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Abstract

An analysis of the error of the upwind scheme for transport equation with discontinuous
coefficients is provided. We consider here a velocity field that is bounded and one-sided Lipschitz
continuous. In this framework, solutions are defined in the sense of measures along the lines
of Poupaud and Rascle’s work. We study the convergence order of the upwind scheme in the
Wasserstein distances. More precisely, we prove that in this setting the convergence order is 1/2.
We also show the optimality of this result. In the appendix, we show that this result also applies
to other ”diffusive” "first order” schemes and to a forward semi-Lagrangian scheme.
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1 Introduction

This paper is devoted to the numerical analysis of an upwind scheme for the linear transport equation
in conservative form (continuity equation) with discontinuous coefficients. In space dimension d, this
equation reads
Op + div (ap) = 0, t>0, zeR% (1.1)

and is complemented with the initial condition p(0,-) = pi™.

We consider a rather weak regularity of the velocity, bounded and one-sided (right) Lipschitz
continuous (OSL for short):

a € L([0, +00); L= (R%))4

and there exists a € L} ([0, 4+00)) such that

loc
(a(t,z) —a(t,y),z —y) < at)z -yl (1.2)

where (-, -) stands for the Euclidean scalar product in R?. Note that, as a is assumed to be bounded,
the right Lipschitz continuity coefficient «(¢) is non-negative, for any ¢ > 0.
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Since the velocity a is not assumed Lipschitz continuous, the definition of solutions with the
characteristic curves is not straightforward. In [I7], Filippov proposed a notion of solution which
extends the classical one. Using this so-called Filippov flow, Poupaud and Rascle proposed in [26] a
notion of solutions to the conservative linear transport equation . They are defined as Z#pm"
where Z is the Filippov flow corresponding to the velocity a (note that a stability result of the
flow has been proved recently in [4]). In dimension 1, these solutions are equivalent to the duality
solutions defined in [8, 9]. Duality solutions have also been defined in higher dimensions in [10] but
the theory is still not complete for the conservative transport equation.

In the present setting, solutions to the continuity equation can form Dirac masses and then are
defined in the sense of measures. The numerical approximation of measure valued solutions to (|1.1))
requires a particular care. In dimension 1, Gosse & James, [I§], proposed a class of finite difference
numerical schemes that includes the one dimensional upwind scheme. Using the setting of duality
solutions, the convergence of these schemes has been obtained in the sense of measures. However no
error estimates are provided. More recently, Bouchut, Eymard & Prignet, in [7], have proposed a
different strategy in any dimension with a finite volume scheme defined by the characteristics (the
flow is assumed to be given). The convergence is proved, on general admissible meshes, in the sense
of measures, but no error estimates are provided.

We here present an error analysis of an upwind scheme for the continuity equation when the
coefficient a is one-sided Lipschitz continuous. More precisely, we prove that the order of convergence
of the scheme is 1/2 in Wasserstein distances W,.

The convergence order of the upwind scheme for transport equations has received a lot of at-
tention. When the velocity field is Lipschitz continuous, this scheme is known to be first order
convergent in the L norm for any smooth initial data in C2(R?) and for well-suited meshes, pro-
vided a stability (Courant-Friedrichs-Lewy) condition holds: see [5]. However, for non-smooth initial
data or on more general meshes, this order of convergence falls down to 1/2, in LP norms. This result
has been first proved in the Cartesian framework by Kuznetsov in [20] (this analysis is actually done
for the entropy solutions of scalar (nonlinear) hyperbolic equations). On quite general meshes, for
LY(R?) N BV (RY) initial data, the result was tackled in [24] and [12], in quite similar settings but
with very different methods, in the L® in time and L' in space norm (we here will use the formalism
developed in [12]). At last, let us mention that for initial data that are Lipschitz-continuous, the
convergence to the 1/2 — ¢ order in the L* norm (for any € > 0) is proved in [23] and again in
[12]. We also can mention [15] and [31] for related results. We emphasize that the techniques used
in [23, 24] and [12] are totally different. In the former, the technique is based on entropy estimates,
whereas in the latter, the proof relies on the construction of a stochastic characteristic defined as a
Markov chain.

Up to our knowledge, there are no error estimates for the upwind scheme or, more generally,
finite volume schemes, when the velocity field is less smooth. When the velocity field is given in
LY((0,T); (Wh1(2))9) for Q C R?, the convergence of numerical solutions, obtained thanks to an
upwind scheme, towards renormalized solutions of the transport equation is studied in [IT].

In this work we perform a numerical analysis of the upwind scheme in the weak framework where
the velocity field is one-sided Lipschitz continuous. More precisely, our main result is the following.

Result (see Theorem for a precise statement). Let p™ be a probability measure on R?
such that [gq |z|Ppi™i(dr) < oo for some p > 1. We assume that the velocity field a belongs to
L>([0, 4+00); L®(R%))? and satisfies the OSL condition (T.2). Let p be the solution of the transport
equation with initial datum p* (whose existence and uniqueness is recalled in Theorem
below). Let pa, be the numerical approximation computed thanks to the upwind scheme on a
Cartesian grid mesh with space step Az. Then, under a (usual) Courant-Friedrichs-Lewy condition
linking the time step At and the cell size Az, there exists a constant C' > 0, depending only on a,



p and p™ such that we have

VE>0,  Wylp(t), pas(t)) < c(\/m (t + /Ota(s)ds) + A:p) exp<(1 + A /Ot a(s)ds>. (1.3)

In this result, W, denotes the Wasserstein distance of order p > 1, whose definition will be
recalled below.

Remark 1.1 A natural question is then: equipped with this result, and now assuming that the
solution is, let us say, with bounded variation in space, do we recover a convergence order in a strong
norm such as L' in space? The answer is yes, thanks to an interpolation estimate by Santambrogio
([28]), which proof is reported in the Appendiz: let f, g be two non-negative functions in L'(R?)
with mass equal to 1. There exists a constant C € R such that

1f = gllps < CIf — gl L2 (F, g)V/2

where |- |gy denotes the total variation semi-norm on RY. Thus, we recover a 1/4 convergence order
in L'. This is not optimal: it is known that the convergence order is 1/2, but, to reach 1/2, one
should use the additional smoothness of the solution in the W1 estimate to obtain the convergence to
the first order.

The main idea of the proof of the theorem is, in the spirit of [I2], to show that, similar to the
exact solution, the numerical solution can be interpreted as the pushforward of the initial condition
by a (numerical) flow. However, this flow is stochastic whilst that associated with the original
equation is obviously deterministic. The numerical (deterministic) solution is then represented as
the expectation of the pushforward of the initial datum by the stochastic flow.

Finally, we emphasize that although our result is fully established for an upwind scheme, the
approach developed in this work can be easily extended to other schemes, as it is explained in the
appendix. Meanwhile, it is worth mentioning that, although our strategy is shown to work on any
general mesh for the semi-Lagrangian scheme discussed in the appendix, it works on a Cartesian
grid only for the upwind scheme under study. This is a major difference with [12], in which the
analysis of the upwind scheme is performed on a general mesh. The rationale for this difference is
as follows: In [12], the strategy for handling the upwind scheme on non-Cartesian grids relies on
a time reversal argument and, somehow, on the analysis of the characteristics associated with the
velocity field —a. Whilst there is no difficulty for doing so in the Lipschitz setting, this is of course
much more challenging under the weaker OSL condition since the ordinary differential equation
driven by —a is no more well-posed. We hope to address this question in future works.

The outline of the paper is the following. Section [2]is devoted to general definitions and notations
that will be used throughout the paper (in particular, we recall the notion of measure solutions to the
transport equation as defined in [26]). In Section we define the upwind scheme on a Cartesian
mesh and provide some basic properties for this scheme. Section [4]is devoted to the statement and
the proof of our main result: the convergence with order 1/2 of the upwind scheme on a Cartesian
grid. Finally, in order to illustrate the optimality of this order of convergence, we provide in Section
first an explicit computation of the error in a simple case, and then some numerical experiments
in dimension 1. An appendix provides an extension to other numerical (similar) schemes and the
proof of the lemma used in the preceding remark.

2 Measure solutions to the continuity equation

All along the paper, we will make use of the following notations. We denote by M;(R?) the space
of finite signed measures on R¢ equipped with the Borel o-field B(R?). For p € M;(R%), we denote



by |p|(RY) its total variation, or total mass. The space of measures My(R?) is endowed with the
weak topology o(M;(R%),Co(R?)), where Co(R?) is the set of continuous functions on R? that tend
to 0 at co. We then define Sy := C([0, +00); Mp(R?) — o(M,,Co(RY))) and we equip it with the
topology of uniform convergence on finite intervals of the form [0, 7], with 7" > 0.

For p a measure in Mb(]Rd) and Z a measurable map (throughout the paper, measurability is
understood as measurability with respect to the Borel o-fields when these latter are not specified),
we denote by Zxp the pushforward measure of p by Z; by definition, it satisfies

[ 6@) Zuptdn) = [ o2 ptdn) for any 6 € Co(R,
Rd Rd
or, equivalently,

Zyp(A)=p(Z71(A)) forany A€ B(RY).

Moreover, we denote by P(R?) the subspace of My (R?) made of probability measures on (R?, B(R?)).
Also, we let P,(R?) the space of probability measures with finite p-th order moment, p > 1:

Py(RY) = {u e P®Y) s [ [alPu(ds) < oo}.

Finally, for any probability space (2, 4,P) and any integrable random variable X from (£2,.4) into
(R, B(R)), we denote by E(X) the expectation of X.

