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Abstract

We give a necessary and sufficient condition on the cost function so that the map
solution of Monge’s optimal transportation problem is continuous when the measures are
smooth. This condition was first introduced by Ma, Trudinger and Wang [17, 22] for a
priori estimates of the corresponding Monge-Ampere equation. It is expressed by a so-
called cost-sectional curvature being non-negative. We show that when the cost function
is the squared distance of a Riemannian manifold, the cost-sectional curvature yields
the sectional curvature. As a consequence, if the manifold does not have non-negative
sectional curvature everywhere, the optimal transport map can not be continuous for
arbitrary smooth positive measures. The non-negativity of the cost-sectional curvature
is shown to be equivalent to the connectedness of the contact set between any cost-
convex function (the proper generalization of a convex function) and any of its supporting
functions. When the cost-sectional curvature is uniformly positive, we obtain that optimal
maps are continuous or Holder continuous under quite weak assumptions on the measures,
compared to what is needed in the Euclidean case. This case includes the reflector antenna
problem and the squared Riemannian distance on the sphere.
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1 Introduction

Given A, B two topological spaces, a cost function ¢ : A x B — R, and pg, 1 two probability
measures respectively on A and B, Monge’s problem of optimal transportation consists in
finding among all measurable maps 7' : A — B that push forward po onto p; (hereafter
Typo = p11) in the sense that

(1) VE C B Borel , ju(E) = uo(T™(E)),

a (the 7) map that realizes

(2) Argmin{ /Ac(x, T(x))duo(x), T = ,ul}.

Optimal transportation has undergone a rapid and important development since the pioneering
work of Brenier, who discovered that when A = B = R"™ and the cost is the distance squared,
optimal maps for the problem (2) are gradients of convex functions [1]. Following this result
and its subsequent extensions, the theory of optimal transportation has flourished, with gener-
alizations to other cost functions [10, 15], more general spaces such as Riemannian manifolds
[19], applications in many other areas of mathematics such as geometric analysis, functional
inequalities, fluid mechanics, dynamical systems, and other more concrete applications such as
irrigation, cosmology.

When A, B are domains of the Euclidean space R”, or of a Riemannian manifold, a common
feature to all optimal transportation problems is that optimal maps derive from a (cost-convex)
potential, which, assuming some smoothness, is in turn solution to a fully non-linear elliptic
PDE: the Monge-Ampere equation. In all cases, the Monge-Ampere equation arising from an
optimal transportation problem reads in local coordinates

(3) det(D*¢ — Az, Vo)) = f(z,V9),

where (z,p) — A(z,p) is a symmetric matrix valued function, that depends on the cost function
¢(x,y) through the formula

(4) A(x,p) = —D? c(x,y) for y such that — V,c(z,y) = p.

That there is indeed a unique y such that —V,c(z,y) = p will be guaranteed by condition A1
given hereafter. The optimal map will then be

x—y:—=Vee(z,y) = Vo(z).

In the case A = 0, equation (3) was well known and studied before optimal transportation
since it appears in Minkowsky’s problem: find a convex hypersurface with prescribed Gauss
curvature. In the case of optimal transportation, the boundary condition consists in prescribing
that the image of the optimal map lies in a certain domain. It is known as the second boundary
value problem.



Until recently, except in the particular case of the so-called reflector antenna, treated by
Wang [28], the regularity of optimal maps was only known in the case where the cost function
is the (Euclidean) squared distance c(x,y) = |x —y|?, which is the cost considered by Brenier in
[1], for which the matrix A in (3) is the identity (which is trivially equivalent to the case A = 0).
Those results have involved several authors, among which Caffarelli, Urbas , and Delanoé. An
important step was made recently by Ma, Trudinger and Wang [17], and Trudinger and Wang
[22], who introduced a condition (named A3 and A3w in their papers) on the cost function
under which they could show existence of smooth solutions to (3). Let us give right away this
condition that will play a central role in the present paper. Let A = Q, B = €' be bounded
domains of R™ on which the initial and final measures will be supported. Assume that ¢ belongs

to CH(Q x Q). For (z,y) € (2 x Q), (&, v) € R" x R", we define

(5) 6c<l’,y)(£, V) = DzkplAij 515] Vil (iap% p= _vxc(xay)

Whenever £, v are orthogonal unit vectors, we will say that &(z,y)({,v) defines the cost-
sectional curvature from x to y in the directions (§,v). Note that this map is in general not
symmetric, and that it depends on two points z and y. The reason why we use the word sectional
curvature will be clear in a few lines. We will say that the cost function ¢ has non-negative
cost-sectional curvature on (€ x Q) if

(6) Sc(z,y)(&v) >0 V(x,y) € (2 x Q) V() eR" xR, £ L v

A cost function satisfies condition Aw on (2x ') if and only if it has non-negative cost-sectional
curvature on (2 x ), i.e. if it satisfies (6).

Under condition Aw and natural requirements on the domains 2, ', Trudinger and Wang
[22] showed that the solution to (3) is globally smooth for smooth positive measures pg, p1. They
showed that Aw is satisfied by a large class of cost functions, that we will give as examples
later on. Note that the quadratic cost satisfies assumption Aw. This result is achieved by
the so-called continuity method, for which a key ingredient is to obtain a priori estimates on
the second derivatives of the solution. At this stage, condition Aw was used in a crucial way.
However, even if it was known that not all cost functions can lead to smooth optimal maps,
it was unclear whether the condition Aw was necessary, or just a technical condition for the
a-priori estimates to go through.

In this paper we show that the condition Aw is indeed the necessary and sufficient condition
for regularity: one can not expect regularity without this condition, and more precisely, if
Si(z,y)(& v) <0 for (x,y) € (2 xQ),& L veR" one can immediately build a pair of C*
strictly positive measures, supported on sets that satisfy the usual smoothness and convexity
assumptions, so that the optimal potential is not even C!, and the optimal map is therefore
discontinuous. This result is obtained by analyzing the geometric nature of condition (6). Let
us first recall that the solution ¢ of the Monge-Ampere equation is a priori known to be cost-
convex (in short c-convex), meaning that at each point x € €, there exist y € )’ and a value
¢°(y) such that

—¢°(y) — c(x,y) = (),
—¢°(y) — (2, y) < ¢(a'), Vo' € Q.
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The function —¢°(y) — c(z,y) is called a supporting function, and the function y — ¢°(y) is
called the cost-transform (in short the c-transform) of ¢, also defined by

¢°(y) = sup{—c(z,y) — é(z)}.

e

(These notions will be recalled in greater details hereafter). We prove that the condition Aw
can be reformulated as a property of cost-convex functions, which we call connectedness of the
contact set:

(7) For all = € Q, the contact set Gy(z) = {y : ¢°(y) = —¢(z) — c(x,y)}

is connected.

Assuming a natural condition on €' (namely its c-convexity, see Definition 2.9) this condition
involves only the cost function since it must hold for any ¢¢ defined through a c-transform.

A case of special interest for applications is the generalization of Brenier’s cost %|x —y|* to
Riemannian manifolds, namely c(x,y) = %dz(a:, y). Existence and uniqueness of optimal maps
in that case was established by McCann [19], and further examined by several authors, with
many interesting applications in geometric and functional analysis (for example [11, 20]). The
optimal map takes the form z — exp,(V¢(z)) for ¢ a c-convex potential and is called a gradient
map. Then, a natural question is the interpretation of condition Aw and of the cost-sectional
curvature in this context. We show that we have the identity:

Cost-sectional curvature from 2 to £ = 8 - Riemannian sectional curvature at .

(We mean there that the equality holds for every 2-plane.) As a direct consequence of the
previous result, the optimal (gradient) map will not be continuous for arbitrary smooth positive
data if the manifold does not have non-negative sectional curvature everywhere. Although the
techniques are totally different, it is interesting to notice that in recent works, Lott & Villani
[25], and Sturm [21] have recovered the Ricci curvature through a property of optimal transport
maps (namely through the displacement convexity of some functionals). Here, we somehow
recover the sectional curvature through the continuity of optimal maps.

We next investigate the continuity of optimal maps under the stronger condition of uniformly
positive sectional curvature, or condition As:

(8) 3Ch>0: &lz,y,&v) = ColEPIv)?, V(w,y) € (Ax ), (§v) ER" xR", € Lv.

We obtain that the (weak) solution of (3) is C' or C** under quite mild assumptions on the
measures. Namely, we need only p; to be bounded away from 0 and (B, (z)) = o(r"?),p < 1,
(B, () being the ball of radius r, center x). Those conditions allow g, p; to be singular with
respect to the Lebesgue measure and iy to vanish.

This results extends the C'' estimate of Caffarelli [4] to a large class of cost functions
and related Monge-Ampere equations. It also shows that the partial regularity results are
better under As than under Aw, since Caffarelli’s C** regularity result required pg, p1 to have
densities bounded away from 0 and infinity, and it is known to be close to optimal [26].



Finally, we prove that the quadratic cost on the sphere has uniformly positive cost-sectional
curvature, i.e. satisfies As. We obtain therefore regularity of optimal (gradient) maps under
adequate conditions.

The rest of the paper is organized as follows: in section 2 we gather all definitions and
results that we will need throughout the paper. In section we state our results. Then each
following section is devoted to the proof of a theorem. The reader knowledgeable to subject
might skip directly to section 3.

2 Preliminaries

2.1 Notation

Hereafter dVol denotes the Lebesgue measure of R™ (or of the unit sphere S*~! for Theorem
3.11), and B,(x) denotes a ball of radius r centered at z. For § > 0, we set classically Q5 =
{z € Q,d(z,0Q) > 0)}. When we say that a function (resp. a measure) is smooth without
stating the degree of smoothness, we assume that it is C*°-smooth (resp. has a C'*°-smooth
density with respect to the Lebesgue measure).

2.2 Kantorovitch duality and c-convex potentials

In this section, we recall how to obtain the optimal map from a c-convex potential in the
general case. This allows us to introduce definitions that we will be using throughout the
paper. References concerning the existence of optimal map by Monge-Kantorovitch duality is
[1] for the cost |z — y|?, [15] and [10] for general costs, [19] for the Riemannian case, otherwise
the book [24] offers a rather complete reference on the topic.

Monge’s problem (2) is first relaxed to become a problem of linear programming; one seeks
now

(9) Z = inf { /]Ran” c(x,y)dn(z,y); e H(Mo,m)}

where II(p, pt1) is the set of positive measures on R" x R™ whose marginals are respectively
po and py. Note that the (Kantorovitch) infimum (9) is smaller than the (Monge) infimum
of the cost (2), since whenever a map T pushes forward py onto py, the measure mp(z) =
110() © S7((3) belongs to T(j, ).

Then, the dual Monge-Kantorovitch problem is to find an optimal pair of potentials (¢, )
that realizes

1) T=sw{- [e@dul) - [ oo + v 2 @)}

The constraint on ¢, leads to the definition of ¢(c*)-transforms:



Definition 2.1 Given a lower semi-continuous function ¢ : Q@ C R" — R U {400}, we define
its c-transform at y € ' by

(11) ¢°(y) = sup{—c(z,y) — é(z)}.

e

Respectively, for : ' C R™ — R also lower semi-continuous, define its ¢*-transform at x € Q
by

(12) () = sup{—c(z,y) — P(y)}.

yesY

A function is said cost-convex, or, in short, c-convez, if it is the c*-transform of another
function ¥+ U — R, die. forx € Q, ¢(x) = supyea{—clz,y) — ¥(y)}, for some lower
semi-continuous ¥ : Q' — R. Moreover in this case ¢°* = (¢°)” = ¢ on Q (see [24]).

