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MATCHING POLYNOMIALS AND DUALITY
BODO LASS
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Let G be a simple graph on n vertices. An r-matching in G is a set of r independent
edges. The number of r-matchings in G will be denoted by p(G,r). We set p(G,0)=1 and define
the matching polynomial of G by p(G,x)::EiZ{)ZJ (=1)"-p(G,r)-2™ 2" and the signless matching
polynomial of G by ﬁ(G,x)::Z:LZ)QJ p(G,r)-z™ 2",

It is classical that the matching polynomials of a graph G determine the matching poly-
nomials of its complement G. We make this statement more explicit by proving new duality
theorems by the generating function method for set functions. In particular, we show that the
matching functions e*”2/2u(G,w) and 6*12/2/1(6,33) are, up to a sign, real Fourier transforms of
each other.

Moreover, we generalize Foata’s combinatorial proof of the Mehler formula for Hermite
polynomials to matching polynomials. This provides a new short proof of the classical fact that
all zeros of u(G,x) are real. The same statement is also proved for a common generalization of

the matching polynomial and the rook polynomial.

1. Introduction

Let V be a finite set of vertices, n := |V|; and let G = (V, E) be a simple graph,
i.e. I/, the set of edges, is a subset of (‘2/), the family of all 2-element subsets of V.
The complement of G is the graph G = (V, E) with E = (‘2/) \E.

An r-matching in G is a set of r edges of GG, no two of which have a vertex in
common. Clearly, r < [n/2]. If r = |n/2], then an r-matching of G is called
perfect if n is even and quasi-perfect if n is odd. Let p(G,r) be the number of r-
matchings in G, with the convention that p(G,0) := 1. The matching polynomial
of G is (see [3], chapter 1)

[n/2]
w(G,x) = Z (=1)" - p(G,r) - x" 2",
r=0
while the signless matching polynomial reads
[n/2]
(G, x) = Z p(G,r) -z,
r=0
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In particular, 7z(G,0) counts the number of perfect matchings of G and 7(G, 1)
counts the number of arbitrary matchings of G.

These polynomials were introduced by Heilmann and Lieb [5], who, motivated
by statistical physics, mainly studied their zeros. They obtained many estimations
on the locations of those zeros and provided several different proofs for their main
theorem that all zeros of u(G,x) are real. Another proof of this theorem was
obtained by Godsil, which he reproduced in his recent book [3] together with all
the classical proofs. However, all those proofs rely on a recursive approach (via
the deletion of a special vertex) towards the matching polynomial. One of the
purposes of this paper is to give a short proof that avoids this traditional deletion
technique.

We generalize the combinatorial proof of the Mehler formula for Hermite polyno-
mials imagined by Foata (see [2]). To state and derive our extension of the Mehler
formula we need an adequate algebraic tool, the algebra of generating functions
for set functions. This algebra is developed in the next section. In section 4
we show that our generalization of the Mehler formula immediately implies that
(G, 2)]?2 > [(Sm 2)?]™ + 2|E| - [(Sm z)?]"~! for every z € C, i.e. that all the
zeros of u(G, x) are real. Moreover, this fact holds for a common generalization of
the matching polynomial and the rook polynomial.

Section 3 is entirely devoted to questions of duality. It is evident that u(G,z)
and fi(G,x) contain the same information, a convenient relation between those
polynomials being

w(G,z) = (—9)"  u(G, zi), V|i=n, i=+v-1.

The observation that u(G, z) and (G, ) determine (G, z) and (G, x), however,
seems to have first been made by Lovész, [8] 5.18. His proof, based on the inclusion-
exclusion principle, does not seem to be too difficult although it is marked with an
asterisk in his book. We prefer to give an explicit calculation involving several new
duality theorems. In particular, we show that the matching functions e==*/24(G x)
and e~**/2,(G,x) are, up to a sign, real Fourier transforms of each other.

Matching polynomials generalize many classical orthogonal polynomials, namely
Hermite polynomials (the matching polynomials of complete graphs), Tchebycheff
polynomials of both kinds (paths and cycles) and Laguerre polynomials (complete
bipartite graphs), see [9] chapter 6. The complete graph K, on n vertices can be
defined as the complement of the edgeless graph K, on those vertices. Clearly,
w(K,,x) = i(K,,r) = z". The Hermite polynomials will be (by definition) the
matching polynomials of the complete graphs, i.e. He, (z) := u(K,,x). The reader
will recognize the classical definition of the Hermite polynomials as a special case
of the second equality in our duality theorem (d/dx), replacing G by K,.