2.1 Wasserstein distance

The space P,(R?) is endowed with the Wasserstein distance W), defined by (see e.g. [2, 32} 33])
1/p
W)=t L[y e y(ana) (2.4)
el (1) LJRIxRE

where I'(, v) is the set of measures on R? x R? with marginals p and v, i.e.

I'(p,v) = {7 € Pp(R? x RY); V¢ € Co(RY), /Rd Rdi(yl)'y(dyhdyz) = /Rdf(yl)u(dyl),

/Rded E(y2)v(dyr, dy2) = /]Rd f(yz)v(dyQ)} .

It is known that in the definition of W), the infimum is actually a minimum (see [32], 29]). A measure
that fulfils the minimum in the definition (2.4) of W), is called an optimal plan. The set of optimal
plans is denoted by I'g(p, ). Thus for all v € T'o(u, v), we have

Wy (p,v)P = / ly — z[Pyo(dz, dy).
Rd xRd
We will make use of the following properties of the Wasserstein distance. Given two measurable
maps X,Y : R? = R? we have the inequality
Wp( X, Vo) < [ X =Yl 1oy (2.5)
Indeed, 7 = (X,Y)up € T(Xpp, Yup) and [pq |z — y[P 7(dz, dy) = | X — Y”ip(u)'

More generally, for any probability space (2, A, P) and any two random variables X,Y : Q — R?
such that E[|X|P] and E[|Y'|P] are finite, we have

(Wp(X 4P, YyP))” <E(|X - Y), (2.6)

where X 4P and Y4 P denote the respective distributions of X and Y under P. The proof follows from
the same argument as above: 7 = (X,Y)4P € I'(X4P, Y4P) and [pq |z —y|? 7(dz, dy) = E[| X -Y|?].



2.2 Weak measure solutions for linear conservation laws

We recall in this section some useful results on weak measure solutions to the conservative transport
equation (I.I)), when driven by an initial datum p(0,-) = p™ € M,(R?) and a vector field a that
satisfies the OSL condition.

We start by the following definition of characteristics [17]:

Definition 2.1 Let us assume that a : [0,4+00) x R? 3 (t,2) + a(t,z) € R? is a (measurable) vector
field. A Filippov characteristic Z(-; s, x) stemmed from x € R at time s > 0 is a continuous function
[s,+00) Dt Z(t;s,z) € RY such that Z(s;s,z) = z, %Z(t; s, x) exists for a.e. t > s and

%Z(t; s,z) € {Convess(a)(t,-)} (Z(t;s,z)) for a.e. t > s.

From now on, we will use the notation Z(t,x) = Z(t;0,x).

In this definition, Convess(E) denotes the essential convex hull of the set E: let us remind briefly
the definition for the sake of completeness (see [17, [3] for more details). We denote by Conv(E) the
classical convex hull of F, i.e., the smallest closed convex set containing FE. Given the vector field
a(t,-) : R* — R?, its essential convex hull at point z is defined as

{Convess(a)(t, )} (z) = ﬂ ﬂ Conv|[a(t, B(z,r) \ N)],

r>0 NeNy

where N is the set of zero Lebesgue measure sets. Then, we have the following existence and
uniqueness result of Filippov characteristics under the assumption that the vector field a is one-
sided Lipschitz continuous.

Theorem 2.2 ([17]) Let a € Li, ([0, +00); L= (R%))? be a vector field satisfying the OSL condition
(1.2). Then there exists a unique Filippov flow Z associated with this vector field, meaning that there
exists a unique characteristic for any initial condition (s,x) € [0,400) x RY. This flow does not
depend on the choice of the representative (up to a dt @ dx null set) of the velocity field a as long as
this version satisfies the OSL condition pointwise. Moreover, we have the semi-group property: For

any t,7,s € [0,+00) such thatt > 7> s and x € R,
t
Z(t;s,x) = Z(1;8,x) +/ a(o, Z(o;s,x)) do.

Importantly, we have the following Lipschitz continuous estimate on the Filippov characteristic:

Lemma 2.3 ([17]) Let a € L'([0,4+00), L°(R%))? satisfy the OSL condition (1.2) and Z be the
associated flow. Then, for allt > s in [0,400), we have

|Z(t;57$) - Z(t;s,y)| < efsta(cr)da

Lyz(t;s):=  sup
z,yERY z£y |z =yl

2.7)

(Lz(t;s) is the Lipschitz constant of the flow Z ).

Proof. For z,y € R?% we compute

%IZ(& s,x) = Z(t;5,y)* = 2(a(t, Z(t; 5,2)) — alt, Z(t;5,9)), Z(t; 5,2) = Z(t;5,)).



Using the OSL estimate (|1.2]), we deduce
d
%\Z(t; s,x) — Z(t;5,9)|* < 2a(s)|Z(t; s,z) — Z(t;5,9)|°.
Thanks to a Gronwall lemma, we get
Z(t:5,) = Z(t:,9)* < e 220 2,

which completes the proof. 0

An important consequence of this result is the existence and uniqueness of weak measure solutions
for the conservative linear transport equation. This has been obtained by Poupaud & Rascle in [26].

Theorem 2.4 ([26]) Let a € Li, ([0, +0c), L= (R%))? be a vector field satisfying the OSL condition
(T.2). Then, for any p™ € My(RY), there exists a unique measure solution p in Spq to the conser-
vative transport equation (L.1)) with initial datum p(0,-) = p"™ such that p(t) = Z(t)xp™, where Z

is the unique Filippov flow, i.e. for any ¢ € Co(RY), we have

¢(x)p(t,dz) = [ o(Z(t,x))p™ (dx),  for t>0.
R R

Note that actually, in this result, the expression p(t) = Z(t)4p™ is somehow understood as a
definition of solution to the Cauchy problem. From now on, we will interpret the solutions to (|1.1))
in this sense.

To conclude this section, we recall the stability estimate of the flow due to Bianchini and Gloyer
[4, Theorem 1.1]. This estimate reads as a bound for the difference between the flows Z; and Z,
associated with two velocity fields a; and ag in L'([0,00), L°(R%))? satisfying the OSL condition
(L.2). For any r > 0 any = € B(0,7), it holds that

t
|Z1(t;s,2) — Za(t;s,2)]* < C’/ |lai(c,.) — as(o, ‘)||1L/1(§B(0,2R)) do, (2.8)
S
where R = r + ax T, and as = max{||a1/co, [|a2||cc} and C' is a constant that only depends on the
dimension.

Remark that this estimate, which is also proved in the same paper to be optimal, is a bad hint
to obtain a result as the one we will prove here, because the stability of the characteristics with
respect to perturbations of the velocity field decreases as the space dimension increases. Based on
this estimate, one could imagine that a similar phenomenon should occur when estimating the error
of a numerical scheme for . Indeed (as it will be the case in the next section), the analysis of the
scheme should consist in regarding the numerical solution as the solution of an equation of the same
type as but driven by an approximating velocity field. Then, it would be tempting to compare
both solutions by means of . However, our result shows that this strategy is non-optimal, at
least for the scheme studied in the paper. Our analysis exploits the fact that, in our case, the
structure of the approximating velocity is actually very close to that of the original velocity field.

3 Definition of the scheme and basic properties

3.1 Numerical discretization

From now on, we consider a velocity field a € L>([0, +00), L°(R%))? and we choose a representative
@ in the equivalence class of a in L>([0, +00), L°(R%))?: @ is defined everywhere and is jointly



measurable in time and space; it is dt ® dx a.e. equal to a; and, it satisfies the condition
everywhere. In order to simplify the presentation, we will keep the notation a instead of @ and we
write a = (ai,...,aq).

We denote by At > 0 the time step and consider a Cartesian grid with step Axz; > 0 in the
ith direction, i = 1,...,d, and Az = max; Az;. For i = 1,...,d, we note e; the ith vector of
the canonical basis of R, We define the multi-indices J = (Jy,...,.Jy) € Z4, the space cells Cy =
[(1=3)Azy, (J1+3)Az1) x. .. [(Ja—5)Azq, (Ja+3)Az,) and their center 7 = (J1Az1, ..., JgAzy).
Finally, we set t" = nAt.

For a given non-negative measure p"™ € P(R?), we define for J € Z¢,

= / P (dz) > 0, (3.9)
Cy

which actually is to be understood as p?] = p™(C}y). Since p'™ is a probability measure, the total
mass of the system is Y- ;.4 p5 = 1. We denote by p'} an approximation of the value p(t")(C), for
J € 7%, and we propose to compute this approximation by using an upwind-typed scheme (see for
example [2], 22] for general considerations on schemes for transport equations): more precisely, we
let by induction

d

At B B

Pyt =0 = 3 o (@) 0 = (@) Pve, = (a-e) P, + (ai)7A)),
i=1 t

neN,Jezi (3.10)

The notation (a)™ = max{0,a} stands for the positive part of the real number a and (a)” =
max{0, —a} for the negative part. Remark that this scheme can also be viewed as an Engquist-
Osher-typed scheme (although this scheme was developped in an homogeneous in space non-linear

frame, in [16]). The numerical velocity is defined, for i = 1,...,d, by
1 tn+1
a;'y = A7 /t" a;(s,xy)ds. (3.11)

Remark 3.1 There is at least one other traditional upwind scheme, for which the velocity is to be
computed at the interface: a;‘+1/2. The difficulty with this one is explained at the end of Section m
the appendiz. The question of the convergence of this other upwind scheme remains an open problem
when d > 1).

Remark 3.2 The discretization of the velocity requires the computation of the mean value in time
of the wvelocity field in formula . Howewver, if one assumes the velocity field to be Lipschitz
continuous in time, uniformly in space, then a;"; can be replaced by a;(t",x5). We refer to Remark
below for a short account on the new form of the main estimate (|1.3)).

