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Squier’s theory for monoids and algebras

I. Introduction: from the word problem to homology of monoids.

II. Low-dimensional coherence from convergence.
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Part I. Introduction: from the word problem to homology
of monoids



Critical pair Lemma
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Examples: confluence of 2-polygraphs

◮ The 2-polygraph

〈
r , s, t

∣∣ sr
γrs %9 rs, ts

γst %9 st, tr
γrt %9 rt

〉

⊲ It has only one critical branching

str
sγrt %9 srt

γrst

�"
tsr

γst r
*>

tγrs  4

rst

trs
γrts

%9 rts
rγst

=Q



Knuth-Bendix’s completion procedure

Input: Σ be a terminating 2-polygraph with a total termination order ≺.

KB(Σ):=Σ

Cb :={ critical branchings of Σ }

while Cb 6= ∅ do

Picks a branching in Cb:

v

u

f "6

g
'; w

Cb := Cb \ {(f , g)}

Reduce v (resp. w) to a normal form v̂ (resp. ŵ) with respect to KB(Σ)2

v %9 v̂
u

f #7

g
'; w %9 ŵif v̂ 6= ŵ then

if v̂ > ŵ then

KB(Σ)2 := KB(Σ)2 ∪ {α : v̂ ⇒ ŵ }:

v %9 v̂
α��u

f #7

g
'; w %9 ŵ

end

if ŵ > v̂ then

KB(Σ)2 := KB(Σ)2 ∪ {α : ŵ ⇒ v̂ }:

v %9 v̂
u

f #7

g
'; w %9 ŵ

α
EY

end

end

Cb := Cb ∪ { critical branching created by α }

end



Knuth-Bendix’s completion procedure

◮ If the procedure stops, it returns the 2-polygraph KB(Σ).

◮ Otherwise, it builds an increasing sequence of 2-polygraphs, whose limit is denoted

by KB(Σ).

◮ If the starting 2-polygraph Σ is already convergent, then KB(Σ) = Σ.

Theorem. (Knuth-Bendix, 1970)

⊲ A Knuth-Bendix’s completion KB(Σ) of a 2-polygraph Σ is a convergent presentation

of the category Σ.

⊲ Moreover, the 2-polygraph KB(Σ) is finite if, and only if, the 2-polygraph Σ is finite

and if the Knuth-Bendix’s completion procedure halts.



Existence of finite convergent presentations

◮ The normal form procedure proves that, if a monoid admits a finite convergent

presentation, then it has a decidable word problem.

◮ The converse implication was still an open problem in the middle of the eighties.

Question. (Jantzen, 1982, see also Bauer, Book, Otto and Diekert)

Does every finitely presented monoid with a decidable word problem admit a finite

convergent presentation ?
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Example. (Bauer-Otto, 1984) Knuth-Bendix completion of the 2-polygraph

ΣKN =
〈
s, t, a | ta

α %9 as, st
β %9 a〉
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Knuth-Bendix’s completion: example

Example. (Bauer-Otto, 1984) Knuth-Bendix completion of the 2-polygraph
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Questions.

⊲ Which condition a monoid need to satisfy to admit a presentation by a finite

convergent rewriting system ?

⊲ How can we caracterize the class of finitely presented monoids that have finite

convergent presentations ?
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finitely generated and thus it does not have homological type FP3.
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finitely generated and thus it does not have homological type FP3.

⊲ The given presentation has five generators a, b, c, x , y and seven relations:

[x , a] = [y , a] = [x , b] = [y , b] = [a−1x , c] = [a−1y , c] = [b−1a, c] = 1,

where the bracket is defined by [x , y ] = xyx−1y−1.

⊲ Bieri, 1976, proved that this group has a decidable word problem,

◮ It was not yet known that it was the first example of a group

⊲ with a decidable word problem,

⊲ whose word problem cannot be solved by the normal form algorithm.

◮ Similar example (group of matrices) by Abels, 1979.
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⊲ For k > 1, Sk has a decidable word problem.

⊲ For k > 2, H3(Sk ,Z) is not finitely generated.

⊲ Hence, for k > 2, Sk does not admit a finite convergent presentation.

⊲ S1 is of finite homological type left-FP∞, Hn(S1,Z) are finitely generated for all n > 0.

⊲ Theorem A does not apply.

⊲ « the author does not known whether or not S1 has

a finite uniquely terminating presentation. »

Theorem. (Squier, 1994)

⊲ S1 does not have of finite derivation type.

⊲ Hence, S1 does not admit a finite convergent presentation.
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Extensions of Squier’s finiteness conditions

Theorem. (Anick 1986, Kobayashi 1990, Groves 1990, Brown 1992)

If a monoid admits a finite convergent presentation, then it is of homological type

left-FP∞.

