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Abstract We consider the drift-diffusion equation
u —eAu+V - (u VK xu) =0

in the whole space with global-in-time solutions bounded in all Sobolev spaces;
for simplicity, we restrict ourselves to the model case K(x) = —|z].

We quantify the mass concentration phenomenon, a genuinely nonlinear effect,
for radially symmetric solutions of this equation for small diffusivity e studied
in our previous paper [3], obtaining sharp upper and lower bounds for Sobolev
norms.
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1 Introduction

We study the nonlinear nonlocal equation
ug —eAu+ V- (u VK xu) =0, reRY t>0, (1)

where € > 0 is the diffusivity. We consider the simplest case of a pointy po-
tential. In other words, to clarify the presentation we restrict ourselves to the
radially symmetric kernel K (z) = —|x| which has a mild singularity at the ori-
gin. Equation ([1) belongs to a class of models describing numerous phenomena
from biology and astrophysics; see the review [I6] and [2, Introduction] for fur-
ther references.

We make the following assumptions on the initial condition u(-,0) = uy:

(A) The function ug is C*°-smooth, bounded and integrable along with all its
derivatives. In other words,

u(-,0) =wug € ﬂ whP(RN),

k>0, 1<p<oo

where W*?(RM) are the usual Sobolev spaces (see Section .
(B) The function ug is non-negative and radially symmetric.

(C) The mass of ug is sufficiently concentrated:
/ || uo(z)dx < oo. (2)
RN

Since is globally well-posed in any space W51 (RY) for k € N, see [22],
using Sobolev embeddings, it follows that the solutions u to belong to
C([0,00), WkP(RN)) for all k£ > 0 and p € [1,00]. Also, u(-,¢) remains non-
negative and radially symmetric for all ¢ > 0, and moreover we also have
the mass conservation property, see (6 below. For more details on the well-
posedness and regularity issues for we refer to [I8,22].

In the limit case ¢ = 0, the solution to blows up after a finite time,
provided the initial condition is sufficiently concentrated in a neighbourhood
of the origin [4]. For more results about blow-up depending on the choice of
the kernel K, see [1],[5],[13],[14],[18],[21]. For a more comprehensive review of
the results and open problems, see the very recent book of the first author [2],
especially Chapter 5, Section 4.

In our work, we are concerned with the behaviour of solutions to for
0 < & < 1. In our previous paper [3], we obtained optimal estimates for
Lebesgue norms of u. Heuristically, after the solution is allowed enough time to
concentrate in a neighbourhood of zero, the behaviour of the (time-averaged)
Lebesgue norms of u is given by [ju||, ~ e~ N1=1/P),

More rigorously, we proved that there are constants ., T, > 0 and C(p) >
0, 1 < p < oo, such that provided 0 < € < e,

—1_—N(1-1/p) - P 1/p —N(1-1/p)
ol </ (RNU (2.8) d) " dt < Ce NG
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Moreover, this result remains true if we integrate over x in a ball of radius
Ce instead of the whole space. For the precise formulation, see Theorem 2.3,
Corollary 2.4 and Lemma 4.1 in [3].

To understand better small-scale behaviour of the solutions, it is relevant
to look at norms beyond the Lebesgue setting. The Sobolev norms - which are
natural candidates - have attracted much attention in models with physical
motivation. Namely, in the pioneering works of Kuksin [19] and [20], upper
and lower estimates of these norms for solutions of the nonlinear Schrodinger
equation (with or without a random term) in a small dispersion regime have
been obtained. After these seminal papers, study of the Sobolev norms in
dispersive equations has become a very important field (see for example the
paper [15] and the references therein).

Denoting by (-) a time-average, dimensional analysis tells us that quantities
of the type

(Hlall )
(llutll g}’

(see Section [2| for the notation) provide a characteristic length scale of the
solution. For a discussion, see the already mentioned papers of Kuksin [19]
and [20], as well as [T}, Chapter 6].

