Y Computation of the Lax matrix L in the oper gauge from a
general Lax matrix \td{L.} and application to the gl 3 case of
one pole at infinity

> restart:
with (LinearAlgebra) :
with (algcurves) :
> L:=Matrix(3,3,0):
L[1,2]:=1:
L[2,3]:=1:
L[3,1]:=L31(lambda):
L[3,2]:=L32(lambda) :
L[3,3]:=L33(lambda):
L;
0 1 0
0 0 1 (1.1)
L31(A) L32(M) L33(%)

> tdL:=Matrix(3,3,0):

tdL[1,1] :=tdL1l1l (1ambda) :
tdL[1,2] :=tdL12 (1lambda) :
tdL[1,3] :=tdL13 (lambda):
tdL[2,1] :=tdL21 (1ambda) :
tdL[2,2] :=tdL22 (1ambda) :
tdL[2, 3] :=tdL23 (1lambda) :
tdL[3,1] :=tdL31 (1lambda) :
tdL[3,2] :=tdL32 (1lambda) :
tdL[3,3] :=tdL33 (1lambda) :
tdL;

tdL11(N) tdLi2(\) tdLi13(\)
tdL21(N) tdlL22()\) tdL23 () (1.2)
tdL31(N) tdL32()\) tdL33(\)

> G:=Matrix(3,3,0):
G[1l,1]:=G1l1l (lambda) :
G[1,2]:=G12(lambda) :
G[1l,3]:=G13(lambda) :
G[2,1] :=G21 (1lambda) :
G[2,2] :=G22 (lambda) :
G[2,3] :=G23 (1lambda) :




G[3,
G[3,
G[3,

G;

1] :=G31 (lambda) :
2] :=G32(lambda) :
3] :=G33 (lambda) :

dGdlambda:=Matrix(3,3,0):

for

i from 1 to 3 do for j from 1 to 3 do dGdlambda[i,]j]:=diff

(G[1i,3],1lambda): od: od:
dGdlambda;

GI11(A) GI2(M\
G21(A) G22(:
G31(\) G32(A

SN N N
29 8
2R 2R
z 2 Z

G11(1) ﬁ G12(1)

d
d
d d
—— G21(A) —— G22(A
o, G () - G22(A)
d

d d
G31( G32( G33(
o, 1) G320 - G33(A)

ToCancel:=simplify (L-Multiply (Multiply (G, tdL) ,G*(-1))-h*
Multiply (dGdlambda,G”*(-1))) :

Gl1l:
Gl2:
G1l3:
G23:
G22:
G21:
G31:

=unapply (1, lambda) :

=unapply (0, lambda) :

=unapply (0, lambda) :

=unapply (tdL13 (lambda) , lambda) :
=unapply (tdL12 (1lambda) ,lambda) :
=unapply (tdL1l1 (lambda) , lambda) :

=unapply (tdL1l2 (lambda) *tdL21 (1lambda) +tdL13 (1lambda) *tdL31

1.3)

(lambda) +tdL11 (lambda) *2+h*diff (tdL1l1l (lambda) , lambda) ,lambda) :

G32:

=unapply (tdL12 (lambda) *tdL22 (1lambda) +tdL11 (1lambda) *tdL12

(lambda) +tdL13 (lambda) *tdL32 (lambda) +h*diff (tdL12 (lambda) ,
lambda) ,lambda) :

G33:

=unapply (tdL1l2 (lambda) *tdL23 (lambda) +tdL13 (1lambda) *tdL33

(lambda) +tdL11 (lambda) *tdL13 (lambda) +h*diff (tdL13 (lambda) ,
lambda) ,lambda) :

L32

:=unapply ((-2* (diff (tdL1l1l (lambda), lambda) ) *tdL13 (lambda) *

tdL33 (lambda) *tdL12 (lambda) *h+2* (diff (tdL1l1l (lambda), lambda))*
tdL13 (lambda) *tdL12 (lambda) *tdL22 (lambda) *h-tdL11 (lambda) * (diff
(tdL22 (lambda) , lambda) ) *tdLl2 (lambda) *tdL1l3 (lambda) *h+tdLl1l
(lambda) * (diff (tdL33 (lambda) , lambda) ) *tdL1l2 (lambda) *tdL13

(lambda) *h-2*tdL11 (lambda) *tdL22 (lambda) * (diff (tdL12 (1lambda) ,



lambda) ) *tdL13 (lambda) *h+2*tdL11 (1lambda) *tdL12 (lambda) *tdL33
(lambda) * (diff (tdL13 (lambda) , lambda) ) *h- (diff (tdL22 (lambda),
lambda) ) *tdL12 (lambda) *tdL13 (lambda) *tdL33 (lambda) *h+ (diff
(tdL23 (lambda) , lambda) ) *tdL32 (lambda) *tdL12 (lambda) *tdL13
(lambda) *h- (diff (tdL32 (lambda) , lambda)) *tdL1l2 (lambda) *tdL23
(lambda) *tdL13 (lambda) *h+ (diff (tdL33 (lambda) , lambda) ) *tdL22
(lambda) *tdL12 (lambda) *tdL13 (lambda) *h+tdL22 (lambda) *tdL32
(lambda) *tdL12 (lambda) *tdL23 (lambda) *tdL13 (lambda) -tdL22
(lambda) *tdL32 (lambda) *tdL13 (lambda) * (diff (tdL13 (lambda),
lambda) ) *h+tdL22 (1lambda) * (diff (tdL12 (lambda) , lambda) ) *tdL1l2
(lambda) *tdL23 (lambda) *h-2*tdL22 (lambda) * (diff (tdL12 (1lambda) ,
lambda) ) *tdL13 (1lambda) *tdL33 (lambda) *h+2*tdL22 (1lambda) *tdL12
(lambda) *tdL33 (lambda) * (diff (tdL13 (lambda) , lambda) ) *h+3*tdL32
(lambda) * (diff (tdL12 (1lambda) , lambda) ) *tdL23 (lambda) *tdL13
(lambda) *h-tdL32 (lambda) *tdL12 (lambda) *tdL23 (lambda) *tdL13
(lambda) *tdL33 (lambda) -3*tdL32 (lambda) *tdL12 (lambda) *tdL23
(lambda) * (diff (tdL13 (lambda) , lambda) ) *h-tdL32 (lambda) *tdL13
(lambda) *tdL33 (lambda) * (diff (tdL13 (lambda), lambda)) *h+(diff
(tdL12 (lambda) , lambda)) *tdL12 (lambda) *tdL23 (lambda) *tdL33
(lambda) *h+ (diff (tdL13 (lambda) , lambda, lambda))* (diff (tdL1l2
(lambda) , lambda) ) *h*3-(diff (tdL1l2 (lambda), lambda, lambda))*
(diff (tdL13 (lambda) , lambda) ) *h*3-tdL21 (lambda) *tdL12 (lambda)
~3*tdL23 (lambda) -tdL32 (lambda) *tdL12 (lambda) *2*tdL23 (1lambda) *2+
tdL32 (lambda) *2*tdL23 (lambda) *tdL13 (lambda) *2-2*tdL32 (lambda) *
(diff (tdL13 (lambda) , lambda) ) *2*h*2+tdL31 (lambda) *tdL32 (1lambda)
*tdL13 (lambda) *3+2* (diff (tdL12 (lambda), lambda))*2*tdL23
(lambda) *h”*2+ (diff (tdL12 (lambda) , lambda)) *tdL13 (lambda) *tdL33
(lambda) *2*h+2* (diff (tdL12 (lambda) , lambda) ) *tdL33 (lambda) *
(diff (tdL13 (lambda) , lambda)) *h*2+2* (diff (tdL1l1l (lambda),
lambda) ) * (diff (tdL12 (lambda) , lambda)) *tdL1l3 (lambda) *h*2-2%*
(diff (tdL1l1l (lambda) , lambda)) *tdL1l2 (lambda) * (diff (tdL13
(lambda) , lambda) ) *h*2+tdL21 (lambda) *tdL22 (lambda) *tdL12
(lambda) *2*tdL13 (lambda) +tdL21 (lambda) *tdL32 (lambda) *tdL12
(lambda) *tdL13 (lambda) *2-tdL21 (lambda) *tdL12 (lambda) *2*tdL13
(lambda) *tdL33 (lambda) +tdL31 (lambda) *tdL22 (lambda) *tdL12
(lambda) *tdL13 (lambda) *2-tdL31 (lambda) *tdL1l2 (lambda) *2*tdL23
(lambda) *tdL13 (lambda) -tdL31 (lambda) *tdL12 (lambda) *tdL13
(lambda) *2*tdL33 (lambda) +tdL11 (lambda) * (diff (tdL23 (lambda) ,
lambda) ) *tdL12 (lambda) *2*h-tdL11 (lambda) * (diff (tdL32 (lambda) ,
lambda) ) *tdL13 (lambda) *2*h-tdL11 (1lambda) *tdL22 (1lambda) *2*tdL12
(lambda) *tdL13 (lambda) -tdL11 (lambda) *tdL22 (lambda) *tdL32
(lambda) *tdL1l3 (lambda) *2+tdLl1 (lambda) *tdL22 (lambda) *tdL12



(lambda) *2*tdL23 (lambda) -tdL11 (lambda) *tdL32 (lambda) *tdL13
(lambda) *2*tdL33 (lambda) +tdL11 (lambda) *tdL12 (lambda) *2*tdL23
(lambda) *tdL33 (lambda) +tdLl1 (lambda) *tdL1l2 (lambda) *tdL13
(lambda) *tdL33 (lambda) *2- (diff (tdL22 (1lambda) , lambda)) *tdL1l2
(lambda) *2*tdL23 (lambda) *h- (diff (tdL22 (1lambda) , lambda) ) *tdL1l2
(lambda) * (diff (tdL13 (lambda) , lambda) ) *h”*2+ (diff (tdL23 (lambda),
lambda) ) *tdL22 (1lambda) *tdL12 (lambda) *2*h+ (diff (tdL23 (lambda) ,
lambda) ) * (diff (tdL12 (lambda) , lambda)) *tdL1l2 (lambda) *h*2- (diff
(tdL32 (lambda) , lambda)) *tdL13 (lambda) *2*tdL33 (lambda) *h- (diff
(tdL32 (lambda) , lambda) ) *tdL13 (lambda) * (diff (tdL13 (lambda) ,
lambda) ) *h*2+ (diff (tdL33 (lambda) , lambda) ) *tdL32 (lambda) *tdL13
(lambda) *2*h+ (diff (tdL33 (lambda) , lambda))* (diff (tdL1l2 (lambda),
lambda) ) *tdL13 (lambda) *h*2-tdL22 (1lambda) *2*tdL12 (lambda) *tdL13
(lambda) *tdL33 (lambda) -tdL22 (lambda) *2*tdL12 (lambda) * (diff
(tdL1l3 (lambda), lambda)) *h-tdL22 (lambda) *tdL32 (lambda) *tdL13
(lambda) *2*tdL33 (lambda) -2*tdL22 (lambda) * (diff (tdL12 (1lambda) ,
lambda) ) * (diff (tdL13 (lambda) , lambda) ) *h*2+tdL22 (lambda) *tdL12
(lambda) *2*tdL23 (lambda) *tdL33 (lambda) +tdL22 (lambda) *tdL12
(lambda) *tdL13 (lambda) *tdL33 (lambda) “2+ (diff (tdL12 (lambda) ,
lambda) ) *tdL13 (lambda) *tdL12 (lambda) *tdL21 (lambda) *h+2* (diff
(tdLl1l2 (lambda) , lambda)) *tdL23 (lambda) *tdLl2 (lambda) *tdLl1l
(lambda) *h- (diff (tdL13 (lambda) , lambda)) *tdL13 (lambda) *tdL12
(lambda) *tdL31 (lambda) *h-2* (diff (tdL13 (lambda) , lambda) ) *tdL1l3
(lambda) *tdL32 (lambda) *tdL1l1 (lambda) *h+ (diff (tdL12 (lambda) ,
lambda) ) *tdL13 (lambda) *2*tdL31 (lambda) *h- (diff (tdL13 (lambda) ,
lambda) ) *tdL12 (1lambda) *2*tdL21 (1lambda) *h+2* (diff (tdL1l1 (lambda),
lambda) ) *tdL13 (lambda) *2*tdL32 (lambda) *h-2* (diff (tdL1l1l (lambda),
lambda) ) *tdL23 (lambda) *tdL12 (lambda) *2*h+ (diff (tdL13 (lambda) ,
lambda, lambda)) *tdL32 (lambda) *tdL13 (lambda) *h*2- (diff (tdL1l2
(lambda) , lambda, lambda)) *tdLll (lambda) *tdLl3 (lambda) *h*2-
(diff (tdL1l2 (lambda) , lambda, lambda) ) *tdL1l2 (lambda) *tdL23
(lambda) *h*2- (diff (tdL12 (lambda) , lambda, lambda)) *tdL1l3
(lambda) *tdL33 (lambda) *h”*2+ (diff (tdL13 (lambda) , lambda, lambda)
) *tdL1l1l (lambda) *tdL12 (lambda) *h*2+ (diff (tdL13 (lambda) , lambda,
lambda) ) *tdL22 (lambda) *tdL12 (lambda) *h*2) / (tdL13 (lambda) *tdL12
(lambda) *tdL22 (lambda) +tdL13 (lambda) *2*tdL32 (lambda) +h*tdL13
(lambda) * (diff (tdL12 (lambda) , lambda))-tdL23 (lambda) *tdL12
(lambda) #*2-tdL13 (lambda) *tdL33 (lambda) *tdL12 (lambda) ~h*tdL12
(lambda) * (diff (tdL1l3 (lambda), lambda))),blambda):
L33:=unapply(((diff (tdL12 (lambda), lambda, lambda) ) *tdL1l3
(lambda) *h*2- (diff (tdL13 (lambda) , lambda, lambda)) *tdL12
(lambda) *h*2+tdL13 (lambda) *tdL12 (lambda) *tdL22 (lambda) *tdL11



