4

Pjks = 1 and pjk, = Pjks; = Pjk, = 0.
We thus obtain

> > jaff — af

lines \j,k neighboring on the line

<Y > jaf —agl | - (52)

lines \j,k neighboring on the line
In this case LVD is TVD only line by line.

16



Figure 4: Example: @ = (1,0)

Here we see that LVD is TVD longitudinally to the streamlines due to the weights
pjx and |(@,,;)|. This is the reason why we propose to retain this LVD (Lon-
gitudinal Variation Diminishing) terminology.

5 A proof of weak convergence for LVD schemes

A LVD scheme refers to a scheme (13) which satisfies the LVD estimates of
theorem 3, consequence of (42). Proving strong convergence with optimal rate
of convergence for these kind of non linear schemes on arbitrary grids is still
an open problem nowadays. Many researchers have stressed that non optimal
bounds for the error are probably due to the lack of a BV estimate. Since
the core of our work is precisely the derivation of such a LVD estimate for
arbitrary grids, there is some hope that optimal bounds will take advantage
of the approach developed in this work. Moreover optimal error estimates for
monotone schemes need Kruzkov entropy inequalities (9], [10], [1], [5]), which
are far from the scope of this paper.

From both examples on square grids (51-52) it is clear that LVD does not
imply TVD: at most TVD line by line in the case (52). As a consequence it is
not possible to rely on Helly’s theorem (compact embedding of BV N L' C L',
see [20]) in order to prove strong convergence for general grids.

So we delay the question of strong convergence, and rely on an analysis of
[1] in order to simply prove weak convergence via Weak Bounded Variations
estimates.

An interest of the following proof is that we do not assume that the scheme
is monotone as in [1]. The LVD estimate and ag € L>(£2) N BV () is sufficient.

More precise definition of uniformly regular meshes could be found in [27].
For the sake of simplicity, we consider in the following only meshes with triangle
cells or quadrilateral cells.

Theorem 5 Be Q = [0,1]x[0,1] C R2. Let us consider a sequence of triangular
or quadrangular meshes with Ax — 0: Az is a characteristic length of the mesh.
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We assume that the sequence of meshes is uniformly regular in the sense that
ey, co,c03) € (R+’*)3,
such that for every mesh in the sequence
Lir < a1z, e Az? < 55 < csAz?, Vi, k. (53)

Let ag € L>®(Q) N BV (). Let aa, be a sequence of numerical solutions, such
that

a) the initial value is given by the total mass approximation

1
0
Az 5 Jo, o) (54)

(note that s; and ; depend on Ax),
b) for each Ax, o'k, is given by the scheme (13-14),
c) the fluz is a convex combination of the unknowns on both sides
min(a;, ag) < ajrp < max(oj, ak),
as in (19),
d) equality (42) is true for all j and n.

The upwind scheme (15-54) together with the CFL condition (32) is an example
of such a sequence of numerical solutions. Another non linear example is given
i corollary 1.

Let us define

QB = "an,) x 17 € L=([0,T] x ),
imn

that is
P (x,t) = angy Y(x,t) € Qx|nAt, (n + 1)At].

Let o € L*>=([0,T] x Q) be the solution of

{ Ora+a.Va =0, (55)

a(0,2) = ap(x),

with periodic boundary conditions: a(z,t) = ag(t— (@, x)). Then o™ converges
in L>°*([0,T] x Q) to «, that is,

Yo € LY([0,T] x Q), A13'1}20 </[0 . Q(ozAz - a)gad:cdt) =0. (56)
T %

18



In [1] the previous result of convergence is based on the first of these two
following WBYV estimates

ZAtZ Z m3k|aAmJ OéAmz|§ ¢ , QAL =T, (57)

Jj kel—(j)

and

(58)

p=Q
, pFl _
2 SV EERRRCH
p=0 j
The constant C' > 0 depends only on «p, @, T = QAt and on (c1, ¢2, ¢3) charac-
terizing the regularity of the mesh. In fact in [1] C' depends also on an additional
parameter which states that the CFL number must be strictly less than one.