Our first assumption on ¢ will be:
A0 The cost-function ¢ belongs to C4(2 x ).

We will also always assume that 2, € are bounded. These assumptions are not the weakest
possible for the existence/uniqueness theory.

Proposition 2.2 Under assumption AO, if Q (resp. ') is bounded, ¢° (resp. ¥ ) will be
locally semi-convexr and Lipschitz.

By Fenchel-Rockafellar’s duality theorem, we have Z = 7. One can then easily show that the
supremum (10) and the infimum (9) are achieved. Since the condition ¢(z) + ¥(y) > —c(x,y)
implies ¢ > ¢°, we can assume that for the optimal pair in J we have ¢ = ¢¢ and ¢ = ¢°*.
Writing the equality of the integrals in (9, 10) for any optimal v and any optimal pair (¢, ¢)

we obtain that v is supported in {gb(x) + ¢°(y) + c(z,y) = 0}. This leads us to the following
definition:

Definition 2.3 (Gradient mapping) Let ¢ be a c-convex function. We define the set-valued
mapping Gy by

Gola) = {y € ¥, 0(x) + 6°(y) = —c(w,) .
For all x € Q, Gy(x) is the contact set between ¢¢ and its supporting function —¢(z) — c(z,-).

Noticing that for all y € Gy(z), ¢(-) + c(-, y) has a global minimum at z, we introduce / recall
the following definitions:

Definition 2.4 (subdifferential) For ¢ a semi-convex function, the subdifferential of ¢ at x,
that we denote 0¢(x), is the set

99(x) = {p € R"6(y) > 6(x) +p- (y =)+ ollx — y) |-



The subdifferential is always a convex set, and is always non empty for a semi-convex function.

Definition 2.5 (c-subdifferential) If ¢ is c-convez, the c-sub-differential of ¢ at x, that we
denote 0°¢(x), is the set

06(x) = { = Vaelw,y),y € Gola) }.
The inclusion ) # 0°¢(z) C 0¢(z) always holds.

We introduce now two assumptions on the cost-function, which are the usual assumptions made
in order to obtain an optimal map.

A1 For all z € Q, the mapping y — —V.,c(z,y) is injective on (. Its image is a convex set
of R™.

A2 The cost function ¢ satisfies det D2 ¢ # 0 for all (2,y) € Q x (V.

This leads us to the definition of the c-exponential map:

Definition 2.6 Under assumption A1, for x € Q) we define the c-exponential map at x, which
we denote by T, such that

V(z,y) € (Q x Q), T, (=Ve(z,y)) =v.

REMARK. The definition c-exponential map is again motivated by the case cost=distance

squared, where the c-exponential map is the exponential map. Moreover, notice that
[Dgyyc] = _Dprzx‘m,p:fvzc(x,y)'

Under assumptions Al, A2, Gy is single valued outside of a set of Hausdorff dimension
less or equal than n — 1, hence, if pg does not give mass to sets of Assort dimension less than
n—1, G will be the optimal map for Monge’s problem while the optimal measure in (9) will be
T = 1o ® g, (z)- SO, after having relaxed the constraint that the optimal 7 should be supported
on the graph of a map, one still obtains a minimizer that satisfy this constraint.

Let us mention at this point that Monge’s historical cost was equal to the distance itself:
c(x,y) = |z —y|. One sees immediately that for this cost function, there is not a unique y such
that —V,c(x,y) = Vo(z), and the dual approach fails.

We now state a general existence theorem, under assumptions that are clearly not minimal,
but that will suffice for the scope of this paper, where we deal with regularity issues.

Theorem 2.7 Let Q, Q' be two bounded domains of R™. Let ¢ € C*(Qx Q') satisfy assumptions
A0-A2. Let ug, p1 be two probability measures on € and Q). Assume that g does not give
mass to sets of Assort dimension less or equal than n — 1. Then there exists a dug a.e. unique
minimizer T of Monge’s optimal transportation problem (2). Moreover, there exists ¢ c-convex
on Q such that T = G, (see 2.3). Finally, if ¢ is c-convex and satisfies Gy ppo = p1, then
Vi =Vo duy a.e.



2.3 The Riemannian case

This approach has been extended in a natural way to compact smooth complete Riemannian
manifolds by Robert McCann in [19]. We first see that all definitions can be translated into
the setting of a compact Riemannian manifold, replacing the flat connexion by the Levi-Civita
connexion of the manifold. The cost is allowed to be Lipschitz, semi-concave. When c(-,-) =
%dQ(-, -) with d(-,-) the distance function, the c-exponential map is the exponential map, the
map G, will be z — exp,(V,¢), the gradient V ¢ being relative to the Riemannian metric g.

2.4 Notion of c-convexity for sets

Following [17], we introduce here the notions that extend naturally the notions of convexity /
strict convexity for a set.

Definition 2.8 (c-segment) Let p — T,.(p) be the mapping defined by assumption Al. The
point x being held fixed, a c-segment with respect to x is the image by %, of a segment of R".

If for vy, v1 € R™ we have T, (v;) = y;,i = 0,1, the c-segment with respect to x joining yo to
y1 will be {yg, 6 € [0,1]} where yo = T,(0v1 + (1 — 0)vy). It will be denoted [y, y1].-

Definition 2.9 (c-convex sets) Let Q,Q C R™. We say that Y is c-convex with respect to
Q if for all yo,y1 € ',z € Q, the c-segment [yo, Y1 is contained in €.

REMARK. Note that this can be said in the following way: for all z € Q, the set =V c(x, )
is convex.

Definition 2.10 (uniform strict c-convexity of sets) For Q, Q' two subsets of R", we say
that Q' is uniformly strictly c-convex with respect to € if the sets {—V c(x, ) }req are uniformly
strictly convez, uniformly with respect to x. We say that Q is uniformly strictly c*-convex with
respect to ' if the dual assertion holds true.

REMARK. This definition is equivalent, although stated under a different form, with the
definition given in [22].

Remarks on the sub-differential and c-sub-differential The question is to know if we
have for all ¢ c-convex on €, for all z € Q, d¢(x) = 0°¢(x). Clearly, when ¢ is c-convex and
differentiable at z,the equality holds. For p an extremal point of d¢(x), there will be a sequence
x, converging to x such that ¢ is differentiable at x, and lim, Vé(z,) = p. Hence, extremal
points of 0¢(z) belong to 0°¢(x). Then it is not hard to show the

Proposition 2.11 Assume that Q' is c-convex with respect to 2. The following assertions are
equivalent:

1. For all ¢ c-convex on ), x € Q, 0°(x) = 0p(x).

2. For all ¢ c-convex on Q), x € Q, 0°p(x) is conver.

3. For all ¢ c-convex on 2, x € Q, Gy(x) is c-convex with respect to x.
)

4. For all ¢ c-convex on Q, x € ), G4(x) is connected.



2.5 The Monge-Ampere equation

In all cases, for ¢ a C? smooth c-convex potential such that G4 o = p1, the conservation of
mass is expressed in local coordinates by the following Monge-Ampere equation

po()
p1(Gy(2))’

where p; = du;/dVol denotes the density of p; with respect to the Lebesgue measure. (See [17]
for a derivation of this equation, or [11], [13].) Hence, the equation fits into the general form

(3).

(13) det(D? c(z, Gg(x)) + D*¢) = | det Diyc]

2.6 Generalized solutions

Definition 2.12 (Generalized solutions) Let ¢ : Q2 — R be a c-convex function. Then

e ¢ is a weak Alexandrov solution to (13) if and only if
(14) for all B CQ, uo(B) = ju(Go(B)).
This will be denoted by pg = Gj,ul.

e ¢ is a weak Brenier solution to (13) if and only if
(15) for all B' € Y, m(B') = jo(G3'(B)).

This is equivalent to p11 = Gyufio-

Alexandrov and Brenier solutions First notice that in the definition (15), p; is deduced
from 9, while it is the contrary in (14). As we have seen, the Kantorovitch procedure (10)
yields an optimal transport map whenever o does not give mass to sets of Hausdorff dimension
less than n — 1. Moreover, the map G, will satisfy (15) by construction, and hence will be
a weak Brenier solution to (13). Taking advantage of the c-convexity of ¢ one can show that
whenever p; is absolutely continuous with respect to the Lebesgue measure, Gful is countably
additive, and hence is a Radon measure (see [17, Lemma 3.4]); then a Brenier solution is an
Alexandrov solutions. Note that one can consider py = Gfd\fol, this will be the Monge-Ampere
measure of ¢. Most importantly, for p, supported in Q, Gy 4o = 1ordVol does not imply that
Gfd\/ol = 1, except if ' is c-convex with respect to €2 (see [17]).

2.7 Cost-sectional curvature and conditions Aw, As

A central notion in the present paper will be the notion of cost-sectional curvature S (x,y).

Definition 2.13 Under assumptions A0-A2, we can define

(16) Sel(70,40) (€ V) = Dip pysere | (#:7) = =e(@, Tao ()|

z0,yo=—Vzc(x0,yo0)

When &, v are unit orthogonal vectors, S (xo,v0)(§, V) defines the cost-sectional curvature from
xo to yo in directions (&, v).
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Note that this definition is equivalent to (5).

REMARK. The definition (16) would allow to define a 4-tensor which could be compared
to the Riemannian curvature tensor, however its symmetries seem to be inconsistent with the
symmetries of the Riemannian curvature tensor (the so-called Bianchi identities). Nevertheless,
all the informations on the curvature tensor are contained in the sectional curvatures, i.e. two
different curvature tensors can not lead to the same sectional curvature. We are now ready to
introduce the conditions:

As The cost-sectional curvature is uniformly positive i.e. there exists Cy > 0 such that for
all (z,y) € (2 x ), for all (v,£) € R" x R") with £ L v,

Sz, y) (& v) = ColéP|v].
Aw The cost-sectional curvature is non-negative: As is satisfied with Cy = 0.

REMARK . Let ¢*(y,x) := c(z,y). Writing &, in terms of (z,y) and not (z,p) as it is done
in [17], one checks that if ¢ satisfies Aw (resp. As) then ¢* satisfies Aw (resp. As with a
different constant).

2.8 Previous regularity results for optimal maps

The regularity of optimal maps follows from the regularity of the c-convex potential solution of
the Monge-Ampere equation (13), the former being as smooth as the gradient of the latter. It
falls thus into the theory of viscosity solutions of fully non-linear elliptic equations [8], however,
the Monge-Ampere equation is degenerate elliptic. Two types of regularity results are usually
sought for this type of equations:

Classical regularity: show that the equation has classical C? solutions, provided the mea-
sures are smooth enough, and assuming some boundary conditions. Due to the log-concavity
of the Monge-Ampere operator, and using classical elliptic theory (see for instance [16]), C*>
regularity of the solution of (13) follows from C? a priori estimates.

Partial regularity: show that a weak solution of (13) is C'!' or C''* under suitable condi-
tions. We mention also that W?2? regularity results can be obtained.