(lambda) +tdL13 (lambda) *2*tdL32 (lambda) *tdL11 (lambda) + (diff
(tdL12 (lambda) , lambda) ) *tdL13 (lambda) *tdL1l1l (lambda) *h-tdL23
(lambda) *tdL1l2 (lambda) *2*tdL1l1 (lambda) -tdL13 (lambda) *tdL33
(lambda) *tdL12 (lambda) *tdL11 (lambda) - (diff (tdL13 (lambda),
lambda) ) *tdL12 (1lambda) *tdL1l1 (lambda) *h+ (diff (tdL22 (1lambda) ,
lambda) ) *tdL13 (lambda) *tdL12 (lambda) *h- (diff (tdL23 (l1lambda) ,
lambda) ) *tdL12 (lambda) *2*h+ (diff (tdL32 (lambda) , lambda)) *tdL13
(lambda) *2*h- (diff (tdL33 (lambda) , lambda) ) *tdL13 (lambda) *tdL12
(lambda) *h+tdL1l3 (lambda) *tdL1l2 (lambda) *tdL22 (lambda) *2+tdL13
(lambda) *2*tdL22 (lambda) *tdL32 (lambda) +2* (diff (tdL12 (lambda) ,
lambda) ) *tdL13 (lambda) *tdL22 (lambda) *h-tdL23 (lambda) *tdL12
(lambda) *2*tdL22 (lambda) +tdL13 (lambda) *2*tdL33 (lambda) *tdL32
(lambda) +2* (diff (tdL13 (lambda) , lambda)) *tdL13 (lambda) *tdL32
(lambda) *h-2* (diff (tdL12 (lambda) , lambda) ) *tdL23 (lambda) *tdL12
(lambda) *h-tdL23 (lambda) *tdL33 (lambda) *tdL1l2 (lambda) *2-tdL13
(lambda) *tdL33 (lambda) *2*tdL12 (lambda) -2* (diff (tdL13 (lambda) ,
lambda) ) *tdL33 (lambda) *tdL12 (lambda) *h) / (tdL13 (lambda) *tdL12
(lambda) *tdL22 (lambda) +tdL13 (lambda) *2*tdL32 (lambda) +h*tdL13
(lambda) * (diff (tdL12 (lambda) , lambda))-tdL23 (lambda) *tdL12
(lambda) *2-tdL13 (lambda) *tdL33 (lambda) *tdL12 (lambda) -h*tdL12
(lambda) * (diff (tdL1l3 (lambda), lambda))),blambda):
L31:=unapply (- (- (diff (tdL1l1l (lambda) , lambda)) * (diff (tdL23
(lambda) , lambda) ) *tdL12 (lambda)*2*h*2+ (diff (tdL1l1l (lambda) ,
lambda) ) * (diff (tdL32 (lambda) , lambda)) *tdL13 (lambda) *2*h*2-
tdL21 (lambda) * (diff (tdL23 (lambda) , lambda)) *tdL1l2 (lambda) *3*
h-2*tdL21 (lambda) * (diff (tdL12 (lambda), lambda))”*2*tdL13(lambda)
*h”~2-tdL21 (lambda) *tdL12 (lambda) *3*tdL23 (1lambda) *tdL33 (1lambda) -
tdL21 (lambda) *tdL12 (lambda) *2*tdL13 (lambda) *tdL33 (lambda) *2+
tdL31 (lambda) * (diff (tdL32 (lambda) , lambda)) *tdL1l3 (lambda) *3*h+
tdL31 (lambda) *tdL22 (lambda) *2*tdL12 (lambda) *tdL13 (lambda) 2+
tdL31 (lambda) *tdL22 (lambda) *tdL32 (1lambda) *tdL13 (lambda) *3+2%*
tdL31 (lambda) *tdL12 (lambda) * (diff (tdL13 (lambda) , lambda)) *2%*
h*2+tdL11 (lambda) *tdL32 (1lambda) *2*tdL23 (1lambda) *tdL13 (1lambda) *2
-tdL11 (lambda) *tdL32 (lambda) *tdL12 (lambda) *2*tdL23 (lambda) *2-2%*
tdL11 (lambda) *tdL32 (lambda) * (diff (tdL13 (lambda) , lambda)) *2%*
h*2+2*tdL11 (lambda) * (diff (tdL12 (lambda), lambda))*2*tdL23
(lambda) *h”*2+ (diff (tdL21 (lambda) , lambda)) *tdL12 (lambda) *3*
tdL23 (lambda) *h+ (diff (tdL21 (lambda) , lambda) ) *tdL1l2 (lambda) *2*
(diff (tdL1l3 (lambda) , lambda)) *h”*2- (diff (tdL31 (lambda), lambda))
*tdL32 (lambda) *tdL13 (lambda) *3*h- (diff (tdL31 (lambda) , lambda)) *
(diff (tdL1l2 (lambda) , lambda)) *tdL13 (lambda) *2*h”*2- (diff (tdL1l1
(lambda) , lambda, lambda)) *tdL32 (lambda) *tdLl3 (lambda)*2*h*2+



(diff (tdL13 (lambda) , lambda, lambda)) *tdL1l1l (lambda) * (diff (tdL12
(lambda) , lambda) ) *h”3+tdL31 (lambda) * (diff (tdL12 (lambda),
lambda, lambda))*tdL1l3(lambda)*2*h”*2-(diff (tdL12 (lambda),
lambda, lambda) ) *tdL1l1l (lambda) * (diff (tdL13(lambda), lambda))*
h”*3-tdL21 (lambda) * (diff (tdL13 (lambda) , lambda, lambda)) *tdL1l2
(lambda) *2*h*2- (diff (tdL1l1l (lambda) , lambda)) * (diff (tdL13
(lambda) , lambda, lambda)) *tdL1l2 (lambda)*h”*3+ (diff (tdL1l1l
(lambda) , lambda) ) * (diff (tdLl12 (lambda), lambda, lambda)) *tdL1l3
(lambda) *h”*3+tdL21 (lambda) * (diff (tdL12 (lambda) , lambda, lambda)
) *tdL12 (lambda) *tdL13 (lambda) *h*2-tdL31 (lambda) * (diff (tdL13
(lambda) , lambda, lambda)) *tdL1l2 (lambda) *tdL13 (lambda) *h*2+
(diff (tdL1ll (lambda) , lambda, lambda))*tdL1l2 (lambda) * (diff (tdL13
(lambda) , lambda) ) *h*3- (diff (tdL1l1l (lambda), lambda, lambda))*
(diff (tdL1l2 (lambda) , lambda)) *tdL1l3 (lambda) *h”*3+ (diff (tdL1l1l
(lambda) , lambda, lambda)) *tdLl2 (lambda)*2*tdL23 (lambda) *h*2+
tdL31 (lambda) *tdL12 (lambda) *3*tdL23 (lambda) *2-tdL21 (1lambda) *
tdL32 (lambda) *2*tdL13 (lambda) #3-tdL21 (lambda) *tdL22 (1lambda) *
(diff (tdL1l2 (lambda) , lambda)) *tdL1l2 (lambda) *tdL1l3 (lambda) *h+3*
tdL21 (lambda) *tdL32 (lambda) *tdL12 (lambda) *tdL13 (1lambda) * (diff
(tdL13 (lambda) , lambda)) *h+2*tdL21 (lambda) * (diff (tdL12 (lambda) ,
lambda) ) *tdL12 (lambda) *tdL13 (lambda) *tdL33 (lambda) *h-2*tdL31
(lambda) *tdL22 (lambda) *tdL12 (lambda) *tdL13 (lambda) * (diff (tdL13
(lambda) , lambda) ) *h-3*tdL31 (lambda) * (diff (tdL12 (lambda),
lambda) ) *tdL12 (lambda) *tdL23 (lambda) *tdL13 (lambda) *h+tdL31
(lambda) *tdL12 (lambda) *tdL13 (lambda) *tdL33 (lambda) * (diff (tdL13
(lambda) , lambda) ) *h-tdL11 (lambda) * (diff (tdL22 (lambda) , lambda)
) *tdL12 (lambda) *tdL13 (lambda) *tdL33 (lambda) *h+tdL1l1 (lambda) *
(diff (tdL23 (lambda) , lambda) ) *tdL32 (lambda) *tdL12 (lambda) *tdL13
(lambda) *h-tdL11 (lambda) * (diff (tdL32 (1lambda) , lambda)) *tdL1l2
(lambda) *tdL23 (lambda) *tdL13 (lambda) *h+tdL11l (lambda) * (diff
(tdL33 (lambda) , lambda) ) *tdL22 (lambda) *tdL12 (lambda) *tdL13
(lambda) *h+tdL11 (lambda) *tdL22 (lambda) *tdL32 (lambda) *tdL12
(lambda) *tdL23 (lambda) *tdL1l3 (lambda) -tdL1l1l (lambda) *tdL22
(lambda) *tdL32 (lambda) *tdL13 (lambda) * (diff (tdL13 (lambda),
lambda) ) *h+tdL11 (lambda) *tdL22 (1lambda) * (diff (tdL12 (lambda) ,
lambda) ) *tdL12 (1lambda) *tdL23 (lambda) *h-2*tdL11 (lambda) *tdL22
(lambda) * (diff (tdL12 (lambda) , lambda) ) *tdL1l3(lambda) *tdL33
(lambda) *h+2*tdL11 (lambda) *tdL22 (lambda) *tdL12 (lambda) *tdL33
(lambda) * (diff (tdL13 (lambda) , lambda) ) *h+3*tdL1l1l (lambda) *tdL32
(lambda) * (diff (tdL12 (lambda) , lambda) ) *tdL23 (lambda) *tdL13
(lambda) *h-tdL11 (lambda) *tdL32 (lambda) *tdL12 (lambda) *tdL23
(lambda) *tdL13 (lambda) *tdL33 (lambda) -3*tdL1l1l (lambda) *tdL32



(lambda) *tdL12 (lambda) *tdL23 (lambda) * (diff (tdL13 (lambda),
lambda) ) *h-tdL11 (lambda) *tdL32 (1lambda) *tdL13 (lambda) *tdL33
(lambda) * (diff (tdL13 (lambda), lambda) ) *h+tdL1l1l (lambda) * (diff
(tdL12 (lambda) , lambda) ) *tdL12 (lambda) *tdL23 (lambda) *tdL33
(lambda) *h+ (diff (tdL13 (lambda) , lambda, lambda)) *tdLl1l (lambda) *
tdL32 (lambda) *tdL13 (lambda) *h*2- (diff (tdL1ll (lambda), lambda,
lambda) ) *tdL22 (lambda) *tdL12 (lambda) *tdL13 (lambda) *h”*2+ (diff
(tdL1l1 (lambda) , lambda) ) * (diff (tdL22 (lambda), lambda)) *tdL1l2
(lambda) *tdL13 (lambda) *h*2- (diff (tdL1l1l (lambda) , lambda))* (diff
(tdL33 (lambda) , lambda)) *tdL12 (lambda) *tdL13 (lambda) *h”*2+ (diff
(tdL1l1l (lambda) , lambda) ) *tdL22 (lambda) *2*tdL12 (lambda) *tdL13
(lambda) *h+ (diff (tdL1l1l (lambda) , lambda)) *tdL22 (lambda) *tdL32
(lambda) *tdL13 (lambda) *2*h+2* (diff (tdL1l1l (lambda) , lambda)) *
tdL22 (lambda) * (diff (tdL12 (lambda), lambda) ) *tdL1l3 (lambda) *h*2-
(diff (tdL1ll (lambda) , lambda)) *tdL22 (lambda) *tdL12 (lambda) *2*
tdL23 (lambda) *h+ (diff (tdL1l1l (lambda), lambda) ) *tdL32 (lambda) *
tdL13 (lambda) *2*tdL33 (lambda) *h+2* (diff (tdL1l1l (lambda), lambda))
*tdL32 (lambda) *tdL13 (lambda) * (diff (tdL13 (lambda) , lambda)) *h*2
-2*% (diff (tdL1l1l (lambda), lambda))* (diff (tdL1l2 (lambda), lambda))*
tdL12 (lambda) *tdL23 (lambda) *h*2- (diff (tdL1l1l (lambda), lambda))*
tdL12 (lambda) *2*tdL23 (lambda) *tdL33 (lambda) *h- (diff (tdL1l1
(lambda) , lambda) ) *tdL12 (lambda) *tdL13 (lambda) *tdL33 (1lambda) *2*
h-2* (diff (tdL1l1l (lambda), lambda) ) *tdL1l2 (lambda) *tdL33 (lambda) *
(diff (tdL1l3 (lambda) , lambda)) *h*2+tdL21 (lambda) * (diff (tdL22
(lambda) , lambda) ) *tdL12 (lambda) *2*tdL13 (lambda) *h+tdL21
(lambda) * (diff (tdL32 (lambda) , lambda) ) *tdL1l2 (lambda) *tdL13
(lambda) *2*h-tdL21 (lambda) * (diff (tdL33 (lambda) , lambda)) *tdL1l2
(lambda) *2*tdL13 (lambda) *h-tdL21 (lambda) *tdL22 (lambda) *tdL32
(lambda) *tdL12 (lambda) *tdL13 (lambda) *2+tdL21 (lambda) *tdL22
(lambda) *tdL1l2 (lambda) *2*tdL13 (lambda) *tdL33 (lambda) +tdL21
(lambda) *tdL22 (lambda) *tdL12 (lambda) *2* (diff (tdL13 (lambda) ,
lambda) ) *h-3*tdL21 (lambda) *tdL32 (1lambda) * (diff (tdL12 (lambda) ,
lambda) ) *tdL13 (1lambda) *2*h+tdL21 (lambda) *tdL32 (1lambda) *tdL12
(lambda) *2*tdL23 (lambda) *tdL13 (lambda) +2*tdL21 (lambda) *tdL32
(lambda) *tdL12 (lambda) *tdL13 (lambda) *2*tdL33 (lambda) +2*tdL21
(lambda) * (diff (tdL12 (lambda), lambda) ) *tdL1l2 (lambda) * (diff
(tdL13 (lambda) , lambda) ) *h”*2-2*tdL21 (lambda) *tdL12 (lambda) *2*
tdL33 (lambda) * (diff (tdL13 (lambda) , lambda) ) *h+tdL31 (lambda) *
(diff (tdL22 (lambda) , lambda)) *tdL12 (lambda) *tdL13 (lambda) *2*h-
tdL31 (lambda) * (diff (tdL23 (lambda) , lambda)) *tdL1l2 (lambda) *2*
tdL13 (lambda) *h-tdL31 (lambda) * (diff (tdL33 (lambda) , lambda)) *
tdL12 (lambda) *tdL13 (lambda) *2*h+2*tdL31 (lambda) *tdL22 (lambda) *



