ON THE LOCAL AND GLOBAL ERRORS OF SPLITTING
APPROXIMATIONS OF REACTION-DIFFUSION EQUATIONS
WITH HIGH SPATIAL GRADIENTS

STEPHANE DESCOMBES, THIERRY DUMONT, VIOLAINE LOUVET,
AND MARC MASSOT

This paper is dedicated to Michel Crouzeiz.

ABSTRACT. In this paper we study the approximation by splitting techniques
of the ordinary differential equation U + AU + BU = 0, U(0) = Up with A and
B two matrices. We assume that we have a stiff problem in the sense that A
is ill-conditionned and Uy is a vector which is the discretization of a function
with a very high derivative. This situation may appear for example when we
study the discretization of a partial differential equation. We prove some error
estimates for two general matrices and in the stiff case, where the estimates
are independent of Up and the commutator between A and B.

1. INTRODUCTION

Let M,,(R) be the vector space of matrices of size n, let A and B in M, (R)
and Uy in R™. In this article we study the approximation of the following system
of ordinary differential equations :

U | AU+ BU =0 t>0,
(1.1) ot
U(0) = U,

by splitting techniques in the situation when A is ill-conditionned and the associated
initial condition Up results in a very stiff system. The A and B matrices can be
thought of as coming from the discretization of a linear partial differential equation
where A corresponds to the discretization of the Laplacian operator and the initial
condition, Uy, is a vector which is the discretization of a function with a very high
derivative. The exact solution of (1.1) is given by exp(—t(A + B))Uy and is most
of the time approximated when ¢ is small enough by Lie or Strang’s formula. The
Lie formula is given by

(1.2) L(t)Uy = exp (—tA) exp (—tB) Uy,

which is an approximation of local order 2 in the sense that there exist R; inde-
pendent of ¢t and Rz () belonging to M, (R) such that for ¢ small

(1.3) e tATBI — et tB Uy = 2 RyUy + t> Ro(t)Up

and then is an approximation of global order 1.
The Strang’s formula ([12], [13]) is given by

S(t)Uy = exp(—tA/2) exp(—tB) exp(—tA/2)Up.
1
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It is an approximation of local order 3 in the sense that there exist R3 independent
of t and R4(t) belonging to M, (R) such that for ¢ small

e*lﬁ(A‘FB)UO _ eitA/QeftBeitA/ng — t3 RBUO + t4R4(t)UO

and then is an approximation of global order 2. For these two formulee R, and R3
are well known and can be for example found in the book of Hairer, Lubich and
Wanner [6]. To give the exact value of R; and R3, we have to use the commutator
between A and B, denoted by 04 B, defined by

0aB = AB — BA.

This provides an elegant way of writting the iterated commutators between A and
B, such as :
03B = 04(04B) = A>B —2ABA + B%A.

With this notation we have
_ 1 _ 1 [P
R, = 26AB, R3 = 48AB 283A.

Let us assume that A and B are positive definite matrices and come from the
discretization of a continuous initial-value problem such as :

ou  0*u
(1.4) 5% 92 +V(@)u=0 xeR,te€l0,T],
u(z,0) = uo(x) x eR.

Let us also assume that the L? norm of the derivative of the smooth initial condition
ug is very high. Let us assume that V is a bounded function from R to R of class
C*° with all bounded derivatives. We consider the operator b corresponding to the

multiplication by V and the operator a = —9? (minus the second partial derivative
with respect to = in one dimension), their commutator is given by
(1.5) 9ab = —(02V) — 2(0,V) 0y

if we assume, at least formally, that we can generalized equation (1.3) to this
example which is of infinite dimension, we will have :

2
(1.6) 02V — ety = —%(agV)uo — 12(0,V) (Do) + O(3).
However, the L2-norm of 0,1 is by assumption very high and the previous asymp-
totics is only interesting if the splitting time step ¢ is very small, as usually in a
numerical analysis study. Nevertheless, from a simulation point of view, the time
step can not be chosen too small, and there is a limit associated to the computer
precision. Consequently, it is especially relevant in this stiff configuration to ob-
tain alternative error estimates which do not involve the derivative of the initial
condition.