Remark 3.3 In dimension 1, Scheme (3.10)) reads

At
1 — _
ot = ot = (@) = (@) P = (@) 0 + (@) 7).

We will make use of the following interpretation of this scheme. Defining px, = ZjeZ P} 0z;, we
construct the approxzimation at time t"+1 with the following two steps:



e The Dirac mass p, located at position xj, moves with velocity aj to the position x; + a?At.
Assuming a Courant-Friedrichs-Lewy condition ||al|ccAt < Ax, the point x; +al At belongs to
the interval [xj, xj11] if af >0, or to the interval [x;—1,z;] if a <O0.

o Then we split the mass p between xj and xji1 if a7 > 0 or between xj—1 and z; if a7 < 0.
We use a linear splitting rule: say whenever aj > 0, the mass pj X a?At/Ax s sent to grid
point xj1 whereas p} x (1 —a]At/Ax) is sent to grid point x;. We let the reader verify that
this gives the scheme defined above.

3.2 Properties of the scheme

Throughout the analysis, ao stands for |[[a|| g xre) whenever a € L*([0, +00), L= (R%))?4. We will
assume further that Az < 1.

The following lemma states a Courant-Friedrichs-Lewy-like (CFL) condition ensuring that the scheme
preserves nonnegativity:

Lemma 3.4 Let a € L°°([0,+00), L®(RY))? and let (09) jcza be defined by (3.9) for some p™ €
Pp(RY), p > 1. Assume further that the following CFL condition holds:

At
oo Y~ < 1. (3.12)
Then the sequence (p'})n,; computed thanks to the scheme defined in (3.10)~(3.11)) is non-negative:
for all J € Z¢ and n € N, p’; > 0.

Proof.
We can rewrite equation ([3.10]) as

d
At
Pyt = pj [1 - ; ekl

From definition (3.11f), we have |a;"}| < ax for i = 1,...,d. Thus assuming Condition ([3.12)), we de-
duce that in (3.13)) all the coefficients in front of p}, pj_. and p7, ., i=1,...,d, are non-negative.
By a straightforward induction argument, as p?] >0 for all J € Z¢, pf}“ >0 for all J € Z%. 0O

d n At n — d () At n +
+ Z pJ+€iA7xi(aiJ+6i) + Z Perim(aieri) . (3.13)
i=1 i=1

In the next lemma, we collect some useful properties of the scheme, among which mass conser-
vation and finiteness of the pth order moment:

Lemma 3.5 Let a € L>([0, +00), L°(R%))? and let (p%)JEZd be defined by ([3.9) for some p™ €
Pp(RY), p > 1. Let us assume that the CFL condition (3.12) is satisfied. Then the sequence

(P )nen.seza given by the numerical scheme (3.10)~(3.11)) satisfies:

(1) Conservation of the mass: for all n € N*, we have
S - Y Aot
Jezd Jezd

(i) Bound on the pth moment: there exists a constant C, > 0, only depending on a, the
dimension d and the exponent p, such that, for all n € N, we have

M = Z lz7|p"% < MY + Cyt™, when p =1,
Jezd

My = Z |z s |PpTy < eCrt" (Mg + Cp), when p > 1,
Jezd



where we recall that t" = nAt.

(iii) Support: let us define \; = At/Ax;. If p™ has a bounded support then the numerical
approrimation at finite time T has a bounded support too. More precisely, assuming that pOAl. is
compactly supported in B(0, R), then for any T > 0, for any integer n < T'/At, we have

T
" =0 for any J € Z% such that © B(O,R—I—,—).
PJ f Y J ¢ mlni:l,...,d{Ai}

Proof. According to Lemma the weights ((p'}) jezd)nen are non-negative.
(1) The mass conservation is directly obtained by summing equation (3.10]) over J.
(77) Let p > 1. By a discrete integration by parts on (3.10)), we get

d
At
Dol = D el = Do (@) (el = fwrse )
Jezd Jezd i=1 ' Jezd (3.14)

d
At B
2 Ay 2o (@) (el =z, ) ol
i=1""" Jezd
Lettlng Cp = pzp_l’ one haS
‘|$‘P — o A$i6i|p‘ <¢p (Al‘i|£17|p_1 + A:L”f). (3.15)

Indeed, thanks to the convexity of z — |z|P, we have

{]w\p > |z 4+ Azie;|P F pla £+ Axies|P% (@ £+ Axiey, Axge;), (3.16)

|z 4 AzieslP > |z|P £ plz|P~2 (x, Azie;).
Above, |z £+ Aze;|P~2(x + Axie;, Azie;) is understood as 0 when z + Az;e; = 0, and similarly for
|z|P~2(z, Axie;).
Now, the first line in (3.16)), yields
|z £ Azie;|P — |z < pAzi|z £ Azies[P71 < p2P7! (Azy|zP! + Az?)
(actually true with 2P~2 instead of 2°~!), whilst the second line gives

|z 4 AzieslP — |z|P > —plaP Az > —p2P~! (A$i|l’|p_1 + Aa?) .

We easily get (3.15)).

Then, using inequality (3.15) together with the mass conservation and the fact that Az < 1, we

deduce from ([3.14]):

d
S laslroy < 3 laalel +epat Y N (et 4 Ak o faih

Jezd Jezd =1 Jezd
< Jasltgl +cpdAtaoo<Z g7+ 1),
Jezd Jezd

which may be rewritten as

MY < M)+ cpdAtase (M) ) + 1),



where, by mass conservation, M} = 1. For p = 1, we get the result with 1 = 2¢pdas = 2da
by a straightforward induction. For p > 1, thanks to Holder’s inequality, 1 < ( M;;)(P*U/P <

(M7 + 1)@=/ < M} +1 and, we get

M < M+ cpdAtase (M) + 2)
< (14 CpAHM? + CpAt

with C), = 2¢pdas. We conclude the proof using a discrete Gronwall lemma.

(731) By definition of the numerical scheme (3.10)), we clearly have that the support increases
of only one cell in each direction at each time step. Therefore, after n iterations, the support has
increased of less than

" Az} n At T
n max T, =
i=1,...,d ! minizl,,_7d{)\i} - mini:l,...,d{)\i}7

provided that T" > nAt. 0

3.3 Probabilistic interpretation

Following the idea in [12], we associate random characteristics with the here above upwind scheme
The construction of these characteristics is based upon the trajectories of a Markov chain
admitting Z¢ as state space. Here the random characteristics will be forward characteristics whilst
they are backward in [12]. The rationale for considering forward characteristics lies in the fact that
the equation is conservative; subsequently, the expression of the solution provided by Theorem is
based upon a forward flow. On the opposite, the equation considered in [I2] is of the non-conservative
form 0;p + a - Vp = 0 and the expression of the solution involves backward characteristics.

Throughout the analysis, we will denote by Q = (Z4)N the canonical space for the Markov chain.
The canonical process is denoted by (K™),en (namely K™ maps w = (wW™)nen € Q onto the nt?
coordinate w” of w): K™ must be understood as the n'" site occupied by a random process taking
values in Z?. Notice that we here adopt a non-standard notation for the time index as we put it in
superscript instead of subscript; although it does not fit the common habit, we feel it more consistent
with the notation used above for defining the numerical scheme.

We equip © with the standard Kolmogorov o-field A generated by sets of the form [[, .y A",
with A" C Z? for all n € N and, for some integer ng > 0, A" = Z% for n > ng. In other words,
A is the smallest o-field that renders each K™, n € N, measurable. Indeed, for any integer ng > 0
and any subsets A%,... A" C Z? the pre-image (K, ..., K™)71(A% x ... x A™) is precisely the
cylinder A% x ... x A" x [Tosng Z%. The canonical filtration generated by (K™),en is denoted by
F = (F"=0o(K% - ,K")uen. For each n > 0, F" is the sub-o-field of A containing events of
the form A™ x [],.,, Z%, with A™ c (Z?)"*1. Informally, 7" stands for the information that an
observer would collect by observing the random characteristic up until time n (or equivalently the
realizations of K9, ..., K™).

We then endow the pair (£2,.A) with a collection of probability measures (Py.),cpza), P(Z%)
denoting the set of probability measures on Z%, such that, for all u € P(Z%), (K")pen is a time-
inhomogeneous Markov chain under P, with initial law u, namely K°4P, = u (ie. P, (Ko =
J) = wu(J), which means that the initial starting cell is picked at random according to the law y;
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sometimes, we will also write K ~ y), and with transition matrix at time n > 0:

At
1_,1A ‘au‘ when L = J,
& ()t hen L=J+e;, fori=1,...,d
P}fL = R(G’LJ) when — +6z, or 1 = goeey @y (3'17)
At o .
M(ai]) when L=J —¢;, fori=1,...,d,
0 otherwise,

where we used (3.11)) under the assumption that a € L>([0,+o0), L®(R%))¢ satisfies the CFL
condition (3.12)) (we assume it to be in force throughout the section).

For any pu € P(Z%), we write E,, for the expectation under P,. Also, for any pu € P(Z%) and
any n € N, the conditional probability P, (-[F") is just denoted by P};(-); similarly, the conditional
expectation E,(-[F") is denoted by EJj(-). Moreover, in statements that are true independently of
the initial distribution u € P(Z?), we often drop the index u in the symbols P, and/or E,. For
instance, we may write:

VneN, VLez?, P (K" =L)=Pp..