(diff (tdL1l2 (lambda) , lambda)) *tdL1l3 (lambda) *2*h-2*tdL31 (lambda)
*tdL22 (lambda) *tdL12 (lambda) *2*tdL23 (lambda) *tdL13 (lambda) -
tdL31 (lambda) *tdL22 (lambda) *tdL12 (lambda) *tdL13 (1lambda) *2*tdL33
(lambda) -tdL31 (lambda) *tdL32 (lambda) *tdL12 (lambda) *tdL23
(lambda) *tdL13 (lambda) *2-tdL31 (lambda) * (diff (tdL12 (lambda) ,
lambda) ) *tdL13 (1lambda) *2*tdL33 (lambda) *h-2*tdL31 (1lambda) * (diff
(tdL12 (lambda) , lambda) ) *tdL13 (lambda) * (diff (tdL13 (lambda) ,
lambda) ) *h*2+tdL31 (lambda) *tdL12 (1lambda) *2*tdL23 (lambda) *tdL13
(lambda) *tdL33 (lambda) +3*tdL31 (lambda) *tdL1l2 (lambda) *2*tdL23
(lambda) * (diff (tdL13 (lambda), lambda) ) *h-tdL1l1 (lambda) * (diff
(tdL22 (lambda) , lambda) ) *tdL12 (lambda) *2*tdL23 (lambda) *h-tdL11
(lambda) * (diff (tdL22 (lambda) , lambda) ) *tdL1l2 (lambda) * (diff
(tdL13 (lambda) , lambda)) *h”*2+tdL1l1 (lambda) * (diff (tdL23 (lambda),
lambda) ) *tdL22 (lambda) *tdL12 (lambda) *2*h+tdL11 (lambda) * (diff
(tdL23 (lambda) , lambda)) * (diff (tdL1l2 (lambda), lambda)) *tdL1l2
(lambda) *h*2-tdL11 (lambda) * (diff (tdL32 (lambda) , lambda) ) *tdL1l3
(lambda) *2*tdL33 (lambda) *h-tdL1l1 (lambda) * (diff (tdL32 (1lambda) ,
lambda) ) *tdL13 (lambda) * (diff (tdL13 (lambda) , lambda)) *h*2+tdL1l1l
(lambda) * (diff (tdL33 (lambda) , lambda) ) *tdL32 (lambda) *tdL13
(lambda) *2*h+tdL11 (lambda) * (diff (tdL33 (lambda) , lambda)) * (diff
(tdLl1l2 (lambda) , lambda) ) *tdLl3 (lambda) *h*2-tdLl1l (lambda) *tdL22
(lambda) *2*tdL12 (lambda) *tdL13 (lambda) *tdL33 (lambda) -tdL11
(lambda) *tdL22 (lambda) *2*tdL12 (lambda) * (diff (tdL13 (lambda) ,
lambda) ) *h-tdL11 (lambda) *tdL22 (1lambda) *tdL32 (lambda) *tdL13
(lambda) *2*tdL33 (lambda) -2*tdL11 (lambda) *tdL22 (lambda) * (diff
(tdL12 (lambda) , lambda) ) * (diff (tdL13 (lambda), lambda))*h*2+
tdL1l1l (lambda) *tdL22 (lambda) *tdL12 (lambda) *2*tdL23 (1lambda) *tdL33
(lambda) +tdL11 (lambda) *tdL22 (lambda) *tdL12 (lambda) *tdL13
(lambda) *tdL33 (lambda) *2+tdL11 (lambda) * (diff (tdL12 (lambda) ,
lambda) ) *tdL13 (1lambda) *tdL33 (lambda) *2*h+2*tdL11 (1lambda) * (diff
(tdL12 (lambda) , lambda) ) *tdL33 (lambda) * (diff (tdL13 (lambda) ,
lambda) ) *h*2- (diff (tdL21 (lambda) , lambda)) *tdL22 (lambda) *tdL12
(lambda) *2*tdL13 (lambda) *h- (diff (tdL21 (lambda) , lambda) ) *tdL32
(lambda) *tdL12 (lambda) *tdL13 (lambda) *2*h- (diff (tdL21 (lambda) ,
lambda) ) * (diff (tdL12 (lambda) , lambda) ) *tdL12 (lambda) *tdL13
(lambda) *h”*2+ (diff (tdL21 (lambda) , lambda)) *tdL12 (lambda) *2*
tdL13 (lambda) *tdL33 (lambda) *h- (diff (tdL31 (lambda) , lambda)) *
tdL22 (lambda) *tdL12 (lambda) *tdL13 (lambda) *2*h+ (diff (tdL31
(lambda) , lambda) ) *tdLl2 (lambda) *2*tdL23 (lambda) *tdL13 (lambda) *
h+ (diff (tdL31 (lambda), lambda) ) *tdL1l2 (lambda) *tdL1l3 (lambda) *2*
tdL33 (lambda) *h+ (diff (tdL31 (lambda) , lambda) ) *tdL1l2 (lambda) *
tdLl3 (lambda) * (diff (tdL13 (lambda) , lambda))*h*2+ (diff (tdL1l1l



(lambda) , lambda, lambda)) *tdL1l2 (lambda) *tdL13 (lambda) *tdL33
(lambda) *h*2- (diff (tdL12 (lambda) , lambda, lambda)) *tdLl1l
(lambda) *tdL12 (lambda) *tdL23 (lambda) *h*2- (diff (tdL12 (lambda) ,
lambda, lambda)) *tdLl1l (lambda) *tdL13 (lambda) *tdL33 (lambda) *h*2+
(diff (tdL13 (lambda), lambda, lambda)) *tdLll (lambda) *tdL22
(lambda) *tdL12 (lambda) *h*2) / (tdL13 (lambda) *tdL12 (lambda) *tdL22
(lambda) +tdL13 (lambda) *2*tdL32 (lambda) +h*tdL13 (lambda) * (diff
(tdL12 (lambda) , lambda))-tdL23 (lambda) *tdL12 (lambda) *2-tdL13
(lambda) *tdL33 (lambda) *tdL12 (lambda) -h*tdL12 (lambda) * (diff
(tdL13 (lambda) , lambda))) ,lambda) :

> simplify (ToCancel) ;
simplify (G) ;
factor (Determinant (G)) ;
0 00

0 00 1.4
0 00

1o

[tdLII tdLIZ(k),tdL]S(k)},

[tdLIZ ) tdL21(N) + tdL13(A) tdL31(\) + tdL11 (M) +h (i tdLII(k)j,

(J tduz(x)) + (tdL11(A) +1dL22(N)) tdL12(X) +tdL13 (%) 1dL32(M),
h (i tdus(x)) + (tdL11 () +1dL33(N)) tdL13(X) +tdL12(X) 1dL23 (M) H
dL13(N) dLI2(N) 1dL22(X) — tdL13(A)’ dL32(N) — h dLI3 (1) (i tdL]Z(k))

+1dL23(N) tdLi12(X)” + dL13(\) dL33 () tdLi2())
+hdLI2(M) (i tdL]S(k))

V¥ Application to the case of \td{L}=L _1\lambda+L_0. We take L_1=diag(t12,t22,
t32) but L._0 remains free. In particular, we keep a_{1,2}, a_{1,3} as free
parameters that shall not be determined since they belongs to the action by
global conjugation of GL_3.

> tdLll:=unapply(tl2*lambda+all, lambda) :
tdL12:=unapply (al2,lambda) :
tdL13:=unapply (al3,lambda) :
tdL21 :=unapply (a2l1,lambda) :
tdL22 :=unapply (t22*lambda+a22,lambda) :




tdL23:=unapply (a23,lambda) :

tdL31:=unapply (a31,lambda) :

tdL32:=unapply (a32,lambda) :

tdL33:=unapply (t32*lambda+a33, lambda) :

simplify (tdL) ;

simplify (series (factor (Determinant (G)) ,lambda=0)) ;
simplify (G) ;

tdLinftyl:=Matrix(3,3,0):
tdLinftyl[1,1]:=tl1l2:
tdLinftyl[2,2] :=t22:
tdLinftyl[3,3] :=t32:

tdLinfty0O:=Matrix (3,3,0):
tdLinfty0[1,1] :=all:
tdLinfty0[1,2] :=al2:
tdLinfty0[1,3] :=al3:
tdLinfty0[2,1] :=a21:
tdLinfty0[2,2] :=a22:
tdLinfty0[2,3] :=a23:
tdLinfty0[3,1] :=a31:
tdLinfty0[3,2] :=a32:
tdLinfty0[3,3] :=a33:

simplify (tdL) ;
Trace (tdL) ;

AtI2 +all al2 al3
a2l A122 4+ a22 a23 (1.1.1)
a3l a32 A132 +a33

al2* a23 —al3 (a22 —a33) al2 —al3*a32 —al2 al3 (122 —132) A
[[1,0,0],
[ At12 +all, al2, a13),
(221122 + (2all M+ h) 112 +al1* +al2 a2] +al3 a31, ((t12 +122) A+ all
+a22) al2 +al3 a32, ((112+132) A+ all +a33) al3 +al2 a23 ]|
AtI2+all  al2 al3

a2l A122 +a22 a3
a3l a32 A132 +a33



L AMtI2 +A122 +A132 +all +a22 +a33
| Definition of the apparent singularity q
> Qsing:=(al2”2*a23-al2*al3*a22+al2*al3*a33-al3%2*a32)/(al2*
al3* (t22-t32));
Osing = al2”a23 —al2 al3 a22 + al2 al3 a33 — al3’ a32 112)
al2 al3 (122 —132)
> R31l:=factor (residue (L31 (lambda) ,lambda=Qsing)) :
R32:=factor (residue (L32 (lambda) ,lambda=Qsing)) :
R33:=factor (residue (L33 (lambda) ,lambda=Qsing)) ;

R33:=nh (1.1.3)
> L3lbis:=(all*al2*al3*a22*a33*t22-all*al2*al3*a22*a33*t32-all*
al2*al3*a23*a32*t22+all*al2*al3*a23*a32*t32-al2”22*al3*a2l*
a33*t22+al2”2*al3*a21*a33*t32+al272*al3*a23*a31*t22-al242*
al3*a23*a3l*t324+al2*al3%2*a2l*a32*t22-al2*al342*a21*a32*t32-
al2*al3”2*a22*a31*t22+al2*al3”*2*a22*a31*t32+h*al222*a23*tl12*
t22-h*al2*al3*a22*t12*t22+h*al2*al3*a33*t12*t32-h*al3%2*a32%*
t1l2*t32) / (al2*al3* (t22-t32) )+ (all*a22*t32+all*a33*t22-al2*
a2l1*t32-al3*a31*t22+a22*a33*tl2-a23*a32*tl12-h*tl1l2*t22-h*tl2*
t32) *lambda+ (all*t22*t32+a22*t12*t32+a33*t12*t22) *1lambda”*2+

tl2*t22*t32*1lambda*3+R31/ (lambda-Qsing) ;
L32bis:=-all*a22-all*a33+al2*a2l+al3*a31-a22*a33+a23*a32+h*
t12+ (-all*t22-all*t32-a22*tl12-a22*t32-a33*t12-a33*t22) *
lambda+ (-t12*t22-t12*t32-t22*t32) *1lambda*2+R32/
(lambda-Qsing) ;

L33bis:=(t12+t22+t32) *lambda+all+a22+a33+ h/(lambda-Qsing);

simplify (L31 (lambda) -L31bis) ;
simplify (L32 (lambda) -L32bis) ;
simplify (L33 (lambda) -L33bis) ;

L:=simplify (L) :

L31:=unapply (L31bis,lambda) :
L32:=unapply (L32bis,lambda) :
L33 :=unapply (L33bis,lambda) :

L31bis = 12 al3 (ltZZ ~132) (a]] al2 al3 a22 a33 122 —all al2 al3 a22 a33 t32
—allal?2al3 a23a32 122 +all al2 al3 a23 a32 132 — al2* al3 a2l a33 122
+al2*al3 a2l a33 132 +al2* al3 a23 a31 122 — al2* al3 a23 a3l 32
+al2*a23 ht12 122 +al2 al3* a2l a32 122 —al2 al3* a2l a32 132
—al2al3*a22 a31 122 +al2 al3* a22 a31 132 — al2 al3 a22 h t12 122

4—a12a13a33lzﬂ2132——a132a32h112t32)—F(a]]aZZtSZ—Fa]]a33122
—al2a2l 132 —al3 a3l 122 +a22 a33t12 —a23 a32ti12 —htl2122 —ht12132)




Mt (all 22132 +a22 112132 + a33 112 122) X + 112 122 132X

+ ((allal2®al3 a23 122> —all al2® al3 a23 122132 —all al2* al3* a22 122132 + all al2* a
+al2*a23* 112122 — al2® al3* a21 122° + 2 al2® al3* a21 122 132