In this article we study the associated problem in finite dimension by assuming
that (04B)Uy is very high. The key issue is to obtain a alternative control of the
local and global errors when we use an approximation based on Lie or Strang’s
formula, which involve bounded constants independent of (04 B)Uyp.

Let us introduce a natural assumption on the commutator of A and B in the
discretized case for which the stiffness is similar to the one considered in the contin-
uous case mentionned previously. In formula (1.5), we can see that the commutator
can be decomposed in two parts, one which is bounded due to the assumptions on
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V' and one which behaves like “the square root of a”. Since A and B are positive
definite matrices, we can define v/A, the square root of the matrix A. We make the
following assumption denoted H1: there exists two constants Cy > 0 and C; > 0
such that 04 B is constituted of two parts (04 B)o and (04B); such that

1(@aB)oll2 < Co,  [[(0aB)1(VA) |2 < Cy.

We can notice that this assumption clearly corresponds to the continous case (1.5).
We also point out that Cy and C7 must be generic constants which do not depend
on the matrix A in order to be consistant with (1.5). Such an estimate has already
been used for splitting methods for example in [10] or [4].

In this article, for a matrix A, we use the following notation

[All2 = /p(AA*)

with p(AA*) the maximum of the absolute values of the eigenvalues of AA* and we
recall that for A and B two matrices

IAB||2 = [ BAll2-

The key point in the article is a formula which provides an exact representation
of the local errors and thus yields two complementary results (Corollaries 2.3 and
2.4) fort > 0:

t2
He*“f‘”’) - L(t)H2 < 5 1104Bll2

and

He_tmm _L(t)H L Got? | Citvt

2 2 3v2¢e
The first one is more relevant for very small splitting time steps t. However, as
t groves, the second one can be more accurate because of the bounds on the two
constants Cp and C; involved, whereas ||04B||2 can be very big.

Some similar results with the Strang’s formula are obtained. We also present
the study of a time discretization of exp(—tA) by an implicit Euler method and
apply these ideas to the example of the discretization of a linear partial differen-
tial equation similar to (1.4) but on [0, 1] with Dirichlet boundary conditions and
in that case, all the constants are explicit. The paper is organized as follow : in
section 1, we prove a formula which provides an exact form of the errors between
exp (—t(A + B)) and his Lie approximation and his Strang approximation. In sec-
tion 2, we derive some bounds of the errors and specially some alternative bounds
which are independant of (04B)Up. In section 3, we focus on the discretization of
the linear PDE (3.1) and prove that the considered assumptions are satisfied by the
resulting matrices and initial conditions. In section 4, we present the study of the
time discretization of exp(—tA) by an implicit Euler method and characterize its
influence on the local error estimate. Section 5 allows us to conclude on the local
order reduction and we give some results on global order. Finally, in section 6,
we present some numerical results on a nonlinear reaction-diffusion equation which
provides a nice numerical illustration of the order reduction related to the strong
gradients in the intial solution.
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2. ERROR FORMULAE IN THE CASE OF A FINITE DIMENSIONAL SETTING

Let A and B belong to M,,(R), in this section, we compute an exact form of
the errors between exp (—t(A + B)) and Lie and Strang’s approximations. We first
recall the following result given in [4] :