The main results of our paper, Theorem [I] and Theorem [2] state that, for
the same ¢, and 7T, as in the statement of , provided 0 < € < g, for every
m € N, there exists a e-independent constant C;(m) > 0 such that we have

m > 0, (4)

T
Oy lem G2 < / ()]l g dt < Cre=GmHNI72, (5)
0

Consequently, up to averaging in time, all the quantities given by are
of order ¢, as is the radius of the balls on which at least an e-independent
proportion of mass is concentrated. To the best of our knowledge, our paper is
the first one which studies systematically models from mathematical biology
using all-order Sobolev norms.

Moreover, our results for these norms - and therefore for the length scale -
are sharp. Indeed, the upper and lower estimates only differ by a multiplicative
constant which only depends on the initial condition through a finite number
of parameters. This is a remarkable phenomenon, only previously observed in
the Burgers equation and its generalisations. For more complex PDEs such as
the 2D Navier—Stokes or the nonlinear Schrodinger equation, such results are
beyond the reach of today’s mathematics.

Our results are indeed similar to those obtained for the simpler Burgers
equation and its fractional-dissipation and multidimensional analogues by the
second author [7}[8[9/[10]. These papers were themselves inspired by the ideas
and first results due to Biryuk [6]. Indeed, for Burgers-type equations the
length scale is again the small parameter €, and we have sharp Sobolev norm
estimates. More precisely, up to a rescaling factor corresponding to the dimen-
sion N, —u has the same behaviour with respect to Lebesgue and Sobolev
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norms as the derivative of a Burgers solution. In particular, the positivity of
u seems to play a role analogous to that of Oleinik’s upper bound on the pos-
itive part of the gradient for a solution of the Burgers equation. Heuristically,
it seems that the rescaling N-dependent factor in the power of ¢ is due to a
difference of geometry of the singular zones in the limit ¢ — 0. Indeed, for
regions where the inviscid solution is not regular are of dimension zero (only
the origin) and not shocks of codimension one as for the generalised Burgers
equation.

Our methodology is essentially a combination of the approach used by the
second author to study Sobolev norms in the papers cited above and of the
arguments used by the three other authors to prove explosion under the con-
centration assumption in the paper [4] (see also [I7]). The most delicate issue is
to estimate the contribution of the nonlinearity in the energy estimates, which
requires a subtle analysis of the convolution term using the classical Hardy—
Littlewood—Sobolev inequality along with the Gagliardo—Nirenberg inequality
within the admissible ranges for the exponents.

2 Notation, functional spaces and inequalities

We denote by M the total mass and recall that it is conserved by the flow of
the equation (and the non-negativity of its solution w is also conserved),
so that

()]s = /RN u(e.yde =3~ [ w@de. 10 (6)

For multiindices i,j € Zf, provided i < jk, 1 <k < N (which we denote
as i < j), we use the generalised binomial coefficient notation

B-10()

For N = 1 and a positive integer k, u(¥) denotes the k-th spatial derivative
of u, while we use the notation dyu = 92 ...0Nu when N > 1 and i =
(ik)lgng is a multiindex.

For m > 0 and p € [1,00], we will consider Lebesgue spaces LP(RY) and
Sobolev spaces W™P(RY). The Lebesgue norms will be denoted | - ||,. As
usual, we set H™(RY) = W™2(RY), m € N. For m € N and p € [1,00], we
denote the homogeneous seminorm in W72 (RY) by

el =Y N5ully with |- llgm = [ .-

li|l=m

Throughout the paper, the notation C' and C;, i > 1, is used for various
positive numbers which may vary from line to line. These numbers depend
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only on the dimension N, and on the initial condition uy through the total
mass M and the quantity A (see the beginning of the proof of Theorem [2)).
The dependence upon additional parameters will be indicated explicitly.

Now we recall two classical inequalities.

Lemma 21 (The Gagliardo—Nirenberg Inequality, [12]) For a C*°-smooth
function v on RN, we have

0 —6
[vllvirs.r < Cllvlgms 01577

where m > B >0, and r is defined by

N N N
= =p-o(m-=)+01-0=,
r p q

under the assumption B/m < 6 < 1 and with the exception of the case when
B=0,r=q=o00 and m — N/p is a nonnegative integer.

The constant C' depends also on m,p,q, B, N.

Lemma 22 (The Hardy-Littlewood—Sobolev Inequality.)