The first step towards the duality theory developed here was the combinatorial
interpretation of integrals over products of Hermite polynomials (see [9], VI-34,
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remark 21, or the recent book [1], chapter 6.9):

WKy, ... .0wK,,,0) = \/%/ e_x2/2-,u(Knl,:U)---u(Knk,x)-d:zs,

where K,,, W ... W K, denotes the vertex disjoint union of the complete graphs
K,,,...,K,,. Even this formula has been neglected in physics (for instance, in
[5] there is no consideration of duality at all) as can be seen from the fact that
Itzykson and Zuber [6] need a whole page to solve their integral (3.5), the result
being evident from the previous formula.

The second step was the realization, due to Godsil [4], that, more generally,

i(G,0) = ﬁ/ e "2 (G ) - da,

the equation pu(K,,x) - w(Kn,,z) = p(Kp, W... W K,,,x) being evident.
Finally, the last step of duality theory is the derivation of direct formulas for the
matching polynomials of the complementary graph. In this context Godsil mainly

proposed
/2]

M<G7$) = Z p(G, 7“) 'M(Kn—2T>x)7

r=0

but also the more explicit formula
BCw) = [ e Gty o

is a specialization of theorem 2.4 in [4], that Godsil did not reproduce in his
book [3].

We propose two new duality theorems by means of differential operators, a slight
modification of Godsil’s last theorem together with a scalar product formula and,
finally, the Fourier transform interpretation.

Our proofs of section 3 make use of generating functions for set functions. We
must say that the set function machinery developed in the next section has been
the adequate tool for deriving those duality theorems.

2. Algebraic tools

Let V be a finite set and
f: 2V - A
V’QVHf(V’)GA

be a set function, where A is a commutative ring with 1. Consider the generating
function

Fr(v) = Z fovy- v, =1,

VICV
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subject to the following multiplication rules (V/, V" C V):

/ 1 / 1
VUV =0V Y where

o [VOV VAV =0
- T, if V'NV" 40, where
THVii=1, t+1:=1, and J=o.

The algebra A[V] of those generating functions is not unknown. In fact, we have
the isomorphism

AV] ~ Alv, ..., 00]/ (03, ... 02),
if V' contains n elements.

Example. For V' CV put

F(V) = D V") g(V")

V/:V//L_HV/H

(fvg7fg : 2V —>A) Then
Frg(v) = Fy(v) - Fy(v).

For |V| = oo let F(V) be the partially ordered set of finite subsets of V. We
have the canonical projections py v : A[V'] — A[V"] (V/,V" € F(V),V' D V")
and define

AlV] = {iinA[V'], Ve F(V)

in order to work with generating functions of the form

Frv)y= Y fv)-»".

V'eF(V)
Let
V=Y ot
veV

be the generating function for the indicator function of the subsets of V' of cardi-
nality 1 (the double use of V' for the set itself on the one hand and for an element
of A[V] on the other hand will never cause confusion). In the product V™ each
subset of cardinality n occurs n! times, so that V™ /n! represents the indicator
function of the subsets of the set V' of cardinality n. The identity

Yofmyvrml = S f(VI) v, fiN— A
n=0

VIEF(V)
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provides an imbedding of the ring A![[V]] of generating functions of exponential
type (usually the variable is called = instead of V') into our ring A[V]. It is at
the origin of (almost?) all applications of A![[V]] into combinatorics, but requires
the existence of an infinite combinatorial model depending just on cardinalities.
Consequently, A[V] gives more flexibility and closeness to combinatorics. In addi-
tion, A[V] is ideally suited for computer calculations (for more details and lots of
different applications see [7]).

Remark. The ring Z![[V]] is not noetherian, but it contains the important func-
tions exp(V') and log(1 + V).

Example. If char A = 2, then we have

1+V) ! = i(—l)”n! V" /nl
n=0
=1+V and
log(1+V) = i(—l)”l(n — - v"/n!
n=1
= V+V?)2

in the ring A![[V]]. These identities are at the origin of lots of results of parity in
combinatorics.