Lemma 2.1. The following identity holds :
t
(2.1) Oe-taB = — / e~ (t=)4 (8,43)6_5‘4 ds.
0
This lemma allows us to obtain two error formulae which are give in the following

theorem

Theorem 2.2. Let A and B belong to M,,(R), the following identities hold :
t s

(2.2) L(t) = e~ t(A+B) +/ / e~ (t=5)(A+B) —(s—1)A (aAB)efrAefsB dr ds,
0o Jo

(2.3)
S(t) _ et(A+B)

t s
4 % / / (s — r)e~ (=) (A+B) o=(s—r)A/2 (81243)@_“4/2@_53@_5‘4/2 drds
o Jo

t s
+ % / / (s — r)e*(tfs)(A+B)e*SA/2e*TB (812314)e*(S*T)Be*SA/2 drds.
o Jo

Proof. Concerning (2.2), we have

d
—L(t) — _Ae—tAe—tB _ e—tABe—tB

dt
= —(A+B)e e —(9,-aB) e !B,

Using Duhamel’s formula this yields
t
L(t) = e t(A+B) —/ e (t=)A+B)g _ s Be B ds
0

and formula (2.2) can be obtained by using the form of 9,s4 B given in Lemma 2.1.
Identity (2.3) has been already proved in [4]. O

A simple corollary of this theorem gives some bounds of the errors in operator
norm, in the spirit of the results given in [1].

Corollary 2.3. Let A and B belong to M,,(R), for ¢ > 0, we have the following
error bounds

2
e+ — Ly, < Eetrarsrizio,
2 2

and )
He—t(A+B) — S(t)H < ;_46t(IIAII2+HBII2) (2||81243||2 + ||8%A||2) .
2
If moreover we assume that A and B are positive definite matrices, we have
- t2
R

and 2
t
He*t@“*B) _ S(t)Hz < 57 (2104B]2 + 95 A]12)
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Proof. The proof is obvious, we only have to take into account for example that for
t >0, ]| exp(—t(A+ B))|l2 < exp (t(]|Allz + || B|l2)) and when A and B are positive
definite matrices that || exp (—t(4 + B))|2 < 1. O

So far we only assume that A and B are positive definite matrices but as we
have seen in the introduction we may add some assumptions on the commutator
between A and B, like for example assumption H1. In the next corollary we assume
that H1 is satisfied and study the influence of this assumption on the error bounds.
Since we also study the Strang’s formula which involves some iterated commutators,
we need an assumption on these iterated commutators. We call H2 the following
assumption : there exists four constants C; > 0, 1 < i < 3 such that

105A]l2 < Co

and such that 9% B is constituted of three parts (93 B)o, (0% B)1 and (0% B)2 such
that

1(04B)oll2 < C1, [[(OAB)11(VA) 2 < Co, [|(95B)2(VA)TTATY 2 < Cs.

Assumption H2 can be a little bit surprising. If we take the example with a = —9?2
and b = V given in the introduction then 92b is a differential operator of order 2 and
then behaves like a. It would be natural to assume that (0% B)» is dominated by A
in the sense that ||(9%B)2A~" |2 is bounded and not only dominated by v/A A. But
we will see in the next session that the boundary conditions may really influence the
power of A which dominates 8% B. With these assumptions, the following corollary
gives much refined results than corollary 2.3 since the bounds do not depend on
the commutator and iterated commutators of A and B.

Corollary 2.4. Let A and B belong to M,,(R) such that A and B are positive
definite matrices satisfying H1, for ¢ > 0, we have the following error bound :

_ Cot2 (& t\/i_f
2.4 He HA+B) _ (4 H < i .
(2.4) (t) , <5 Wor

If moreover A and B satisfy H2, we have with

1 (1 _y)1/4
(2.5) az/o udu,

w3/

the following estimate

(2.6) He—t(A+B) _ S(t)H < (G 1208 Cot?VAE . Cgozt\/f.
2 12 15v/2¢ 4
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Proof. We have

t s
le=tA+B) _ L) g/ / [(0aB)e e By dr ds
0 JO

CO tQ ! ° —rA_—sB
< 5 + H(&AB)le e 7|2 drds
0 Jo

Co t2

2
t S
+ / / 10AB) (VA |V Ae A lle=*B |2 dr ds
0 0

OO tQ ! * —rA
< 5 +C |V Ae™ ™Ay dr ds,
o Jo

we have for r > 0,

(2.7) ||\/Z€_TA||2 < ii% (\/Xe_M) = = sup (\/ﬁe‘r’\) = L

T A>0 2er’
thus
Cot? CitVt
“HAEB) L))l < 22 4 22
e .
| )2 < 5 3 vVos

(2.6) can be obtained with the same techniques using the relation
1(O3B)2(VA) T AT |2 = [ A/ 493 B)2 A2
and is left to the reader. O