◮ Numerous finiteness conditions where introduced with the goal to have a sufficient

condition for the finite-convergence:

⊲ Wang-Pride 2000, Kobayashi-Otto 2001-2003, Pride-Otto 2004, Pride-Glashan-Pasku

2005.

⊲ The characterization of the class of finitely presented monoids having a presentation by

a finite convergent rewriting system is still an open problem.

◮ How to describe in the higher-categorical framework the constructions by Anick, Kobayashi,

Groves, Brown ?

Question. (Lafont-Metayer, 2009)

Is it true that a monoid presented by a finite convergent rewriting system always has a

finite cofibrant approximation in the folk model structure on ∞-categories ?



Part II. Low-dimensional coherence from convergence
(proof of Theorem B).

◮ Presentations of monoids and Syzygies.

◮ Coherence and three-dimensional presentations.



Homotopical completion procedure

Example. The Kapur-Narendran’s presentation of B+(S3), obtained from Artin’s

presentation by coherent adjunction of the Coxeter element st
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〉
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A✤��
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saγ !5

aata

aaαau

saaa δa

;O
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δ

L`

B✤��

aaas

C✤��sasas
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saγ !5

aata

aaαau

saaa δa

;O

aaaa

D
✤��

aaast
aaaβey

sasaa

γaa )=

saδ
!5 saaat

δat
%9 aatat

aaαt

Ma

◮ We will see that this coherent presentation is bigger than necessary.



A variant of Squier’s example

Example. (Lafont-Prouté, 1991) Consider the monoid M presented by the 2-polygraph:

Σ =
〈
a, b, c, d , d ′

∣∣ ab
α0 %9 a, da

β %9 ac, d ′a
β ′ %9 ac

〉
.

◮ The monoid M admits a finite presentation, it has a decidable word problem, yet it is not of

finite derivation type.

◮ Infinite Knuth-Bendix completion of Σ:

KB(Σ) =
〈
a, b, c, d , d ′ | (acnb

αn %9 acn)n∈N, da
β %9 ac, d ′a

β ′ %9 ac
〉
.

◮ Squier’s completion of KB(ΣLP) has two infinite families of 3-cells:

acn+1b αn+1

�)
An✤��dacnb

βcnb +?

dαn
!5

acn+1

dacn βcn

7K

acn+1b αn+1

�)
Bn✤��d ′acnb

β ′cnb +?

d ′αn
 4

acn+1

d ′acn β ′cn

7K

◮ The monoid M is not of finite derivation type:

⊲ KB(Σ) has no triple critical branching.

⊲ The 3-cells Bn induce a projection π : KB(Σ)⊤ → (Σ)⊤, so that the family

(π(An))n∈N is an infinite homotopy basis of Σ⊤.

⊲ No finite subfamily of (π(An))n∈N can be a homotopy basis of (Σ)⊤.



Application of Squier’s completion: coherence for monoids



Homotopical completion procedure

Let Σ be a terminating 2-polygraph (with a total termination order).



Homotopical completion procedure

Let Σ be a terminating 2-polygraph (with a total termination order).

◮ The homotopical completion of Σ is the (3, 1)-polygraph S(Σ) obtained from Σ by

successive application of following Tietze transformations



Homotopical completion procedure

Let Σ be a terminating 2-polygraph (with a total termination order).

◮ The homotopical completion of Σ is the (3, 1)-polygraph S(Σ) obtained from Σ by

successive application of following Tietze transformations

⊲ for every critical branching

v

u

f $8

g
%9 w



Homotopical completion procedure

Let Σ be a terminating 2-polygraph (with a total termination order).

◮ The homotopical completion of Σ is the (3, 1)-polygraph S(Σ) obtained from Σ by

successive application of following Tietze transformations

⊲ for every critical branching

v
f ′ %9 v̂

u

f %9

g
%9 w

g ′
%9 ŵ
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w
g ′

4H



Homotopical completion procedure

Let Σ be a terminating 2-polygraph (with a total termination order).

◮ The homotopical completion of Σ is the (3, 1)-polygraph S(Σ) obtained from Σ by

successive application of following Tietze transformations

⊲ for every critical branching

v
f ′ %9 v̂

u

f %9

g
%9 w

g ′
%9 ŵ
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u

f %9

g $8 w
g ′

%9 ŵ

αf ,g

EY
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◮ Potential adjunction of additional 2-cells αf ,g can create new critical branchings,

⊲ whose confluence must also be examined,
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◮ Potential adjunction of additional 2-cells αf ,g can create new critical branchings,

⊲ whose confluence must also be examined,

⊲ possibly generating the adjunction of additional 2-cells and 3-cells

⊲ ...

◮ This defines an increasing sequence of (3, 1)-polygraphs

Σ = Σ0 ⊆ Σ1 ⊆ · · · ⊆ Σn ⊆ Σn+1 ⊆ · · ·

◮ The homotopical completion of Σ is the (3, 1)-polygraph

S(Σ) =
⋃

n>0

Σn
.