For all t € A we put (tv)V" := tV'I. V' V' C V, and therefore

Fp(tv) = > fv)dVh.uv,

PCV/CV

It is evident that this definition is compatible with the addition and the mul-
tiplication. Most important are the special cases t = —1 and ¢ = 0: Fy(0) =
Fr(0-v) = f(0). If Ff(0) =0, then F(v)"/n! is defined for any ring A, because
a partition into n nonempty subsets can be ordered in n! different ways. Thus we
have an operation of A![[V]] on A[V] via the substitution G(F(v)) defined for any
G € Al[[V]].

Finally, define for any f,g:2" — A the function f *g: 2" — A by
(fxg)(V') = f(V') - g(V')
for each V' C V and define the Hadamard product to be

Fr(v) * Fy(v) := Frag(v).
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3. Duality theorems

Let G = (V, E) be a finite simple graph and let G = (V, E) be its complement.
We have identified V' with the generating function of the indicator function of
the one-element subsets of V, and we have realized that V2/2 corresponds to the
indicator function of the two-element subsets of V. Similarly, we identify F and
E with the generating functions of the indicator functions of E, E C 2V. Since
every two-element subset of V either belongs to F or to E, we have the following
fundamental identity, valid in the ring A[V]:

E+E = V?/2.

Let p(G) be the number of perfect matchings (if |V| = 0 mod 2) or quasi-perfect
matchings (if |V| = 1 mod 2), and let ¢(G) be the number of arbitrary matchings
of G. We denote by G[V’] the subgraph of G induced by V' C V| i.e. its vertices
are the elements of ¥V’ and its edges are the edges of G having both endpoints in V.
Then the perfect matchings are counted by exp|E], the quasi-perfect matchings
by V - exp[F], and altogether we have the identities

1+ > pGV'])-vY = (1+V)-explE],
1+ > eGV']) v = exp[V + EJ.

The following proposition was proved in [8], 5.18, for the case of perfect matchings.
Proposition. ¢(G) = p(G) mod 2.

Proof. Using the previous three identities we have

exp[V+E] = exp[V+V?/2—E] = expllog(1+V)+E] = (1+V)-exp[E]. 1

From the very definitions of the matching polynomials we have the following
generating functions:

1+ Z w(GIV'),z)-vY = exp[zV — E,
pcv/CV

1+ Z A(GV'),z) vV = exp[zV + E].
pcv'cv

Considering the first equality for the complete graph K., on an infinite set of
vertices yields the classical generating function of exponential type for Hermite
polynomials:

1+Z,u(Kn,x)-V”/n! = exp[zV — V?/2].

n=1
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We are now in a position to provide a very short proof of Godsil’s duality theo-
rem.

Duality theorem (Godsil).
Ln/2]
w(G,z) = Z p(G,7) - wW(Ky—ar, x).

r=0
Proof. Using the set function algebra developed in section 2 we have:
explzV — E] = explzV —V?/2+ E] = exp|F] -exp[zV —V?/2]. 1
We can further establish the following new identities.
Duality theorem for the matching polynomials ( %).
(G, x) = exp[;/2] - (G, ),
w(G,z) = exp[—i /2] - TG, w).
Proof. As in the preceding proof,
exp[zV + E] = exp[V?/2] - exp[zV — E]
= exp[L5/2] - explaV — E],
because L exp[zV —E] = V-exp[zV —E]. The differential operator exp[—%/ﬂ

is the inverse of exp[%/Q]. |

Duality theorem for the matching polynomials (%).

2

A(Gx) = e /2 p(G k) e 2,
w(G,r) = " /2 (G, -4 e /2,

Proof. By the Taylor formula we know that

f(z+a) = explikd]- f(x)
for variables x,a and a formal power series f. It follows that

exp[—2°/2] - exp[-LV — E] - exp[z?/2]
= exp[—2?/2] - exp[—E] -exp[%V] - explz? /2]
= exp|—2?/2] - exp[—E] - exp[(z + V)?/2]
= explzV + E].
The second equality is proved in the same way. [

Specializing the second equality of the preceding theorem to Hermite polynomi-
als, i.e. replacing G by K, provides the classical definition of Hermite polynomials.
However, we could not find the specialization to Hermite polynomials of the first
equality, i.e. the differential operator He, (d/dx), in the literature.
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Finally, we can prove several integral formulae.