It is worth insisting on the fact that estimates (2.4) and (2.6) are given in operator
norm thus are independent of Uy and the second provides a more relevant alternative
bound on the error when ||04B||2 is very big and ¢ is not small enough.

3. A PRIORI ERRORS ON A SIMPLE LINEAR PROBLEM WITH LOW OR HIGH
GRADIENTS

In this section we consider a simple linear partial differential equation in one
dimension similar to the one given in the introduction but on a bounded domain.
Let T > 0 and V a positive function from [0, 1] to R of class C*°, we consider the
following problem

ou  0*u

il +V(z)u=0 =z €]0,1],t€]0,T],
(3.1) w(0,t) = u(1,t) =0 t €]0,T7,

u(z,0) = uo(x) x €]0,1].

We want to solve this problem with finite differences method in space and splitting
in time. We introduce n belonging to N*, h = 1/(n + 1) and a subdivision
(zi = ih)ic[0,n+1]

of [0,1]. For the sake of simplicity, we denote Uy = (ug(x1),- - ,uo(xn))t, Vi =
V(x;) for 1 <i < n and more generally Vi(J ) — V) (x;) the j-th derivative of V at
the point z; for 1 <7 <mnand 1 <j < 2. We also introduce two positive definite
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matrices, the first is the well known matrix corresponding to the discretization of
the Laplace operator, A = (a;;)1<i,j<n given by

2 -1 0 0 - 0
-1 2 -1 0 0
1o =12 41 0

(3.2) A= o
0 -1 2 -1
0 1 2

Vi 0 0 0 0

0V 0 0 0

0 0 Vi 0 0
(3.3) B= ,

0 0 Vua O

0 0V

With these notations, we now have to find an a priori bound of
EL()Uy = e "B, — e~ e B,
and
Es(t)Uy = e tATBIY — ¢=t4/2¢=tB—t4/27)

We will do this by using the results of the previous section and the first step is
to compute the commutator between A and B. We want to obtain the discrete
equivalent of formula (1.5) and it is the purpose of the next lemma. For the sequel,
for 0 <i <4, we denote

(3.4) ki = max{|V® (z)|, z € [0,1]}

and we introduce the matrix D defined by

1 0 0 0 0
-1 1 0 0 0
1l o =1 1 o 0
D=
h . ..'
0 -1 1 0
0 0 -1 1

Lemma 3.1. There exist two matrices B’ and B" and two diagonal matrices My
and My satisfying

[ Mall2 < k2
and
Ky
< —
[ Myll2 < 2’
such that
0aB = —-B" — B' (D — D*) + h*My + hMs (D — D*).
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Proof. For W in R™, we have for 1 <i<n

n

(ABW); — (BAW); = (aix VW — ai, ViWy,)
k=1
1
= 12 (ViWig1 = VieaWis1 = Viga Wi + ViWiga)

with the convention that Wy = W, 41 = 0. More precisely, we have

1

(ABW); — (BAW); :ﬁ(_vi—l +2Vi = Vi)W,
L Via—ViW; =W n Viger = Vi Wy — Wi
h h h h '

Let us recall the following notations : V) = V'(x;) and V! = V" (x;) for 1 <i < n.
Denoting by C(V(?) (resp. C(V®))) a constant depending on the second derivative
of V' (resp. fourth derivative of V'), a simple computation gives

(PaB)W)i = —V;'W; = V,(DW); = V; (D*W);
Wip1 — Wi
—
This formula gives the existence of two matrices B’ and B” and two diagonal
matrices My and M, satisfying