—al2’al3* a2l 132* — al2® al3 a22 a23 t12 122 — al2’ al3 a22 a23 t12 132

+2al2®al3 a23 a33 112122 —al2* al3’ a3l 22> + 2 al2* al3’ a31 122 132

—al2?al3’ a3l 132° + al2* al3* a22* 112 132 — al2* al3* a22 a33 t12 122

—al2*al3*a22 a33 112132 — al2* al3* a23 a32 t12 122

—al2*al3*a23 a32 t12 132 + al2* al3* a33* 112 122 — al2* al3* h 112 122

+2al2?al3* ht12122132 —al2® al3* ht12132* + 2 al2 al3® a22 a32 t12 132

—al2al3®a32 a33 112122 — al2 al3® a32 a33 t12 132 + al3* a32* t12 32) h)

(aIZZ al3® (122 —132)? (x

_al2*a23 —al2al3 a22 +al2 al3 a33 —al3’ a32 ) )

al2 al3 (122 —132)
L32bis := -all a22 —all a33 +al2a2l +al3 a3l —a22a33 +a23a32 +htl2 + (

—all 22 —all 32 —a22t12 —a22 132 —a33t12 —a33122) A+ (-t12122

— 112132 — 122 132) 7\.2 — ((allal2al3122 —all al2 al3 132 +al2*a23112
+al2?a23122 —al2 al3 a22 t12 —al2 al3 a22 132 + al2 al3 a33 12

+al2 al3 a33 122 —al3*a32 112 —al3* a32 132) h) (a]Z al3 (122 —132) (k

_al2*a23 —al2al3 a22 +al2 al3 a33 —al3’ a32 ) )
al2 al3 (122 —132)
L33bis == (112 + 122 +132) A+ all + a22 + a33
N h
al2?a23 —al2 al3 a22 + al2 al3 a33 — al3* a32
al2 al3 (122 — 132)

A —

0
0
0

V¥ Verification of the gauge formula with the formula

> J33:=unapply(j33/ (lambda-Qsing), lambda) :
J32:=unapply(j32/ (lambda-Qsing) , lambda) :
J31:=unapply(j31/ (lambda-Qsing), lambda) :
j33:=1:

J:=Matrix(3,3,0):
J[1l,1]:=1:
J[2,2]:=1:
J[3,1] :=J31 (lambda) :
J[3,2] :=J32(lambda) :
J[3,3] :=J33 (lambda) :




J:

Jprime:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Jprime[i,]j]:=diff(J
[1,J],1lambda): od: od:

Jprime:

checkL:=simplify (Multiply (Multiply(J,L),J*(-1))+h*Multiply

(Jprime,J*(-1))):

> j31 :=factor( (all*al2#3*al3*a23*t2272-all*al2”3*al3*a23*t22*
t32-all*al272*al342*a22*t22*t32+all*al222*al3%2*a22*t32*2+all*
al2”~2*al372*a33*t2272-all*al222*al372*a33*t22*t32-all*al2*
al373*a32*t22*t32+all*al2*al323*a32*t3242+al274*a23/2*t12*t22-
al2”~3*al372*a21*t2242+2*%al1l2”23*%*al312*a21*t22*t32-al1l243*%al3/2*
a2l1*t32722-al2723*al3*a22*a23*tl2*t22-al223*al3*a22*a23*tl2*
t32+42*al273*al3*a23*a33*t12*t22-a12%2*al343*%a31*t2272+2*al12/2*
al3”*3*a31*t22*t32-al272*%al1l343*a31*t3242+al22*al372*a22/2*t12*
t32-al2%2*%al1l372*%a22*a33*tl1l2*t22-al2%2*al3%2*a22*a33*t12*t32-
al2*2*al372*a23*a32*t12*t22-a1222*al3%2*a23*a32*t12*t32+al242*
al372*a3372*t12*t224+2*al2*al33*%*a22*a32*t12*t32-al2*al343*a32*
a33*tl1l2*t22-al2*al343*a32*a33*t12*t32+al374*a3242*t12*t32)/
(al2722*%al372* (t22-t32)*2) ) -h*t12;
j32 :=factor( -(all*al2*al3*t22-all*al2*al3*t32+al2”2*a23*tl2+
al2”22*a23*t22-al2*al3*a22*tl2-al2*al3*a22*t32+al2*al3*a33*tl2+
al2*al3*a33*t22-al3%2*a32*tl12-al3%2*a32*t32)/(al2*al3* (t22-t32)
)i

factor (simplify (residue (checkL[3,1],1lambda=Q))) ;
factor (simplify (residue (checkL[3,2],1lambda=Q))) ;
factor (simplify (residue (checkL[3,3],lambda=Q))) ;

J:=simplify (J):

checkL:=simplify (checkL) :
j3l = (all al2’ al3 a23 122° —all al2’ al3 a23 122132 2.1)

al2*al3? (122 — 132)

—all al2*al3*a22 122132 + all al2* al3* a22 132° + all al2* al3* a33 122*
—all al?*al3*a33 122132 —all al2 al3’ a32 122132 + all al2 al3’ a32 132*
+al2*a23? 112 122 — al2® al3* a21 122° + 2 al2® al3* a21 122 132
—al2’al3*a21 132° — al2® al3 a22 a23 t12 122 — al2’ al3 a22 a23 t12 132
+2al2®al3 a23 a33 112122 —al2* al3’ a3l 122> +2 al2* al3’ a31 122 132
—al2*al3’ a3l 132° + al2* al3* a22* 112 132 — al2* al3* a22 a33 t12 122
—al2*al3*a22 a33 112132 — al2* al3* a23 a32 t12 122 — al2* al3* a23 a32 t12 132




+al2®al3%a33% 112122 +2al2 al3* a22 a32 112132 — al2 al3’ a32 a33 t12 122

—al2al3®a32 a33 112132 + al3* a32*t12132) —ht12
. 1 2
32 = - 11al2al3 122 —all al2 al3 132 +al2* a23 t12
J al2 al3 (122 — 132) (allal2a atbatea talza
+al2®a23122 —al2 al3 a22 t12 —al2 al3 a22 132 +al2 al3 a33 tI2
+al2 al3 a33 122 —al3* a32 t12 — al3* a32 132)
0

0
0

infinity)) ,lambda=infinity)) ,lambda=infinity);
series (simplify (series (factor (series (checkL[2,2],lambda=
infinity)),lambda=infinity)),lambda=infinity);
series (simplify (series (factor (series (checkL[2,3],lambda=
infinity)),lambda=infinity)),lambda=infinity);

series (simplify (series (factor (series (checkL[3,1]-h*tl1242,
lambda=infinity) ) ,lambda=infinity)),lambda=infinity);
series (simplify (series (factor (series (checkL[3,2],lambda=
infinity)) ,lambda=infinity)),lambda=infinity);

series (simplify (series (factor (series (checkL[3,3],lambda=
infinity)),lambda=infinity)),lambda=infinity);

5 . 5 (—a124a232 112122 — (-a21 (122 —32)% al3 +a23 (122% al 1
al2? al3* (122 —132)

+ (-132all —t12 (-2 a33 +a22)) 122 — 12132 a22) ) al3 al2® — (-a31 (122

— 322 al3 +all 22*a33 + (-all (a33 +a22) 132 — t12 (a22 a33 + a23 a32
—a33%)) 22 + (32 all a22 + 112 (a22* — a22 a33 — a23 a32)) 132) al3® al2®
+a32al3’ ((a]] 132 +a33 t12) 122 — (t32 all +2 (a22 — % a33) IIZ) zszj al?

—al3*a32’112 t32)

1
al2 al3 (-122 +132)
+ 132 (all +a22)) al3 al2 +al3*a32 (t12 +132))
~al2*a23 +al3 (a22 —a33) al2 +al3*a32

(-a23 (112 +122) al2® + (t12 (a22 —a33) + (-all —a33) 122

A
* al2al3 (122 —132)
3 2 252 3 2
~122° 132 + 21227 132" —122132°) 112 X
! 5 ) s - ((-a13 (-122132
(122 —132) al2” al3” (122 —132)

+132%) 122112 a23 a12® — ((a22 122 132> — 422 132° — a33 122° + a33 1222 132) t12
—122132all (122 —132)%) al3* al2* + a32 al3’ 132 (-122° + 122 132) t12 al2) A)

> series(simplify (series (factor (series(checkL[2,1]-h*tl12,lambda=

2.2)



1
al2® al3® (122 —132)
—132)2 (t12 4+ 122) al3 +a23 (((-a22 +2 a33) 122 —a22 132) 12> + 122 ((all

_+_

5 (—tlz 122 a23* (112 +122) al2* — (-a21 (122

—a22 4+ a33) 122 — 132 (all +a22 —a33)) t12+122%all (22 —132)) ) al3 al2’
— (-a31 (122 —132)% (t12 4+ 132) al3 + ((-a22 a33 — a23 a32 + a33*) 122

+132 (a22* — a22 a33 —a23 a32)) t12* + (a33 (all —a22) 122* — (all (a33
+a22) —a22* 4+ 2 a23 a32 —a33%) 132122 +a22 132* (all —a33)) t12

— 122132 all (122 —132) (a22 —a33)) al3* al2* +a32 ( (a33 122 -2 (a22

— % a33) t32) t12° + ((all —a22 +a33) 122 — 132 (all + a22 —a33)) 132 112

+132%all (122 — zsz)) al3’ al2 —t12t32 al3* a32* (t12 + 132) )

((122% —132%) 112 — 132122 (-122 +132) ) A 1
-122 + 132 + al2 al3 (-122 +132)
+ 112122 +122%) al2* + ((a22 —a33) 112> + ((-all +a22) 122 + 132 (all
—a33)) t12 —132 (a33 —a22) 122) al3 al2 + al3* a32 (112* + 112 132 + 132%) )
((£22 —132) t12 4 122* — 132%) A 1
122 — 132 al2 al3 (122 —132)
_ %—aIS(tIZ(aZZ——aSS)—Fa22t22——a33t32)aIZ—Fa]32a32 (112 +132))
| Computation of the additional gauge matrix to normalize properly at infinity
> Gnorm:=Matrix(3,3,0):
Gnorm[l,1] :=Gnormlll*lambda+Gnormll:
Gnorm[l,2] :=Gnormll2*lambda+Gnorml2:
Gnorm[l, 3] :=Gnormll3*lambda+Gnorml3:
Gnorm[2,1] :=Gnorml21*1lambda+Gnorm21:
Gnorm[2,2] :=Gnorml22*]lambda+Gnorm22:
Gnorm[2,3] :=Gnorml23*]lambda+Gnorm23:
Gnorm[3,1] :=Gnorml3l*lambda+Gnorm31l:
Gnorm[3,2] :=Gnorml32*1lambda+Gnorm32:
Gnorm[3,3] :=Gnorml33*lambda+Gnorm33:
Gnorm;

(-a23 (112°

(-a23 (t12 +122) al2*

Gnormprime:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Gnormprime[i,j]:=diff
(Gnorm[i,j],lambda): od: od:

Gnormprime;

2.3



AGnormlll + Gnormll A GnormlI2 + Gnorml2 A Gnormll3 + Gnorml3
A Gnorml121 + Gnorm21 A Gnorml122 + Gnorm22 A Gnorml123 + Gnorm23 2.3)
A Gnorml31 + Gnorm31 A Gnorml32 + Gnorm32 A Gnorml33 + Gnorm33

Gnormlll Gnormll2 Gnormll3
Gnorml21 Gnorml22 Gnorml23
Gnormli31 Gnorml32 Gnormli33

> TdLtheo:=Matrix(3,3,0):

TdLtheo[1l,1] :=tl2*lambda+all:
TdLtheo[1l,2] :=al2:
TdLtheo[l,3] :=al3:
TdLtheo[2,1] :=a21:
TdLtheo[2,2] :=t22*1ambda+a22:
TdLtheo[2,3] :=a23:
TdLtheo[3,1] :=a31:
TdLtheo[3,2] :=a32:
TdLtheo[3,3] :=t32*1lambda+a33:
TdLtheo;

EquationToCancel :=simplify (Multiply (TdLtheo,Gnorm)-Multiply
(Gnorm, checkL) ~-h*Gnormprime) :

Atl2 +all al2 al3
a2l A122 +a22 a23 24)
a3l a32 A132 +a33

> Gnormll3:=0:
factor (-residue (EquationToCancel[1l,1]/lambda”4,lambda=infinity)
)
factor (-residue (EquationToCancel[l,2]/lambda”*4,lambda=infinity)
)
factor (-residue (EquationToCancel[l,3]/lambda*4,lambda=infinity)
)
Gnorml23:=0:
factor (-residue (EquationToCancel[2,1]/lambda*4,lambda=infinity)
)
factor (-residue (EquationToCancel[2,2]/lambda”*4,lambda=infinity)
)
factor (-residue (EquationToCancel[2,3]/lambda”4,lambda=infinity)
)
Gnorml33:=0:




factor (-residue (EquationToCancel[3,1] /lambda*4,lambda=infinity)

)

factor (-residue (EquationToCancel[3,2]/lambda”*4,lambda=infinity)

)

factor (-residue (EquationToCancel[3,3]/lambda”4,lambda=infinity)

);

Gnormll2:
Gnormlll:

[N eNeNoNoNoNo oo

=0:
=Gnorml3*t32*t22;

(2.5)

factor (-residue (EquationToCancel[1l,1]/lambda”3,lambda=infinity)

)

factor (-residue (EquationToCancel[1l,2]/lambda”3,lambda=infinity)

);

factor (-residue (EquationToCancel[1l,3]/lambda”3,lambda=infinity)

);
Gnorml22:
Gnorml21l:

=0:
=Gnorm23*t32*tl2;

factor (-residue (EquationToCancel[2,1]/lambda”3,lambda=infinity)

);

factor (-residue (EquationToCancel[2,2] /lambda”3,lambda=infinity)

);

factor (-residue (EquationToCancel[2,3]/lambda”3,lambda=infinity)

)i
Gnorml32:
Gnorml31l:

=0:
=Gnorm33*t22*tl1l2;

factor (-residue (EquationToCancel[3,1] /lambda”3,lambda=infinity)

);

factor (-residue (EquationToCancel[3,2]/lambda”3,lambda=infinity)

)

factor (-residue (EquationToCancel[3,3]/lambda”3,lambda=infinity)

);