Whenever f is the Dirac mass at some J € Z%, namely pu = 67, we write P; instead of P, and
similarly for E. Notice that, for any u € P(Z4), P ., is entirely determined by p and the collectlon

(PJ)JeZd-
= Pl

Jezd

In most cases, it thus suffices to restrict the analysis of the Markov chain to the cases when u = dy,
for J € 79,

The following lemma gives the connection between the sequence of weights ((p") jezd)nen intro-
duced in the previous section (defined by the upwind scheme) and the Markov chain with transition
matrix P:

Lemma 3.6 Given an initial distribution p° = (p%) ;cza € P(Z49), define, for any n € N, p" =
(p'}) jeza through the scheme (3.10), namely

d
Pt = Z (@) = (@) e, = (@) e, + (@) 05)

= p?TPZJ + Z(p?f—eipy—ei,J + P7}+eiP§l+ei,J)'
i=1

Then, for any n € N, one has p" = K" 4P, (equivalently p" is the law of K™ when the chain is
initialized with p°).

Proof. For any u € P(Z%), we have

K™ Py =Y 6P (K™ =L)= > > 6,P, (K" =J)P},.

Lezd LezZd Jezd

11



Therefore,

KnH#Pu = Z oL (Pu(Kn = L)PZL
Lezd
d

+Z(PN(K”‘ =1 — ei)ngei,L +PM(KH — L+ei)P£L+ei,L)>’
i=1

Choosing p = p°, the result follows from a straightforward induction. 0

Now that we have associated a Markov chain with the weights involved in the definition of the
upwind scheme, we can define, as announced, the corresponding random characteristics. A random
characteristic consists of a sequence of random variables (X™),cxn from (£, A) into R%:

VneN, VweQ, X"(w)=Tgnw), (3.18)
where we recall that z; = (J1Axy, ..., JjAxg) whenever J = (Jy,...,J3) € Z%.

Proposition 3.7 Let X™ be the random variable defined by (3.18)) through the Markov chain ad-
mitting P in (3.17) as transition matriz.
(i) For all J € Z¢, we have, with probability one under Py,

tn+1

E’}(X”“—X”):/ a(s, X™) ds. (3.19)

n

(ii) Defining pA, = Z P70z, we have pR, = X”#]P’pom.
Jezd

Proof. (i) For J € Z¢, we compute the conditional expectation given the trajectory of the Markov
chain up until time n:

d

At At
EF (X" = X" =" Amiei(aifn) T — — Aziei(aifen)” :
7( ) i:1<x€(aK)A$z' xe(aK)Agg,;)

We deduce (3.19)) by using definition (3.11)).
(ii) For any p € P(Z%), we have, for all n € N,

X" P, = Z 8, P (K" = L) = Z Sop (K™ 4P,) .
Lezd Lezd

The claim follows from Lemma @ 0O

4 Order of convergence

This section is devoted to the proof of the main result of our paper, that is the 1/2 order of
convergence of the numerical approximation constructed by the upwind scheme (3.10)). The precise
statement of the result is:

12



Theorem 4.1 Let pi™ € P,(R?), for some p > 1. Let us assume that a € L*°([0, 00), L>°(R%))? and
satisfies the one-sided Lipschitz continuity condition (1.2]). Let p = Z#pim be the unique measure
solution in the sense of Poupaud and Rascle to the conservative transport equation (1.1) with initial

datum p™ given by Theorem . Let us define

T T
PAg = Z P70z,
Jezd

where the approximation sequence ((p7})jczd)nen is computed thanks to the scheme (3.9)—(3.10]) -
(3.11). We assume that the CFL condition (3.12|) holds. Then, there exists a non-negative constant
C, depending upon p, p™ and as only, such that, for all n € N*,

n tn
Wp(ﬂ(tn),PZ;g) < O 11AY) Iy als)ds [\/ASE <tn +/ a(s)ds) + Ax:|_
0

The proof of this theorem is postponed to Section We need first to establish some useful
estimates on the distance between the Filippov characteristics generated by a one sided Lipschitz
continuous velocity field and the approximated characteristics.

4.1 Approximation of the flow

In the following lemma, we provide an estimate for the distance between the exact Filippov flow and
an approximating flow computed through an explicit Euler discretization:

Lemma 4.2 Leta € L>([0,00), L= (R%)? satisfying Condition (1.2)). Let us consider Z the Filippov
flow associated to the velocity field a and define by induction

tn+1

yrtl —yn 4 / a(s,Y™)ds,

tn

with the initial condition Y° = Z(0). There exists a universal constant C such that, for all n € N,

n t"L
Y™ — Z(t")] < Cacee T2V Jo o) ds\/At (t” +(1+ At)/ a(s) d3>.
0

Remark 4.3 The order 1/2 in this estimate may not be optimal, but it is sufficient for our purpose.

Proof. For a given value of n € N, let us define, for t € [t",t"T!], Y (t) = Y™ + fttn a(s,Y™)ds. By
definition of the characteristics, we have, for any ¢ € [t", t"T1],

t 2

Y (t) - Z(@))? = ‘Y" — Z(t") + /t (a(s,Y™) —a(s, Z(s))) ds

n

Expanding the right hand side, we get

Y(t)— Z(t)]? < |Y" — Z(t")|* + 2/ (Y™ = Z(s),a(s,Y") —a(s, Z(s))) ds
. e (4.20)
+ 2/t (Z(s) — Z(t"),a(s,Y™) — a(s, Z(s))) ds + (2aa At)*.

n

13



Using condition (|1.2)), we deduce

Y(t) - ZBP < [V - 2" + 2 / a(s) Y™ — Z(s)[ ds

+2/t (Z(s) — Z(t"),a(s,Y™) — a(s, Z(s))) ds + (2a00 At)*.

Moreover, since the field a is bounded, we have |Z(s) — Z(t")| < aco|s — t"| and so ft'; |Z(s) —
Z(t")|ds < aco(t —t™)?/2. Thus,

t
Y(t)— Z(t)]? < |Y"™ — Z(t")|* + 2/ a(s)|Y™ — Z(s)|* ds + 6a% At?,

tTL
and, as we also have |Y(s) — Y| < axo|s — t"|, we get, for any € > 0,
Y(t) - Z@O)P < |Y" - Z(@t")]?
t

1 t
+2(1+¢) / a(s)|Y(s) — Z(s)|? ds + 6a% At* +2(1 + g)agoAtz/ a(s)ds,
tn

tn

(4.21)

where we used the standard Young inequality (|Y (s)—Z(s)|+|Y" =Y (s))2 < (1 +¢)|[Y(s)—Z(s)|*+
(1+1/e)|Y™ =Y (s)]%

Thanks to a continuous Gronwall lemma, the two characteristics thus satisfy
tn+1

1
[y -zt < [|Y” — Z(t")|* + 222, A <3 +(1+2) /
t

n

CE(S) d5>:| 62(1—1—5) f::+1 a(s) ds‘
As Y9 = Z(0), a discrete Grénwall lemma leads to
1 ¢ t™
Y~ Z(t")? < 202, AF (:m +(1+2) / o(s) ds) 20040) [ als) ds

0
By taking ¢ = At, we deduce,

tn n

‘Y” —_ Z(tn)|2 < QGgOAt <3tn + (At + 1)/ Oé(S) d$> 62(1+At) fot a(s)ds
0

This completes the proof. 0

Remark 4.4 Whenever a is L-Lipschitz in time (uniformly in space) and a(s,Y™) is replaced by
a(t™, Y™) in the recursive definition of the sequence (Y™),en in the statement of Lemma there
is an additional term in , coming from the time discretization of the velocity field. This term
has the form:

2/tt<Y" ~ Z(s),a(t", Y") — a(s,Y”)>ds, (4.22)

n

which is less than 2LAt fttn Y™ — Z(s)|ds. By Young’s inequality, we get

t t
2/ <Y” ~ Z(s),a(s,Y™) — a(t", Y”)>d5 < LAt [ Y™ — Z(s)]2ds + LA,
t tn

n

This gives a similar inequality to (4.21)) but with o replaced by o+ LAt and a~ replaced by aoo + L.
The corresponding version of Lemmal[4.3 is easily derived.
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Alternatively, we may perform all the above computations with respect to the OSL constant of

a(t",-) instead of a(s,-). Instead of (4.22)), we then focus on

2/tt<yn — Z(s),a(t", Z(s)) — als, Z(s))>ds.

n

Then we obtain the same conclusion, with o replaced by o + LAt and as Teplaced by aso + L, but
also the integral fo s)ds in the statement has to be replaced by the Riemann sum At a(tk).