Moreover it is possible for the upwind scheme (15) to replace the bound 1 in
(58) by C. Thus the constant in our WBV estimates (57-58) is slightly better
than in the original work [1]. Note that we impose ag € L (Q) N BV (Q) in our
hypothesis while [1] needs only o € L*>(f2): it is a consequence of the use of
the LVD estimate.

Lemma 3 Assume all the hypothesis of the previous theorem. Then the WBV
estimates (57-58) are true with a bound C' > 0 which depends only on «p, @,
T = QAt and (cq,c2,c3).

To prove the WBYV estimates it is sufficient to consider the LVD estimate
(44) which is a consequence of (19) (see theorem 3).

D1 2 murlaasf —aadDl <31 D, mu(oas) - asd)]

J o keI—(j) J kel—(§)

<lal (> Z Lirlaas) — anap] | = lalleaz’lzv -
Jj kelI—(j)

We have used the definition of the BV norm, true for a piecewise constant
function (see [8])

HaAacHBV(Q) = Z Z ljk|aAzj - OéAzk|-

3 kel=(GHUI)

Here we use the continuity of the L? projection on arbitrary uniformly regular
grids in BV space (see appendix C):

C >0, |laa’|svi) < Clloollsvi), YAz > 0. (59)
Thus
ST YD milans] —ansf)| < C (60)

J kel (j)
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(here and in the following C' denotes an undefined constant)

Now let us define
Ak, =Y an) x1; € L®(Q)

apg(T,t) = ans; Yo e

that is
Then we use ||&X ||z < ||ao||ze= (which is a consequence of (25) and (54)) and
a discrete integration by part (see formula (67) in appendix B) to obtain
T— OAAIQ)O[AI?

QAIZ)2:22 Z mjk(ansy

J kelI—(j)

Z Z mgk aAzJ
QA$Z)| <C.

J kelI—(j)
<2an:"lle= Y 1 D> mlaas] -

J kel—(j)

From the Cauchy-Schwarz inequality one has
aAzZ

E E mjklaas; —
L
2

J kelI—(j)
2

1
3
<X Z s > D maklans - ased)
J kel—(j)

i kel
Inequality (66) of the appendlx true for a triangular or quadrangular uniformly
(61)

regular mesh, gives

Z Z m]k|aA;E] _aALEk|<

J kel=(j)
), and the definition

After summation in time we obtain (57)
Concerning (58): it is a direct consequence of (60), (
- aac)

of the scheme
silan:"T —aa i) =—-At Z mk(Qaz]

keI~ (j)

—At Z m;k(OZAka ozAzJ)—i-At Z mjk(aAach QAgE)
kel=(j)
Since the flux is a

kelt(4)
The first right hand side contribution is bounded by (60)
convex combination of the upwind and downwind values (compatibility princi-
ple (19)), the second and third right hand side contributions are bounded thanks
C
— At

o (61). It gives
- aALIJJl < 3Atz Z m]k|aAwJ O‘Am;ﬂ S

Zsﬂaﬁwa
J J kel—(j)
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After summation in time it gives (58). Considering the upwind scheme the
second and third right hand side contributions vanish: it gives for the upwind
scheme only

Zsﬂamﬁ] —aaqg;| < Atz Z mjk(aaz; — ancy)| < CAL,

J J |kelI—(5)

which gives a sharper estimate (C' instead of 1) in (58). This ends the proof

Ax?2
of lemma 3.