Duality theorem for the matching polynomials ( [).
Ry = S [ e G e
Proof. Using the invariance of the integral with respect to translations we get:
\/% /_O:O exp[—(x —y)?/2] - exp[zV — E] - dx
= \/LZ? /_O; exp[—s®/2] - exp[(s +y)V — E] - ds
= exp[yV + EJ] - \/% /_OO exp[—(s — V)?/2] - ds
= explyV + E] - \/% /_00 exp[—t*/2] - dt

= explyV + E]. 1

For graphs G’ = (V', E’) and G” = (V", E") we have the following result.

Scalar product formula.

W(GYG",0) = \/ﬂ/ (G x) - e /2. 4y

= N(G ) dw) (GH )

=0

Proof. The first equality being evident from the previous theorem, we just have
to prove the second one:

exp[-L V' + E'] - exp[zV" + E"]

=0

= exp[F’] - exp[(x + V" )V" + "]

=0
= exp[V'V'+FE +E"]. I

Remark. If G’ = K,, and G” = K,,,, then the scalar product formula counts the
number of perfect matchings of the complete bipartite graph K,, W K,,, which is
equal to zero, if n # m, and equal to n!, if n = m. This is the orthogonality of the
Hermite polynomials.
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The previous duality theorem implies (G, y) = (GOl [z e~ (@=yi)*/2 w(G,x)-dx.

Var J—oo
This proves the following theorem.

Duality theorem for the matching polynomial (C).
—y2/2 é _ ﬂ > TYi —:1:2/2 G d
e /L( 7y) - Von e € :u( ,.’L’) - azx. !

If we call e~/ 2u(G, z) matching function of G, then this matching function is
even for n even and odd for n odd.

Duality theorem for the matching polynomial (R).
eV 2u(G,y) - (~1)"2

- \/g : / cos(zy) - eixQ/QM(G,x) dz, n even,
0

eV Pu(G,y) - (-1

= \/g/ sin(zy) - e~ 2u(G,x) -de,  n odd.
0

Thus the matching functions of G and G are, up to an eventual multiplication by
—1, real Fourier transforms of one another. |

4. Zeros

From now on every edge {u,v} € E of our graph G = (V, E) will get a positive
real weight wy,, ,,y (we can assume that the two-element subsets of V' which are not
edges get the weight zero). This weighted graph will be denoted by G, = (V, Ey,).
In particular, F,, will be identified with the generating function of the set function
which attributes the value 0 to all subsets of V' with the only exception of the edges
of G, which get their own weights. The (weighted) matching polynomial can be
defined with the help of its generating function:

1+ Z w(Gu[V'], ) - Vo= exp[xV — Ey].
pcv'cv

We see that every matching is counted with respect to its weight: the product of
the weights of its edges.

A Hamiltonian cycle of G, is a cyclic order of V' and its weight is the product of
the weights of its n = |V/| edges corresponding to two consecutive vertices in the

9
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cyclic order. In particular, if the edge corresponding to two consecutive vertices in
the cyclic order does not belong to the graph (equivalently, has weight zero), then
the weight of that “Hamiltonian cycle” is equal to zero. Let cyc(Gy,) be the sum of
the weights of all Hamiltonian cycles of G,, with the convention that cyc(G,,) = 1
if n = 1. We assume that the weight of each edge in the complete graph K,, is
equal to 1, so that cyc(K,) = (n — 1)!.

A Hamiltonian path of G, is a linear order of V' and its weight is the product
of the weights of its n — 1 edges corresponding to two consecutive vertices in the
linear order. Let lin(G,,) be the sum of the weights of all Hamiltonian paths of
G, with the convention that lin(G,,) = 1 if n = 1. Clearly, lin(K,) = nl.

Let us put
cycq, (V) = Z cye(Gou[V']) - VY, ling, (v) = Z lin(Gy[V']) - v
OCV'CV DCV'CV

Considering the infinite graph K., yields

chc(Kn) V" /nl = —log(l V), Zlin(Kn) -V /nl = L
n=1 n=1

1-V
Usually (in undirected graphs) one does not distinguish between the two different
directions of Hamiltonian cycles or paths. In this sense cycq, (v) and ling, (v)
count them “twice”. Now we can prove our generalization of the Mehler formula.

Theorem. Using the Hadamard product = we have:
exp [xV — Ew] * exp [yV — Ew}

= exp|[i-cycq, (V) + 5 - cyeq, (—v)] -

exp[—(%45%)? - ling,, (v)—(&2)? - ling, (—v)].