4.2 Distance between the Euler scheme and the random characteristics

Lemma 4.5 Under the CFL condition (3.12)), consider the random characteristics (X™)nen defined
in (B.18)). Then, for any initial condition u € P(Z%), it holds that, with probability 1 under P, for
alln € N,

tn+1

xntl — xn +/ a(s,X™)ds+ h", (4.23)
¢

n

where K™ is an F" 1 -measurable R%-valued random variable that satisfies
En(h") =0; |h"|<2Az; Vp>1, EI(|h"P) < 2PdascAtAaP~". (4.24)

In particular, if we define iteratively the following sequence of random variables (f’")neN (con-
structed on the space (2, A) that supports the random characteristics):

tn+1

yrtl = yn 4 / a(s,Y™) ds,
tn

with the (random) initial datum Y0 =X0= Tro, then, provided that Ax < 1, there exists, for any
p > 1, a non-negative constant C,, only depending on p, d and as, such that

vneN, E,(X"—VP)Y? < el 2@ds(VinAg + Ax). (4.25)

Proof. The expansion (4 , with A" satisfying E”(h") = 0 for each n € N, is a direct consequence
of (i) in Proposition By construction, we can write h" = X" — X" — (X" — X™). Since
| X7+ — X" < Az, we deduce that |h"| < 2Az. Moreover, for any p > 1,

() < 27 [BR(X71 - XP) 4 B (LK™~ X")P)] < B (X7 - X7P).
Then, the bound for EJ(|h"[P) follows from the fact that:
Ep (X" — XP) = H-z"(p("+1 — X" Plygensrpeny)

d
= Z AP (K7 # K7) <D Aaf (Pio gen ye, + Pin jen—e;) < dase AP AL,

7 [L
i=1

We split the proof of the second claim , into two steps. In the first step, we will estimate
E(| X" — Y™P)/P, for p € [1,2]. The second step is devoted to the analysis of E(| X" — Y™ P)}/P
when p > 2. This step is rather more technical. Indeed, the case p = 2 is more natural because it
corresponds to the use of the scalar product, involved in the one-sided Lipschitz continuity.
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First step. From definition (4.23)), we obtain, after an obvious expansion,

tn+1
XL gLz < xm 2 2/ <X” V" a(s, X™) — a(s, Y”)> ds
tn

(4.26)
F2(X" = Y™ R 4[R2 + daco (ase At + AtAz),
using the fact that a is bounded and that |h"| < 2Az, see (4.24)).
Using the CFL condition (3.12) in order to bound as,At? by AtAxz/d, we get

tn+1

| XLyt 2 <X YT 4 2/ <X” —Y" a(s, X™) — a(s, Y”)> ds
tn

+2(X" — Y™ ") + | + CanAtAx,

for a constant C that only depends on d and whose value is allowed to increase from line to line.
Since a satisfies the one-sided Lipschitz continuity condition (1.2)), we get that, with probability 1
under P, for all n € N,

’XnJrl _ }A/n+1’2

¢l A A (4.27)
< (1 + 2/ as) ds) X" — Y2+ 2(X" =Y, R™) + |h"? + CasAtAx.
tTL
Recalling that EZ(h”) = 0 and noticing that X™ — Y™ is F™ is measurable, we have
Er((X" — Y™ h") = (X" — Y™ EL(h")) = 0. (4.28)

Now taking the conditional expectation E; in (4.27) and recalling from the preliminary step of the
proof that Eﬁ(|h"|2) < CagoAtAz (with C = 4d), we obtain

tn+1

EZ(|X”+1 _Yn+1‘2) < (1+2/
t

n

a(s) ds) | X" — V"2 4+ Cas AtAx,

for a new value of C.
Taking the expectation E,, (using the projective property of the conditional expectation E,[-] =
E,[ER(-)]), applying a discrete version of Gronwall’s lemma, and using also the fact that the initial

datum verify X° = Yo, we deduce

YneN, E,(|X"—Y"?) < Caxe? Is" e dsp At A, (4.29)

Therefore, for p € [1,2], we have, thanks to Holder’s inequality,

(Buxm = 37p)) " < (B, (X7 - 772)) 7 < ol o /G, (4.30)

which concludes the proof when p € [1,2].

Second step. In order to handle the case p > 2, we use an induction. We assume that, for
some p € N\ {0,1}, there exists a constant ¢, only depending on p, d and as., such that, for all
1<m<2(p-—1),foralneN,

E, (|X" — Yom)lm < celo a()ds (Virds + Ax), (4.31)
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which is obviously true when p = 2 thanks to (4.30). From (4.27)), we get
. nt1 ) . P
’Xn-i-l _Yn+1|2p < <e2fttn a(s)ds‘Xn_Yn|2+2<Xn_Yn’hn>+|hn|2+caooAtAl,> )

Expanding the right hand side, we obtain

|Xn+1 o Yn+1|2p < €2pftt:+1 a(s) ds|Xn _ Yn|2p
2(p—1) ft:-H a(s)ds|yn _ vn|2(p—1) n_yn pn n|2
+ pe t | X" —Y" 2(X" =YY" A") + |h"7 + CaccAtAx (4.32)

p
p — tn+lo¢s S|y orn — n onoopn n k
+Z(k)e2<f’ B) Jin al9)ds| xn _ g2 k>(2(X SN S |2+CaooAtAa:> .
k=2

By the same token as in (4.28]), notice that (the constant C being allowed to increase from line to
line as long as it only depends on d)

EZ |:|X” _ }A/n|2(p—1) (2<Xn _ Yn’ hn> + ‘hn|2 + CCLOOAtA93>:|
= EZ [‘X" _ }}n‘Q(pfl) (CaooAtAJ} + |hn‘2>:| < CaooAtAac ‘Xn - Yn|2(p71),

where we used the last estimate of (4.24]) for the last inequality.
We proceed in a similar way with the last term in (4.32)). Allowing the constant C to depend
upon p, we have, for all k € {2,...,p},

N N k

EZ |:’Xn . Yn‘Q(p*k) (2<Xn — YR + ’hn|2 + CaooAtAa:) :|
< CEZ |:|Xn - Yn|2p7k|hn|k + ’Xn . Y“*n‘Z(pfk)’han] + CaléoAtkAxk’Xn . Y“*n‘2(p7k)

< CAtAZF X" — Y12k L CAtAZ?F L X — Yy )Pe=h),

where, once again, we used together with the CFL condition to pass from the second to the
third line. In the last line, we allowed C' to depend on d and p, but also on axe.

Returning to and taking the expectation therein (using the fact that E,[-] = E,[E}(-)]),
we finally get that:

R nt1 R
EM [‘Xn+1 _ Yn+1‘2p] S erj;tn Oé(S) dSEM [|Xn o Yn|2p]

+ 062(p_1) fttn+1 a(s) ds Z (EM “Xn _ Yn|2p—k] AtAJ:k_l) )
k=2

Pay attention that sum above runs from 2 to 2p instead of 2 to p in the original inequality (4.32)).
Plugging the induction property (4.31]), we get, for all n € N,
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E# [‘Xn—i-l _ ?n+1‘2p]

) n+1 2p 2p—k
< erfttn a(s dsE “Xn Yn|2p] + C’eQPI(f a(s)ds Z AtA{L‘k_l (\/m + Al’) Y

< e2pfttn a(s dsE [|Xn f/n|2p} + Cegpfg + a(s) dSAt <A:L'2p—1 + Z(tn)p—k/QAxp-i-k/Q—l)’
k=2
(4.33)

where we used the bound (V#"Az + Az)?~F < C[(t")P~+/2AzP~*/2 4 Az?P~*] in order to pass from
the second to the third line. Notice now that

2p 2p
E(tn)p—k/QAxp—f—k/Q—l _ Al‘pZ\/tTLQP_k /7Axk—2
k=2 k=2

< Az? (\/7” + \/B) < CAzP((t")P~" + AaP™1).
Plugging into , we get
B X7

< wli e dsy LIXT = VTP Lol ate) BAtAP (1P~ + AxPh).

Iterating over n and recalling that X° = V0 and nAt = t"™, we deduce that, for all n € N,
E,[|X" — V7|%] < et i a@dsmazp ((m)p=) 4 Azp~Y).
We finally obtain, for all n € N,
E,[|X" — V2] < 02 0@ Agp (7 1 Ag)?,
where we used Young’s inequality to bound t"Axz?P~1 by C((t")?AxP + Ax?P). Then,
B, [|X" — V)% < el @)t (VinAz + Ax),

By Hélder’s inequality, we conclude that (4.31)) holds for 2(p—1) < m < 2p. By induction, (4.31])
is satisfied for all p € N*.

Conclusion. Finally, from (4.30) and (4.31]), we conclude the proof. 0

Remark 4.6 In full analogy with Remark [{.f, we may discuss the case when a is L-Lipschitz in
time (umformly in space) and a(s, -) is replaced by a(t™, ) in the recursive definitions of the sequences
(X™)pen and (Y )neN in the statement of Lemma Then, the final result is the same provided
that the integral fo s)ds is replaced by At > ;" a(tk).
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4.3 Proof of Theorem [4.7]

Let pR, = > jeza P02, be the measure associated to the numerical solution given by the scheme
(3-9)-(3-10)-(3-11) at time t". Since p™ € P,(R?), we first notice from Lemma that pX, €
Pp(Rd). By Proposition we have pR, = X" #PPOAI where X" is defined in and pQ, =
> Jezd P90, with p¥ defined in (3.9). Let p be the exact solution of Theorem 2.4 p(t) = Z(t)4p™
where Z is the Filippov flow associated to the one-sided Lipschitz continuous velocity field a.

Consider now the two sequences (Y"),en and (?”)neN respectively defined in Lemmas and
E Each Y™ is regarded as a mapping from R? into itself: the initial condition Y (also equal to
Z(0)) in the statement of Lemma is given by the identity mapping R? 3 x + 2 € RY, that is
Y9(z) = z for all x € R%. We then call Y™(x) the value of Y™ in the statement of Lemma [4.2] when
Y?(x) = 2. When R? is equipped with the distribution pgx, the distribution of Y™ writes Y”#pOAx.
In comparison with, each Y™ is a random variable from  to R%: when Yo (also equal to XV) has the
distribution p% ,, the distribution of Y™ writes ?”#Ppo. It is then crucial to observe that ¥ (w) may
be regarded as Y"(X°(w)). In particular, if both Y? and Y° have p}_, as common law (although
the mappings are constructed on different spaces), then Y™ and Y also have the same distribution,
namely Y"#pOAx = }A/'"#IF’po.

As a consequence of the above discussion, we deduce from the triangle inequality:

Wy (e p() < Wy (X 4By, 74P y0) + Wy (Y™ ek, Z(67) 0%,
W (Z(t") 3P Rgs Z(E™) p™).