Theorem. [Gaussent-Guiraud-M., 2015]

For a terminating presentation Σ of a category C, the homotopical completion S(Σ) is a

coherent convergent presentation of C.

Proof.

⊲ S(Σ) obtained from Σ by successive application of Knuth-Bendix’s procedure.

⊲ Squier’s coherence theorem.



Homotopical completion procedure

Example. The Kapur-Narendran’s presentation of B+(S3), obtained from Artin’s

presentation by coherent adjunction of the Coxeter element st

ΣKN

2 =
〈
s, t, a

∣∣ ta
α %9 as, st

β %9 a
〉

The deglex order generated by t > s > a proves the termination of ΣKN

2 .

S(ΣKN

2 ) =
〈
s, t, a

∣∣ ta
α %9 as, st

β %9 a, sas
γ %9 aa, saa δ %9 aat

∣∣ A, B, C , D
〉

aa

sta

βa ';

sα #7 sas

γ

Ma

A✤��

aat

sast

γt ';

saβ
#7 saa

δ

L`

B✤��

aaas

C✤��sasas

γas )=

saγ !5

aata

aaαau

saaa δa

;O

aaaa

D
✤��

aaast
aaaβey

sasaa

γaa )=

saδ
!5 saaat

δat
%9 aatat

aaαt

Ma

However. The coherent presentation S(ΣKN

2 ) is bigger than necessary.
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χ

EY



Homotopical completion-reduction procedure

INPUT: A terminating 2-polygraph Σ.

Step 1. Compute an homotopical completion S(Σ) (convergent and coherent).

Step 2. Compute critical triple branching, that is overlappings of three rewriting steps:

// !!// ==// !!// //

f
EY

g��

h
EY

//
��
// ==// //

��
//

f
EY

g��

h
EY

Step 3. Apply the homotopical reduction to S(Σ) with a collapsible part Γ made of

⊲ 3-spheres induced by some of the generating triple confluences of S(Σ),

⊲ the 3-cells adjoined with a 2-cell by homotopical completion to reach confluence:

⊲ some collapsible 2-cells or 3-cells already present in the initial presentation Σ.



Homotopical completion-reduction procedure

INPUT: A terminating 2-polygraph Σ.

Step 1. Compute an homotopical completion S(Σ) (convergent and coherent).

Step 2. Compute critical triple branching, that is overlappings of three rewriting steps:
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Step 3. Apply the homotopical reduction to S(Σ) with a collapsible part Γ made of

⊲ 3-spheres induced by some of the generating triple confluences of S(Σ),

⊲ the 3-cells adjoined with a 2-cell by homotopical completion to reach confluence:

⊲ some collapsible 2-cells or 3-cells already present in the initial presentation Σ.

◮ The homotopical completion-reduction of the 2-polygraph Σ is the (3, 1)-polygraph

R(Σ) = πΓ (S(Σ))

Theorem. [Gaussent-Guiraud-M., 2015]

For every terminating presentation Σ of a category C, the homotopical

completion-reduction R(Σ) is a coherent presentation of C.
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〉
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α %9 as , st
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〉

◮ There are four critical triple branchings, overlapping on

sasta, sasast, sasasas, sasasaa.

⊲ Critical triple branching on sasta proves that C is redundant:
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%9 %9
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With presentation Art2(S3) two proofs

of the same equality in B+
3 are equal.
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The homotopical completion-reduction procedure

Exemple.

Art2(S4) = 〈 r , s, t | rsr = srs, sts = tst, rt = tr 〉

r = s = t =

= = =

Proposition. (Deligne, 1997)

For presentation Art2(S4) of B+
4 two proofs of the same equality are equal modulo

Zamolodchikov relation:

stsrst %9 strsrt %9 srtstr %9

✤��

srstsr %9 rsrtsr

tstrst

*>

 4

rstrsr

`t

tsrtst %9 tsrsts %9 trsrts %9 rtstrs %9 rstsrs

;O
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Artin monoids: Artin’s coherent presentation

Theorem. [Tits, 1981, Gaussent-Guiraud-M., 2015]

The Artin monoid B+(W) admits the coherent presentation Art3(W) made of

⊲ Artin’s presentation

Art2(W) =
〈
S

∣∣ 〈ts〉mst = 〈st〉mst
〉

⊲ one 3-cell Zr ,s,t for every t > s > r in S such that the subgroup W{r ,s,t} is finite.