Final proof of theorem 5
Since ap € L*(€2) then the approximation o
L>([0,T] x Q)

Az s uniformly bounded in

3C > 0, |a®" || L (o, 7)x0) < C-

It implies the existence of a € L>([0,T] x ) such that a®* converges to « in
the Lo*([0,T] x ) sense (up to an extracted subsequence). Now essentially
copying the proof in [1] it gives the result (55). Let p» € C*([0,7] x Q) be a
smooth test function. We assume that p(z,T) = 0 Va € Q. We multiply (13)
by f—jtgp(:zr, (n + 1)At), integrate over x € €; and sum for all j and for all

OgnSQ:%. It gives
AAw + BA;E + DAm = 07
where

Ape = Z Z OZAac;H'l an?)/Q gp(aj, (n + 1)At)d:c
noj

J

At . .
BAIZZZS—j > mjr(ans] — anep) / o(x, (n + 1)At)dz
L

kel (5) @,

and

Daz=Y_Y | > mulaash —ans) = > mjr(easly — caap)
n

J kel (5) kel—(j)
(62)

><—/ z, (n + 1)At)dx

Following [1] we note that

/ / (x,t)0rp(x, t)dxdt — / ag(z)p(z,0)dr
0,7] Q

1
+Z/Qj ao () (w(xvo) 5 /Qj w(y,O)dy> dz.
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Az

Since a”~® converges to « in the L°*([0,T] x Q) sense, we get

Apnz — —/ / afx, t)0vp(x, t)dedt — / ap(z)p(z,0)dr as Az — 0
[0,71/0 Q

(recall that d;p € L'). Similarly we have

(n+1)At
/ / ATz 1)d@.Vp(x, t)dedt

—i—ZZAt Z mjk(aAmy—aAwZ)
noj

keI~ ()

1 (n+1)At
x | — n+ 1)At)d / / o(x,t)dldt | | .
/ ol (n+ 1) ka IV SEY)

Since ¢ is smooth there exists C' > 0 such that

1 1 (n+1)At
— / o(z, (n + 1)At)dz — / / o(x, t)dldt
sj Ja, ik At Jna [oMaTom

J

< CAz, Vj, k.

Thus using (60)
Y A Y mpaas? - and)
n.o g kel (j)

1

(n+1)At
x| — / o(x, (n+ 1)At)dx — / / o(x, t)dldt
8; Ja, JkAt nA [SFiaIor

Cl CAx < CAz?.

€r2

AT converges to a in the L>*([0,T] x Q) sense, we get

Ax — — / / alz,t)a.Ve(z, t)dedt as Ax — 0.
0,71 /0

If we assume that lima, .o Daz = 0, then

—/ /a(a:,t)(?t(p(x,t)dzdt—/ao(x)ga(:zr,())d:c
[0,7] JQ Q
/ / a(z, t)a.Ve(z, t)dedt = 0,
0,7 JQ

Yo € CH[0,T] x ), (T) = 0.

Since «
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Thus it proves that « is the weak solution of (55).
So it remains to prove that the extra term Da, tends to 0. We sum (62) by
part
DAz - ZAt Z mjk(aAz;‘Lk - O‘Am?)
n keIt (j)
1 1
x| — o(x, (n+ 1)At)dx — — o(z, (n + 1)At)dz | .
Q,

Sj Sk JQy

Since ¢ is smooth

3C > 0, < CAx.

1 / o(x, (n+ 1)At)dx — 1 o(x, (n+ 1)At)dx
S5 Jy Sk JQ,

Combining with (60) we get

CAz < CAz3.

©
Das| < S At
1Dag| <) A

I
p=0 L=

It implies lima,—0 Da; = 0 and ends the proof of theorem 5.
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A Regular grids

For sake of completeness, we prove here some elementary properties about uni-
formly regular triangular or quadrangular grids. More precise definition of uni-
formly regular meshes may be found in [27].

Let us consider a sequence of meshes with Az — 0: Ax is a characteristic
length of the mesh. We assume that the sequence of meshes is uniformly regular
in the sense that

A(c1,c0,c3) € (RJ“*)B, such that [, < 1Az, e Az? < 55 < c3sAx?, Vi, k
(63)
First we prove that such meshes satisfy