We will bound each term of the right hand side separately.
Initial datum. Let us first consider the last term in the right hand side of (4.34). We have

(4.34)

Wo(Z(t") 4w Z(E) ™) < Lz(t";0)Wp(pag: p™)-

Indeed, let  be an optimal map in To(pQ,, p™™), i.e.

Woleheop™ ) = [ o= ylPn(de.dy).
R xRd
Then v = (Z(t"), Z(t")) 4 is a map with marginals Z(t") xpQ, and Z(t")xp™. It implies

W (Z(87) P00 Z(E7) 40P < /

Ra x R4

o= yPaldedy) = [ 1Z070) = 20" ) Prda ).
X

From Lemma 2.3} we know that the flow Z is Lipschitz continuous with Lipschitz constant Lz (t";0).

Thus 1y
o p
W20 20045™) < La(es0) ([ lo = yprtana))

Precisely, using inequality (2.7) in Lemma we deduce

dwRd

.. t ..
W (Z(t") 4pRs Z(E") p™) < el OB, (0%, ™). (4.35)

Now, for pi™ € P,(RY), we recall the definition

o= X e, with g5 = [ pmidn)= 5 (). (4.36)
Jezd Cy
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Let us define 7 : [0,1] x RY — R? by 7(0,2) = oz + (1 — o)z, for x € C;. We have that 7(0,-) = id
and 7(1,)xp" = p%,. Thus

W (6, 7P < / & — gl (id x (1, ) ™ (d, dy)

<y / @ — @ o (da),

Jezd

(4.37)

where we use (£.36)) for the last inequality. We deduce Wy(pQ,,p™) < Az. Injecting this latter
inequality into (4.35]), we obtain

.. "
Wy (Z(t") gphar Z(E)p™) < el 2V Ag, (4.38)

Second term. For the second term of the right hand side of (4.34]), by the standard property
(2.5) of the Wasserstein distance, one has

Wy (V" ks Z(E)0%0) < 1Y = Z(E oy < S0 Y7 (0) = 287, 2)].
JEZ

Then applying Lemma we deduce that there exists a non-negative constant C such that

n tn
WY ph Z(t%) 4 p2,) < Caeel 2900 “<S>d5\/ At (t”+(1+At) / a(s) ds)
0

" n
< Cel+20 Jo O‘(S)ds\/Ax (t” +/ a(s) ds):
0

where we used again the CFL condition (3.12)) and where C' only depends on d and ao.
First term. We consider finally the first term in the right hand side of (4.34)). By (2.6]),

(4.39)

Wy (Xn#PpOa Y/n#Ppo) <Ey UX” — f/n|p] p
From Lemma we deduce that there exists a constant Cp, only depending on p, d and a, such
that

Wy (X" 4,0, V" 4P o) < Cpels (o) *(Virde + Aa). (4.40)

Conclusion. Injecting inequalities (4.38)), (4.39)) and (4.40) into (4.34) we deduce, for all n € N*,

tn t'l?,
Wp(pzwp(tn)) < Cp e(l-l-At) Jo O‘(S)d‘S(\/Aq; (tn +/ Oé(S) d3> + Al’),
0

for a new value of C).

Remark 4.7 When a is L-Lipschitz in time (uniformly in space) and a(s,-) is replaced by a(t",-) in
the definition of the upwind scheme Remarks ” and- say that the final result holds true
but with « replaced by oo + LAt and wzth fO s)ds replaced by the Riemann sum At~ oz(tk)
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5 Omne-dimensional examples

In the aim to show the optimality of the present result, we perform both an exact computation of
the error in a very simple case and provide some numerical simulations, in dimension 1. We first
recall that, in the one-dimensional case, the expression of the Wasserstein distance simplifies. This
simplification may be used for a numerical investigation, as it has been proposed in the pioneering
work [I9]. Indeed, any probability measure p on the real line R can be described thanks to its
cumulative distribution function F'(x) = p((—o0, z]), which is a right-continuous and non-decreasing
function with F(—o0) = 0 and F(4o00) = 1. Then we can define the generalized inverse @, of F'
(or monotone rearrangement of u) by Q,(z) = F~1(z) = inf{z € R/F(z) > z}; it is a right-
continuous and non-decreasing function, defined on [0, 1]. For every non-negative Borel-measurable

map £ : R — R, we have
| @nta /f@u

In particular, u € Pp(R) if and only if @, € LP((0,1)). Moreover, in the one-dimensional setting,
there exists a unique optimal transport plan reahzmg the minimum in . More precisely, if p and
v belong to Pp(R), with monotone rearrangements @, and @,, then Fg(,u, v) = {(Qu, Quv)#L(o 1)}
where L (g 1) is the restriction to (0, 1) of the Lebesgue measure. Then we have the explicit expression
of the Wasserstein distance (see [27), 33])

0=([ 1Qu) - Q) dz) " (5.41)

and the map p — @, is an isometry between P,(R) and the convex subset of (essentially) non-
decreasing functions of LP((0,1)).

We will take advantage of this expression of the Wasserstein distance in dimension 1 in
our numerical simulations to estimate the numerical error of the upwind scheme . This scheme
in dimension 1 on a Cartesian mesh reads, with time step At and cell size Ax:

At _ _
P?H =pj — Ax ((a?)JFP? —(aj41) " Pj41 — (a;‘l—1)+f0?—1 + (af) P?) .

With this scheme, we define the probability measure pi, = ZjeZ p?dwj. Then the generalized
inverse of pA ., denoted by Qa., is given by

Qaz(2) = w541, for z € [sz, Z pZ).

k<j  k<jt1

5.1 Optimality of the convergence order when a¢ =1 and 2At = Ax

We here consider the very simple case where a = 1 and p"™ = dy, thus p? = 0p;j. In this case, the
solution of the transport equation with velocity a and initial data p™ is given by p(t) = &. For

the sake of simplicity, we choose At and Az such that At/Az = 1/2. The numerical scheme thus

simplifies to p"Jrl = pj —1/2(p] — p}_1), and it is a simple exercise to show that then the numerical
solution is
0if j <0,
pi =< ()A/2)"if0<j<n
0if j > n.
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For any discrete time t", n € N, Wi(p(t), px,) is the sum over j of the distance [jAz — nAt| of
the cell number j to the position of the Dirac mass of the exact solution, multiplied by the mass
associated with this cell, p (formula (5.41)):

n

Wilp(t").p) = 3 pjlide — | = 3 (1) 1/2 e — ne

J=0 J=0

The right-hand side may be written as Az x E[|S,, —E(S,,)|], where S, is a binomial random variable
with n as number of trials and 1/2 as parameter of success. Recalling that the variance of S, is n/4,
we know from the central limit theorem that

_ 1 LA V2wt V2
,ng E%WN%@MMQM—ﬁ% p(-G)dr= "2 (542

Therefore,

1 1 1
Wi (p(t"), PAz) ~n—soo E\/ nAzx? = Ev 2nAtAx = ﬁ\/t”Ax, (5.43)

which proves the optimality of the one half order of convergence. Remark furthermore that, due to
the linearity of both the equation and the scheme, this provides a direct proof of the convergence
to the one half order of the scheme with any initial probability measure datum (when the velocity
a is constant, and at least when aAt/Azx = 1/2). Observe also that the distance between the left
and right-hand sides in can be explicitly bounded in terms of n by means of Berry-Esseen’s
theorem, which is a standard result in probability theory for estimating the rate of convergence
in the central limit theorem for sums of random variables with a finite moment of order 3 (which
is obviously the case here). In our framework, Berry-Esseen’s theorem asserts that there exists a
constant C' > 0, independent of Ax, such that, for all n > 1 and x € R:

C

F(z) —0()| < ——— 44
Fula) = 0] £ = (5.44)
see Petrov [25] or Shiryaev [30], where we let:
Sn —E(Sy) 22
= — T -
F.(z) P[Q T _x], O(x \/%/ exp )dz, z e R.
Returning to (5.42), we get:
2 toe 128, —E(Sy)|
Z_E[|S, — E(S, :/ i e et Gl 27 RS
Vn | (S=)1] 0 [ N } (5.45)

+o0
= /0 (Fn(—x) +1- Fn(x—))dl’y

where we used the notation Fy,(z—) = limy », Fy,(y). Since Fy,(z—) = F,(z) for almost every = € R,
we can easily replace F,(x—) by F,(x) in the last term right above. Of course, a similar identity
holds true for the L'-norm of a standard Gaussian random variable Z:

Eﬂm]:meCwﬂm+1—¢@D¢p (5.46)

Recall from (5.42) that E[|Z]] = v2/y/m. Making the difference between and and
invoking (|5.44|), we deduce that:

\/520 L
Vil =)o 1+x3$

2
| ZRElS, —E(S,)]) -
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Allowing the constant C' to increase from line to line and recalling that Wi(p(t"), px,) = Az x
E[|S,, — E(Sy)|], we end up with:

1 C
Vn > 1, |Wi(p(t"), prs) — ﬁvt"Aa: < —

Of course, one may bypass the use of the central limit theorem and perform the computations

explicitly. Choose for instance n of the form n = 2k, k € N. Then, thanks to the parity of the
binomial coefficients and to the fact that, for j = k, 2kAt = kAx = jAx, we have

Wi(p(t"); PAz)

- zk_l <2k>(1/2)2k(2kAt—ij 2k 1( ) 1/2)%* (kAx — jAx)

oaeY (2;> (1/2)*(k - j) = 20z kki (Qf> (1/2) - kkz_:l <2jk__11> (1/2)*

=0

= 2kAx (sz (ik> (1/2)% — kz_f <2k‘j— 1> (1/2)2-1

J=0

5 2o 1o (o

2 (%j )(1/2)2’“_1 =1- 2<2:__11) (727,

0

Wi(p(t"), pk,) = kAz (1 _ (2:) (1/2)%F — 1+ (2:_—11) (1/2)2k—2>

— kAz (4 <2:__11> - (2:» (1/2)%* = kAx (if) (1/2)%*

From Stirling’s formula, we thus recover that

Using the two identities

[\
a-m
l\DO

<

this rewrites

2%~ LA

n n 4
W1 (p(t )7pr) ~n—o0 kAz ﬁ

Vi

5.2 Numerical illustration

We present in the following several numerical examples for which we compute the numerical error
in the Wasserstein distance W; using formula (5.41). For these computations, we choose the final
time T' = 2 and the computational domain is [—2.5,2.5]. We compute the error in the Wasserstein
distance W for different space and time step to estimate the convergence order.