Proof. Two matchings of G,, to be considered in the left hand side of the theorem
provide a partition of V' into even Hamiltonian cycles (to be counted “twice”,
because the matchings can be interchanged), even (according to the number of
vertices) Hamiltonian paths (to be counted with the factor —z? or —y?, because
the number of edges of the paths is odd) and odd Hamiltonian paths (to be counted
with the factor 2zy). Thus the left hand side is equal to

[cycq, (V) +cyeq, (—V) }
exp .92 .

4

exp ling,, (v) +4hnc:w(—V) (—a? - yZ)] )

[ling,, (v) — ling,, (—v)
4

exp

. Qxy] .

But this is precisely the right hand side of the theorem. [}

10
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Specializing to K, yields the Mehler formula.
Corollary (Mehler).

1+Zu(Kn,x)u(Kn,y)-V”/n! = \/ﬁ -exp[(*52)? - 1Xv —(551)? 1YV]‘ i

n=1

Replacing y in the previous theorem by the complex conjugate number T yields
the following corollary.

Corollary.
exp [wV — Ew} % exp [EV — Ew]

= exp[3 - cycq, (V) + 5 - cyeq, (—v)] -

exp[(Sm z)* - ling, (v) — (Re ) - ling,, (—v)]
= exp[(Sm z)* - ling, (v)] - (exp[(%e 2)V — Ey] * exp[(Re 2)V — Ew]>

Therefore (G, z)|? > [(Sm )%™ +2W - [(Sm x)%]"! for every x € C, where
W is the sum of the weights of all edges of G,. In particular, all zeros of (G, )
are real. [

We finish this article by considering a common generalization of the matching
polynomial and the classical rook polynomial. Thus we do not just have our
weighted graph G!, = (V', E.), but also a bipartite graph Go = (V',V"; E!).
In other words, we have a graph G,, = (V, E,,) with vertex set V := V' 5 V",
edge set Fy, := E! W E! and, in particular, no edges between vertices of V”. The
weights of the edges of G, are still assumed to be positive, whereas the weights
of the edges of G are supposed to be such that for each v/ € V" the weights of
the edges incident with v” all have the same sign, i.e. they are all positive or all
negative.

Let exp[zV’ + V" — E! — E!'] be the generating function of our generalized
matching polynomials, and let cycg, (v) count the Hamiltonian cycles “twice”.
Moreover, let ling,, (v), lin’g, (v), lin” g, (v) count the Hamiltonian paths “twice”
which have both endpoints in V’, one endpoint in V’ and one endpoint in V",
both endpoints in V", respectively. (Note that ling, (v) is nonnegative by our
restrictions on the weights.)

Theorem.
exp[aV'+ V" — E|, — E})| * exp[yV' +V" — E,, — E|]
= exp[5 - cyeg, (V) + 5 - eyeq, (—v)] -
eXp[—(I—;y)2 . linGw(V)—(xT‘H/)2 : linGw(—V)} .
exp[—"’Ter Jdin'g, (—v)] - exp[-lin"¢, (-v)].

11
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Proof. Clearly, both sides of the equality are equal to

[cycq, (V) +cyeq, (—V) }
exp I 2] -
[1i li — li — i —
exp ing, (v) +ling, (—v) e — )| - exp ing, (v) —ling, (—v) oy -
i 1 1
[lin’q, (v) + lin’g, (—v lin'g, (v) —lin’g, (—v
exp G (V) 1 G )(—x—y)] . exp{ G (V) 1 G )(:L“-i-y)} :
exp lin”g, (v) +1lin"g, (—v) (=) - exp lin”g, (v) —lin"¢g, (—v) o|. 1
i 1 1
Corollary.

exp[aV'+ V" — E,, — E]| * exp[zV' + V" — E|, — E}/]
= expl3 - cyeg, (V) + 3 - cyeg, (V)] -

exp[(Sm z)” - ling, (v) — (Re ) - ling,, (—v)] -
exp[—(Re z) - lin'g, (—v)] - exp[-lin”g, (—v)]

(S

= exp[(Sm z)? - ling, (v)] -

(exp[(iﬁe o)V + V" —E, — E}] « exp[Re 2)V' + V" — E|, — E,Z])

Since ling,, (v) is nonnegative, all zeros of our generalized matching polynomial are

real. |
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