0<Cy Z mp < Z mj < Cy Z myi, Vi, k, (64)

lel— lel—(j) leI~ (k)

with C7 and Cs independent of the characteristic length of the mesh Ax.
Let f;(x) = (x — x;,d@)@ € R? be a linear vectorial function of x € R?,
Here x; € R? is the coordinate of any point inside the triangle €2;. From the

divergence theorem we get
/ divf; = / fi-ij,
Q; a9

where 7i; is the outgoing normal. It is equivalent to

Saa= 3 @i [ (x-x.a)

keI(5) 0%

Due to the various constants in (53) or (63) we obtain

coAd*(@a) < | Y (@ i)l nax |(x - x;,d)|
J

kel(j)
< CAz Y |(d, i) |k
kel(j)
(recall that the number of faces for each cell is less than 4).
Since
2 N @)=Y 1@ ap)le+ > 1@ )k
kel—(7) kelt(j) kel—(5)
= Z (@, ﬁﬂé)“ﬂu
kel(4)
we deduce
Jea >0, 0< e < > [(@ diw) Lk, V4. (65)
keI~ ()
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On the other hand >, ;- ;) |(@, k)|l is bounded from above
des > 0,

> 1@ i)k < csAz, Vj
kel (j)

It proves (64) with uniform constants C; = £

¢ and Cy =
Cr
For a uniformly regular triangular or quadrangular élesh we bound the
number of cells

mes () C
< < —.
card(J) < coAz? — Ax?

It implies that

> mal) o<

—— max Mik
. _ Az? jeg Y
J kelI—(j) kel—(j)

c .
§<E|G|U01ALE) )

(resp. 4) for triangular (resp. quadrangular) meshes. Thus

N

where U is 3

1

2

OID DI I s

J kel-(j) Az

[SE
—~
D
D
=

Here the constant C' depends on mes(2), @ and Cy

B A discrete integration by part formula

Here we need to prove

XY malmr =2y Y
J keI=(j) J keI=(j)
which is used in the proof of lemma 3. One has

2 Z e DRI EDY Z ke
Jj kel-

Jj kel=(j)

—zzmwzzm(

1 1
x5 —5( —xk)2+—xi)
J kel J kel

—Z S gl + = Z Z mjk >2—§Z 3 mgad,
J kel—(j) J kel— j i

k(5 — Th)T; (67)

Jj kel—
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Once more due to the divergence lemma

1 1 1 1

D DETE LS S IR TEEEL DD SRTE R Db D]
J keI~ (j) k jel~(k) J keIt (j) J keI~ (j)

Finally we obtain after simplification

> 2 ma‘k%—wkm%i > mglzy — )’

J kelI=(j) Jj kel=(j)

which is (67).

C Continuity of the L? projection into BV space

Here we have to prove (59).

This is a standard property, well known in finite element space, see [4] and
references therein. However and since most of previous proof of convergence for
finite volume approximations avoided the BV framework [1], [3], [5], we give
here a simple proof.

We assume all the hypothesis of section A and split the proof in three steps.

a) Let us consider a given mesh in a sequence of uniformly regular meshes. For
a given M = (z,y) € Q and a given R € R*, we denote as N'(M, R) the
number of cells ©; in the mesh such that Q; C B(M, R) where B(M, R)
stands for the ball centered at M with radius R. We claim that

vC'" > 0, 3C(C") > 0 independent of the mesh size Ax
such that VM € Q, we have N'(M,C'Ax) < C(C"). (68)
It is due to

meas(B(M, R)) = n(C'Ax)? > Z meas(£2;)
Q; CB(M,C' Ax)

> Z coAx? = N (M, C' Azx)cy Az?
Q; CB(M,C' Ax)

Thus
7T(C/)2

2

N(M,C'Azx) <

b) Now for two given adjacent cells ©; and Q, we define C(Q2;,Q) as the
smallest rectangle such that ; C C(€;,Q) and Q C C(Q;,8y). That
is

C (82, Q) = [aj, bjk] X [cjk, djx]
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with

ajr = min x, bjr = max  z,
(z,y)€2; U Q% (z,y)€Q; U Q% (69)
Cjk = min Y, djr = max

(z,9)€Q; U (z,)€Q; U

It is clear that there exists C' > 0 such that for all adjacent cells (€}, Q%)
V(M,M') € C(Q;,%), |M—M|<CAz. (70)