The Euclidean Monge-Ampere equation and the quadratic cost This corresponds to
the case where the cost function is the Euclidean distance squared c(z,y) = |z — y|?, for which
c-convexity means convexity in the usual sense, G4(x) = V¢(z), and equation (13) takes the
following form

_ @)

p1(Vo(x))

Here again, we have p; = dug/dVol, i = 0,1. Classical regularity has been established by
Caffarelli [2, 6, 5, 7], Delanoé [12] and Urbas [23]. The optimal classical regularity result, found
in [2, 7], is that for C* smooth positive densities, and uniformly strictly convex domains, the
solution of (17) is C?%(Q). Partial regularity results have been obtained by Caffarelli [3, 4, 6, 5],
where it is shown that for p, 11 having densities bounded away from 0 and infinity, the solution
of (17) is C**. Thanks to counterexamples by Wang [26] those results are close to be optimal.

(17) det D*¢ =

11



The reflector antenna The design of reflector antennas can be formulated as a problem of
optimal transportation on the unit sphere with cost equal to — log |z —y|. The potential (height
function) ¢ : S*"! — RT parametrizes the antenna A as follows: A = {z¢(z),r € S '}. Then
the antenna is admissible if and only if ¢ is c-convex on S"~! for c¢(x,y) = —log |z — y|, and
Gy4(x) yields the direction in which the ray coming in the direction x is reflected. This is the
first non quadratic cost for which regularity of solutions has been established. Wang [27, 28]
has shown classical C? (and hence C'*°) regularity of solutions of the associated Monge-Ampere
equation when the densities are smooth. In a recent work, Caffarelli, Huang and Gutierrez
9] have shown C' regularity for the solution (i.e. continuity of the optimal map) under the
condition that the measures p and p; have densities bounded away from 0 and infinity.

General costs and the conditions As, Aw Recently an important step was achieved in
two papers by Ma, Trudinger, and Wang . They gave in the first paper [17] a sufficient condition
(As, called A3 in their paper) for C? (and subsequently C*°) interior regularity. In the second
paper [22], they could lower this condition down to Aw (condition A3w in their paper) to
obtain a sufficient condition for global C? (and subsequently C°°) regularity, assuming uniform
strict c-convexity and smoothness of the domains. Note that the result under Aw recovers the
results of Urbas and Delanoe for the quadratic cost.

Theorem 2.14 ([17, 22]) Let Q, €Y be two bounded domains of R™. Let c satisfy A0-A2. Let
to, 1 be two probability measures on 2, having densities po, pr. Assume that p, € C?(Q) is
bounded away from 0, py € C*(SY) is bounded away from 0.

1. If Q' is c-convex with respect to 2, and ¢ satisfies As, then for ¢ c-convexr on € such that
Goptio = 11, 6 € C3(Q).

2. If Q, Y are strictly uniformly c,c*-convezr with respect to each other and ¢ satisfies Aw,
for ¢ c-convex on Q such that Gyppo = a1, ¢ € C*(Q).

*

3 Results

We present some answers to the following four questions:

1. Is there a sharp necessary and sufficient condition on the cost function which would
guarantee that when both measures have C*° smooth densities, and their supports satisfy
usual convexity assumptions, the solution of (13) ( and hence the optimal map) is C*
smooth ?

2. Is there a similar partial regularity result available under a general condition 7
3. What are the cost-functions for which connectedness of the contact set holds (7) 7

4. When the cost is set to be the squared distance of a Riemannian manifold, what is the
meaning of conditions Aw, As in terms of the Riemannian metric ?

12



3.1 Condition Aw, connectedness of the contact set and regularity
issues

Answer to questions 1 and 3: Condition Aw 1is necessary and sufficient for reqularity of optimal
maps. Moreover Aw is equivalent to the connectedness of the contact set.

Theorem 3.1 Let ¢ satisfy A0, A1, A2, As, Q) being c-convex with respect to Q). Let ¢ be
c-convex on §). Then at each point x € €2, we have

9¢(x) = 0°¢(x).

Moreover, the contact set

Gy(z) ={y : o(7) + ¢°(y) = —c(z,9)}

is c-convex with respect to x, it is equal to T, (0¢). If Q is assumed c*-conver with respect to

', then
Goe(y) ={z: 0(x) + ¢°(y) = —c(z,y)}

is ¢*-convex with respect to y
Then we have the second theorem under Aw.

Theorem 3.2 Let ¢ be a cost function that satisfies A0, A1, A2, Q, Q) being smooth uniformly
strictly c-convex (resp. c*-convex) with respect to each other. The following assertions are
equivalent.

1. The cost function ¢ satisfies Aw in € x €.

2. For po, pn smooth strictly positive probability measures in 0, there exists a c-convex
potential ¢ € CH(2) such that Gy ypo = 1.

3. For g, pnsmooth satirically positive probability measures in €, €Y there exists a c-convex

potential ¢ € C>(Q) such that Gyppo = 1.
4. For all ¢ c-convex in Q, for all x € 2, O°¢(x) = 0p(x).

5. For all ¢ c-convex in 2, for ally € ', the set {x : ¢(x) + ¢°(y) = —c(x,y)} is c*convex
with respect to y.

6. C' c-convex potential are dense among c-convex potentials for the topology of local uniform
convergence.

Hence, if condition Aw is violated at some points (xo,yo) € (2% '), there exist smooth positive
measures fig, iy on 2, Q' such that there exists no C c-convex potential satisfying Gy po = 1.

13



REMARK. Setting ¢*(y,z) = c¢(x,y) we have seen that &, > 0 implies S > 0. Hence all
of those assertions are equivalent to their dual counterpart.
We can add the following equivalent condition for Aw:

Theorem 3.3 Under the assumptions of Theorem 3.2, condition Aw holds if and only if, for
any xg € , (yo,y1) € ', letting ¢ be defined by

¢(x) = max{—c(z, yo) + (w0, 90), —c(, y1) + (w0, 1)},
for any yg € (Yo, Y1z, (see Definition 2.8),
¢(x) > —c(x,y0) + (2o, ys)
holds in €.

In other words, fy(x) = —c(x,ys) + c(x0, yg) which the supporting function that interpolates at
xo (nonlinearly) between fo(x) = —c(z,yo) + (o, o) and fi(z) = —c(x,y1) + (2o, y1), has to
remain below max{ fo, f1}.

REMARK 1. The function ¢ furnishes the counter-example to regularity when Aw is not
satisfied, since for a suitable choice of xg, %o, y1 ¢ can not be approximated by C' c-convex
potentials.

REMARK 2. As shown by Propositions 5.1, 5.7, a quantitative version of Theorem 3.3
holds to express condition As.

Of course condition Aw looks like a good candidate, since in [22] it is shown shown to be
a sufficient condition for classical regularity. We show here that it is necessary: if it is violated
at some point, one can always build a counterexample where the solution to (13) is not C*
even with C* smooth positive measures and good boundary conditions (hence the optimal is
not continuous). Moreover condition Aw is equivalent to a very natural geometric property of
c-convex functions.

3.2 Improved partial regularity under As

Partial answer to question 2: There is partial (i.e. C' and CY*) reqularity under As, requiring
much lower assumptions on the measures than what is needed in the quadratic case. There can
not be C* reqularity without Aw. When only Aw is satisfied, we don’t know yet, except for the
case c(z,y) = |v — y|*.

Let us begin by giving the two integrability conditions that will be used in this result. The
first reads

For some p €]n, +o0],C,, > 0,
(18) po(Be(x)) < C’uoen(k%) for all e > 0,z € Q.
The second condition reads

For some f:R" — RT with lli% f(e) =0,

(19) to(Be(x)) < f(e)e"(l_%) for all e > 0,2 € Q.
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In order to appreciate the forthcoming theorem, let us mention a few facts on these integrability
conditions (the proof of this proposition is given at the end of the paper).

Proposition 3.4 Let jg be a probability measure on R™.

1. If po satisfies (18) for some p > n, po satisfies (19).
If po € LP(Q) for some p > n, po satisfies (18) with the same p.
If po € L™(R2), po satisfies (19).

If po satisfies (19), o does not give mass to set of Hausdorff dimension less or equal than
n — 1, hence (19) guarantees the existence of an optimal map.

5. There are probability measures on 2 that satisfy (18) (and hence (19)) and that are not
absolutely continuous with respect to the Lebesgue measure.

Then our result is

Theorem 3.5 Let ¢ be a cost function that satisfies assumptions AO, A1, A2, As on (2 x ),
Q' being c-convex with respect to Q. Let g, pi1 be probability measures on Q and ', and ¢ be
a c-convex potential on € such that Gyupo = p1. Assume that py > mdVol on € for some
m >0

1. Assume that po satisfies (18) for some p >n. Let a« =1 — %, B = 5% Then for any
0 > 0 we have

lPllcrs, <C,

and C depends only on 6 > 0, Cy, in (18), on the constant Cy > 0 in condition As, on
m and on || D3,c(-, )7 e (axan, 1D, ) [ e xe)-

2. 1If po satisfies (19), then ¢ belongs to C'(Qs) and the modulus of continuity of V¢ is
controlled by f in (19).

As an easy corollary of Theorem 3.5, we can extend the C! estimates to the boundary if the
support of the measure pg is compactly contained in §2.

Theorem 3.6 Assume in addition to the assumptions of Theorem 5.5 that p is supported in
Q, with Qy compactly contained in 2. Then, if po satisfies (19), ¢ € C1(Qy) and if po satisfies
(18), ¢ € CYB(Qy), with 3 as in Theorem 3.5.

We mention also the consequence of this result for the reflector antenna problem (see paragraph
2.8 for a brief description of the problem).

Theorem 3.7 let pig, 1 be probability measures on S*~1. Let ¢ : S*! — R* be the height
function of the admissible antenna that reflects the incoming intensity po into the outcoming
intensity . Then the conclusions of Theorems 3.5, 3.6 hold for ¢.
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As in the case of the sphere hereafter, we need an a priori estimate to bound the distance
d(z,Gg(x)) away from 0, otherwise the cost function log |z —y| becomes singular. The strategy
for the proof of this Theorem will follow the same lines as the proof of Theorem 3.11.

The integrability conditions on g, 1 are really mild: we only ask that p; be bounded by
below, and that p(B,) < 7" P for p > 1 (p > 1 yields C* regularity) (see conditions (18) and
(19) and the subsequent discussion). The continuity of the optimal map is also asserted in the
case g € L™ (that implies (19)), which is somehow surprising: indeed D?¢ € L™ does not imply
¢ € C', but here det(D?*p — A(x,V¢)) € L™ implies ¢ € C'. Then, as a consequence with
obtain Theorem 3.7 that improves the result obtained independently by Caffarelli, Gutierrez
and Huang [9] on reflector antennas. Moreover our techniques yield quantitative C1* estimates:
the exponent « can explicitly computed. Finally, our continuity estimates extends up to the
boundary (Theorem 3.6). This is achieved through a geometric formulation of condition As.

A full satisfactory answer would include a general result of partial regularity under condition
Aw. This result is expected in view of the Euclidean case (since the quadratic cost is really the
limit case for condition Aw). Note that, in view of counterexamples given in [26], the results
under Aw can not be as good as under As, and can not be much better than Caffarelli’s results
[6] that require densities bounded away from 0 and infinity.