Gnorm:=simplify (Gnorm) ;

Gnormlll := Gnorml3 t32 122
0

0
0

(2.6)



Gnorml21 := Gnorm23 t12 t32
0
0
0

Gnormli31 := Gnorm33 t12 122
0
0
0

Gnorml3 At22 t32 4+ Gnormll Gnorml2 Gnorml3
Gnorm23 At12 t32 4+ Gnorm21 Gnorm22 Gnorm23
Gnorm33 At12 122 4+ Gnorm31 Gnorm32 Gnorm33

> Gnorml2:=-Gnorml3* (t22+t32) ;
Gnorml3:=(Gnorm23*al2*t32+Gnorm33*al3*t22+Gnormll) *al3*al2* (t22
-t32)/ (al272*a23*t22*t32-al2*al3*a22*t32*2+al2*al3*a33*t22*2-
al3*2*a32*t22*t32) ;
factor (-residue (EquationToCancel[1l,1]/lambda”*2,lambda=infinity)
)
factor (-residue (EquationToCancel[l,2]/lambda”2,lambda=infinity)
)i
factor (-residue (EquationToCancel[l,3]/lambda”2,lambda=infinity)
)i
Gnorml2 = -Gnormli3 (122 +t32) 2.7)
(Gnorm23 al2 t32 + Gnorm33 al3 t22 + Gnormll) al3 al2 (122 —t32)

al2?a23 122132 —al2 al3 a22 132> +al2 al3 a33 122> — al3% a32 122 132
0
0
0

Gnorml3 =

> Gnorm22:=-Gnorm23* (tl1l2+t32) ;
Gnorm23:=(Gnorm33*al272*a2342*t12*t22*t32+Gnorm33*al2*al3/2%*
a2l1*t22722*t32-Gnorm33*al2*al372*a21*t22*t32%2-Gnorm33*al2*al3*
a22*a23*t12*t3272+Gnorm33*al2*al3*a23*a33*t12*t2242-Gnorm33*
al3”*2*a23*a32*t12*t22*t32+Gnormll*al2*al3*a21*t22*t32-Gnormll*
al2*al3*a21*t3272+Gnorm21*al272*a23*t22*t32-Gnorm21*al2*al3*
a22*t3222+Gnorm21*al2*al3*a33*t2242-Gnorm21*al312*a32*t22*t32) *
al2*al3* (t22-t32)/(all*al2~3*al3*a23*t2272*t3242-all*al2*3*al3*
a23*t22*t32723-all*al242*al312*a22*t22*t3243+all*al272*al342*
a22*t32”4+all*al272*al372*a33*t2273*t32-all*al222*al342*a33*
t22722*t32%2-all*al2*al373*a32*t2222*t32%2+all*al2*al313*a32*
t22*t3243+al274*%a2372*t12*t22*t3242-al273*al3/2*a21*t22/2%*
t3272+42%al1273*%al322*a21*t22*t3243-al1273*al3/2*a21*t32%4-a12/3*
al3*a22*a23*tl1l2*t22*t32%2-al273*%al3*a22*a23*t12*t3243+2*al2*3*
al3*a23*a33*t12*t2242*t32+al272*al342*a22/2*t12*t3273-al242*
al372*%a22*%a333*t12*t2242*t32-a1l222*%*al3%2*a22*a33*t12*t22*t32/2




—2%a1242%al1342%a23%a32*t12%t22*%£32~2+al1242%a1342%a3342*£12%
£2243+al2%al33%a22*%a32*t12*£22*£3242+al2%al3~3%a22*a32*t12*
£3243-2%al2*%al1343%a32*%a33*t12%t2242%£32+a13/4*%a32A2*%12*£22*
£3242) ;
factor (-residue (EquationToCancel[2,1]/lambda*2,lambda=infinity)
)i
factor (-residue (EquationToCancel[2,2]/lambda*2,lambda=infinity)
)
factor (-residue (EquationToCancel[2,3]/lambda”2,lambda=infinity)
)

Gnorm22 = -Gnorm23 (t12 +132) 2.8)

Gnorm23 = ((Gnorm33 al2* a23* t12 122 32 + Gnorm33 al2 al3* a2l 122* 132

— Gnorm33 al2 al3* a2l 122 t32° — Gnorm33 al2 al3 a22 a23 t12 132°

+ Gnorm33 al2 al3 a23 a33 t12 t222 — Gnorm33 a132 a23 a32t12 122 t32
+—Gn0nn]]a12a13a21122t32——Gn0nnlla]2al3a2]t322

+ Gnorm21 al2* a23 22 t32 — Gnorm21 al2 al3 a22 132°

+ Gnorm21 al2 al3 a33 122° — Gnorm21 al3* a32 122 t32) al2 al3 (122 —t32) ) /
(all al2®al3 a23122* 132> — all al2’ al3 a23 122 132° — all al2* al3* a22 122 132°
+all al2*al3*a22 132* + all al2® al3* a33 122> 132 — all al2* al3* a33 122° 132
—all al?2 al3’ a32 122 132> + all al2 al3® a32 122 132° + al2* a23° 112 122 132*
—al2®al3* a2l 122° 132> + 2 a12’ a13% a21 122 132° — a12® a13* a21 132*

—al2’ al3 a22 a23 t12 122 132> — al2’ al3 a22 a23 t12 132°

+2al2® al3 a23 a33 t12 122% 132 + al2* al 3 a22* 112 132°

—al2® al3* a22 a33 t12 122° 132 — al2* al3* a22 a33 t12 122 132

—2al2*al3* a23 a32 t12 122 132* + al2* al3* a33* 12 122°

+al2 al3® a22 a32 112 122 132° + al2 al3® a22 a32 112 132°

—2al2al3’ a32 a33 t12 122 132 + al3* a32° 112 122 132°)
0
0
0

> Gnorm32:=-Gnorm33* (t12+t22) ;
Gnorm33:=factor (solve (factor (-residue (EquationToCancel[3,1]
/lambda”2,lambda=infinity)) ,Gnorm33)):
factor (-residue (EquationToCancel[3,1]/lambda”*2,lambda=infinity)
)
factor (-residue (EquationToCancel[3,2]/lambda*2,lambda=infinity)
)
factor (-residue (EquationToCancel[3,3]/lambda*2,lambda=infinity)
)
Gnorm:=simplify (Gnorm) :
Gnorm32 = -Gnorm33 (t12 +122) 2.9)
0

0
0




> Gnorm3l:=factor (solve (factor (-residue (EquationToCancel[3, 3]
/lambda”l,lambda=infinity)) ,Gnorm31)) :
factor (-residue (EquationToCancel[3,3]/lambda”l,lambda=infinity)
)
factor (-residue (EquationToCancel[3,2]/lambda”l,lambda=infinity)
)i

0 (2.10)

0
> Gnormll:=Gnorm21l*al272*al3* (t22-t32)7*2/(all*al2*al3*t22*t32-
all*al2*al3*t3272+al242*a23*tl1l2*t22-al2*al3*a22*tl12*t32+al2*
al3*a33*tl2*t22-al3%2*a32*t12*t32) ;

Gnormll == (Gnorm21 al2*al3 (122 —132)%) | (all al2 al3 122132 — all al2 a3 132* (2.11)

| +al2*a23 112122 —al2 al3 a22 t12 132 + al2 al3 a33 t12 22 — al3* a32 t12 132)

> factor (-residue (EquationToCancel[3,1]/lambda”1l,lambda=infinity)
L;ctor(—residue(EquationToCancel[Z,l]/lambdaAl,1ambda=infinity)
L;ctor(—residue(EquationToCance1[2,2]/lambdaAl,1ambda=infinity)
L;ctor(—residue(EquationToCance1[2,3]/lambdaAl,1ambda=infinity)
L;ctor(—residue(EquationToCancel[l,l]/lambdaAl,1ambda=infinity)
L;ctor(—residue(EquationToCancel[l,Z]/lambdaAl,1ambda=infinity)
L;ctor(—residue(EquationToCance1[1,3]/lambdaAl,1ambda=infinity)
);

[N eNe NNl

> Gnormll:=factor (Gnormll) ;
Gnorml2:=factor (Gnorml2) ;
Gnorml3:=factor (Gnorml3) ;
Gnorm2l:=factor (Gnorm21l) ;
Gnorm22:=factor (Gnorm22) ;
Gnorm23:=factor (Gnorm23) ;
Gnorm3l:=factor (Gnorm3l) ;
Gnorm32:=factor (Gnorm32) ;
Gnorm33:=factor (Gnorm33) ;

(2.12)



Gnorm2l:=(all*al2*al3*t22*t32-all*al2*al3*t3242+al242*a23*t12*
t22-al2*al3*a22*tl12*t32+al2*al3*a33*tl12*t22-al3%2*a32*t12*t32)/
(al272* (t22-t32) *2*al3):
Gnorm:=simplify (Gnorm) ;

Gnormll == (Gnorm21 al2*al3 (122 —132)%) | (all al2 al3 122132 — all al2 al3 132* (2.13)

+ al2® a23 112 122 — al2 al3 a22 t12 32 +al2al3 a33ti21t22 — al3®a32t12 t32)
Gnorml2 =0
Gnorml3 =0
Gnorm21 = Gnorm21

Grorm22 = - ((t12 +132) (122 — 132) al2 al3 Gnorm21) | (all al2 al3 22 132
—all al2 al3132* +al2* a23 112122 —al2 al3 a22 t12 132 +al2 al3 a33 t12 122
—al3*a32t12132)

Gnorm23 = ((122 —132) al2 al3 Gnorm21) / (a]] al2 al322t32 —all al2 al3 t32
+al2?a23 112122 —al2 al3 a22 t12 132 + al2 al3 a33 t12 122 — al3* a32 12 t32)

Gnorm31 = - ((all al2 al3122* —all al2 al3 122 132 + al2” a23 t12 122
—al2al3a22 t12 132 +al2 al3 a33 t12 122 — al3* a32 t12 132) Gnorm21 al2) |
((allal2al3 22132 —all al2 al3 132* +al2*a23 t12 122 —al2 al3 a22 t12 32
+al2al3a33t1222 —al3*a32t12132) al3)

Gnorm32 == ((t12 +122) (122 —132) al2* Gnorm21) / (all al2 al3 122132
—all al2 al3 32> +al2* a23 112122 —al2 al3 a22 t12 132 +al2 al3 a33 t12 122
—al3*a32t12132)

Gnorm33 = - ((122 — 132) al2* Gnorm21) / (all al2 al3 22132 —all al2 al3 132°
+al2*a23 112122 —al2 al3 a22 t12 132 + al2 al3 a33 t12 122 — al3* a32 12 t32)

2

1,0,0],

1
al3 al2® (-122 + 132)
+a22) t12 —all 122) 132 —a33 t12122) al3 al2 — al3* a32 112 132),

> (a12?a23 112122 — ((At12 +all) 1322 + (1222

-t12 —132 1
al2 (1222 —132) " al2 (122 —132) |
1

al2 (-122 +132)% al3*
+ ((A132 —a33) t12+132all) 122 + 112132 a22) al2 + al3* a32 12 132),

(-a12*a23t12122 +al3 ((-A 112 —all) 122°

| al3 (122 —132) " al3 (122 —132)

;We verify that G is indeed equal to G*{-1} J*{-1} and give the expression of Gnorm

> Gnormalisationinfini:=simplify (Multiply(G*(-1),J*(-1))):
dGnormalisationinfinidlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do
dGnormalisationinfinidlambdal[i,j] :=diff (Gnormalisationinfinili,

2 +122 1 ”




jl,lambda): od: od:

simplify (Gnorm-Gnormalisationinfini) ;

factor (- (residue (Gnorm[1,1]/lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[1l,1]/lambda,lambda=infinity) ));

factor (- (residue (Gnorm[2,1] /lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[2,1] /lambda,lambda=infinity) ));

factor (- (residue (Gnorm[2,2] /lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[2,2] /lambda,lambda=infinity) ));

factor (- (residue (Gnorm[2,3] /lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[2,3] /lambda,lambda=infinity) ));

factor (- (residue (Gnorm[3,1]/lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[3,1] /lambda,lambda=infinity) ));

factor (- (residue (Gnorm[3,2] /lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[3,2] /lambda,lambda=infinity) ));

factor (- (residue (Gnorm[3,3]/lambda”*2,lambda=infinity) ));
factor (- (residue (Gnorm[3,3]/lambda,lambda=infinity) ));

factor (Determinant (Gnorm)) ;

(2.149)

—_—o O O O

112132
al2 (122 —132)

(aIIa]2al3122t32——a11aIZa]3t322%—a122a23112t22

1

al2? (122 —132)% al3
—al2al3a22t12132 +al2 al3 a33 t12 122 — al3* a32 t12 132)
0
24132

al2 (122 —132)
0
1

al2 (122 —132)

112 122
al3 (122 —132)




1

al2 (122 —132)% al3?

0
2 +122

al3 (122 —132)
0
1

1

al3 (122 —132)

- (all al2 al3 22* —all al2 al3 122 132 + al2* a23 t12 122

—al2al3a22 t12132 4 al2 al3 a33 t12 122 — al3* a32 t12 132)

Multiply (Gnormprime,Gnorm” (-1)));
0 0O
0 0O
0 0O

of the singular part at infinity.