+C(VR2W; + C(VP)h

[Mz]l2 < ko
and p
4
< =
[Mall2 < 35
such that
(3.5) (0aB)W = —-B"W — B' (D — D*)W + h2M,W + hM, (D—-D")W.
This concludes the proof of lemma 3.1. O

We now prove that assumptions H1 and H2 are satisified with A and B defined
in (3.2) and (3.3).
Theorem 3.2. The commutator 4B can be shown to be constituted of two parts

(0aB)o and (04B)1 such that

2

h
1@aB)ollz < w2 + =, (@aB)1(VA) ™ l2 < 4(k1 + hrz).

Moreover
||8%A||2 < 2:%0(/11 + h/ig)
and 0% B is constituted of three parts (04B)o, (04B)1 and (03 B)s such that

1O3B)oll2 < w1+ O?), [(9ZB)1(VA) |2 < 25 + O(h)

and
(03 B)2(VA) LA™Y |2 < k1 4 ko + O(h).
Proof. Let
(0aB)o = —B" + h*M,
and

(04B)1 = —B' (D — D*) + hM, (D — D*) .
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It is clear that

Ka h2

|@aB)oll> < w2 + S

We will now estimate the most difficult term that is to say

H(—B’ (D — D*) + hMy (D — D*))(\/Z)*lH2 .

We first have
(=B (0 - D) + hat (D - D*))(\/Z)*lH2 < A(k1 + k) HD(\/Z)*1H2 .
Since
ID(VA)TH3 = p(D(VA)"H(VA) "' D") = p(DD* A7),

we only have to find a bound of p(DD*A~1). But DD* = A — R/h? with R the
matrix such that Ryny =1 and R;; = 0 for (¢,j) # (N, N). Thus

. q- A
(3.6) DD*A ' =1Id — R—
this matrix is a lower triangular matrix with eigenvalues equal to 1 and 1/(N + 1),
we then deduce that

p(DD*A™ 1) =1
and

1(0aB)1(VA) |2 < 4(r1 + hirz).

The proofs concerning the iterated commutators 03B and 9% A can be obtained
with the same techniques and tedious computations. We only want to point out
that we can not assume that (0% B)2 is dominated by A since it involves 94 (D — D*)

which is a diagonal matrix with only two terms different from zero and equal to
2/h3. d

Remark 3.3. To make a comparison with the continuous case, we can see that the
matrix D — D* corresponds approximately to the derivation. In fact formula (3.6)
shows that, because of boundary conditions, D is not exactly the square root of A.

Thank’s to Lemma 3.1 and Theorem 3.2 we have seen that assumptions H1 and
H2 are satisfied and the constants are explicit. We can now obtain the estimates
on Fp, and Eg.

Theorem 3.4. Let Cro = ko + kah?/12, Cp1 = 4(k1 + hka), Cso = 2k0(k1 + hkz)
and three terms which are constant up to a negligeable quantity, Cs1 = k4 + O(h?),
C5? = 2k3 + O(h) and Cs3 = 4k1 + ko + O(h). For t > 0, the following estimates
hold :

tQ
(3.7) |EL(8)0ll2 < (CrollUollz + Cra VARl ) 5
Crot? Cth\/E>
3.8 Er()Upll, < + U
59 A R Lt

and

(3:9) 1Bs()Uolly < ((2Cs0 + Cs1)|[Vollz + Csal| VAUo|l2 + Cissl| AVAU 2
(3.10)

t3
ﬁa

(Cso+2Cs1) 13 Csat?Vt  Cssat\/t
12 15/2¢ 4 ’

| Es(t)Uoll, <
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a being defined in (2.5).