3.3 Conditions Aw, As for the quadratic cost of a Riemannian man-
ifold

One sided answer to question 4: The cost-sectional curvature yields the sectional curvature

Theorem 3.8 Let M be a C* Riemannian manifold. Let c(x,y) = d*(x,y)/2 for all (z,y) €
M x M. Let &, be given by (16). Then, for all {,v € T, M,

?C(i’ ) ) 5 =8 Sectional Curvature of M at x in the 2-plane (§,v).
|£’g|V’g - (f ' V)g

Hence if Aw (resp, As) is satisfied at (x,z), the sectional curvature of M at x is non-negative
(resp. strictly positive).

Corollary 3.9 Let M be a compact Riemannian manifold. If the sectional curvature of M is
not everywhere non-negative, there are smooth positive measures on M such that the optimal
map (for the cost function c(z,y) = d*(z,y)/2) is not continuous.

At the end of the proof of Theorem 3.8, we give a counterexample to regularity for a two-
dimensional manifold with negative sectional curvature.

This observation closes (with a negative answer) the open problem of the regularity of
optimal gradient maps when the manifold does not have non-negative sectional curvature ev-
erywhere. Of course, one wonders whether non-negative sectional curvature implies Aw, and
I could not answer to this question. It seems that when x # y the cost-curvature involves
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derivatives of the curvature tensor along the geodesic linking x to y. However, there is a partial
converse assertion in the special case of constant sectional curvature:

The quadratic cost on the round sphere S*™1 satisfies As

Theorem 3.10 Let S™™ ! be the unit sphere of R"™ equipped with the round metric g, and Rie-
mannian distance d. Let ¢(x,y) = 5d*(x,y). Then c satisfies As on S"* x "'\ {(z, ),z €
Sy

This Theorem is a corollary of the Proposition 6.2, which shows that condition As is satisfied
for any choice of local coordinates. Here the cost function is only locally smooth on S~ ! x
S\ {(x,x),z € S}, and it is not enough to show that As is satisfied: we have to prove
a priori that G,(z) stays away from the cut locus of x, otherwise the Monge-Ampeére equation
might become singular (namely the term |D,,c| blows up). We use for that a previous a-priori
estimate obtained with Delande [14], and we can obtain the

Theorem 3.11 Let S* ! be the unit sphere of R"™ equipped with the round metric g, and Rie-
mannian distance d, and let c(z,y) = %dQ(x,y). Let ¢ be a c-convex potential on S*~, then
for all x € S"7', O¢(x) = 0°¢(z), and the set Gy4(x) = {y € S", ¢(z) + ¢°(y) = —c(z,y)} is
c-convex with respect to x.

Let g, 1 be two probability measures on S*™*. Assume that Gappo = py. Assume that
u1 > mdVol, for some m > 0. Then

1. If po satisfies (19), then ¢ € CH(S™™Y), and as in Theorem 3.5, the modulus of continuity
of Vo depends on f in (19).

2. If po satisfies (18) for some p > n, then ¢ € CYP(S*1) with 8 = B(n,p) as in Theorem
3.5.

3. 1If po, 1 have positive CY1 (resp. C*°) densities with respect to the Lebesque measure,
then ¢ € C**(S™1) for every a € [0, 1] (resp. ¢ € C=(S"71).)
3.4 Examples of costs that satisfy As or Aw
We repeat the collection of cost that was given in [17], and [22].

) = /1+ [z — y|? satisfies As.
o c(r,y) = —/1— |z — y|? satisfies As.

)=

) =

e c(x,y

o c(z,y) = (1+ |z —y[*)?/* satisfies As for 1 <p <2, [z —y]> < 2.

-1

o c(r,y)=lz—yl>+|f(x) —g)? f,g: R" — R convex (resp. uniformly strictly convex)
with [V f],|Vg| < 1 satisfies Aw (resp. As).

o c(x,y) = i§|x — y|P,p # 0 and satisfies Aw for p = £2 or p = —1 (— only) and As for
—3 <p<1(— only).
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e c(x,y) = —log|z — y| satisfies As on R" x R" \ {(z,z),z € R"}.

e As pointed out in [22], the reflector antenna problem ([27]) corresponds to the case
c(z,y) = —log |x — y| restricted to S™. This cost satisfies As on S"~! x S" 1\ {z = y}.

e As proved in Theorem 3.10, the Riemannian distance on the sphere satisfies As. Note
that it is the restriction to S*! of the cost c(z,y) = 6*(x,y), where 0 is the angle formed
by z and y.

Acknowledgments At this point I wish to express my gratitude to Neil Trudinger and Xu-Jia
Wang, for many discussions, and for sharing results in progress while we were all working on this
subject. I also thank Cédric Villani for fruitful discussions, and Philippe Delanoé with whom
we started to think about the problem of regularity for optimal transportation on the sphere.
I also wish to thank Robert McCann, who first raised to me the issue of the connectedness of
the contact set, in 2003.

4 Proof of Theorems 3.1, 3.2

We begin with the following uniqueness result of independent interest:

Proposition 4.1 Let p,v be two probability measures on 2, , with  and €' connected do-
mains of R™. Assume that either p or v is positive Lebesque almost everywhere in € (resp.
in Q). Then, among all pairs of functions (¢,1) such that ¢ is c-convex, 1) is c*-convex, the
problem (10) has at most one minimizer up to an additive constant.

The proof of this proposition is deferred to the end of the paper.

4.1 Proof of Theorem 3.1
We will begin with the following lemma:

Lemma 4.2 Let ¢ be c-convex. Let (¢c)eso be a sequence of c-convex potentials that converges
uniformly to ¢ on compact sets of Q0. Then, if p = =V c(xo,y) € 0p(x0), To € Q,y € V), there
exists a sequence (T¢)e=o that converges to xg, a sequence (Ye)eso that converges to y such that
Pe = —Vac(xe,ye) € Ope(e). Finally, p. converges to p.

PRrROOF. Let y = T,,(p), i.e. p = —V.c(zg,y). Assuming that 2, Q) are bounded, one can
choose K large enough so that
o(x) = ¢lz) + K|z — x0l*/2 + c(z,y),
Oe(w) = ¢e(w) + Kl — w0|*/2 + c(z,y),
are convex. One can also assume, by subtracting a constant that ¢(zo) = 0, and that ¢(z) > 0

on . Finally, one can assume (by relabelling the sequence) that on B,(x¢) compactly contained
in Q2 we have |p. — ¢| <.
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Consider then ¢! = ¢, + 6|z — 20|?/2 — e. We have ¢(z0) < 0, and on 9B, (o), with p < r,
B(2) > o=)+op2/2— 2
> 6u?/2 — 2.

By taking p = €'/3,6 = 4€'/3, we get that ggg has a local minimum in B),(z(), hence at some
point z. € B, (x), we have

0¢c(xe) > =Vyc(xe,y) — K(xe — x0) — (e — 20).

Then we have |(K + §)(x. — x¢)| small, and thanks to A1, A2, there exists y. close to y such
that V,c(ze, ye) = Vac(ze, y) + K(x. — 20) + d(xc — 2). Thus —¢.(z) — c¢(z,y.) has a critical
point at x.. This implies that p. = —V,c(z¢, y.) € 0pc(z). Finally, since . — z,y. — y, we
conclude p. — p.

0

Now we prove that 0°¢ = 0¢. In order to do this, we must show that if ¢ is c-convex, if
—¢(+) — c(+,y) has a critical point at z, this is a global maximum.
We first have the following observation:

Lemma 4.3 Let ¢ be c-conver. Assume that —¢p — c(-,y) has a critical point at xo (i.e. 0 €
0o(zo) + Vec(xo,y) ), and that it is not a global maximum. Then ¢ is not differentiable at x.

PROOF. Indeed, —¢(-) — ¢(-,y) has a critical point at zg, but we don’t have ¢(zg) +
¢°(y) = —c(xo,y). However, there is a point y' such that ¢(zg) + ¢°(y') = —c(z0,y’). Hence,
{=V.c(xo,y), —=Vic(zo,y')} € 0p(xp), and we have V,c(zo,y) # Vic(zo,y') from assumption
Al.

U

We show the following:

Proposition 4.4 Assume D holds. Let p = —V,c(xo,y) € 0p(xo) with ¢ c-convex. Then
—¢(+) — c(+,y) reaches a global maximum at x.

D (! c-convex functions are dense in the set {gb c-convex on ), G4(Q2) C } for the

topology of uniform convergence on compact sets of Q.

PROOF. Assume the contrary, i.e. that —¢(z1) — c(z1,y) > —@(xg) — c(zo,y) for some
r1 € Q. We use D: there exists a sequence of C' c-convex potentials (¢)c~o that converges to
¢. We use Lemma 4.2: there will exist a sequence ().~ such that z. — x¢ and Vo, (z.) —
—V.c(xg,y). Let ye be such that V. (z.) = —V.c(z,y.). Then y. — y. Since ¢, is C1, by
Lemma 4.3, x, the critical point of —¢.(-) — (-, y.) is necessarily a global maximum. Finally,
since ¢, converges uniformly to ¢, we see that —¢(-) — ¢(+, y) reaches at xy a global maximum.

Lemma 4.5 1. Let ¢ satisfy AO-As, let Q' be c-convex with respect to 2. Then D holds.
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2. Assume Q, Q) are uniformly strictly c-(c*-) convex with respect to each other, and As is
replaced by condition Aw. Then D holds.

PROOF. As we will see, this result is implied immediately by [17] (for point 1.) and [22]
(for point 2.) combined with Proposition 4.1. Let ¢ be c-convex. Denote p1 = Gy41qdVol.
Note that from Proposition 4.1, ¢ is the unique up to a constant c-convex potential such that
GguladVol = py. Consider a sequence of smooth positive densities (1§)eso in Q' such that
pu5dVol converges weakly-* to pp, and has same total mass than p;. Consider ¢, such that
Gy, 410dVol = pgdVol. From [17] in case 1 and [22] in case 2, ¢, is C? smooth inside 2. Then,
by Proposition 4.1, up to a normalizing constant, ¢, is converging to ¢, and V¢, is converging
to V¢ on the points where ¢ is differentiable. ([l

Hence, under the assumptions of Lemma 4.5, 0¢(x) = 0°¢(z). In view of Proposition 2.11,
the equality d¢(z) = 0°¢(x) for all ¢, x is equivalent to the c-convexity of the set

Golw) = {y: 6(2) + 9°(y) = —cl.9) }.

The proof of Theorem 3.1 is now complete.

4.2 Proof of Theorem 3.2

We now show that if Aw is violated somewhere in (€ x '), there will exist a c-convex potential
for which we don’t have 0¢ = 0°¢. In view of Lemma 4.5 and Proposition 4.4, this will imply
that this potential can not be a limit of C'*-smooth c-convex potentials. Moreover, using the
construction done in the proof of Lemma 4.5, this implies that there exists positive densities
po, 1 in €, Q" such that the c-convex potential ¢ satisfying Gy o = p1 is not C'' smooth.

Assume that for some z¢ € Q,y € ', p = —V,c(xg,y), for some &, v unit vectors in R” with
¢ 1 v, one has
(20) D2, [p = D2elw, Tulp))| = No > 0.