Artin monoids: Zamolodchikov Zr ,s,t according to Coxeter type

Type A3

strsrt
sγrtsγ

−
rt%9 srtstr

srγst r %9

Zr ,s,t✤��

srstsr
γrs tsr

�%
stsrst

stγrs t
*>

rsrtsr

tstrst

γst rst

EY

tsγrtst

��

rstrsr

rsγrtsr

EY

tsrtst

tsrγst  4

rstsrs

rstγrs

EY

tsrsts
tγrs ts

%9 trsrts
γrtsγ

−
rt s

%9 rtstrs
rγst rs

9M

Type B3

srtsrtstr
srtsγ−rt str%9 srtstrstr

srγst rsγrt%9 srstsrsrt
srstγrs t%9

Zr ,s,t

✤��

srstrsrst
srsγrt srst%9 srsrtsrst γrs tsrst

�%
strsrstsr

sγrt srγ
−

st r
(<

rsrstsrst

stsrsrtsr

stγrs tsr

EY

rsrtstrst

rsrγst rst

EY

tstrsrtsr

γst rsrtsr

EY

tsγrt sγ
−

rt sr ��

rsrtsrtst

rsrtsγ−rt st

EY

tsrtstrsr

tsrγst rsr ��

rstrsrsts

rsγrt srγ
−

st

EY

tsrstsrsr

tsrstγrs "6

rstsrsrts

rstγrs ts

EY

tsrstrsrs
tsrsγrt srs

%9 tsrsrtsrs
tγrs tsrs

%9 trsrstsrs
γrt srγ

−

st rs

%9 rtsrtstrs
rtsγ−rt strs

%9 rtstrstrs rγst rsγrt s

8L

Type H3

srstrsrsrtsrsrt %9 srsrtsrstrsrsrt %9 srsrtsrstsrsrst %9 srsrtsrtstrsrst
�+

srstsrsrstsrsrt

(<

srsrtstrsrtsrst

��
srtstrsrtstrsrt

EY

srsrstsrsrtsrst

��
srtsrtstrsrtstr

EY

rsrsrtsrsrtsrst

srtsrstsrsrstsr

EY

rsrstrsrsrtsrst

EY

srtsrstrsrsrtsr

EY

rsrstsrsrstsrst

EY

strsrsrtsrsrtsr

EY

rsrtstrsrtstrst

EY

stsrsrstsrsrtsr

EY

rsrtsrtstrsrtst

EY

tstrsrstsrsrtsr

EY

��
rsrtsrstsrsrsts

EY

tsrtsrstsrstrsr

��
rsrtsrstrsrsrts

EY

tsrtsrtstrstrsr

��
rstrsrsrtsrsrts

EY

tsrtstrsrtstrsr

��
rstsrsrstsrsrts

EY

tsrstsrsrstsrsr

��
rtstrsrtstrsrts

EY

tsrstrsrsrtsrsr

��
rtsrtstrsrtstrs

EY

tsrsrtsrstrsrsr

��
rtsrstsrsrstsrs

EY

tsrsrtsrstsrsrs

"6

rtsrstrsrsrtsrs

EY

tsrsrtsrtstrsrs %9 tsrsrtstrsrtsrs %9 tsrsrstsrsrtsrs %9 trsrsrtsrsrtsrs

3G

Zr ,s,t

✤��

Type A1×A1×A1

str
sγrt %9 srt

γrs t

!
tsr

γst r
+?

tγrs �3

rst

trs
γrts

%9 rts
rγst

=QZr ,s,t✤��

Type I2(p)×A1, p > 3,

st〈rs〉p−1
sγrt〈rs〉

p−2

%9 (· · · ) %9

Zr ,s,t✤��

〈sr〉pt γrs t

�&
t〈sr〉p

γst〈rs〉
p−1 (<

tγrs #7

〈rs〉pt

t〈rs〉p

γrt〈sr〉
p−1

%9 rt〈sr〉p−1

rγst〈sr〉
p−2

%9 (· · · )

8L
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Plactic monoids

◮ Knuth’s presentation of the plactic monoid Pn

⊲ 1-cells:

Knuth1(n) = { 1, . . . , n }

⊲ 2-cells are Knuth relations:

Knuth2(n) =
{ zxy = xzy for all 1 6 x 6 y < z 6 n

yzx = yxz for all 1 6 x < y 6 z 6 n

}

◮ For n > 4, there is no finite completion of Knuth2(n), (Kubat-Okniński, 2014).

◮ We need to add new generators to Knuth1(n).

◮ Any 1-cell w in Knuth∗1(n) is equals to its Schensted’s tableau P(w):

1 1 1 2 2 3 4
2 2 3 3 4 6
4 5 6 6
6 7

◮ Column presentation (Cain-Gray-Malheiro, 2015)

⊲ add columns as generators:

cu = xp . . . x2x1 ∈ Knuth∗1(n) such that xp > . . . > x2 > x1.
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◮ A Squier’s completion of the n-polygraph Σ is the (n+ 1, n− 1)-polygraph

S(Σ) = (Σ, Γ)

where Γ is a chosen family of generating confluences of Σ.
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Proposition.