> Ginfinity:=Matrix(3,3,0):

Ginfinity[1l,1] :=1+glll*lambda”(-1)+
lambda* (-3) :

Ginfinity[1l,2]:= gl2l*lambda”(-1)+
lambda* (-3) :

Ginfinity[1,3]:= gl3l*lambda”(-1)+
lambda* (-3) :

Ginfinity[2,1]:= g2ll*lambda”(-1)+
lambda* (-3) :

Ginfinity[2,2] :=1+g221*lambda” (-1)+
lambda* (-3) :

Ginfinity[2,3]:= g23l*lambda”(-1)+
lambda* (-3) :

Ginfinity[3,1]:= g3ll*lambda”(-1)+
lambda* (-3) :

Ginfinity[3,2]:= g32l1l*lambda”(-1)+
lambda* (-3) :

Ginfinity[3,3] :=1+g331*lambda” (-1)+
lambda* (-3) :

Ginfinity;

i " al2al3 (122 —132)
|_Verification that TdLtheo is really the normalized version of \check{L}

> simplify (TdLtheo-Multiply (Multiply (Gnorm, checkL) ,Gnorm” (-1))-h*

gll2*lambda” (-2)+E11*

gl22*lambda” (-2)+E12*

gl32*lambda” (-2)+E13*

g2l2*lambda” (-2)+E21*

g222*lambda” (-2) +E22*

g231l*lambda” (-2)+E23*

g3l2*lambda” (-2)+E31*

g322*lambda” (-2) +E32*

g332*lambda” (-2) +E33*

(2.15)

V¥ Expression of the Lax matrices \td{L.}, L. and gauge matrices
using irregular times after computing the local diagonalization



Ginfinityprime:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do Ginfinityprimel[i,]j]:=
diff (Ginfinity[i,j],lambda): od: od:

Linfinity:=Matrix(3,3,0):

Linfinity[1l,1] :=tl2*lambda+t11+t10/lambda+ull/lambda*2+
vll/lambda”3:

Linfinity[1l,2] :=ul2/lambda*2+v12/lambda”3:
Linfinity[1l,3] :=ul3/lambda*2+v13/lambda”3:
Linfinity[2,1] :=u2l/lambda*2+v21/lambda*3:
Linfinity[2,2] :=t22*1lambda+t21+t20/lambda+u22/lambda”2+
v22/lambda”3:

Linfinity[2,3] :=u23/lambda*2+v23/lambda*3:
Linfinity[3,1] :=u3l1/lambda*2+v31/lambda*3:
Linfinity[3,2] :=u32/lambda*2+v32/lambda*3:
Linfinity[3,3] :=t32*1lambda+t31+t30/lambda+
u33/lambda*2+v33/lambda“*3:

Linfinity;
glll | gll2 . Ell glI2]1 | gl22 | EI2 gl3] | gl32 | EI3
1+ LB e S e e R R R el
A A A A A A
211 g2£2 N E23] 1821 g2§2 N E232, g231 g2§] 4 E233 ’
A A A A A A A A A
g3l g3£2 N E331 , g321 g3§2 N E332 g g331 g3§2 N E333
A A A A A A A A A
Kﬂ2+ﬂl+-ﬂ0%—ug +\%I’u? +1{f,u§?+_ﬂj,
A A A A A A A
%f+V?,M2+QJ+QO+M?—%@E,%f+v?,
A A A A A A A
M?-+M?,u?-+v?,K62+ﬁL+ﬁ0+l%3+v?
A A A A A A A

> tdL:=simplify (tdL):
ToCancel2:=simplify (simplify (tdL) - (Multiply (Multiply (Ginfinity,
Linfinity) ,Ginfinity” (-1))+h*Multiply (Ginfinityprime,Ginfinity”*
| (-1)))):
> gl2l:=-al2/(tl2-t22);
residue (ToCancel2[1l,2]/lambda*2,lambda=infinity) ;
residue (ToCancel2[1l,2]/lambda,lambda=infinity) ;
gl31l:=-al3/(t1l2-t32);
residue (ToCancel2[1l,3]/lambda*2,lambda=infinity) ;
residue (ToCancel2[1l,3]/lambda,lambda=infinity) ;
g2ll:=-a2l1/(t22-t12);

3.1)



residue (ToCancel2[2,1]/lambda”*2,lambda=infinity) ;

residue (ToCancel2[2,1]/lambda,lambda=infinity) ;

a22:=t21;

residue (ToCancel2[2,2]/lambda”*2,lambda=infinity) ;

residue (ToCancel2[2,2]/lambda,lambda=infinity) ;
g231:=-a23/(t22-t32) ;

residue (ToCancel2[2,3]/lambda”*2,lambda=infinity) ;

residue (ToCancel2[2,3]/lambda,lambda=infinity) ;
g31l1l:=-a31/(t32-t1l2);

residue (ToCancel2[3,1]/lambda”*2,lambda=infinity) ;

residue (ToCancel2[3,1]/lambda,lambda=infinity) ;
g321:=a32/ (t22-t32) ;

residue (ToCancel2[3,2]/lambda”*2,lambda=infinity) ;
simplify (residue (ToCancel2[3,2]/lambda,lambda=infinity)) ;
a33:=t31;

residue (ToCancel2[3,3]/lambda”*2,lambda=infinity) ;
simplify (residue (ToCancel2[3,3]/lambda,lambda=infinity)) ;
all:=t1l1;

residue (ToCancel2[1,1]/lambda,lambda=infinity) ;

L al2
g2l =~ s

0
0
al3

t12 — 132
0
0
a2l

-t12 + 122
0
0
al22 =121
0
0
al3

122 — 132

(3.2)
gl3] =

g21] == -

9231 == -

0
0

a3l
-t12 + 132
0
0

a3?2

122 — 132
0

0

a33 =131

g311 = -

g321 =



0
0
all =111
L 0
> NonTrivialRelation:=residue (ToCancel2[1,1],lambda=infinity) ;
tdL:=simplify (tdL) ;

g212:=(a21*tl1272*glll-a2l1*tl1l2*t22*glll-a21*tl2*t32*glll+a2l*
t22*t32*glll-a21*tl2*tll1+a21*tl2*t21+a21*t32*t1ll-a21*t32*t21+
a23*a3l*tl2-a23*a31*t22)/(tl2-t22)*2/(t12-t32);

simplify (residue (ToCancel2[2,1],lambda=infinity)) ;

NonTrivialRelation2:=simplify (residue (ToCancel2[2,2],lambda=
infinity))

g331l:=(al3*a2l1*t22-al3*a2l1*t32+a23*tl2*t22-a23*t12*t32+a23*t12*
t21-a23*t12*t31-a23*t22*t32+a23*t3242-a23*t32*t21+a23*t32*t31)/
((tl2-t32) * (t22-t32) *a23) ;

simplify (residue (ToCancel2[2,3],lambda=infinity)) ;

g312:=(a31*tl1272*glll-a31*tl2*t22*glll-a31*tl2*t32*glll+a3l*
t22*t32*glll+a2l*a32*tl2-a2l1*a32*t32-a31*tl12*tll+a31*tl12*t31+
a31*t22*tl11-a31*t22*t31)/(tl2-t32)*2/(tl12-t22);

simplify (residue (ToCancel2[2,3],lambda=infinity)) ;

g322:=-(-a32*t12*t22*g221+a32*t12*t32*g221+a32*t2242*g221-a32*
t22*t32*g221+al2*a31*t22-al2*a31*t32+a32*tl12*t21-a32*t12*t31-
a32*t22*t21+a32*t22*t31) / (t22-t32) *2/(t12-t22) ;

simplify (residue (ToCancel2[3,2],lambda=infinity)) ;

NonTrivialRelation3:=simplify (residue (ToCancel2[3,3],lambda=
infinity))

. . . a2lal? a3l al3
NonTrivialRelation = 124122 + 1124130 +t10 A3.3)
At12 4111 al2 al3

a2l A22 + 121 a23

a3l a32 At32 + 131
1
(112 — 122)% (112 — 132)
+ a2l g111 122132 — a2l t11 t12 + a2l t11 132 + a21 112 121 — a21 121 132
+a23 a3l t12 —a23 a3l 122)

g212 = (a21 g111t12* —a21 111112122 —a2l gl11 t12 132

0




.. . 1 2
NonT; [Relation2 = -120122 12 a2l 23 a32
onTrivialRelation (112 — 122) (t22—t32)( + (al2 a2l +a23 a
+ 112120 +120132) 122 + (-a23 a32 —t20132) t12 —al2 a2l t32)

1
331 = 13a21 122 —al3 a2l
§ (12 —132) (122 —132) a23 (a13a al3 a2l 132 +a23 112121

+a23 112122 —a23 t12 131 — a23 t12 132 — a23 121 132 — a23 122 132 + a23 131 132
+ a23 132°)

0

! (a31 g111t12* —a31 11112122 —a31 gl11 t12 132

(t12 —132)% (112 — 122)
+a31 gl11 122132 + a2l a32 t12 — a2l a32 132 —a31 t11t12 + a3l t11 122
+a31 12131 — a3l 122 131)

g312 =

0

! (-a32 g221 112122 + a32 g221 112 132

(122 —132)* (112 — 122)
+a32 g221 122° —a32 8221122132 +al2 a3l 122 —al2 a3l 132 +a32 t12 121
—a32t12t31 —a32 121 122 +a32 122 t3])

0
.. . 1 2
NonTrivialRelation3 = (112 —132) (122 —132) (t30 t32°+ (-al3 a3l —a23 a32
_ — 112130 — 122 t30) 132 + (a23 a32 +1221t30) ti2 +al3 a3l t22)
> NonTrivialRelation:=simplify (NonTrivialRelation) ;
NonTrivialRelation2;

9322 == -

NonTrivialRelation3;

t10:=-t20-t30;

a2l := (a23*a32*tl2-a23*a32*t22-t12*t22*t20+t1l2*t32*t20+t22"2%

£20-£22*£32*£20) / (al2* (t22-t32)) ;

a3l := -(a23*a32*tl2-a23*a32*t32+t12*t22*t30-t12*t32*t30-t22%*

t32*t30+t3272*t30) / (al3* (t22-t32)) ;
simplify (NonTrivialRelation) ;
simplify (NonTrivialRelation2) ;
simplify (NonTrivialRelation3) ;
tdL:=simplify (tdL) ;
. . 1 2
NonTrivialRelation = (112 —122) (112 —132) (t10112° + ((-122 —132) t10 — al2 a2l

—al3a3l) t12 +al2 a2l 132 +al3 a31 122 + 110 122 132)

2 t22)1(t22 “ay (120 122° + (al2 a2] + a23 a32 + 12 120 + 120 132) 122 + (

~a23 a32 —120132) tI12 — al2 a2l 132)

e —t32)1(t22 5 (130132> + (-al3 a31 — a23 a32 — 112 130 — 122 130) 132

+ (a23 a32 + 122 130) t12 +al3 a3l 122)
t10 == -120 — t30

3.4



a23 a32 112 — a23 a32 122 — t12 120 122 + t12 120 132 + 120 122° — 120 122 132

2] =
4 al2 (122 —132)
423432112 —a23 a32 132 + 112 122 130 — 112 130 132 — 122 130 132 + 130 132°
a3l = -
al3 (122 — 132)

0

0

0

A2 + 111 al? al3

(112 —122) ((-122 +132) 120 + a23 a32)
al2 (122 —132)

_ (112 —132) (130 (122 —132) +a23 a32)
al3 (122 —132)

Definition of the Darboux coordinates to end the expression of the Lax matrices and gauge
matrices.
The coordinate q was introduced earlier in the oper gauge transform as the apparent
| singularity

A122 +121 a23

a3?2 At32 +131

> Conditionp:=unapply (factor (Determinant (Psing*IdentityMatrix(3) -
_ tdL) ) ,lambda) :
> Psing:=(al2”2*a23*t32+al2*al3*t22*t31-al2*al3*t32*t21-al32*
a32*t22) /(al2* (t22-t32) *al3) ;
factor (Conditionp (Qsing)) ;
Qsing=qg;
Psing=p;
solve ({Qsing-q,Psing-p}, {a23,a32});

a23 := -al3*(-g*t22+p-t21)/al2;
a32 := -al2*(-q*t32+p-t31)/al3;
simplify (Qsing-q) ;
simplify (Psing-p) ;
al2*a23 132 —al2 al3 121132 +al2 al3 122 131 —al3* a32 122

o 3.5
sing al2 al3 (122 —132) o

0
al2’a23 —al2 al3 21 +al2al3 131 —al3*a32 _
al2 al3 (122 — 132) -4
al2*a23132 —al2al3 121132 +al2 al3 122131 —al3*a32 122 _
al2 al3 (122 —132) =P

{a23=— al3 (-qt22 +p —121) 432 =- al2 (-qt32 +p —131) }
al? al3
W23 = - al3 (-q22 +p —121)
al?
432 = - al2 (-g32+p —131)
al3
0

0



> gl32:=solve(simplify (residue (ToCancel2[1,3]/lambda”0, lambda=
infinity)) ,gl32);
g221:=solve(simplify (residue (ToCancel2[1,2]/lambda”0,lambda=
infinity)) ,hg221);

simplify (residue (ToCancel2[1l,1],lambda=infinity)) ;
simplify (residue (ToCancel2[1l,2],lambda=infinity)) ;
simplify (residue (ToCancel2[1l,3],lambda=infinity)) ;
simplify (residue (ToCancel2[2,1],lambda=infinity)) ;
simplify (residue (ToCancel2[2,2],lambda=infinity)) ;
simplify (residue (ToCancel2[2,3],lambda=infinity)) ;
simplify (residue (ToCancel2[3,1],lambda=infinity)) ;
simplify (residue (ToCancel2[3,2],lambda=infinity)) ;
simplify (residue (ToCancel2[3,3],lambda=infinity)) ;
gl32 == - 5 I ((Ft12122—pqtl2—pq22+qtl] 22
(112 —132)" (-q 122 +p —121)
+qﬂ2ﬂl—qﬂ222+qﬁ252+pz—pﬂl+pﬂ2—le—pﬁZ+ﬂlQl
+ 112120 — t12 121 — 120122 + 121 132) al3)

1 2
221 = —al2 g 12132 +al2 g 22132 — 2122 112% 122
8 (112 —122) (122 —132) al2 (~al2q112132+al2 q122132 =122 112"

+gI22 1127132 42 g122 112 122> —2 g122 12 122 132 — g122 122° + g122 122° 132
+al2pti2 —al2p 22 +al2 t11 122 —al2 t11 132 —al2 t12 131 — al2 21 122
+al2 121132 +al2 122131)