Proof. As in the proof of corollary 2.4, we have

t s
B0l < [ [ 1@aB)e e Pt dras
o Jo
CL0t2
2
2
<CLQt
- 2
t s
+CL1// ||67TA\/Ze*SBUO||2des.
o Jo

<

t s
1 Uoll2 +/ / ||(8AB)16_TA6_SBUO||2 dr ds
0 JO

[Uoll2

But we have

t s t s
// He*TA\/Ze*SBUOHQdeSS// e~ l2)|V Ae =3B (VA) "IV AU |2 dr ds
o Jo o Jo
t s
g// IVAe*B(VA) o |VATo o dr ds
0o Jo

t s

g// =Bl ||VATy||» dr ds
0 0

<t2|\\/ZU0||2

—_ 2 .

Thus
Ko + Kah?/12

A2 U0l + 20 + ) VAl )

Bl < 2
and this yields (3.7). Estimate (3.8) is just a consequence of (2.4), estimate (3.9) is
left to the reader, since it is completely similar to the proof of (3.7). Finally (3.10)
is a direct consequence of (2.6). O

4. ON THE STUDY OF A TIME DISCRETIZATION

Most of the time the exponential of A can not be computed exactly and we
have to take into account a time discretization. In the sequel we come back to the
general case of two matrices, A and B are now not coming from the discretiza-
tion of equation (3.1). We will focus on the Lie formula and we will see how the
approximation of the exponential of A will change the local error. Denoting by 1
the identity matrix, we appoximate exp(—tA) by (1 + tA)~! that we assume well
defined. This approximation is the standard implicit Euler method and we denote
the approximation by r(tA). We then consider r(tA) exp (—tB) and we assume
that exp (—tB) can be computed exactly as in the previous section.

Theorem 4.1. Let A and B belong to M,,(R), we have :
t

r(tA) e tB — eTtA+TE) — —/ se” =) AB)r (s A) (94B) r(sA)e B ds
0

(4.1) .
+/ se” (mA+E) A2 (5 4)2 =58 (.
0
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Proof. We have

d
A —tB
—dtr(t e

(%r(t/l)) e B —r(tA) Be B

= —Ar(tA)? e P — (0,41 B) e ¥ — Br(tA)e P

= —(A+ B)r(tA)e B — (9y(t4)B) e B 4 Ar(tA)(1 — r(tA))e 8.
Define R(t) = — (9,(ta)B) e "B+ Ar(tA)(1—r(tA))e~*?. Using Duhamel’s formula

we have
t

r(tA)e P = e HA+E) —|—/ e*(tfs)(AJrB)R(s) ds.
0

Estimate (4.1) is now a consequence of the two formulae
OrtayB =tr(tA) (0aB)r(tA)
and
1—r(tA) =tAr(tA).
O

Corollary 4.2. Let A and B belong to M,,(R) such that A and B are positive
definite matrices, for ¢ > 0, we have the following error bounds :

- - t?
(4.2) Ir(tA) e — e HATR)||; < 5 (194Bl2 + 14%]|2) -
If moreover we assume that assumption H1 is satisfied, we have

_ _ Cot?  CitV/t
(43) [r(tA) ™ — eTHATD |y < =2 4 S oA

Proof. As in the proof of corollary 2.4, noticing that for t > 0 [|r(tA)|2 < 1, we
have

2 2
[r(tA) e — e APy < Z0aBla + 5 A%

Concerning estimate (4.3) we have

t t
r(tA) e=tB — c~HA+B)||, < ¢y / sds +Ch / VEIIVEAr(sA)|» ds
0 0

t
+ [ 1Al r(s)a ds.
0

We have for s > 0,

1
IVsAr(sA)|2 < ig}g (\/Xr(/\)) =3

and
sAr(sA)[l2 < sup (Ar(N)) =1,
A>0

thus

CitV/t
3

This concludes the proof of corollary 4.2. O

Cot?
r(tA) et — e Ay < T 4 + t]| A2
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It is worth insisting on the fact that when the exponential is discretized, we can
not obtain an error bound which is independent of ||Al|2. This will play a crucial
role in the next section. Let us define for ¢t > 0,

Eais(t)Uy = e M ATBIUy — r(tA)e P UL,

We come back to the example given in the previous section with A and B given in
(3.2) and (3.3).