[23, Theorem 4.3];[24), V.1.3.]
For a C*-smooth function v on RY, provided

1<pg<oo, 1/p+A/N=1/g+1, 0 <A <N,

we have

| 1= 0| < Cllel

where * denotes the convolution. The constant C' depends on p, A\, N.

3 Upper estimates

The results proved in this section still hold without the radial symmetry as-
sumption on the initial condition, and also without the concentration assump-
tion . Nevertheless, in that case we do not have corresponding lower esti-
mates with the same power of the parameter € proved in the next section.

The scheme of the proof is very similar to that of the particular case
N =1, m =1 already treated in [3].

Theorem 1 For m € N and t > 0, we have

)l < max { gl g, Cm) MO F2 -2/ 2= (N2m)/2
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Proof The case m = 0 is dealt with in [3], to which we refer, see [3} Lemma 4.1]
for p = 2. From now on, we assume that m > 1.

The case N = 1. Integrating by parts and using that for any p € [1, o],
(K" % v), = —2v for v € LP(RY), we obtain

M
2dt m
= E||U||§'{m+1 - / u(™) (u (K’ * u))(m+1)dx
R
= €||u||?i17n+1 - / U(7n)u(m+1)(K/ * U)d{L‘
R
_ Z/ m+1 u(m)u(k)(K/ X u(m_k)) e
R k T
k=0
1
R
_ Z/ (m + 1) WMy ® (K 5 MR dy
k=0"R k
- SHUHHmH - / (U(m))2 u dx
R
—_—
Am
+Z/ (m+1> m) g, (k) g, (m=k) g
Bkm,

We first get, using the Holder and then the Gagliardo—Nirenberg inequality
(for (B,7,m,p,q) = (m,00,m+1,2,1)), as well as (6],
1/(2m+3 2m+2)/(2m+3
Aval <l lllly < CCm)(lully ™l G2 D)2 s
=C(m )M(2m+5)/(2m+3 l[u ||(4m+4)/(2m+3)

Similarly (with (8,7,m,p,q) = (k,2,m + 1,2,1) and (8,r,m,p,q) = (m —
k,2,m +1,2,1) for the Gagliardo-Nirenberg inequality), we obtain

[Bianl <C k)l el o
(2m+3) 2m+2)/(2m—+3
<Ck,m) (Il @) ) Gt/ G

Hm+1

2m—+2—-2k)/(2m+3 (2k+1)/(2m+3
x (||u||< IR B D G

(2k+2)/(2m+3) (2m—2k+1)/(2m+3)
[l 3 [

(4m-+4)/(2m+3)
Em+1

:C<k,m>M<2m+5>/ @3

Consequently,

< —elful% ey + C(m) MEMED/@md) | b D/ Cmtd) 7y

H7n+1

T
2dt Hm =
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Now we observe that, interpolating |[u(t)|| ;. between ||u(t)|| zrm+: and |[u(t)|1
using the Gagliardo—Nirenberg inequality, we get, thanks to

||u(t)||2/(2m+3) > Can(m )M74/(2m+1)(2m+3)”u( )H2/ 2m+1 (8)

Fm+1

Our goal is now to show that the inequality implies that, for all ¢ > 0,

[ grm < Unm (9)

= maX{HUoHHm, CGN(m)—(2m+l)/20(m)(2m+l)/2M(2m+3)/2€—(2m+1)/2} ,

with C(m) is the same as in (7)) and Cey(m) the same as in (8). Indeed, for
6 > 0, consider the set

As :={t>0: |[u®)| gm < Un+0}.
Clearly, 0 € As and the time continuity of u in H™(RY) ensures that
75 :=sup{t > 0: [0,¢] C As} € (0, 00].
Assume now for contradiction that 75 < co. The definition of 75 implies that
()% = (Unm +6)* > |u(t)]|%,. forall te(0,7s).