SO ODODDODDODOO O

> ull:=solve( simplify (residue (ToCancel2[1l,1]*lambda,lambda=
infinity)) ,ull):

simplify (residue (ToCancel2[1l,1] *lambda,lambda=infinity)) ;
u22:=solve( simplify (residue (ToCancel2[2,2]*lambda,lambda=
infinity)) ,u22):

simplify (residue (ToCancel2[2,2] *1lambda, lambda=infinity)) ;
u33:=solve( simplify (residue (ToCancel2[3,3]*lambda,lambda=
infinity)) ,u33):

simplify (residue (ToCancel2[3,3] *lambda,lambda=infinity)) ;

0

0
0

:Summary of the formulas for Lax matrices and gauge matrices

3.6)

3.7



> tdL:=simplify (tdL):
tdL[1,1];
tdL[1, 2];
tdL[1, 3];
tdL[2,1];

tdL21bis:=(t12-t22)/al2/ (£22-t32) * (p*2- (q* (£22+t32) +t21+t31) *p+

t32*t22*g*2+ (t22*t31+t32*t21) *q+ (t32-t22) *t20+t21*t31 ) ;

factor (series (factor (tdL[2,1]-tdL21bis) ,g=0)) ;
tdL[2, 2];
tdL[2, 3];
tdL[3,1];

tdL31lbis:=(t12-t32) * (p*2- (g* (t22+t32) +t21+t31) *p+t22*t32*qgq*2+
(t22*t31+t32*t21) *q+ ( (£t22-t32) *£30+t21*t31) )/al3/(t32-t22);

factor (series (factor (tdL[3,1]-tdL31bis) ,g=0)) ;

tdL[3, 2];
tdL[3, 3];
tdL;
Atl2 + 111
al?
al3

1
al2 (122 —132)

+120) 132+ (p —131) (p —121)))

. 1 . 2
dL21bis = — 22— 130) ((t12—=122) (p”— (g (122 +132) + 121 +131) p

+q7 122132 + (1221 132 + 122 131) g + (-122 +132) 120 + 121 t31) )

((t12—122) ((F132—pqg+q13] —120) 22+ (-pg+q 121

0
A22 4+ 121
~al3 (-q22+p —121)
al?
1 2
3 (22 —132) ((t12—132) ((¢°122—pq+q21 —130) 132+ (-pq +q 131
+130) 122+ (p—131) (p —121)))

tdL31bis = ! ((112—132) (p* — (q (222 +132) + 121 +131) p

al3 (-122 +132)

+¢* 122132 + (121 132 + 122 131) q + 130 (122 —132) + 121 131))
0
~al2 (-q132+p —131])
al3
At32 + 131

[[Xt]2-+tll,a12,a13 ,

1
al2 (122 —132)

((t12—122) (132 —pq+q131 —120) 22+ (-pq

3.8



al3 (-qt22 +p —121)

+q 21 +120) 132+ (p—131) (p—121))), A122 + 121, - &

- 1 ((t12—132) ((F122—pqg+q21 —130) 132+ (-pgq

al3 (122 —132)
+q31+130) 22+ (p—131) (p—12)) ), - <22 (“1’12];17—61)

]

> L33ter:=h/(lambda-q)+ (t12+t22+t32) *1lambda+t1l1+t21+t31;
simplify (L33bis-L33ter) ;

, M32 4+ 131

L32ter:=h* (- (t12+t22+t32) *q+p-t11-t21-t31) / (lambda-qgq) - (t12*t22+
t12*t32+t22*t32) *1lambda*2- (t12* (t21+t31)+t22* (t11+t31)+t32%*
(tll+t21)) *lambda+ t12*t10+t22*t20+t32*t30-t11*t21-t11*t31-t21*
t31 +h*tl2 ;

factor (series (simplify (L32bis-L32ter) ,lambda=0)) ;

L31lter:=h*( p"2-(t1l1+t21+t31+g* (t12+t22+t32)) *p+ (tl2*t22+tl2*
t32+t22*t32) *gq*2+ (t12* (£21+t31) +t22* (£t11+t31) +t32* (t11+t21)) *q
-t12*t10 -t22*t20-t32*t30+t11*t31+t11*t21+t21*t31 -h*tl2 )/
(lambda-q)

+t12*t22*t32*1lambda”3+ (t22*t12*t31+t12*t32*t21+t22*t32*t11) *
lambda*2

+((t30-h) *t22*t12+ (t20-h) *t32*t12+t10*t22*t32 +t12*t21*
£31+t22*t11*t31+t32*t11*t21) *lambda

+p”3-((t12+t22+t32) *q+t21+t31+tll) *p*2

+(g*2* (£12*t22+t12*£32+t22*%t32)+ (t12* (t21+t31)+t22* (£t11+t31)+
t32* (t11+t21) ) *g- (t10*t12+t20*t22+t30*t32)+ t11*t21+t11*t31+
t21*t31 -h*tl2 )*p

-gA3*t12*t22*t32- (£t22*t32*t11+t12*t32*t21+t12*t22*t31) *gq*2

= (£21*t31*t12+t11*t31*t22+t11*t21*t32 +t10*t22*t32+ t20*tl2~*
t32+t30*t12*t22 -h* (t22+t32) *t1l2) *q;

series (simplify(series (simplify (L31bis-L31ter) ,qg=0)),g=0);

L33ter := %L + (12 + 22 +132) A+l + 121 + 131 3.9
—q
0
h (-(t12+122+132) g +p —tll —12]1 —131)

L32ter =

— (t12 122 + t12 132
A—q
£122132) N — (112 (121 + 131) + 122 (111 + 131) + 132 (111 +121)) A+ 112 (-120
—130) + 120122 + 130132 — t11 21 — t11 31 — 21 t31 + h t12
0




L31ter = % (h (P2 = (111 + 21 + 31 + (112 + 122 +132) q) p + (112 122 + 112 132

—q
Y 22132) P 4 (112 (121 +131) + 122 (111 +131) +132 (t11 +121)) g — t12 (~120
—130) — 120122 — 130132 + 111 131 + 111 21 + 121 131 —h t12)) + 112122 132X

(111122132 + 112121 132 + 112 22 131) X+ ((~h +130) 122 112 + (~h

+120) 132112 + (-120 —130) 122132 + 12 121 131 + 122 ¢11 31 + 13211 21) A+ p°
— (t1] + 021 + 131 + (12 + 122 +132) q) p* + ((t12 122 + 112132 + 122 132) ¢°

+ (12 (121 +131) +122 (t11 4+ 131) +132 (t11 +121)) q —t12 (-120 — 130)

— 120122 — 130132 + 11 121 + 11131 + 121 131 —h t12) p — g t12 122 132

— (111122132 + 112121132 + 112122 31) qz— (¢12121 131 +122¢11 131 + 132111 121
+ (-120 —130) 122132 + t12 120132 + 12122130 — h (122 +32) t12) q
0

> G:=simplify (G):
simplify (G[1,1]);
simplify(G[1,2]);
simplify (G[1,3])
simplify(G[2,1]);
simplify(G[2,2]);
simplify(G[2,3])
simplify (G[3,3]);
simplify (G[3,2]);
simplify (G[3,1]):
G3lbis:=(tl2*lambda+tll) *2-p”*2+ (g* (£t22+t32) +t21+t31) *p- t22*
t32*g*2- (£t22*t31+t32*t21) *g- t21*t31+t10*t12+t20*t22+t30*t32+h*
t1l2;
G33bis:=al3*( (tl2+t32)*lambda-p+t22*q+tl1+t21+t31);
simplify (G[3,3]-G33bis) ;
G32bis:=al2*( (tl2+t22)*lambda-p+t32*q+tl11+t21+t31);
simplify (G[3,2]-G32bis) ;
series (simplify(G[3,1]-G31bis) ,,g=0) ;
1 3.10)

0
0

AtI2 + 111
al?
al3

~al3 ((-t12—132) A —q 122 4+p —t11 — 121 —131)
-((-t12—=22)A—q132+p —tl]l — 121 —131) al2
2
G31bis == (M2 +111)" —p* + (q (122 +132) + 121 +131) p —q" 122132 — (121 132
+122¢31) g — 121131 + 112 (-120 —130) + 120122 + 130132 + h ti2
G33bis :==al3 ((t12+132) A\—p +q 122 +t1] + 121 +131)
0
G32bis :==al2 ((t12+22) A\—p +q 132 +t1] + 121 +131)




L 0
> Gnorm:=simplify (Gnorm) ;
J:=simplify(J);
simplify (Gnorm-Multiply (G*(-1) ,J*(-1)));
simplify (G* (-1) -Multiply (Gnorm,dJ)) ;
J[3,3];
J[3,2];
J[3,1];
J31lbis:=1/ (lambda-q) * (p*2-p* ( (t12+t22+t32) *q+t31+t11+t21) +
(t12*t224+t12*t32+t22*t32) *g*2 + (t1l2* (t21+t31)+ t22* (t11+t31)+
t32*% (£t21+t1ll) ) *q -t12*t10-t22*t20-t32*t30+t11*t21+t11*t31+t21*
t31-h*tl2):
series (simplify((lambda-q) *(J[3,1]-J31bis)) ,g=0);

[[1,0,0], (3.11)

[ ((M+gq) 32+q22—p 4121 +131) t12 + 11132 -t12 — 132
al2 (122 —132) T al2 (122 —132)°

1
aIZ(QZ——ﬂZ)]’
((-A—q)22—qt32+p—121 —131) t12 —t11 122 t12 + 122
al3 (122 —132) T al3 (122 —132)°

1
Cal3 (122 —132) ”

[
o

[ﬁ (122 +132) t124122132) ¢* + (131 —p +121) t12 + (-122 —132) p

q
+ 122 (¢11 +131) +132 (t1] +121)) g + (-h +120 +130) tiI2 +p2+ (-131 —1tll

—1221) p — 120122 — 130132 + 111 (121 +131) + 121 131),

(12 +122+132) g —p+tll +21 +13] 1
“A+g ’K—q”

00 0

00 0

0 0O




0

- o O O

A—q
(t12+1224+132)g —p +tl]l +121 +131
-A+gq
%(((22 +132) t12 + 122 t32) q2+ ((3l—p+21) 12+ (-122 —132) p
—-q
+ 122 (t1l +31) +32 (t1l +121)) g + (-h +120 +130) ti12 —I—p2+ (-131 —1tll

—121) p — 120122 — 13032 +t11 (121 +131) + 121 131)
0

;Definition of P_1,P_2 and P_3 and math with the theoretical formulas for L
> Pl:=unapply( (tl2+t22+t32)*lambda+tl1+t21+t31,lambda) ;
P2:=unapply( (tl2*t22+t12*t32+t22*t32) *lambda”2+ ((t21+t31)*tl1l2+
(t11+t31) *£22+t32* (£t11+t21) ) *lambda-t10*t12-t20*t22-t30*t32+
t21*t1l +t31*t11+t21*t31,lambda) ;
P3:=unapply (t12*t22*t32*lambda”3+ (t12*t22*t31+t12*t32*t21+t22*
t32*tll) *lambda”2+ (t12*t22*t30+t12*t32*t20+t22*t32*t10 +tl2*
t21*t31+t22*t11*t31+t32*t11*t21) *1lambda, lambda) ;
L:=simplify (L) :
simplify (L[3,3]-h/ (lambda-q)-P1 (lambda)) ;
simplify (L[3,2]- (h* (p-P1(q))/ (lambda-q)-P2(lambda)+h*tl12)) ;
series( simplify(L[3,1]- (h* (p*2-P1(q) *p+P2(q)-h*tl1l2) / (lambda-q)
+p~3-P1 (q) *p*2+ (P2 (q) -h*t12) *p-P3 (q) +P3 (lambda) -h* (£t22+t32) *
tl2* (lambda-q) )),lambda=0) ;
simplify (J31bis- (p*2-P1l(q) *p+P2 (q) -h*t1l2) / (lambda-q)) ;
Pl :=A—(t12+ 122 4+132) A+tl]l + 121 + 131 3.12)
P2 = A— (t12122 +t12 132 + 122 132) 7L2 + (112 (21 +131) + 122 (¢t1] +131) +132 (t11
+21)) A—1t12 (-120 —t30) — 120122 — 130132 +t11 121 +t11 131 + 121 131

P3 = A—112122 32 73 + (t11 122132 + 112121 132 + 112 22 131) xz + ((-120
—130) 1222132 +132¢11 121 +122t11 31 + 11212032 + 112121 131 + 112 122 t30) A

SO OO

> Gnormalized:=Matrix(3,3,0):
Gnormalized[1l,1]:=1:
Gnormalized[2,2]:=1:
Gnormalized[3,3]:=1:
Gnormalized[3,1]:=(t12-t32)/al3*lambda:
Gnormalized;




dGnormalizeddlambda:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do dGnormalizeddlambda
[1,]J] :=diff (Gnormalized[i,]j],lambda): od: od:
LGnormalized:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do LGnormalized[i,j]:=
simplify( h*diff (Gnormalized[i,j], tl2)*dottl2+h*diff
(Gnormalized[i,j],t22) *dott22+h*diff (Gnormalized[i,h j],6 t32)*
dott32+h*diff (Gnormalized[i,j],t1ll) *dottll+h*diff (Gnormalized
[i,3],t2]1) *dott21l+h*diff (Gnormalized[i,j],t31) *dott31+h*diff
(Gnormalized[i,j],al2)*dotal2+h*diff (Gnormalized[i,j], al3)*
dotal3) :

od: od:

Lnew:=simplify (Multiply (Multiply (Gnormalized, tdL) ,Gnormalized”
(-1) )+h*Multiply (dGnormalizeddlambda,Gnormalized” (-1))):

Multiply (dGnormalizeddlambda,Gnormalized” (-1)) ;
Multiply (Gnormalized” (-1) ,dGnormalizeddlambda) ;
simplify (tdL[1,2]*tdL[2,3]-tdL[2,2]*tdL[1,3]);