Let yo = Ty (p — ev),y1 = Toy (p + €v), with € small, and recall that y = T, (p). Hence y is the
'middle’ of the c-segment [yo, y1].. Let us define

(1) o) = max { = ez, yo) + (o, o), —c(x, 10) + (0, o) }.

REMARK. This function will be used often in the geometric interpretation of As, Aw. It is the
“second simplest” c-convex function, as the supremum of two supporting functions. It plays
the role of (z1,...,x,) — |z1| in the Euclidean case.

Note first that ¢ L v implies that & L (Vye(xo,y1) — Vaece(xo,y0)). Consider near z; a
smooth curve (t) such that v(0) = xg, ¥(0) = &, and such that for ¢ € [—4, ], one has

Jo(y(#)) == —c(v(t), o) + c(z0, o) = —c(v(t), y1) + c(xo,y1) = fr(v(2))-
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Such a curve exists by the implicit function theorem, and it is C? smooth. On 7, we have

b= 5(fo+ 1)

since fo = f1 on . Then we compare %(fo + f1) with —c(z,y) + c(zo,y). By (20) we have

1

3 D3 .. c(zo,90) + D, c(wo,31) | > D3, clwo, y) + c(e, No),

where c(e, No) is positive for € small enough. Then of course V,c(zo,y) = 3[Vac(zo,yo) +
V.c(xo,y1)]. Hence we have, for € small enough,

[—c(y(2),y) + (o, y)] — ¢(v(2))
= [=e(v(t),y) + (o, y)] = 5 (fo + F)(V(1))

[Dfmc(%, Yo) + DmC(Io, yl)} - Dizc('rOJ y)} (y(t) = o) - (v(t) — w0)/2 + O(tQ)

[Df;gg%c(%o’ y0) + Dazcgccg (an y1>:| Digzg (230, y)] t2/2 + O(t2)
> e, No)t* /2 + o(t?).

¢
1
2

This will be strictly positive for ¢t € [—4d,d] \ {0} small enough, and of course the difference
—¢ — [e(z,y) — c(xo, y)] vanishes at zy. Obviously, the function ¢ is c-convex, —¢(-) — c(-, y)
has a critical point at z(, and this is not a global maximum. Hence D can not hold true, since
we have seen that D would imply that this situation is impossible.

The proof of Theorems 3.2, 3.3 is complete.

5 Proof of Theorem 3.5

5.1 Sketch of the proof

The key argument of the proof is the geometrical translation of condition As, and how it will
imply C! regularity for ¢: assume that for c-convex ¢, both —¢(-) — c(+,49) and —(+) — c(-, 1)
reach a local maximum at z = 0. Hence, —V¢(0,yy) and —V¢(0,y;) both belong to 0¢(0).
From assumption A1, we have Ve(0,y1) # Ve(0, yo), hence ¢ is not differentiable at 0. Consider
yp the c-segment with respect to x = 0 joining yy to y;. Then, as we will see in Proposition
5.1, condition As implies that the functions {—¢(z) — c(z,vs)},0 € [6,1 — €] will also have a
local maximum at z = 0, and moreover this maximum will be strict in the following sense: we
will have

—(x) — c(z,yp) < —4(0) — c(0,39) — 3lz*/2 + o(|2]*),

with 6 > 0 depending on |y; — yo| and Cy > 0 in condition As, and bounded by below for
away from 0 and 1.
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Then, by estimating all supporting functions to ¢ on a small ball centered at 0, we will find
that G4(B.(0)) contains a Ce neighborhood of {yy,0 € [1/4,3/4]}, C > 0 depending on Cj in
condition As. This is the Proposition 5.3.

Actually, Proposition 5.3 shows that one can find locally supporting functions on some small
ball around 0. Hence we show that 0¢ is big. This is where we use Theorem 3.1 to show that
Gy(B(0)) is large.

One this is shown, we can contradict the bound on the Jacobian determinant of Gj.

We now enter into the rigorous proof of Theorem 3.5.

5.2 Geometric interpretation of condition As

The core of the proof of Theorem 3.5 is the following proposition, which a geometrical trans-
lation of assumption As. Actually, (this will be an important remark for section 6.3), as we
will see in Proposition 5.7, the result of this proposition is equivalent to assumption As for a
smooth cost function.

Proposition 5.1 For yo,y1 € ', let (yo)ocp,1) be the c-segment with respect to xo € Q) joining
Yo to y1, in the sense of Definition 2.8. Let

¢(x) = max{—c(z,yo) + c(zo, Yo), —c(z, y1) + (o, y1)}.

Then for € €]0, [, for all § € [e,1 — €], for all |z — xo| < Ce, we have

¢(x) > —c(x,y9) + c(z0,y0) + do|y1 — ?/0‘29(1 —0)|x — $0|2 — |z — xO‘S:

where oy depends on Cy > 0 in assumption As, the bound in assumption A2, v depends on
lle(-, )les, and C is bounded away from 0 for |yol|, |y1| bounded.

PROOF OF PROPOSITION 5.1. Rotating and shifting the coordinate, and subtracting an
affine function, we can assume that zo = 0 and that

fo(z) := —c(z,90) + c(0,90) = ax* — D? c(0,90) - x - /2 + o(|z|?),
filz) = —c(z, 1) +c(0,41) = ba' — D3,c(0,41) - - /2 + o(|z[?),
—c(x,yp) +c(0,9) = [0b+ (1 — O)alz' — D?,c(0,y) - 7 - /2 + o(|z|*),

with @ < b and where 2° is the coordinate of z in the direction e;. This means that y, =
To(aer),yr = To(bey).
Using the general fact that max{fo, fi} > 6f1 + (1 —60)f, for 0 <0 < 1, we have

o(x) > (0b+ (1 —0)a)zr
—(0D2,¢(0,41) + (1 = 0)D2,¢(0,40)) - 2 - /2 + o(|z|*).

Then we use the assumption As:
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Lemma 5.2 Under assumption As,
—D3,c(0,y9) - < —((1=0)D3,c(0,40) + 0D3,c(0,31)) -2 -
=0zl + Alzy|z],

where

1
0= §C’0\y1 —yo|*0(1 — 0), Cy is given in assumption As
A = Nolyr — yol*0(1 — 6), Ay depends on ||c(-, Ier@xar,

and || [det nyc]_1||L°°(Q><Q’)-

PRrROOF. We first observe the following property on real functions: Let f : R — R be C?,
with f” > a > 0. Then we have, for all ¢y, t; € R,

o
0f(to) + (1 =0)f(t1) = f(Oto + (1 = 0)t1) + 5‘9(1 —0)|t, — to]*.
We apply this observation to the function
fit— —D? c(x, T, (tey)) -2’ -2’

where z’ is equal to (0,z?,..,2"), and hence 2/ | e;. ¢{From assumption As, this function
satisfies f” > Cy|2’|?. Then, take tq = a,t; = b (note that yy = T,—o(6b + (1 — 0)a)), to obtain
that

~D2,c(0.0) @' 7' < —((1—0)D2,e(0,y0) + 0D2,c(0, 1)) - o - 2!
1
—5Cola’[?(1 = 0)lb — af?

Then note that

b—al |be; — aeq|
1Yo — 11 |To—o(be1) — Ta—o(aey)]

is uniformly bounded away from 0 and infinity from assumptions A1, A2. To conclude the
lemma, we now have to get rid of the terms where x! appears. First we note that for a C?
function f, we have

(22)

0f(to) + (1 —0)f(t1) — f(Oto + (1 — O)t1)| < || fllc=0(1 — 0)[t1 — to|*.

DN | —

We apply this observation to
fit— D2 c(x, T, (tey)) - - w0 — D2 c(x, Tp(ter)) -’ - o,

for which we have |f”| < 2A¢|z!||z|, where Ay depends on ||c(-,-)|lc+ and Dy(p — T.(p)) =
[Dyyc] ™. Following then the same lines as above, we conclude the lemma.
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Using this lemma, we now have
(23) o(z) > (0b+ (1 —0)a)z; — D?,c(0,yp) - 2 - /2
+ Ozl = Alaa|lz] + of|z]?),

with 0, A given in Lemma 5.2. We need to eliminate the term —Alz;||z|. In order to do so,
notice that

|1D7,c(0,9e) - @+ 2/2 = D0, yor) - - /2] < C1lf — 0|,

where C depends on [b—al, [D,,c] ™ and ||c||cs. Then in (23), using that Ag|z||zt| < Colz|*/4+
|22 A2/ Ch, we obtain
Olaf* = Alzlles] = |y — pol*0(1 — 0)(Colal*/2 — Aola[]z1])
> s — 61— 6)(Cola /4 — (A3/Co)la' ).

Hence for 0,6 € [0,1], (23) can be changed in
o(x) >  (Ob+ (1 —0)a)x, — D2,c(0,yp) -z - x/2
+6|z*/2+ (b —a)(0 — 0') — Coa')a' — C1]0 — O'||z]* + of|=]?),

where Cy = 0(1 — 0)|y1 — yo|?AZ/Cy. We chose € > 0 small. Taking 6 € [¢,1 — €], we choose
0 such that § = ' + 2'Cy/(b — a). This is possible if we restrict to |z'| < (b — a)C; e, (using
(22), note that (b — a)C, "' is bounded away from 0 for |y; — yo| bounded). Note also that 6
will depend on x; but not ¢. For the term —C} |0 — #'||z|?, we have C; < Cy|b — a| where C}
depends on [D,,c]™! and ||c||cs. Thus, C1|0 — ¢'||z]? < Cy|b — al|z|*|z!|Ca/|b — a] < C1Cylz?.
Hence we find

Vo' € e, 1 — €,
o(z) > (b + (1 —0)a)w, — D2,c(0,yg) -z - 2/2 + 6|z|*/2 + o(|z|*).

Noticing that all the terms o(]x|?) are in fact bounded by C|D3c(-,-)||z|?, and that 0’0 +
(1—0"Ya=—V,c(0,yy), we conclude the Proposition.
0J

5.3 Construction of supporting functions

We let NV, (B) denote the p-neighborhood of a set B, and we use the Proposition 5.1 to prove
the following;:

Proposition 5.3 Let ¢ be c-convex. There exists C' > 0 such that if

Gy(x1) — Go(mo)| = Clay — 20|'/° > 0,
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there exists ., € [xo,x1], such that, if N ([xo,x1]) C Q, then we have

Nu{ys, 0 € [5,1 = £]}) N C Go(Be(wm)),

(|$1 _xO’)l/Q
e=C (=20
ly1 — ol

n= Cﬁ‘yl - yo|2-

where

Here yo = Gy(x0), 11 = Go(21), {¥s}tocio,1] = [Yo, Y1]a,. denotes the c-segment from yo to y, with
respect to x,,. The constant C depends only on k and on the constants in the assumptions
AO0-As, and is bounded away from 0 and infinity for k bounded away from 0.

PROOF. We assume here that we can find xg and x; in € close such that Vo(x1) — V()
is as large as we want compared to x; — zo. If this does not happen, then ¢ is C*!. We can
assume that ¢(xg) = ¢(x1). Then we note yo = Gy(20),y1 = Gy(x1). From (11), we have

Vo € Q, —c(zo,Y0) — ¢(z0) = —c(,40) — ¢(z),
Ve € Q,—c(xy, 1) — ¢(x1) > —c(z,y1) — o(x).