Theorem 4.3. The following estimates hold :

t2
(4.4) | Rais(6)Uoll2 < = (Cro |Usll2 + Cr1 [V AUo||2 + || AUy |2
2
and
Crot? Cth\/E>
4.5 Rais(t) U, < + U, + t||AUy|| 2.
(4.5) | Rais(t)Uo |l ( 5 Wors 1Uoll2 + t]|AUo||2

Proof. As in the proof of corollary 4.2, we have

t
||Rdis(t)U0H2§/ s||r(sA) (0aB) r(sA) e P U2 ds
0
t
+/ s A2 r(sA)2 e=BUjy||5 ds
0

t t
g/ sl (aAB)r(sA)efsBUOHQdH/ s A2e= By |5 ds
0 0

Crot? ¢ .
< Lg 1Uo]|2 —|—/ s (0aB),r(sA) e *PUq||2 dr ds
0
2
+ 5 14%To]l2,
Crot? Cpa t? t2
< L; 1Uoll2 + L21 IVAUoll2 + 5 1 4°Uo] 2,
and this yields (4.4). Estimate (4.5) is a consequence of (4.3). O

So far we have given some estimates to control the local errors and a natural
question is the influence on the global behaviour, this is the subject of the next
section.

5. SOME CONCLUSIONS ON THE LOCAL AND GLOBAL ERRORS FOR EQUATIONS
WITH HIGH SPATIAL GRADIENTS

In this section we would like to focus on the behaviour of the errors when we
have a stiff problem, for example when Uy is a vector having components equal to
some values of a function with a very high derivative. We have seen in the previous
sections that an order reduction may appear in the local error and we address the
following question : is there an influence on the behaviour of global errors 7 We
infer from Theorem 3.4 that for ¢t > 0,

Crol|Uollz + CrLi||VAUs |2 5, (Crot?  Crity/t
5 t 7( 5+ ) [Toll2
3/2e
and a similar estimate for ||Eg(¢)Up||2. This estimate provides a very good control
of the local error, the first term being more relevant when ¢ is small and the second

IEL()Ug|l2 < max (
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when ¢ is not small enough and ||v/AUp||2 is very high. More precisely there exists
an explicit constant # > 0 depending on ||v/AUy||2 such that for t < 6, || EL(t)Us|2
behaves like t? and for t > 6, | EL(t)Up||2 behaves like tv/t. This explains why an
order reduction may appear if we have very high spatial gradients, since

IDUsll2 < |D(VA)"'WAU|l2 < | D(VA) ™2 VAT |-

We will now show that in a linear framework with two positive definite matrices, a
local order reduction has no influence on the global order and only help us to provide
some good a priori estimates. If we try to decompose the global error, we can write
for example that the difference (exp (—tA) exp (—tB))™ —exp (—nt(A + B)) can be
split as follows :

(e—tAe—tB)" Uy — e—nt(A+B)UO

5.1 nol . 4
(5.1) _ Z (e—tAe—tB) Jj—1 EL(t)e—]t(A-‘rB)UO + (e—tAe—tB)n—lEL(t)UO.
j=1

The worse term that we can have in this formula is t2||v/Ae 7*A*TB) ||, and when
A is a positive definite matrice we may have

) +2
2|V Ae T ATBI ||y < C—||Uo2,
Vit

this gives finally a global order equal to 1. Unfortunately such a computation will
not give, for example, an order one for the approximation of e~*4 by an implicit
Euler method since we have in that case the term t A2U,. It is clear that this
method which works also in a nonlinear case and has been used in [2], fails and
does not prove that there is no global order reduction. For this, we have to use
the results of Ichinose and all [8], [9], who proved that when A and B are two
positive definite matrices then the Lie formula even if we use an implicit Euler
approximation is still of order 1 and the Strang’s formula is of order 2. As we will
see numerically in the next section for the Strang’s formula, the situation is very
different when we work in a nonlinear framework.