Example 1. We consider a velocity field given by a(t,z) = 1 for z < 0 and a(t,z) = 3 for z > 0.
Since a is non-increasing, a satisfies the OSL condition . For this example, we choose the initial
datum p™ = §,, with 79 = —0.5. Then the solution to the transport equation is given by

p(t,x) = Opyp(x)  fort < —zo; p(t,x) = 5%(t+xo)(az) for t > —xq.
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Then the generalized inverse is given for z € [0,1) by Q,(t, 2) = t+z if t < —z0, Q,(t, 2) = 2 (t+0)
if t > —xg. Therefore, denoting ugl = Zkg j pr, we can compute easily the error at time t" = nAt,

n n 1 u’g n
= WAl ) = 3 [ o= Qult"2)
ug_y

kEZ

Then we define the numerical error as e = max,<y/a;€". We display in Figure [I| the numerical
error with respect to the number of nodes in logarithmic scale computed with this procedure for
At = 0.8Az. We observe that the computed numerical error is of order 1/2. This suggests the
optimality of the result in Theorem

_._‘error W1

—2.4r slope 1/21
-2.6

-2.8

3}

-3.2

-3.4

-3.6

=385 5 5.5 5 6.5 7 7.5

Figure 1: Numerical error with respect to the number of nodes in logarithmic scale for the upwind
scheme in Wasserstein distance Wi in the case of example 1: initial datum given by a Dirac mass
and velocity field a(t,x) =1 for x < 0 and a(t,z) = 1/2 for x > 0.

Example 2. We consider the same velocity field as above, given by a(t,z) = 1 for z < 0
and a(t,z) = % for x > 0. However, we choose for initial datum the piecewise constant function
p"™ = 1;_11)- Then the solution to the transport equation (L.1)) is given by

114400 +21(0,4/2) + Lit/2,14¢/2) fort <1,
p(t,x) =

2 1[%(15_1)’%) + 1[t/2,1+t/2)> for t > 1.
We perform the numerical computation as in the first example. Figure [2| displays a comparison
between the numerical solution pa, and the exact solution p at time T = 2, with Az = 2/1000
and At = 0.8Ax. As expected we observe numerical diffusion. Figure [BHeft reports the numerical
error in Wasserstein distance Wj with respect to the number of nodes in logarithmic scale, with
At = 0.8Az is given. We observe that the numerical error seems to be of order 1 in this case.
However, since the solution stays in L', we can estimate the numerical error in L', which is provided
in Figure right. We observe that this numerical error is of order 1/2.

Example 3. We consider the velocity field a(t,z) = 2 for x < min(¢,1) and a(t,z) = 1
for > min(¢,1). Since a is non-increasing with respect to z, it satisfies the one-sided Lipschitz
continuity condition. The initial datum is given by: p™ = 1;_1,0)- In this case, the solution to the

transport equation (|1.1]) is given by

1[71+2t,t) —+ t(St, for t < 1,
p(t,z) =
dt, for t > 1.
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Numerical approximation
3.50 .
- — — Exact solution

3L

25F
a 2

1.5F

1
0.5F

-2 -1 0

Figure 2: Comparison between the numerical approximation obtained with the upwind scheme and
the exact solution at time 7" = 2 for the second example.

4

T -1.5 T
o Error W1 ——error L'

-4.5¢

—l 1] ——slope 1/2
slope ol |

_5}
-5.5¢
_6f
-6.57
_7t

-7.5¢

. . . . . 4 . . . . .
45 5 55 6 6.5 7 75 4.5 5 55 6 6.5 7 7.5

Figure 3: Left: Numerical error with respect to the number of nodes for the upwind scheme in
Wasserstein distance Wi in logarithmic scale for the second example. Right: Numerical error for
the upwind scheme in L' norm in logarithmic scale for the second example.

We deduce the expression of the generalized inverse,

(Z —1 —+ t)]-[O,l—t) + 1[1—t,1)7 fOI' t < 1,
t, for t > 1.

Performing the numerical computation, we obtain the numerical error displayed in Figure [4] in the
same way for the preceding two examples, with At = 0.4Ax. We observe that in this case the order
of the convergence is 1/2. Compared to example 2, although the initial datum is regular (piecewise
constant), we have the formation of a Dirac delta in finite time. Then the solution is defined as a
measure and the observed numerical order of convergence falls down to 1/2.

As a conclusion, these numerical results seem to indicate that as long as the numerical solution
belongs to L' N BV (R%), the convergence of the upwind scheme is of order 1 in Wasserstein distance.
However, when the velocity field is only bounded and one-sided Lipschitz continuous, the solution
might no longer be a function; for instance in example 3 above, Dirac deltas are created for t > 0
althought the initial datum is piecewise constant. When such singularities appear, examples 1 and
3 indicate that convergence order falls down to 1/2 which shows the optimality of Theorem
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_._érror W1
——slope 1/2
25
_3t
-35
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Figure 4: Numerical error with respect to the number of nodes in logarithmic scale for the upwind
scheme in Wasserstein distance W7 in the case of example 3 for which a Dirac delta is created from
the initial datum p"™* =1_y q).

Appendix

1 Generalization to other finite volume schemes

For simplicity of the notations, we have presented our analysis for an upwind scheme. In this
appendix, we generalize our approach to other schemes on Cartesian grids. With the notation
above, for J € Z%, we consider the scheme:

ntl At

n

= 2 Ay (g Jate, (P Pive;) —gf}_%ei(p?fei,p?)) (A1)

=

where we take the general form for the flux

n —n _ R™
gJ_i_%ei(u»U) - CJ-&-%eiu BJ-&—%eiv'

We make the following assumptions on the coefficients:
O<CJ+ < (oo O<BJJr < Boo- (A.2)

Then, equation (A.1l]) can be rewritten as

d

n+1 nq1_ At (C +5 +Z At Bn n _,’_Cn n
Py =PJ J+ie, TPy-le Ax; \JittelPIres TS -LePu=ei )

i=1 i=1

Assuming that the following CFL condition holds

d

(Boo + Coo (A.3)
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the scheme is clearly non-negative. We define then the random characteristics as in Section [3.3] by
(3.18]) where the transition matrix at time n is now given by

At
1-— (CJ+€+IBJ 1. ) when L = J,
i= 7 A
At .

Py = ECJJF%GZ. when L =J+4¢;, fori=1,...,d,
At .
Eﬁ;_%ei when L=J —¢;, fori=1,...,d,
0 otherwise.

It is clear that Lemma and Proposition (ii) hold true with this random characteristics. We
compute

d
At At
B0 - X = 3 (Baiy A - Ay, 20 ) e

i=1
Thus

d
B (X7 - X7) = AtZ(gng%eZ_ — g_%Ei)ei.
We deduce the following result:

ni

Proposition A.1 Under the assumptions of Theorem on p™ and a, assume further that the

bounds (A.2)) and the CFL condition (A.3)) hold true.
If moreover the weights (((C}l+€i/2)i:17m,d)(]€zd)neN and (((BJHZ/Q) 1,..d) jezd)neN Satisfy

n n _ n
e, ~Pro1e, = ails (A.4)

where a;'; is given in (3.11)), then, the result of Theorem still holds true for the scheme (A.1)).
Indeed, thanks to (A.4]), Proposition (i) holds true. Thus, we can redo the proof of Theorem

in this framework.

Example A.2
o We first observe that, for (' , = (@)™ and B7 . = —(a;})", (A.4) is satisfied. This
27t 2%

choice corresponds to the upwind scheme (3.10) considered in this paper.

e [f we now consider the Rusanov scheme (see [22,[6]), we then have i, = $(a" + aso) and
2 1

:’;_%ei = 2(—a;" + axo). We easily check that (A2) and (A4) are satisfied. Thus our result
also shows that the Rusanov scheme, when applied to a conservative transport equation with a
velocity field that is only L> and OSL, has an order 1/2 in distance Wy, p > 1.

Finally, as pointed out in Remark we observe that for another traditional upwind scheme
given by:

d
1_ — _
o Z (@) 05 = (@1 ) e, = (@4 ) ()R,
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n _ ot
where W1, = A Jin az(s,mﬂ_%ei) ds, we have

tn+1 d
BN (X" X7 = S <a,-(s, X"y

=1

AL ei)>e,~ ds.
2

Az,
szei)Jr —a;(s, X" —

Then the statements of Proposition (i) does not hold. Consequently, we cannot use the techniques
developed in this paper.