If Σ is a convergent presentation of an (n− 1)-category C, that is C ≃ Σ∗n−1/Σn, then a

Squier’s completion S(Σ) = (Σ, Γ) is a coherent presentation of C, that is Σ⊤n /Γ is

aspherical.

Consequence.
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◮ For n > 3, there exist finite convergent n-polygraphs which does not have finite derivation

type.



Critical branchings in 3-polygraphs

◮ Regular critical branchings:

g

vv

u

sα
=

g

v

u

f

h =
sβ

u

vf



Critical branchings in 3-polygraphs

◮ Regular critical branchings:

g

vv

u

sα
=

g

v

u

f

h =
sβ

u

vf

◮ Inclusion critical branchings:

sα = sβ

C

.



Critical branchings in 3-polygraphs

◮ Regular critical branchings:

g

vv

u

sα
=

g

v

u

f

h =
sβ

u

vf

◮ Inclusion critical branchings:

sα = sβ

C

.

◮ Right-indexed critical branchings:

k

g

sα

= k

f

h

g
= k

sβ

f

;



Critical branchings in 3-polygraphs

◮ Regular critical branchings:

g

vv

u

sα
=

g

v

u

f

h =
sβ

u

vf

◮ Inclusion critical branchings:

sα = sβ

C

.

◮ Right-indexed critical branchings:

k

g

sα

= k

f

h

g
= k

sβ

f

;

◮ Left-indexed critical branchings, multi-indexed critical branchings.



Critical branchings in 3-polygraphs

Proposition.

Let Σ be a finite, convergent 3-polygraph.

⊲ If Σ does not have indexed critical branchings, then Σ has finite derivation type.

⊲ If Σ has indexed critical branchings, but each of them has a finite number of normal

instances, then Σ has finite derivation type.



Critical branchings in 3-polygraphs

Proposition.

Let Σ be a finite, convergent 3-polygraph.

⊲ If Σ does not have indexed critical branchings, then Σ has finite derivation type.

⊲ If Σ has indexed critical branchings, but each of them has a finite number of normal

instances, then Σ has finite derivation type.

C

tA f

F ❴%9

Peiff

C

tA g

A ′

❁�(
❁❁❁❁❁❁❁❁❁❁❁❁❁❁

❁❁❁❁❁❁❁❁❁❁❁❁❁❁

❁❁❁❁❁❁❁❁❁❁❁❁❁❁

C

sA

sB
f=

A

⑦4H⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

B

❅�*
❅❅❅❅❅❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅❅❅❅❅❅
F ❴%9 C

sB
g

sA
=

A

⑦4H⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦⑦

B

❅�*
❅❅❅❅❅❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅❅❅❅❅❅
gen. conf . C

h

.

C

tB f

F ❴%9

Peiff

C

tB g

B ′

✂6J✂✂✂✂✂✂✂✂✂✂✂

✂✂✂✂✂✂✂✂✂✂✂

✂✂✂✂✂✂✂✂✂✂✂



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛

⊲ The 3-polygraph Pearl3 is finite, convergent and does not have finite derivation type.



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛

⊲ The 3-polygraph Pearl3 is finite, convergent and does not have finite derivation type.

γ

◗�2

δ

♠,@



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛

⊲ The 3-polygraph Pearl3 is finite, convergent and does not have finite derivation type.

γ

◗�2

δ

♠,@

δ
◗�2

γ

♠,@



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛

⊲ The 3-polygraph Pearl3 is finite, convergent and does not have finite derivation type.

γ

◗�2

δ

♠,@

δ
◗�2

γ

♠,@

β ❴%9

γ

❅�)
❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅
α

②2F②②②②②②②②

②②②②②②②②

②②②②②②②②

γ
❴%9



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛

⊲ The 3-polygraph Pearl3 is finite, convergent and does not have finite derivation type.

γ

◗�2

δ

♠,@

δ
◗�2

γ

♠,@

β ❴%9

γ

❅�)
❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅
α

②2F②②②②②②②②

②②②②②②②②

②②②②②②②②

γ
❴%9

α ❴%9

δ

❅�)
❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅

❅❅❅❅❅❅❅❅
β

②2F②②②②②②②②

②②②②②②②②

②②②②②②②②

δ
❴%9



Critical branchings in 3-polygraphs

Theorem. (Guiraud-M., 2009)

For every n > 2, there exists an n-category which does not have finite derivation type and

admits a presentation by a finite convergent (n+ 1)-polygraph.

Example. 3-polygraph Pearl3

⊲ one 0-cell, one 1-cell, three 2-cells:

⊲ four 3-cells:

α
⇛

β

⇛
γ

⇛
δ
⇛

⊲ The 3-polygraph Pearl3 is finite, convergent and does not have finite derivation type.
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Part III. Homological syzygies from convergence.

◮ Proof of Theorem A.

◮ Polygraphic resolutions from convergence.
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◮ A construction with (∞, 1)-polygraphs.