6. NUMERICAL SIMULATIONS - KPP EQUATION

Following the theoretical investigations in the linear case we have presented, we
focus in this section on the numerical evidence of the order reduction associated
to Strang splitting in a typical nonlinear framework of stiff travelling waves. Let
us first recall the Kolmogorov-Petrovskii-Piskunov model. In their original paper
dated in 1937 [11], these authors introduced a model describing the propagation
of a virus and the first rigourous analysis of a stable travelling wave solution of a
nonlinear reaction-diffusion equation [5, 14]. The equation is the following :

(6.1) 08— DAB=kB(1- ).

The non-dimensionalization process and the structure of the exact solution can be
found in [5]. In the case of D = 1 and k = 1, the velocity of the self-similar
travelling wave is ¢ = 1/ /2 and the maximal gradient value reaches 1/ V/32. The
structure of the wave can be observed in Figure 1 with a discretization of 5000
points of the interval [—70, 70] and a time varying in [0, 15] divided into eight time
intervals.
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FiGure 1. Standard KPP travelling wave, discretization with
5000 pts with a zoom on the [—30, 30] region

The one point we want to insist on, is the fact that the velocity of the travelling
wave is proportional to (k D)l/ 2, whereas the maximal gradient is proportional to
(k/D)Y/2. Thus switching to values & = 10.0 and D = 0.1, the velocity is preserved,
but the maximal gradient is multiplied by a factor of 10 and introduces stiffness in
the equation, as presented in Figure 2. Let us underline that, for the discretizations
considered in the following, the wave, however “stiff”, is always well resolved on
the grid.

In order to perform a numerical illustration of the order reduction of the operator
splitting technique, we need, on the one side the “quasi-exact” temporal integration
of the semi-discretized problem 6.1, and on the other side the Strang splitting on
the same equation, where each of the three substeps are also integrated by a “quasi-
exact” solver in time, so that the only error coming from the splitting technique
can be characterized. This “quasi-exact” resolution in time is conducted using the
method of lines with a finite difference second order discretization in space; we use
a BDF method [7] with a very fine both relative and absolute tolerance of 1012
We start from an already self-similar solution and present the ability of the splitted
solution to reproduce the correct propagation speed and self-similar profile.

However, one could infer that there is no need to compute a “quasi-exact” so-
lution since an analytical solution is easily available [5]. In fact, the spatial dis-
cretization needed in order to reach an error difference with respect to the exact
solution, that does not interfere with the splitting error itself, is much too high
for the parametric studies we envision (40000 points for an 2 error below 1077, a
treshold for limited interferences). Consequently, given a spatial discretization, the
good way to proceed is to compare the “quasi-exact” solution of 6.1 and the splitted
solution with “quasi-exact” temporal integration of each substeps. In such a way,
we decouple the errors originating in the splitting itself, from the errors coming
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FiGURE 2. “Stiff” KPP travelling wave, discretization with 8000 pts

from the temporal integration of the substeps and their coupling with the splitting
error, and it is coherent with the theoretical study conducted in the paper.

We firstly observe the usual second order of the Strang splitting applied to the
standard KPP equation in Figure 3, with splitting time steps ranging from 15/1024
up to 15/16. We have plotted a straight line of slope 2 in order to show the very
good agreement of the global order with the local order predicted by the theory.

The key point in the paper is the order reduction exhibited by the second case,
where the velocity of the wave is the same, but the maximal gradient is ten times
higher. Let us insist on the fact that this loss of accuracy is not related to the
spatial disretization, as proved by the various points obtained with two different
discretizations, 2000 and 8000, in Figure 4. There is a treshold, beyond which
the second order predicted by the classical theory is not observed any more and
we switch to an order that is closer to 1.5 as predicted by the theory. When the
splitting time step is getting too big (i.e. beyond 1), the velocity of the travelling
wave as well as the wave profile are not resolved any more. However, there is still
a range of splitting time steps for which the order 3/2 can be nicely observed.
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