2 Application of the technique to a scheme on unstructured meshes

In this section, we explain shortly how to obtain the error estimate for a forward semi-Lagrangian
scheme defined on an unstructured mesh. For the sake of simplicity, we present the case of a
triangular mesh in dimension 2, but this approach can be easily extended to any mesh made of
simplices, in any dimension. Basic references on forward semi-Lagrangian schemes are [13] and [14]
(although they concern schemes on structured quadrilateral meshes).

2.1 Numerical algorithm

Let us consider a triangular mesh 7 = (Tj)rez with nodes (x;);cz. We assume this mesh to be
conformal: A summit cannot belong to an open edge of the grid. The triangles (T} )rez are assumed
to satisfy Upey Tk = R? and T, N1y = O if k # | (in particular, the cells are here not assumed
to be closed nor open). For any triangle 7" with summits z, y, z, we will use also the notation
(z,y,2z) =T. We denote by V(T') = V(x,y, z) the area of this triangle, and h(T") its height (defined
as the minimum of the three heights of the triangle 7'). We make the assumption that the mesh
satisfies h := infyez h(T)) > 0.

For any node z;, i € Z, we denote by K (i) the set of indices indexing triangles that have z;
as a summit, and we denote by 7; the set of all triangles of 7 that have z; as a summit: thus
Ti = {Tk; k € K(i)}.

For any triangle Ty, k € Z, we denote by

I(k) = {I(k), I2(k), I3(k)} (A.5)

the set of indices indexing the summits of T}, (for some arbitrary order, whose choice has no impor-
tance for the sequel).

Here is the derivation of the forward semi-Lagrangian scheme, whose rigorous definition is given
next, in (A.9). Let us emphasize that this is not a finite volume scheme.

e For an initial distribution p" of the PDE (L.1)), define the probability weights (p{);cz through
the following procedure: Consider the one-to-one mapping ¢ : Z 3 k +— (k) € Z such that, for
each k € Z, x,() is a node of the triangle T}; ¢ is thus a way to associate a node with a cell;
then, for all i € Z, let p? = Zk;L(k):i p(T},). Observe from that p%, = > ez p?éxj is

an approximation of p**.

e Assume that, for a given n € N, we already have probability weights (p}')icz such that pX, =
>_jez Pjdz; is an approximation of p(t", ), where p is the solution to (L.1) with p*** as initial
n+1
condition. Similar to (3.11f), let us denote af’ = At~! fttn B a(s,x;)ds, and x]' = x; + al At, for
1 € Z. Under the CFL-like condition
A At < h, (A.6)
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x]' belongs to one (and only one) of the elements of 7;. We denote by k' the index of this
triangle: xj" € Tyn.

e The basic idea now is to use a linear splitting rule between the summits of the triangle Tjp:
the mass p;' is sent to these three points x nkY)s Thy(kr)> TIg(km) according to the barycen-
tric coordinates of xi' in the triangle. In some sense, this scheme is a natural extension of
the one-dimensional upwind scheme to greater dimensions (see the interpretation of the one-
dimensional upwind scheme provided in Remark .

LI3(kp)

Ti = Lo (kp) LI (k7)

Let T'= (z,y,z) € T, and £ € T. We define the barycentric coordinates of £ with respect to z, y
and z, )\f, )\Z and /\Z:

AL = Y58 At -

V(, z,2)
V(T)

C o =25, (A7)

and then have £ = AL (&) + AT'(€)y + AL (€)z. Note also that AL (&) + AL(€) + AL(€) = 1. Therefore,
we have the following fundamental property, which will be used in the sequel:

A (@@ = O+ A (O - O+ =E-¢, (A-8)

for any ¢ € R2.

Considering z7" € Tir, we will use the barycentric coordinates of 27" with respect to the summits
(zj)jerxr) of Tkr. For notational convenience, let us denote

A= AL (27 when T = Tyr.

X (3

The numerical scheme reads:

Pitt =" PNy, JEZ, neN, (A.9)
iev(j)

where, for a given j € Z, we denote by ~(j) the set of all indices ¢ € Z indexing nodes x; such that
x; + a' At belongs to a triangle that has x; as a summit :

v(j) = {i € Z / there exists k € K(j) such that x; + aj At € T }.
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2.2 Probabilistic interpretation

As in Section we define a random characteristic associated to the scheme . Letting Q = ZN
and defining the canonical process (I"),en as we defined (K™),ecn above (the definition is the same
but we prefer to use the letter I instead of K; we make this clear right below), we equip 2 with the
Kolmogorov o-field A and with a collection of probability measures (P,),cp(z), such that, for each
p € P(Z), (I")nen is a time-inhomogeneous Markov chain under P, with p as initial distribution
and with transition matrix:

;s when j € I(k]")
no_ ) Mg i)
P { 0 otherwise, (A.10)

where we used the notation I(k[") introduced in ({A.5]), that is to say, more precisely,

Tyn
pro— ) Aoy’ (af) when j € I(K]),
Z’j 0 otherwise,

with the notation in (A.7). Pay attention that the chain (I"),en here takes values in the set of
indices indexing the nodes of the grid whilst the chain (K™),cy used in the analysis of the upwind
scheme (see Section takes values in the set of indices indexing the cells of the grid. This is the
rationale for using different letters.

Then, we let the random characteristics be the sequence of random variables (X"),en from
(92, A) into R? defined by

Vn eN, Yw € Q, X"(w) = Trn(w)- (All)

We now check that Proposition still holds true with this definition of the random character-

istics:

Proposition A.1 Let (X"),en be the random characteristics defined by (A.10)—(A.11)).
(i) Defining pp, = ez P} 0z;, we have pr, = X" 4P o .

PAx

(i1) For all j € Z, we have, with probability one under PP;, IE?(X"Jrl - X") =al.At.

Proof. (i) This result follows straightforwardly from the proof of (ii) in Proposition but with

the transition matrix defined in (A.10]).
(ii) From a direct computation, we have

Ef (X" —X") = > M (we— ).
eeI(km,)

Thanks to Property (A.8)),
IE;‘(X”+1 — X" =2 —xm = afnAt,

which completes the proof. =

2.3 Convergence order

By the same token as in Section [ we can use Proposition and Lemmas [£.2] and [4.5] to prove
that the numerical scheme ({A.9)) is of order 1/2:
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Theorem A.2 Let p™ € 77 (Rd) for p > 1. Let us assume that a € L>([0,00); L®(R?))? and
satisfies the OSL condition . Let p = Z#p”” be the unique measure solution to the aggregation
equation with initial datum p’m in the sense of Theorem- Let us consider a triangular conformal
mesh (Ty,)rez with nodes (x;) ez such that h = infyez h(T) > 0. We denote by Ax the longest edge

in the mesh. We define
PRe =D P}10x;,
JEZ
where the approximation sequence (p?) is computed thanks to the scheme . We assume that the
CFL condition holds. Then, there exists a non-negative constant C, such that for all n € N*,

Wo(p(t"), ph,) < Ce>l5” 2 (VimAz + Aa).

Proof. In order to repeat the arguments developed in Section [4] the main point is to check the

analogue of the second inequality in
To do so, we need to bound A7, for j 75 1. Clearly,

” Tin ;
i V(Tyn)

where y and 2 are the two summits of Ty» that are different from z;, namely {y,z} = I(k]') \ {:}.
Since |z] — x;| < ascAt, we have

AtA AtA
V(i wi,y) < Wa V(i w4, 2) < %7
from which we get
J - T n OOF'
JF ki )
This permits to implement the strategy proposed in Lemma as long as the constants therein are
allowed to depend upon 1/A, which shows the need for requiring # > 0. 0

3 An interpolation result

Proposition A.1 ([28]) There exists a constant C' such that, for any f, g, non-negative functions
in BV (R?) such that Jga | = Jgag =1, it holds that

I = glls < CIf — gl2Wa(f, 9)'?,

where | - |y denotes the BV semi-norm.

Proof. Let h € L°(R?) such that ||h||z~ = 1. Let p be a smoothing kernel and p.(z) = p(z/¢)/e?,
for any € > 0. Let us denotes h. = hxp., f- = f*pe, gc = g* pe, where * stands for the convolution

product. One has
Lone=a=[ n(t=g= =g+ [ s =g

Let us now estimate both integrals in the right hand term above. On the one hand, we have

L n =0 (8= 00) < WlelIf = 9= (e = )l < CELf =gl
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for C' = [pa|z|p(x) dz; indeed,
(f(z) — flz—y))p(y/e)

/Rd‘f_fa‘ _/ od
/Rd /Rd f(x = ey)lp(y) dy dz

/Rd< (@) = (x_ey”dx) ply )dy§5|f!BV/Rd\y|p(y)dy,

the last inequality being due to the fact that [pq|f(z) — f(z —ey)| dx < €| f|pv|y| for any y: see for
example Remark 3.25 in [I]. On the other hand,

dy| dx

/ h(f. — g.) = / he(f = g) < WA(f, ) Vhel[1oe,
R4 Rd

where we used the identity Wi(f, g) = supsect j|jwh||pe0<1 Jra(f — 9)h (see [32]). Furthermore,

1
IVhellzee = [[h* Voe||Loe < (IRl |[Veellzr < Z[[Vollr1-

In the end, taking C' = max([pa |z|p(x)dx, [pa |Vp(x)|dx), one gets
1
/Rd h(f—g) < C(élf —glpv + EWl(f,g))

“Optimizing” in e, that is to say, taking e = Wi (f, 9)"/?/|f — 9\119/5' (without any loss of generality,

we can assume |f — g|1/2 #0), one gets

If—gllu=  sup / h(f —g) < CIf — gl Y2Wi(f, )2,
he Lo ||h|| 0o =1 JRd

which completes the proof. =
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