Polygraphic resolutions from convergence.

◮ Higher-dimensional normalisation strategies for acyclicity.
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Let Σ be a polygraphic resolution of a p-category C. The canonical projection
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◮ (Guiraud-M., 2012) Method to compute polygraphic resolutions for 1-categories from

convergence.
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Normalisation strategy

◮ A normalisation strategy for Σ is a mapping σ of every k-cell f of Σ⊤k to a (k + 1)-cell of

Σ⊤k+1

sk−1(f )

f "6

σsk−1(f ) �.

tk−1(f )

̂sk−1(f )

σ−
tk−1(f )

<P
σf✤��

such that

⊲ σ
f̂
= 1

f̂
, where f̂ = σsk−1(f )

⋆k−1 σ
−
tk−1(f )

⊲ σf ⋆i g
= σf ⋆i σg .

Theorem. (Guiraud-M., 2012)

An (n, 1)-polygraph is acyclic if and only if it admits a normalisation strategy.
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Reidemeister-Fox-Squier complex

◮ Let Σ be an (n, 1)-polygraph and C be the 1-category presented by Σ.

◮ The Reidemeister-Fox-Squier complex of Σ is the complex of natural systems over C:

FC[Σn]
dn

// FC[Σn−1]
dn−1

// · · ·
d2

// FC[Σ1]
d1

// FC[Σ0]
ε

// Z // 0.

dk [α] = [sk−1(α)] − [tk−1(α)].

◮ If Σ is a polygraphic resolution of C

⊲ a normalisation strategy for Σ induces a contracting homotopy for the complex FC[Σ].

Theorem. (Guiraud-M., 2012)

If Σ is a polygraphic resolution of a 1-category C, then the complex FC[Σ] is a free

resolution of the trivial natural system Z.

Consequence.

⊲ If C has a finite convergent presentation, then C is of homological type FP∞.
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The rightmost normalisation strategy

◮ Suppose that Σ is a reduced convergent 2-polygraph.

◮ Denote ρu the rightmost rewriting step on a reducible 1-cell u:

u
//
AA

ρu��

◮ The rightmost normalisation strategy of Σ is the normalisation strategy ρ defined by

⊲ on a irreducible 1-cell u

ρu = 1u

⊲ on a reducible 1-cell u

u
//
CC ??

ρu��
ρt1(ρu)
��

ρu = ρu ⋆1 ρt1(ρu)



Basis of generating confluences

◮ Critical branchings of Σ are of the following shape:

//
��
//

CC
//

ϕ
EY

ψ��

with ϕ and ψ in Σ2.



Basis of generating confluences

◮ Critical branchings of Σ are of the following shape:

//
��
//

CC
//

ϕ
EY

ψ��

with ϕ and ψ in Σ2.

◮ Suppose that Σ is equipped with its rightmost normalisation strategy ρ.



Basis of generating confluences

◮ Critical branchings of Σ are of the following shape:

//
��
//

CC
//

ϕ
EY

ψ��

with ϕ and ψ in Σ2.

◮ Suppose that Σ is equipped with its rightmost normalisation strategy ρ.

⊲ Any critical branching has the shape (ϕû,ρu1 û):
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û1

��
??

û
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◮ Any critical branching has the shape (ϕû,ρu1 û):

u1
//

û1

��
??

û
//

ϕ
EY

ρu1 û��

with ϕ in Σ2.

◮ The basis of generating confluences of Σ is the cellular extension Cg3(Σ) of Σ⊤2 made of

one 3-cell

û1û ρû1 û

�*
u1û

ϕû (<

ρu1 û

-A û1û
ωb✤��

for every critical branching b = (ϕû,ρu1 û).

Theorem B. (Squier’s Theorem)

The (3, 1)-polygraph

Σ0 Σ∗1oo
oo Σ⊤2oo

oo

Σ1

t0

cc●●●●●●●●●
s0

cc●●●●●●●●● OO

OO

Σ2

t1

cc❍❍❍❍❍❍❍❍❍❍
s1

cc❍❍❍❍❍❍❍❍❍❍ OO

OO

Cg3(Σ)
t2

ee❑❑❑❑❑❑❑❑❑❑
s2

ee❑❑❑❑❑❑❑❑❑❑

is acyclic.



The basis of generating triple confluences

◮ A critical triple branching is an overlapping of three rewriting steps:

u1

// !!// ==// !!//
u

//

ϕ
EY

ψ��

χ
EY

u1

//
��
// ==// //

��

u
//

ϕ
EY

ψ��

χ
EY

⊲ For both shapes, the corresponding critical triple branching can be written

b =
(
cû, ρu ′ û

)
=

(
f û, ρu ′ û, ρu ′ û

)

where c = (f ,ρu ′) is a critical branching and ρu ′ = u1ψ.
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◮ The basis of generating triple confluences is the cellular extension Cg4(Λ) of Cg3(Λ)⊤

made of one 4-cell

û ′û
ρû ′ û

�,
u ′û

f ∗û #7

ρu ′ û

0D

ρu ′ û

'; û ′u

ωc û✻�$
✻✻✻✻✻✻

ρA✤��

ωb
�?