Hence,

d
), 2 0. (10)

We next infer from @, and the definition of U, that

1d )
5&”“(76)“ Tm
4m+4)/(2m+3 2/(2m+3 m m —
<ellu(rs) |Gt O (<llulrs) |2t + Cm) M@ G 1)

4m+4)/(2m+3) — m m 2/(2m+1
<el|ulrs) |Gt G (— Oy (m) M~ GmaD@me3) |y gy (|2 Gt D)

+ C(m) 2m+5)/(2m+3)571) <0,

which contradicts . Consequently, 75 = oo and As = [0,00) for all § > 0.
Letting 6 — 0 completes the proof of @
The case N > 2. Let i = (ix)1<x<ny € NV be a multiindex with [i| = m

By applying Leibniz’ formula, it follows from that dju solves

(Byu), = £A (Byu) — V - [ 3 (f)aju (VK * ai_ju)].

0<j<i
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Multiplying the above equation by O;u, integrating over RY, summing over all
multiindices i of length m and then integrating by parts, we get

1d,
Sl
=—c > V()3
li|l=m
+ Z Z (l)/ (%-u(VK*ai,ju)-VBiudx
lil=m o<j<i \V/ JRY
el + Y [ Gu(VE ) Vowda
lil=m RN
-3 ¥ (‘)/ Vo - (VK * 85_ju) ude
i=mo<j<i 7 JRY
- Z Z (1) aju(AK*ﬁi_ju) 8iudx,
li=m o<j<i 7 JRY

using that div(VK % 0;_ju) = AK * 0;_ju. Since we can write

Z (l) / Vaj’lL' (VK * 8Hu) Oyudx
RN

J

N N
i

= E . E Oy, Osu (0, K * 0;_;u) Oju dx
(J)k_lfRN Oyt (O i)

0<j<i

N N
= Z Z Z Ci(i,1,7,8) O (0y,0;, K % 0i_1u) Oyude
N|<m r=1s=1 BY

r=1

for some constants C;(i,1,7,s) € R and

Z (1> Oju (AK * 0i_ju) Ojudz
RN

o<j<i

N
— Z ZCQ(i7j7T)/ ou (6§TK * Bi,lu) Oyudx
]RN

N<m r=1

for some constants Cs(i,j,r) € R, we obtain, after another integration by
parts,

1d, o 5 1 5
3l = el =5 3 [ @) (AK 5w do

li|l=m

+ >0 /RN A (P(i,)K % 8;_yu) dyu dz,

lil=m |1|<m

(1)
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where P(i,1) are constant-coefficient differential operators of second order. We
now split the last term of to find, after moving partial derivatives inside
the convolutions in an appropriate way,

Z Z /RN O (P(i, 1)K x 0;_ju) Ojudx

lil=m [1]<m

=Y > /R O (B PG DK < v) dude

lil=m m—-N+2<|1|1<m

+ > > A (P(i,1)K * 0;_yu) dyu dz.

N
lil=m |l|<m—N+1"R

For the second term on the right hand side of the above identity, we observe
that the conditions |i| = m and |l] < m — N 4 1 guarantee that [i—1] > N —1
and we can move N — 2 partial derivatives from 0j_ju on P(i,1)K in the
convolution P(i,1)K * d;_ju to find

Z Z /]RN Ou (P(i, 1)K x 0;) Qudx

lil=m |1|<m

= Z Z /RN o (1P(i,)K % u) Oyudx

lil=m m—-N+2<]1|<m

+ Z Z Z /RN O (Q(1,1,§)K * dju) fyudz,
|i|l=m

N<m—N+1  |jl=m—[1|-N+2

where Q(i,1,j) are constant-coefficient differential operators of order N. In-
serting the above identity in and computing the partial derivatives of K
leads to

1d, ) N-1 1
=S, < —eull? A o d
i < ol + 757 32 [ @ (2™ ) ao

Aj

+ 3 3 C’(i,l)/ EX (|xr<mf“l+1> *u) |05| da
il =m =

m—N+2<|1|[<m

D; )

XY iy ol (jal Y oyl okl

lij=m |1|<m—N+1 li|=m—|1|—N+2

E;y

Now it remains to estimate all the terms using first the Holder, and then the
Gagliardo—Nirenberg and the Hardy-Littlewood—Sobolev inequalities, along
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with the mass conservation @ First,

| 4] S”(aiu)2||2N/(2N71) H|33|_1 * UHgN < C(m)||8iu||4211v/(21v—1)HU||2N/(2N71)

Sc(m)Hu”{Q/Vm,ALN/(QN—l) ||u||2N/(2N71)