Hence

—C<£L', yO) + C<x07 yO) + ¢($0) S ¢($)7
—c(x,y1) + c(z,y1) + o(x1) < d(2),

with equality at © = z; in the first line, at £ = x; in the second line. Using that ¢(x¢) = ¢(x1),
the supporting functions —c(x, yo) + (o, yo) + ¢(o) and —c(z,y1) + c(x1,y1) + ¢(x1) will cross
at some point x,, on the segment [xo,z1]. We might suppose that at this point they are equal
to 0. Hence

(24) —c(Tms Yo) + (0, Y0) + B(20)

0
(25) —C(Tm, y1) + (w1, 1) + ¢(x1) =0

Lemma 5.4 Under the assumptions made above, we have
¢ < Cslwy — 20l|y1 — yol,
in the segment [xo, 1], where Cs depends on ||c(-,-)||c2(axar)-
PROOF. Using (24,25), we have

(@m, o) * (@0 — Tm) + lIcllczlao — zm /2

H = (b(l'o) —va
451 —ch(rltm,yl) ’ (xl - $m) + ||C||CQ|:U1 - l'm|2/2

= &

IAINA
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By semi-convexity, on [xg, z1] we have ¢(z) < H + C|z; — xo|?, where C is also controlled by
llcllc2(axqary Then we assume that —V,c(zm,40) - (€0 — Tm) and =Vuc(@p, y1) - (21 — x,,) are
both positive, otherwise we are done, since we have assumed that |z, — z¢|? is small compared
to |x1 — zo||y1 — yo|- This implies that

_vzc(l‘ma y[)) : (xO - CUm) S —VZC(ZEm, yO) : (xO - 1’1)
~Vol(@m, 1) - (21 — T) < =Vee(Tm, y1) - (21 — 20).

Then we have

2H < =Vaue(Tm, 4o) - (T — 1) = Val(Tm, 1) - (11 — x0) + ||clc2] w0 — 21|
< [Vatlwm, go) = Vac(wm, yo)l 7o — 2] + [lellezlwo — 24
< ellez (|21 = wollys = vol + w0 — 1[2)),

Recall that we assume that |x; — x| is small compared to |y; — yo|, otherwise there is nothing

to prove; this means that |z; — x¢|? is small compared to |x; — zo||y; — yol, and we conclude.
OJ
We now use Proposition 5.1 (centered at x,,) that will yield

¢(.§U) Z max{—c(x, yO) + C(xma y0)7 —C<LE, 3/1) + C(xn’u yl)}
(26) > —c(x,yp) + (T, yo) + 0001 — N|yo — y1 |z — 2m|* — ]2 — 20 °.
for all 0 € [e,1 — €], |v — x| < Ce, and with [yglgeo1] the c-segment with respect to z,, joining
Yo to y1. Note that e is small but fixed once for all.

We want to find supporting functions to ¢ on a ball of suitable radius. For that we consider
a function of the form

fy(@) = =c(@,y) + c(xm, y) + P(zm).

Of course, this function coincides with ¢ at z,,. If we have f, < ¢ on 0B, (z,,), then —¢ + f,
will have a local maximum inside B,(z,,), hence, for some point x € B,.(z,,), we will have
—V.c(z,y) € 0p(x). In view of Theorem 3.1, this implies that y € G (B, (z,)).

First we have

—c(z,y) + c(Tm, y)
= —Cl(%ye) + (T, Yo)
+ /8_0 [Vyc(@m, yo + 5(y — yo)) — Vyc(@,yo + 5(y — yo))] - (v — o) ds
< —;(567 Yo) + c(Tm,yo) + || D3, cll oo xany — vol|x — ).
We then have

—C(l‘, y) + C(IL’m, y) + ¢($m)
< —c(x,y0) + c(@m, yo) + Culy — yol|r — 2| + Cslar — 20|11 — vol,
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where Cy = HDgyC”LOO(QXQ/), and we have used Lemma 5.4 to estimate ¢(z,,). Using (26), we
want this to be bounded by

—c(@,ys) + c(m, Yo) + 000(1 = O)yo — 1 [*lz — zm|* — Y|z — 2|

on the set {|x —xz,,| = r}, for some r > 0. First we restrict 0 to [1/4,3/4], (i.e. we take e =1/4
in (26)). Then we want

3
E5o|yo — i [*r® —r® > Culy — yalr + Calz1 — xol|ys — yol-

We choose |y — ys| < Csr|ys — yo|? for Cs small enough (for example C5 = 8y/(16C})), and the
above inequality will be satisfied for

|$1 —$0|

7’2 = 1603 y
|?J1 —yo‘

if for this value of r, we have indeed yr < (80/16)|yo—y1|?. If not then it means that |y; —yo|® <

2
(?—07) Cylz1 — 0| and we have therefore a C1/? estimate for ¢.

Now we assume that this is not the case, and therefore the ratio % is small. Hence we

consider a ball of radius 1o
T = CG (—|x1 _ $0|)
‘yl - Z/0|

centered at x,,, where Cs = (16C3)"/2.

We denote p = Csr|y; — yo|?. Note that Cs5 = dy/(16C}), hence Cj is bounded away from 0.
We denote N,(S) the p neighborhood of a set S. The functions —c(x,y) + ¢(Tm, y) + ¢(zn),
for y € N, {yp,0 € [1/4,3/4]} will be equal to ¢ at z,,, and will be below ¢ on the boundary of
the ball B,(z,,). This proves Proposition 5.3.

0

5.4 Continuity estimates

Proposition 5.5 Let ¢ be c-convex with G,(§2) C Q. Assume that c satisfies A0-As in Qx Y,
and that €Y is c-convex with respect to Q2. Then,

o if doVol satisfies (19), then ¢ € C (Q);

o if Gfd\fol, satisfies (18), for some p > n, then ¢ € C’llo’f(ﬂ), with 3(n,p) as in Theorem
3.5.

REMARK. We recall that Gf is defined in Definition 2.12.
PRrROOF. Consider Qs = {z € Q,d(z,0Q) > 0}. In order to have N,([zo,z1]) C Q, it is
enough to have

1. xg, 21 € Qs,
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2. ’.ﬁEo —.’L'l‘ < (5/2,
3. €< d/2.

Note that, in Proposition 5.3, either |Gy(zo) — Gg(z1)] < Clay — 0|5, or € < D|zy — x0|*®,
where D depends on C. Hence, for any 6 > 0 small, for all zq, x; € Qs such that |xg— x| < §/2
and |z, — 20|*® < §/(2E) where E depends on C, if |Gy(wo) — Gg(z1)] > Clay — 20|*/%, then
N([zg, x1]) C © and Proposition 5.3 applies. We now set

(27) Rs = inf{6/2, (6/(2E))*?}.

From Proposition 4.4, we will have N, {yg,6 € [1/4,3/4]} N Q' C G4(Bc(x,,)). The volume
of N,{yp,0 € [1/4,3/4]} N is of order
[y =yl ~ [y — wole™Hyr — oY,
(remember that [yo,y1].,, C ' by c-convexity of Q' with respect to §2) while B.(z,,) has a

volume comparable to €.

C'# estimates If the Jacobian determinant of the mapping G is bounded, (in other words,
if do\/ol has a density bounded in L* with respect to the Lebesgue measure) then the volume
of G4(Bc(x,,)) must be of order €", hence we get that |y; — yo|*"~! < Ce, where C' depends on
all the previous constants C;. This implies

n—1 |$1 - IO’ Y2
lvn — Yol <C|+—— ;
|Z/1 - ZJO’

hence

|Go(1) = Gy(0)| < Clay — mo| 77

Gy € C"71(Q), and we conclude, using —V.c(x,y;) = Vo(x;),i = 0,1, that

loc
V() — V()] < Clan — ol 7.
We can refine the argument: Let [ be defined by

F(V) = sup {VOI(G¢(B)), B € Q aball of volume v}.

Let pp = Gfd\/ol, we have Vol(Gy(B)) = p(B), hence we have F'(V) < supye )=y #(B). Then,
by Proposition 5.3, we have F(|B,(z,)|) > Vol(N,{ve, 0 € [1/4,3/4]}), which gives

|J]1 . I0|n/2

28 Fw,Cr
(28) ( ® |y1 — yo|™/2

) > Crlzy — xo!(”*l)/2|y1 _ yol(an)/z
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with w, the volume of the n-dimensional unit ball, and C; depends on all the constants C;
above, and it can be checked that C7 is bounded away from 0. Assume that F'(V) < CV* for
some x € R. Note that u € LP implies the (stronger) bound F (V) = o(V!~'/?), hence we might
write kK = 1 — 1/p for some p €]1,4+00], and the condition

F(V)<ovi-ip
is then equivalent to condition (18) for . Then we find

|2n 1+ P < Cs|$1—.170|2 ») .

ly1 —
We see first that we need p > n, then we get, setting « = 1 — n/p,

Vi, zo € Qs such that |21 — 20| < Ry,
|Gy(21) — Gy(yo)| < Colz1 — Lo|Tote

where R is given in (27). This yields Holder continuity for G4. Then we use that Vo(z) =
—V.c(x,Gy(z)) and the smoothness of ¢ to obtain a similar Holder estimate for V.

C' estimates If we only assume condition (19) for y = G 4dVol, in other words, if F(V) =
o(V1=1/") we can write F(V) < [f(VZ/”)}anl V1=1n for some increasing f : [0,1] — R*, with

|21 —0l
> |y1—vol
there is nothing to prove). Using the special form of F'in (28), we get

X
f2n—1 (C«lou) (011|y1 - y0|)2n '

’yl - 0|

limy o f(V) = 0. We then have, as |x; — xg| goes to 0 that goes also to 0 (otherwise

hence we get that |y; —yo| goes to 0 when |z; — x| goes to 0. Let g be the modulus of continuity
of G4 in (s, then g satisfies

Vay, 0 € Q5 such that |2, — x| < Rs, f (CIOL) > Crig(u).

g(u)

This yields a uniform control on the modulus of continuity of G4: Indeed f can be chosen
increasing, thus invertible, and we write

~1 g9(u)
u > f7(Cug(u)) Cro

Note that Cy was obtained from C5, which is bounded away from 0. Then g(u) < w(u) where

w is the inverse of z — f ’1(6’11,2)01. It is easily checked that lim, g+ w(r) = 0. This shows

the continuity of G,. Finally we halx(/)e Vo(r) = —=Vue(z,Gy(x)), and the continuity of V¢ is
asserted.
O
REMARK 1. The power = ;—5-— is not optimal for example if n = 1, p = 400, for which
the Cb! regularity is trivial, but note that in order to obtain this bound, we had to assume
that |y1 — yo| > |21 — 20| /5, and, before, that |7 — zo| = o(|y1 — yo|). Hence the conclusion
should be: either ¢ is C*', or ¢ is C'/5 or ¢ is C'. Note that 8 < 1/7 for n > 2.
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Proof of Theorem 3.5 In Theorem 3.5, we do not want to assume that u; € L'(R"), hence
we do not have that Gj,ul = 19, which would imply po(B) = p1(Gy(B)). Hence we need the
following proposition to finish the proof:

Proposition 5.6 Let ¢ be c-conver on 2, with G,(2) C Q. Assume that Ggupo = p.
Assume that iy > mdVol on Q. Then for all w C 2, we have

1
po(w) > mVol(Gy(w)), and hence, Gfd\fol < — pp.
m

PROOF. In Q' we consider N = {y € ', 3z # 23 € Q,Gy(21) = Gy(x2) = y}. Then N =
{y € &, ¢° is not differentiable at y}. Hence Vol(N) = 0, and Vol(G4(w) \ N) = Vol(G4(w)).
Moreover, G;I(G(b(w) \ N) = Gpe(Gy(w) \ N) C w. Hence,

po(w) 2 p(Go(w) \ N) = mVol(w).
UJ

Proof of the boundary regularity This part is easy: under the assumptions of Theorem
3.6, the density puq satisfies (18) with p > n (resp. satisfies (19)). Hence Theorem 3.5 applies
and ¢ € CLP(Q) (resp. ¢ € CL.(Q)). Since Q is compactly contained in €, we conclude the
boundary regularity on €2,. This proves Theorem 3.6. 0J

REMARK. This proof of the boundary regularity is very simple because we have interior
regularity even when py vanishes. This is not the case for the classical Monge-Ampere equation,
and the boundary regularity requires that both € and ' are convex, and is more complicated
to establish (see [5]).