û ′û
ρû ′ û

�$
u ′û

f ∗û
-A

ρu ′ û

)= û ′u

ρB✤��

for every critical triple branching

b = (f û,ρu ′ û,ρu ′ û)

where c = (f ,ρu ′) is a critical branching.

Proposition.

The (4, 1)-polygraph

Σ0 Σℓ1oo
oo Λ⊤2oo

oo Cg3(Λ)⊤oo
oo

Σ1

t0

cc●●●●●●●●●
s0

cc●●●●●●●●● OO

OO

Λ2

t1

cc❍❍❍❍❍❍❍❍❍❍
s1

cc❍❍❍❍❍❍❍❍❍❍ OO

OO

Cg3(Λ)
t2

ff▲▲▲▲▲▲▲▲▲▲▲
s2

ff▲▲▲▲▲▲▲▲▲▲▲ OO

OO

Cg4(Λ)
t2

gg◆◆◆◆◆◆◆◆◆◆◆
s2

gg◆◆◆◆◆◆◆◆◆◆◆

is acyclic.



Basis of generating n-fold confluences

◮ An n-critical branching of Σ has the shape

b =
(
cû, ρu ′ û

)

where c is a critical (n− 1)-fold branching with source u ′.

◮ The basis of generating n-fold confluences is the cellular extension Cgn+1(Σ) of

Cgn(Σ)
⊤ made of one (n+ 1)-cell

ωb :
(
ωc û

)∗
−→ ω̂cu

∗

for every critical n-fold branching b = (cû,ρu ′ û).

Theorem. (Guiraud-M., 2012)

Any convergent 2-polygraph Σ extends to a Tietze-equivalent polygraphic resolution

Cg∞(Σ)

Σ0 Σ∗1oo
oo Σ⊤2oo

oo Cg3(Σ)
⊤oo

oo · · ·oo
oo Cgn(Σ)

⊤oo
oo · · ·oo

oo

Σ1

t0

cc●●●●●●●●●
s0

cc●●●●●●●●● OO

OO

Σ2

t1

cc❍❍❍❍❍❍❍❍❍❍
s1

cc❍❍❍❍❍❍❍❍❍❍ OO

OO

Cg3(Σ)
t2

ee▲▲▲▲▲▲▲▲▲▲▲
s2

ee▲▲▲▲▲▲▲▲▲▲▲ OO

OO

· · ·

ee▲▲▲▲▲▲▲▲▲▲▲

ee▲▲▲▲▲▲▲▲▲▲▲
Cgn(Σ)

tn−1

ee▲▲▲▲▲▲▲▲▲▲▲
sn−1

ee▲▲▲▲▲▲▲▲▲▲▲ OO

OO

· · ·

ee▲▲▲▲▲▲▲▲▲▲▲

ee▲▲▲▲▲▲▲▲▲▲▲

whose n-cells, for n > 3, are indexed by the critical (n− 1)-fold branchings.



Part IV. Linear rewriting

◮ Linear 2-polygraphs.

◮ Linear polygraphic resolutions and Koszulity.
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⊲ This induces a graduation on the vectors spaces TorAk,(i)(K,K),

⊲ k refers to the homological degree and (i) refers to the weight grading.
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⊲ k refers to the homological degree and (i) refers to the weight grading.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

5 0 0 0 0 0 · · ·

4 0 0 0 0 • · · ·

3 0 0 0 • 0 · · ·

2 0 0 • 0 0 · · ·

1 0 • 0 0 0 · · ·

0 • 0 0 0 0 · · ·

k Tor
A

0
(K,K) Tor

A

1
(K,K) Tor

A

2
(K,K) Tor

A

3
(K,K) Tor

A

4
(K,K) · · ·

Definition. A graded algebra A is Koszul if the TorAk,(i)(K,K) are "concentrated on the

diagonal":

TorAk,(i)(K,K) = 0, for k 6= i .
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Theorem.

An algebra having a presentation by a quadratic Gröbner basis is Koszul.

Proofs:

⊲ Anick, 1986, Green, 1999. Computation of free resolutions using non-commutative

Gröbner bases.

− Hilbert series, Poincaré-Betti series, Betti numbers, ...

Description of the vector spaces TorAk,(i)(K,K) in term of k-fold critical branching.

⊲ Berger, 1998: Confluence and Koszulity (X -confluence).

Definition. (Berger, 2001)

An N-homogeneous algebra A is Koszul if

TorAk,(i)(K,K) = 0, for i 6= ℓN(k), where ℓN(k) =

{
lN if k = 2l

lN + 1 if k = 2l + 1
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◮ Computation of free resolutions using Gröbner bases (Anick, 1986, Green, 1999, ...)