3/(2m+N+2 4Am+2N+1)/(2m+N—+2
<C(m) (JJull /BN | (D BN

2m+N+1)/(2m+N+2 1/(2m+N+2
o (R T A

<C(m)M(2m+N+4)/(2m+N+2) | (flmrl2N+2)/(2m+N+2) _
< fm

Next, when 1 satisfies 0 <m — [I] < N — 2,

)|35\_(m_“|+1) * UH lO5ullany 2n—1)

Duil < |16 . ‘
|Dia| < [|Ovull2ng (v—m-+)) N m2l41)

< CHEDNullyin, 2vsov—mro [llanyan—2m——3) [l yirm an e -1
. — 1— 1—
< CED (Nl %) Ul Ml el el )

H?n+1 H77L+1
< C(i I)M(2m+N+4)/(2m+N+2) Hu||(f1m:-12N+2)/(2m+N+2)
= ) Hm 9
where
_ m+ |+ N 5= 2(m—1])+3 _ 4m +2N +1
Toam+N+2 T 2@m+N+2) T 2@m+N+2)

Finally, when (L, j) satisfies m — |1 > N — 1 and |j|=m — |I| = N + 2,

(Bl < 00l a1y pemy [l 5 05l | ol emeay s
dm—+4

< C(ia1)||U||W\l\,<4m+4>/(2m71> ||U\|Wm—\1|—N+2, N(4m+4)/(N+4m+4)
X |l giym.@mt2) /(a2
: -8 1-4' ’
< OV (el Nl e D ll S Y] 50)

H7n+1 H'm+1
1/(m—+1 m/(m+1
< (el ™ [l 0T )
< C(i, I)M(2m+N+4)/(2m+N+2) Hu||§;l1:::rlQN+2)/(2m+N+2)’

where
C9m+1)@EL+N)+3N ., Am+1)(m—L+1)—N
C22m+ N+2)(m+1) ] 2(2m A+ N +2)(m+1)

Summing up all the above estimates, we get

1d

- 2,

L g,
< €||uHi[m+1 + C(m)M(2m+N+4)/(2m+N+2) Hu||§1177:jl2N+2)/(2m+N+2)
o (4m+2N+2)/(2m+N+2)
_||uHHm+1

X (C(m)M(2m+N+4)/(2m+N+2) o €Hu||2./(2ff+N+2)) .
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From this energy inequality combined with the following consequence of
the Gagliardo—Nirenberg inequality

2/(2m+N+2) > C(m) M_4/(2m+N)(2m+N+2)||u||2_/(2m+N)

[l g frad

we deduce, arguing as in the case N = 1, that
()] g < maX{lonllgm, C(m)M(N+2m+2)/2€*(N+2m)/2} ——Y

as announced.

4 Lower estimates for Sobolev norms

Here — unlike in the previous section — the positivity and radial symmetry
assumptions as well as the concentration assumption on the initial
condition ug play a crucial role.

Theorem 2 Let m € N. For some explicit numbers €, > 0, Ty, > 0 and
C.(m) > 0, independent of €, the following inequality holds true:

T
/ ]| g dt > C(m)e™Gm+NI/2] forall ¢c(0,e,). (12)
0

Proof For m = 0, see [3, Corollary 2.4] for p = 2. Indeed, if is true,
then there exists A > 0 such that the assumption on the initial condition [3]
Eq. (2.8)] holds true; see also [3, Remark 2.7].

For m > 1, we infer from the Gagliardo—Nirenberg inequality that

N/(N+2 2 N+2
lu(®)ll2 < Con(mllu@ll "™ ue) ;™.

Hence, by @,
— m —2m N+2 N
[u(®)]| grm > Cn (m) =N H2MIN Np=2m/N gy ) |SNF2RIN 0y > g,

and it follows from Holder’s inequality and the already established lower bound

for m = 0 that

T, 1/2 T
(/0 ||“(t)|2'mdt> > C(m)M >N (/O |u(t)|§(N+2m)/th>

1/2

T.

> O(m)M—2m/N g (NHam)/2N < / u(t)]|2 dt
0

> C£N+2m)/NC(m)M—2m/N T*—(N+4m)/2N5_(N+2m)/2

which completes the proof.
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