We now show that there is indeed equivalence between assumption As at a point x and the

conclusion of Proposition 5.1. This is a quantitative version of Theorem 3.3.

Proposition 5.7 Assume that at a point x for all yo, y1, for y1 /2 the 'middle’ point of [yo, Y1)z,
we have

¢(x) > —c(, y1/2) + (0, Y1/2) + dolyo — va*|x — wol® + O(|z — o[*)
with ¢ as above. Then the cost function satisfies assumption As at xo with Cy = Cdy, for some
constant C' > 0 that depends on the bound in A2.

PRrOOF. The proof follows the same lines as the proof of Theorem 3.2, and is omitted here.
O

6 Proof of Theorem 3.11

6.1 Monge-Kantorovitch problem on a Riemannian manifold

The reader interested in details should refer to [19]. For M a complete Riemannian manifold,
compact and without boundary, with distance function d(-,-). From now, we restrict to the
case c(z,y) = %dQ(x, y). Then optimal maps for Monge’s problem are gradient maps, i.e.

Topi(w) = Gy(x) = expy(Vyo()),
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where V- is the gradient with respect to the Riemannian metric g on M, and ¢ is some c-
convex potential obtained by the Monge-Kantorovitch dual approach. With intrinsic notations,
it has been established [14] that the Monge-Ampeére equation reads

(29) Jac (exp,) (Vo) det [H(c(p, ) + @)=, ) = dj%éﬂ%f&)) '

where H is the Hessian endomorphism operator. Note that for any point z, and p = Gy4(x),
q — c(q,p) + ¢(q) has a critical point at ¢ = x, therefore we have in local coordinates

H(c(p,-) + @) = 67 Dij(c(p,-) + ¢).

We will see hereafter the particular form that D2 c(z,y) takes in the case of the round
sphere. Finally, in the Riemannian framework, the definitions of sub-differential and c-sub-
differential take the following form:

06(x) = {p € To(M), 6(exp, (1) > 6(x) + (v.p), +ollol,) }.
06(x) = {p € Tu(M). 6(x) + 6" (exp,(p)) = —cl.exp, (p)) }.

where (v, p), denotes the scalar product on ¥, (M) with respect to the metric g, |v|§ = (v,v),.

Strategy of the proof Most of the proof is contained in the following points:

1- Given puqg, 41 satisfying the assumptions of Theorem 3.11, there exists a constant o such
that d(z,G4(z)) < m — o for all z € S"~!. Hence, we can reduce locally the problem to an
Euclidean problem, and the distance function does not become singular on that set.

2- The assumption As is satisfied by the cost function distance squared on the sphere.

Once this is established, we proceed as follows:

Given zg € S™ ! we can build around z, a system of geodesic coordinates on the set
{z,d(z,z9) < R} for R < m. From point 1-, for r small enough, the graph {(x, Gy4(z)),z €
B,.(x0)} is included in the set B,(zg) X Br_a,(x¢) on which the cost function is C*°. From point
2- and using [17], a C* smooth solution to (13) on B,(z,) will enjoy a C? a priori estimate at
xo. This estimate will depend only on the smoothness of pg, 141, on r, and r is small but can
be chosen once for all. Then the method of continuity allows to build smooth solutions for any
smooth positive densities.

Then, the Theorem 3.1 follows, in particular that d¢ = 0°¢.

Then Proposition 5.3 holds on B,.(zg) X Br_2.(z9). With a straightforward adaption of
Proposition 5.6 to the sphere, this yields C' estimates in, say, B,/2(z¢), and the Theorem is
proved.

6.2 Reduction of the problem to an Euclidean problem

We denote by B, (resp. B.(x)) a Riemannian ball of radius r (resp. centered at z), S"!
denotes the unit sphere of R™.
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Uniform distance to the cut locus We show that there exists a subset S2 of S*™! xS"~! on
which A0-A2 are satisfied, and such that the graph of Gy: {(z,Gy(x)),z € S" '}, is contained
in S2. This subset S? is defined by

(30) S2={(z,y) €S xS d(z,y) <7 — 0}
where ¢ > 0 depends on some condition on pig, fi1.

Proposition 6.1 Let jg, 11 be two probability measures on S*~1, let ¢ be a c-convex potential
such that Geupo = 1. Assume that there exists m > 0 such that p; > mdVol and that
po satisfies (19). Then there exists o > 0 depending on m and , on f in (19), such that
{(z,Gy(x)),x € S"'} C S%, where S2 is defined in (30).

PROOF: We use [14]; in that paper, it was shown, for ¢ satisfying Gyupo = 1, that we
have |d¢| < m—¢, and € > 0 depends on ||dp /dVol|| || (dpo/dVol) ™" || . Considering ¢¢ and
Gge that pushes forward p; onto pg, we also have a bound such as |d¢| < ™ — €, where € > 0
depends on ||dgio/dVol|| e || (day /dVol) ™ || e

Here we slightly extend this bound to the case where pg satisfies (19), and p; > mdVol. Tt
was shown in [14, Lemma 2] that for all z;,x, € S" 71,

d(Gy(xs),27) < 2%%

where ) is the antipodal point to x;. Hence the set Es = {z,d(z,21) > ¢} is sent by G4 in
B(z}) where

d((;¢($1)7$&)

— s

€=2T
This implies
p1(Be(x1)) = po(Es).
Taking § > 0 fixed (for example 0 = 7/2), we have
11 (Baa(@y o) (1)) 2 0f pio(D-),

where D, is the half-sphere centered at z. Hence

inf {|7T —do(z)|, |7 — d¢c($>|}

reSn—1
> inf{r, Jo € S"Y, (B (x)) > inf MO(DZ)}

= 0.
In particular, if p; satisfies (19), and po > mdVol, m > 0, we have
p1(Bur(x)) < (Vol( By (2)))' /"

for r small enough, hence o > 0 and the uniform distance between G,(z) and the cut locus of
x is asserted. Considering ¢°, the same conclusion holds. 0
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Construction of a local system of coordinates Given zy € S* !, we consider a system of
geodesic coordinates around xg, i.e. given a system of orthonormal coordinates at zy and the
induced system of coordinates on T, (S*"!), we consider the mapping p € T,,(S"") — exp,, (p).-
This mapping is a diffeomorphism from Bg(0) C R""! to Br(zo) as long as R < . Then, for
r small enough, we have

Sg N {(m,y),x S BT(xO)} C Br(xO) X B7r—a+r C 53_27,.

We now take r = 0/3 Hence, B,(0) is sent in B;_.(0), and the cost function is C*° on
B.(0) x B;_o,(0)for  small enough.
In this case, we have T,(p) = exp,(p), and also

(31) D;yc(w,y) = [Dyexp,] " (exp, ' (1)),

where D, exp, is the derivative with respect to v of v — exp,(v). Assumption A1 is trivial,
since y is indeed uniquely defined by y = exp,(p). From (31), assumption A2 is true on any
smooth compact Riemannian manifold, since in this case Jac(v — exp, v) is bounded by above.

6.3 Verification of assumption As: Proof of Theorem 3.10

Here we prove the following, which implies Theorem 3.10.

Proposition 6.2 Let x1,..,7,-1 €  C R"! be a system of local coordinates on S, with ¢ :
Q— S Foranyy e S, x € Q, let c(z,y) = 3d*(¢(x),y). Thenc(-,-) satisfies assumption
As on Q, with a constant Cy > 0, with Cy bounded away from 0 for {g:;(x), g (x),1 < 4,5 <
n— 1,2 € Q} bounded, where [g9]_[g;;]~" and g;; are the coefficients of the round Riemannian
metric on S"~! in the local coordinates x1, .., Tp_1.

REMARK. It can seem surprising that we do not chose any system of coordinates around
y. Indeed, y = %,(p) = exp,(p) for p € T,S" !, and p is written with the induced system of
coordinates on T,(2. Moreover, condition As is written in terms of x and p only. Indeed, we
only need to know D? _c(x,exp,(p)) to check condition As.

Computations in normal coordinates It has been established in [14] that in a system of
normal coordinates ey, ..e,_1 at x with e; = p/|p|, we have

Lifi=j=1
D?Eim]-d%expz(p) = . |p| COS(|p|)

otherwise.
sim(p) U

This relies on the fact that D2 c(z,exp,(p)) = [D,(exp,(p))] ' D.(exp,(p)), and follows by
computations of Jacobi fields. Hence, we have, in this system of coordinates,

rcosr

M (z,p) == Dg,c(x, Tu(p)) = 1 — (1 -

),

sinr
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where r = |p|, I is the identity matrix of order n — 1, and I’ is the identity matrix on
vect(es, .., €,_1). So, for a given v € R*™1,

M(a,p)-v-v =] = (1 - T

—)[TIvf?,
sinr

where IIv is the projection of v on p*. This can be written, using intrinsic notations

(Hel 9)lymosp, 0, 0),, = ol = (1

where (-, -), denotes the Riemannian scalar product on Z,(S"~") and |p|2 = (p, p)g-
Let o, e R t € R, uy = a+tf3 and r = |uy|. We assume that r < 7, and IL;v is the
projection of v on u}. Assumption As is then equivalent to show

2
L1t = Mz, + Bt) - v- ] < —ColBP P,

|2y cos | 2], 2
_ Zlg €08 Flay
sin |z, )],

dt?
for all o, 3 € T,S"!, v L 3, which is equivalent to
d? T CcosT ) 5 19
— - >
= [t = (1= =20 M) = Colgl,

for all o, 3 € R*1, v L 3. Without loss of generality, we assume by changing ¢ in t — t4 that
a 1L . We have

v = v — |ug| (v - uy)uy,
hence, using v L 3,
Mol = Jol* = 2(v - u)fue| ™2 4 (v - )| 72
= [o]* = (v a)*fu,| 7%

Now, assuming |v| =1 and (v, o), = ¢, we have to evaluate @ | where F = Gor, and

a2
2
7 COST c
G(r)=(1- 1——
(r)=( sinr A T2)’
r(t) = |a+ts.
A computation shows that
d2 04252 1 . 02
ﬁF = 3 SmQT(r—smrcosr)(l— ﬁ)

N 1 (s )202
sinr —rcosr)—
sinr 73

2t (9 2
+ b {—S(SinT—TCOST)(l—C—)

r2 | sin’r 72
2 , 2¢?
+———(r —sinrcosr)—
sin”r r
1 . 6c?
————(sinr —rcosr)—r ¢.
sinr r
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Notice that we have for some C' > 0, and for all r € [0, 7],

(32) sinr —rcosr > Cr?,
(33) r —sinrcosr > Cr®.