⊲ Given a Gröbner basis for 〈R〉 wrt a monomial order, that is a subset G of R such that

− 〈G〉 = 〈R〉,

− 〈lt(G)〉 = 〈lt(R)〉.

◮ Anick’s resolution:

0←− K
δ−1
oo A

δ0
oo A[X ]

δ1
oo A[R]

δ2
oo A[O2]←− . . . ←− A[On−1]

δn
oo A[On]←− · · ·

where

− A[On] is the free A-module generated by minimal n-fold overlapping,

− the map δn decomposes n-fold overlappings into (n− 1)-fold overlappings of G .
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Example.

A〈 x , y , z | xyz = x3 + y3 + z3 〉

◮ Gröbner basis wrt lexicographic order with x < y < z

G =
{

z3 − xyz + x3 + y3
, zy3 − zxyz + zx3 + xyz2 − x3z − y3z

}

0←− K
δ−1
oo A

δ0
oo A[x , y , z]

δ1
oo A[z3

, zy3]
δ2
oo A[z4

, z3y3]
δ3
oo A[z5

, z4y3]←− . . .

⊲ giving an infinite free resolution,

⊲ that computes TorAk,(i)(K,K):
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.
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.
.
.

.

.

.
.
.
.

.

.

.

4 0 0 0 0 · · ·

3 0 0 K 0 · · ·

2 0 0 0 0 · · ·

1 0 K3 0 0 · · ·

0 K 0 0 0 · · ·

k Tor
A

0
(K,K) Tor
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1
(K,K) Tor

A

2
(K,K) Tor

A

3
(K,K) · · ·
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Example.

A〈 x , y , z | xyz = x3 + y3 + z3 〉

◮ Gröbner basis wrt lexicographic order with x < y < z

G =
{

z3 − xyz + x3 + y3
, zy3 − zxyz + zx3 + xyz2 − x3z − y3z

}

0←− K
δ−1
oo A

δ0
oo A[x , y , z]

δ1
oo A[z3

, zy3]
δ2
oo A[z4

, z3y3]
δ3
oo A[z5

, z4y3]←− . . .

⊲ giving an infinite free resolution,

⊲ that computes TorAk,(i)(K,K):

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

4 0 0 0 0 · · ·

3 0 0 K 0 · · ·

2 0 0 0 0 · · ·

1 0 K3 0 0 · · ·

0 K 0 0 0 · · ·

k Tor
A

0
(K,K) Tor

A

1
(K,K) Tor

A

2
(K,K) Tor

A

3
(K,K) · · ·

⊲ It follows that the algebra A is Koszul.
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⊲ A〈 x , y , z | α, β | ∅ 〉 is a coherent quadratic presentation of the algebra A.

⊲ It will follow that the algebra A is Koszul.

⊲ Note that

TorA0,(0)(K,K) ≃ K, TorA1,(1)(K,K) ≃ K
3
, TorA2,(2)(K,K) ≃ K

2
,

TorAk,(i)(K,K) = 0 otherwise.





Four families of local branchings in a linear 2-polygraph

⊲ Aspherical branchings

λu + h

λa+ h

�-

λa+ h

2Fλf + h

with a : u⇒ f 2-monomial, λ ∈ K \ {0}, h ∈Λℓ1, u /∈ Supp(h).

⊲ Additive branchings,

λf +µv + h

λu +µv + h

λa+µv + h ';

λu +µb + h
#7 λu +µg + h

with a : u⇒ f , b : v ⇒ g 2-monomials, λ,µ ∈ K \ {0}, h ∈Λℓ1, u, v /∈ Supp(h).



Four families of local branchings in a linear 2-polygraph

⊲ Peiffer branchings,

λfv + h

λuv + h

λav + h &:

λub + h
$8 λug + h

with a : u⇒ f , b : v ⇒ g 2-monomials, λ ∈ K \ {0}, h ∈Λℓ1, uv /∈ Supp(h).

⊲ Overlapping branchings,

λf + h

λu + h

λa+ h &:

λb + h
$8 λg + h

with a : u⇒ f , b : u⇒ g 2-monomials, such that the branching (a, b) is neither aspherical

nor Peiffer, λ ∈ K \ {0}, h ∈Λℓ1, uv /∈ Supp(h).
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4xyt
4αt

%9 4xzt
4xβ

%9 · · ·

2xzt

2xβ (<

xzt + xβ

�)
xyt + xzt

αt + xzt (<

xyt + xβ
"6

= xzt + 2xyt

3xyt αt + 2xyt

5I

3αt
"6 3xzt

3xβ

%9 6xyt
6αt

%9 · · ·
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◮ The critical branching (αz, xβ) of source xyz is not confluent.