Indeed, since dc > 0 such that the diameter of each cell is smaller than
cAz, then (70) holds with C' = 2¢ (the mesch is assumed to be triangular
or quadrangular). As a consequence of this we have

meas(C(Q;, ) = (bjx — ajx) % (cjr. — dji) < (CAx)?,
and, because of the hypothesis (63), 3C such that
meas(C(Q, %)) = (bjx — ajx) X (¢jr — djx) < Cmax(s;,sp).  (71)
c) Let us now consider f € L*(Q)N BV (Q) and fa, given by the standard L?

projection
1
faz = Z <—/ f) lo;. (72)
— \ %5 Ja,

J

| fazllBv = k|— f—— il
?ﬂ O A
=3 Z

/ / (M) dM M’
i kel- UIO(J) J Sk IEQ MEQk

= Z Z / req; /Meszk ~ JQO] dM M’

7 kel-(Hurog) A%k

L
S D S / (M) ~ F(M)] dM dAL”
T kel- (U 1o() 5%k IMrec(Q.00) I MeC(Q;,0m)

Then

(73)
For M = (x,y) and M’ = (2/,y’) we bound

/m T oty ds + / Y o1 ds

z’ y'
< / 100 (5, )] ds + / 10, £ (', 5)] ds

[f(M) = f(M')] =

’

s/: ||Vf<s,y>||ds+/yy IV F(a', )] ds
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that is (using notations (69)

b]‘k

djk
IV £ (s, 9)l] ds + / IV £, 5)]| ds.

Jk Cik

F(M) — F(M)] < /

Next we incorporate this expression in (73) and get

[T S S

i ker-(Hu o) S5k

bk djk
X/ / / IIVf(s,y)IIds+/ IV f(2',s)||ds | dM dM’
M'eC(92;,Q) J MeC(2;,%) ajk Cik

DDV

T ker-(Hu o) 95

djk
/ / / / (/ ||Vf(s,y)||ds+/ ||Vf(:c’,s)||ds> dy dz dy d'
'=ajr JYy'=cjr Jr=0aj, Jy=cjr ajk Cjk

This can be written as

aclov <3 S L

J kelI-(HUIG) 5%k

A / [ 19wl dsdy ) dedy a
T/ =ajp _c]k T=a; cik Jajk
+/ / / (/ / ||Vf(x/,s)||dsdz/> dydmdy’) .
y'= T=ajk Cik =ajr Jcjk

J

Thus we have

l4
Wfacllev <3 Y P (bji — aj + dji — cj1)

S;8
J keI-(Hurog) Ik

X (bj — aji)(djr — Cjk)/ IVf(M)|dM,
C(Qj,Qk)

and, using (71),

l.
Ifacllay <> Y] 2 (bjr — aje + djp — cjn)

7 kel-(HuIog) 0

xmax(sj,sk)/ [V f(M)|dM.

C(£25,%)
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Due to the uniform regularity of the grid and (70) there exists C' > 0 such
that

L
%ﬂbjk —aji| + |djr — cji|) max(s;, sx) < C, Vj,k and VAz.
Sk

Thus we obtain

Ifazllay <C>0 > / |V f(M)|dM.
() 7 O )

J kel—(G)UI°

We rewrite this as

IIfMIIBVSC/Q| > 1| V)| dm.

i,k such that mec(Q;,94)
Now we use (70): if (z,y) € C(£2;,€y) then
Q; C B(M,diameter(C(Q2;,Q%))) C B(M,CAz).
Inequality (70) implies that the number of such cells is bounded

3C" > 0, > 1<C”.
4,k such that mec(Q;,94)

What is important is that C” is independent of the size of the mesh Axz.
So finally

fasllay < (CC") / IV £(M)[dM = (CC™)flpv.

Since all constants are independent of the mesh size it proves the continuity
of the L? projection in BV. The constant given here is sufficient for our
purposes, but is probably far from being optimal.

31