Hence, all terms are positive, except the last one. The sum of the last two lines has for r € [0, 7]
the sign of

2

2(r? — rsinrcosr) — 3(sin®r — rsinr cosr)

1
= 3 (rsin27“+300527“+4r2 —3).

One can check (by two successive differentiations) that this quantity is non-negative for r €
[0, 7]. Hence we have, using (32, 33),

&2 2 a?+120 o2

- > 2 _

dtQF 2 Cf {(1 7“2) r2 + 7“4}
2 2 2

B 5 c a‘c

= Cp {(1—§)+ }

rd

Remember that ¢ = « - v, with |v| = 1, hence |a| > |¢| and r > |¢|, to conclude that %F >
ColBI*.

Hence in a normal system of coordinates at z, we see that As is satisfied at x for any y
such that d(x,y) < m. Through propositions 5.1 and 5.7, we see that condition As is satisfied
in any system of coordinates, with a constant Cy that depends on the choice of the coordinates
as in Proposition 6.2. This proves Proposition 6.2.

O

6.4 Conclusion of the proof

C? a priori estimates for smooth solutions Let ¢ be a C* smooth c-convex potential
such that Gy g = p1, with ug, gy having positive CH! smooth densities. Consider a system
of geodesic coordinates around zy. As we have seen, using Proposition 6.1, in this system of
coordinates, for ro = 0/3, we have

{('Ta G¢(CL’)),$ S BT0(0>} - BT0(0> X BW*QTO(()) - Sc2r/3'

In this system of coordinates, ¢ will satisfy on B, (0) the Monge-Ampere equation (13) where ¢
is d?/2 expressed in our local coordinates. Moreover, c satisfies A0-As on By, (0) X Br_a,,/3(0).

Then from [17, Theorem 4.1], we have a bound on D?*@(x,) that depends only on 7y and on
the bounds on g, p1. Finally, note rg can be chosen once for all once ¢ is known.
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Smooth solutions In [13] it was established that given a C'*° smooth c-convex potential ¢,
a C* smooth positive measure pig, and 3 = Gy 4fto, the operator

Ff¢—>F(¢):G¢#/~L0

was locally invertible in C'*° around p;. Hence the existence, for a given pair of C'* smooth
positive probability measures ug, 41 of a C'*™ smooth c-convex potential ¢ was granted provided
one could obtain a-priori estimates for the second derivatives. Indeed, this follows from the
concavity of the equation and and the well known continuity method (see [16]).

We conclude the following: for z, yt; having C' smooth probability densities, there exists a
(unique up to a constant) c-convex potential ¢ € C** for every o € [0, 1 such that Gy 40 = pi1.
If moreover g, 1 are C*°, ¢ € C'*°. This concludes the third point of Theorem 3.11.

C! regularity for weak solutions Having proved the existence of smooth solutions for
smooth positive densities, we have the first point of Theorem 3.11. Then, using again the
system of geodesic coordinates, we have Gy(B,,(0)) C Bg,(0) for some Ry < m. We can now
apply Proposition 5.3 on B,,(0) X Bg,(0) (see the remark after).

Note that V,c(0, Br(0)) = Br(0), which is strictly convex. Hence, ¢ being C* on B,(0) x
Bgr(0), for r small enough, V. c(x, Bg(0)) is convex for all z € B,(0), and Bg(0) is c-convex
with respect to B,.(0). Hence we can now apply Proposition 5.5 on B,.(0) x Br(0).

Then we can adapt with almost no modification Proposition 5.6 as follows:

Proposition 6.3 Let ¢ : S"! — R be c-convex. Assume that Gyyupo = 1. Assume that
w1 > mdVol on . Then for all w C S, we have

po(w) = mVol(Gy(w)).

Hence, we can conclude in the same way the continuity of G4, V¢. This achieves the proof of
Theorem 3.11
O

7 Proof of Theorem 3.7

For this case it has already been checked (see [22] for example) that the cost function c(x,y) =
—log |z — y| satisfies As for x # y. We will just prove that under some assumptions on
the measures i, 1 we can guarantee that G,(z) stays away from x. Then, the proof of the
Theorem 3.7 follows the same lines as the proof of Theorem 3.11. We prove the

Proposition 7.1 Let S"~ ! be unit sphere of R™. Let c(x,y) = —log|z —y|. Let T : S"1 —
S" be a 2-monotone map, i.e. such that

(34) Vo, xo € S"Y c(ay, T(21)) + (2, T(22)) < (o, T(21)) + c(x1, T(22)).

Let pig, 11 be two probability measures on R"™. Assume that 1y > mdVol for m > 0, and that g
satisfies (19). Then there exists eg > 0 depending only on m, f in (19) such that

Vo € S d(x, T(x)) > €.
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ProOOF. We follow the same lines as in [14]. From (34), we have
log |z1 — T'(x9)| <log|xy — T'(z1)] +log2 — log |zo — T'(z1)].

Letting M = —log|x; — T'(xy)|, the set {z : |z — T'(x1)| > 1} is sent by T in the set {y :
ly — 1] < 2exp(—M)}. Then the bounds on pg, p1 yield an upper bound on M as in the proof

of Proposition 6.1.
O

8 Proof of Theorem 3.8

We consider condition Aw at (zg,y = x). We recall that

6((‘7“07330)(5 ) = _DﬁupuD?c{xg[(xvp> - C(%,Tmo(p))].

for any v,& in T,,M. Let us first take a normal system of coordinates at z(, so that we will
compute

Q = Dy D3, [(2,p) — o(Tuy (8), Ty (5)))].

Let us write a finite difference version of this operator. We first introduce y_ = T, (—hv),y; =
Too(hv),x_ =T, (—hé), x4 = T, (hE). We use the usual second order difference quotient, for
example

1

D2, 10, Ty (1) = 35

e e T4, L) — 2¢(xo, To) + c(—, 20))-

(Of course we have ¢(xg,x¢) = 0.) We will have, as h goes to 0,

1
flzli%ﬁ< > clwiyy) =2 ) (i +Cya>$0))> = Q.

i»j:+a7 i= + -

Rearranging the terms, we find that the first line is equal to

Z (@i, y5) — c(@o, ;) — c(zo,y5)].

i?j:"’_?_

Each of the terms inside brackets has a simple geometric interpretation: consider the triangle
with vertices (zo, x;, y;) whose sides are geodesics. This is a square angle triangle. If the metric
is flat, by Pythagoras Theorem, the term inside the brackets is 0. In the general case, a standard
computation shows that it is equal to —2k(zo, &, v)h* + o(h?) where k(xg, &, v) is the sectional
curvature at g in the two-plane generated by &, v. Hence, we get that @ = 8k(x, &, v).

Now to reach the more general formula of Theorem 3.8, we use the following expansion of
the distance that Cédric Villani communicated us:
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Lemma 8.1 Let M be a smooth Riemannian manifold. Let v1,vs be two unit speed geodesics
that leave point xo € M. Let 0 be the angle between 41(0) and *2(0) (measured with respect to
the metric), let k be the sectional curvature of M at xq in the 2-plane generated by *1(0), ¥2(0).
Then we have

d*(11(t), 72(t)) = 2(1 — cos(6))(1 — k(cos?(0/2))t* + O(t*))2.
Then, we obtain easily, following the same lines as in the case looked above that

Se(0, 20) (&, v) = 8k (wo, & ) ([E[5 W[5 — (&, v)7),

where (-,+),,| - |, denote respectively the scalar product and the norm with respect to g. This
proves the Theorem. 0

8.1 Counterexample to regularity for a manifold with negative cur-
vature

Consider the two dimensional surface H = {z = 2% — y*} C R®, with its canonical Riemannian
metric. H has negative sectional curvature around 0. Then for r sufficiently small, 2 =
H N B,(0) is c-convex with respect to itself. Consider the function

o(r) = max{—d?/2(X, Xo), —d*/2(X, X1)},

where Xy = (0,a, —a?), X; = (0, —a,—a?). Then, as shown by our proof of Theorem 3.2, for
a small enough, no sequence of C'* c-convex potentials can converge uniformly to ¢ on €. Let
1o to be the Lebesgue measure of ), and p; = %(5;(0 + 6x,). We have Gy = p1. Let
pg € C(Q2) be a positive mollification of 11 so that its total mass remains equal to 1, and that
preserves the symmetries with respect to x = 0 and y = 0. Let ¢, be such that Gy, 410 = pn.
Then, for n large enough, ¢, is not differentiable at the origin. Indeed, for symmetry reasons,
0 belongs to the subdifferential of ¢, at 0, on the other hand, ¢, converges uniformly to ¢,

and we know from the fact that Aw is violated at 0 that —¢ — ¢(-,0) does not reach its global
maximum on {2 at 0.

9 Appendix

Proof of Proposition 3.4. We prove only the last point, the other points being elementary.
Consider on R™ a measure locally equal to py = £ ' ® pu, where £"~! is the n — 1-dimensional
Lebesgue measure, and p is a probability measure on [0, 1] equal to the derivative of the Devil’s
staircase. Then, u ¢ L'. On the other hand, for all [a,b] C [0, 1], u([a,d]) < |b — al|®, for some
a € (0,1). Then, for x = (21, .., x,),

po(B,(z)) < Cr™ufa, — rya, +1]) < Crm e = Opnio1/P)

1
loc

for some p > n. Hence py ¢ L;,, and iy satisfies (18) for some p > n.
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Proof of Proposition 4.1 We know (see [24, chapter 2]) that there exists m a probability
measure on R™ x R”, with marginals ¢ and v, and such that

[ ola)duta) + vie)dv(e) = = [ c(a.g)an(ay),

and moreover, there exists ¢ a c-convex potential such that
supp(r) € {(z, G(x)), @ € R},

Let us decompose 7 as m = y ® ,, where for du almost all x € R™ | v, is a probability measure
on R™ and 1, is supported in Gg(z). Hence we have

[t | [ et + v - ctan)| <o

This implies that for du a.e. z, for dv, a.e. y, we have y € G4(x). Since for dp a.e. z, we have
y € Gy(x) dv, a.s., we deduce that for du a.e. z, (and hence for Lebesgue a.e. x, since > 0
a.e.), we have Gz(x) N Gy(x) # 0. This implies that V¢ = V¢ Lebesgue a.c., and that ¢ — ¢
is constant. This shows that ¢ is uniquely defined up to a constant. Now the pair ", can
only improve the infimum (10) compared to (¢,1)), hence it is also optimal. Hence ¢ is also
uniquely defined up to a constant. If ¢ is ¢*-convex, then ¥“¢ = 1), and 1 is thus uniquely
defined.

O
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