1 0 0|
0 1 0 (3.13)
(t12 —132) A
_— 1
al3 0
0 0
0 0
t12 — 132
—— 0 0
al3
0 0
0 0
t12 — 132
al3 00

“((A—q) 22 +p) al3

> GeneralSpectralCurve:=Determinant (y*IdentityMatrix (3)-tdL) ;
3 2 2
GeneralSpectralCurve == -\ t12 122 t32 + q3 t12122132 — A tl11122132 — N t12121t32  (3.14)

N 222831 + N 12022y + N 112132y + N 122132y — p 2 112122 — p 2 112 132
—p P 1221324+ ¢* 11 122132 + g7 112121 132 + ¢ 112 122 131 — N t11 121 132

—At11 22031 +Atll1 22y +Atll1 132y —Atl12120t32 —At12 21 t31 +Atl2 121y
—At12122t30 +Atl2t3]1y —Atl2 y2 +A20122132 + X121 132y + A 122130132

FA2213]y —A122y: —A132Y +pPqtI2 +pPq122 +pP q132 —p g t11 122
—pqtll 32 —pqti22] —pqti2t3] —pqt2]1t32 —p q 122131 +qtll 121132
+qtl1122131 +q 112120132 +q t12 121 131 + q t12 £22 130 — q 20 122 132



—q122130132 —p> +p t11 +p* 121 +p* 131 —p t1l 121 —p t11 131 — p t12 120
—pt2t30+p20122 —p 21131 +p 130132 +¢tll1 21y +tll1t31y—1tll y2
| 412020y 112130y — 120122y + 121 131 y — 121 y* — 130132y — 131 y* + 3
| Jimbo-Miwa-Ueno tau function
> ExpLambdaInfinity:=Matrix(3,3,0):
ExpLambdaInfinity[1l,1] :=exp((tll*lambda+tl2/2*lambda”2) /h):
ExpLambdaInfinity[2,2] :=exp((t21*lambda+t22/2*1lambda*2) /h) :
ExpLambdaInfinity[3,3]:=exp ((t31*lambda+t32/2*lambda*2) /h):
ExpLambdaInfinity;

LambdaInfinity:=Matrix(3,3,0):
LambdaInfinity[1l,1]:=tll*lambda+tl2/2*lambda”2:
LambdaInfinity[2,2] :=t21*lambda+t22/2*lambda”*2:
LambdaInfinity[3,3] :=t31*lambda+t32/2*lambda”*2:
LambdaInfinity:

dLambdaInfinitydlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do
dLambdaInfinitydlambda[i,j] :=diff (LambdaInfinity[i,j], lambda) :
od: od:
dLambdaInfinitydlambda:

ExpMonodromies:=Matrix (3,3,0):
ExpMonodromies[1l,1] :=exp (t10*1ln (lambda) /h) :
ExpMonodromies[2,2] :=exp (t20*1n (lambda) /h) :
ExpMonodromies[3, 3] :=exp (t30*1n (lambda) /h) :
ExpMonodromies;

Monodromies:=Matrix(3,3,0):
Monodromies[1l,1] :=t10/lambda:
Monodromies[2,2] :=t20/lambda:
Monodromies[3,3] :=t30/lambda:
Monodromies:

Fl:=Matrix(3,3,0):

F2:=Matrix(3,3,0):

F3:=Matrix(3,3,0):

F4:=Matrix(3,3,0):

FF5:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do F1l[i,j]:=£f1[i,]]:
F2[i,3]:=£f2[1i,]]:

F3[i,j]:=£3[1,]]:




F4[i,]j]:=£f4[1,3]:
FF5[i,j]:=££5[1,]]:
od: od:

HatPsiReg:=IdentityMatrix (3)+Fl/lambda+F2/lambda*2+F3/lambda*3+
F4/lambda”4+ FF5/lambda”5:

tdPsi:=Multiply (Multiply
(HatPsiReg,ExpLambdaInfinity) ,ExpMonodromies) :

dHatPsiRegdlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dHatPsiRegdlambdal[i,
j]l :=diff (HatPsiReg[i,j],lambda): od: od:

dtdPsidlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dtdPsidlambdali, j]:=
diff (tdPsi[i,j],lambda): od: od:

dLambdaInfinitydt:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do dLambdaInfinitydt[i,
j]:= simplify(diff (LambdaInfinity[i,j],t1l1l)*dtll+diff
(LambdaInfinity[i, j],t21) *dt21+diff (LambdaInfinity[i, j],t31)*
dt31+diff (LambdaInfinity[i, j],t12) *dtl12+diff (LambdaInfinityl[i,
j1,t22) *dt22+diff (LambdaInfinity[i, j],t32)*dt32): od: od:
dLambdaInfinitydt:

omegaJMU:=-h*residue (Trace (Multiply (Multiply (HatPsiReg”*
(-1) ,dHatPsiRegdlambda), dLambdaInfinitydt)),h lambda=infinity) ;

xﬂr+%ﬂ2ﬂ
e h 0 0
1 2
21N+ 5 122X
0 e h 0

1310+ % 2132

0 0 e h
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(-120 — 130) In(})
e h 0 0
201n()\)
h
0 e 0
1301n(A\)

h

0 0 e

omegaJMU = -h (ﬂL Ldtl] — % (ﬂi VST L ST S 202 1) dti2
1 2
+fl, ,di2] — > (ﬂL oSy 1y 5+ f1 3 fl =212, 2) di22 +f15 5 di31

1 2
- (f1), 3115 1 1y 515 5 115 3= 2125 5) dt32)

| > ToCancelO:=simplify (h*dtdPsidlambda-Multiply (tdL,tdPsi)) :

> Cancelll:=series (simplify(series( simplify( ToCancelO[1l,1]*exp
(- ((-2*t20-2*t30) *1n(lambda) +tl2*lambda”2+2*lambda*tll) / (2*h))
) ,lambda=infinity,10)) ,lambda=infinity) ;
£f1[3,1] :=solve (residue (Cancelll ,lambda=infinity) ,£f1[3,1]);
£2[3,1] :=solve (residue (Cancelll*lambda ,lambda=infinity) ,b £2[3,
1]1);
£3[3,1] :=solve (residue (Cancelll*lambda”2 ,lambda=infinity) , £3

[3,11);
~al2fl, | —al3 fl;  —120 — 130

Cancelll = x (3.16)
~al2f2, | —al3f2, \—hfl, | —120f1, , —130fl,
n : , , , ,
7L2
~al2f3, | —al3f3, |, —2hf2, ,—120f2, | — 1302, |
n : , , , ,
3
A
-~al2f4, | —al3fd, \—3hf3, | —120f3, | —130f3, ,
+ : , , , ,
7\.4
~al2 ff5, | —al3ff5, | —4hfd,  —120f4, ,—t30f4, , 1
+ : : 5’ : — +0| —
A A
al2 fl, | +120 + 130
M= - al3
P al2f2, | +hfl, | +120f1, | +130f1, |
3.1 al3
P al2f3, | +2hf2, | +1202, | +130/2, |
31 al3

> Cancell2:=series (simplify(series( simplify( ToCancelO[1l,2]*exp
(- (lambda*2*t22+2*t20*1n (lambda)+2*lambda*t21) / (2*h))
) ,lambda=infinity,10)) ,lambda=infinity) :




£f1[1,2] :=solve (residue (Cancell2/lambda,lambda=infinity) ,£f1[1,2]
)

£f2[1,2] :=solve (residue (Cancell2,lambda=infinity) ,£f2[1,2]);
£3[1,2] :=solve (residue (Cancell2*lambda,lambda=infinity) ,£3[1,2]
)

o __al2
e =" —m G17)
Ry ,= ;2 (-al2t12fl, 5 +al222f1, , —al3 t12fly , +al3 122fl; ,

(112 —122)
+al2tll —al2 t2])

1
B= 3
(112 —122)

—al2t12121 fl, 5 +2al2 t12 1222, ,+al2 121 221, , —al2 222 f2, ,
+al3 tllt12fly 5 —al3 tl1 221, , —al3t12°f2, , —al3 112121 I, ,
+2al3 1121222, ,+al3 21 22fl; , —al3 12272, ,+al2 h 112 —al2 h 122
—al2 111> +2al2 11121 —al2 112120 +al2 120 122 — al2 121°)

2
(al2 1111121, ) —al2 111 1221, , —al2 t12*f2, ,

> Cancell3:=series(simplify(series( simplify( ToCancelO[1l,3]*exp
(- (lambda”*2*t32+2*t30*1n (lambda) +2*1lambda*t31) / (2*h))

) ,1lambda=infinity,10)) ,lambda=infinity) ;
£f1[1,3] :=solve (residue (Cancell3/lambda,lambda=infinity) ,£f1[1, 3]
);
£f2[1,3] :=solve (residue (Cancell3,lambda=infinity) ,£2[1,3])
£3[1,3] :=solve (residue (Cancell3*lambda, lambda=infinity) ,£3[1, 3]
);

Cancell3 = (-t12 + t32)ﬂl’ s—al3 3.18)
(—ﬂ]%—ﬁ]LﬂL3—F(—ﬂZ4—ﬁ2LﬁL3—wﬂ2fbj—ﬁﬂl3al3
A
(-h+130) f1, 3+ (-tll +131) 2, 3+ (-tI12+132) 3, ;—al2f2, ;—f2; yal3
i , , , \ \
7L2
+ %((—Zh —I—t30)f2L3 + (-tll +t3])f31,3 + (-t12 —I—t32)f4L3 —a]2f32,3
—j313a]3)
+ %((—t]Z +132) ff5, 3+ (-3 h -I—t30)f31’3 + (-t1] +131) /4, 4 —a]2f42,3
(=t +131) ff5, y+ (-4 h +130) f4, ; —al2 ff5, s —al3 f{5; 4
-—j¥13a13)-+ : s > d d
A
+o(i6J
A
al3

M=




J213=
al2 t12fly y—al2 1321, y+al3 t12fly y—al3 132f1, ;—al3 11l +al3 131
(112 —132)*
1

2
B, = P (al2t11112f1, y—al2 111321, s —al2t12°f2,

—al2t12131fl, s +2al2 t12132f2, s +al2 1311321, ; —al2 132°f2, ,
+al3tll t12fly s —al3 t11 13215 y—al3 t12°f25 s —al3 t12131 fl5 ,
+2al3 11213225 y+al3 131 132f1, y —al3 1322, y+al3 htl2 —al3 h132
—al3 111> +2al3 111131 —al3 12130 + al3 130132 — al3 131°)

> Cancel2l:=series (simplify(series( simplify( ToCancelO[2,1]*exp
(- ((-2*t20-2*t30) *1n (lambda) +lambda”2*tl12+2*lambda*tll) / (2*h)
)) ,lambda=infinity,10)) ,lambda=infinity) :

£f1[2,1] :=simplify(solve( residue (Cancel2l/lambda,lambda=
infinity) ,£f1[2,1]));

£2[2,1] :=simplify(solve( residue (Cancel2l,lambda=infinity) 6 £2
[2,1]));

£3[2,1] :=simplify(solve( residue (Cancel2l*lambda,lambda=
infinity) ,£3[2,1])):

fly 1= (Q;_m) ((F132—pq+qt3] —120) 222+ (-pq +q 21 +120) 132 (3.19)

+(p—131) (p—121))
o 1 3
‘ﬁll“—cﬂZ(—Q24—ﬁZ)(ﬂ2——Q2)<<_q(f%,f+q)p'kﬁzq'+(ﬁZﬁL1

+131) ¢” + (131 f1) | +130) q —f1; 1120) 22° + ( (I, | +24) p" + (-2 4" 132

+ (112 =132) fI, | —2131 —tl] =121} q + (-13] —21) fI, | —130) p

— 132 (tI2f1) | —t1] —121) ¢+ ((-t1213] + 121 132) fl| | — 130132 + 131 (111
+121)) q + (112120 + 120132 + 121 131) fI; | +121 (120 +130) — 111 120) 122 —p
+ (g2 —tI2fl| | +tl]+ 121 +131) p* + (132 (1121} | —tl] —121) q + 112 (121
+131) fl, |+ 130132 + (-t1] —131) 121 — 111 131) p — 121132 (1121, | —111) q
— 112 (120132 + 121 131) f1, | + ((~120 —130) 121 + 111 120) 132 + 111 121 131

> Cancel22:=series (simplify(series( simplify( ToCancelO[2,2] *exp
(- (lambda*2*t22+2*t20*1n (lambda)+2*lambda*t21) / (2*h))

) ,1lambda=infinity,10)) ,lambda=infinity) :
£f1[3,2] :=simplify (solve (residue (Cancel22,lambda=infinity) ,£f1[3,
2]1));
£2[3,2] :=simplify (solve (residue (Cancel22*lambda, lambda=
infinity) ,£2[3,2]));
£3[3,2] :=simplify(solve (residue (Cancel22*lambda”*2, lambda=
infinity) ,£3[3,2])):

(3.200)



fl. = - al2 (-q132+p —131)
32 al3 (122 —132)

25 0=-(al2 (fl, , (-q° 32+ (p —=131) g + h) 122° + (¢° (f1,, , — q) 132°
+((t12f1y , +2p —1tl1 +t2]—2t3])q2+(—t2]ﬂz’2+t3]f]2,2+t20)q
~2hfly,) 132 = (~p +131) (1121, , —p + 111 — 2] +t3])q—f]2’2p2
+ (121 fly 5 +131f1, , —120) p + (=131 fl, , —120) 1221 —hfl, , 112 +120 (t11
+131)) 222+ (112 + (-t12f1, y +p +111 =2121) " + (-pfl, , + 121 f1, ,
—120) g +hfly ,) 32+ (2112 (-p +131) ¢ + (-2p° + (2131 +2121) p + 121
+ (1121 =111 =3 131) 221 + (=131 fl, , —120) t12 + 111 t3])q+f12’2p2+(
=121 fl, , — 131 f1, , +120) p + (131 fl, , +2120) 121 +2 hfl, ,112 =120 (131
+2111)) 132 + (-p +131) (t]2(—p+t3])q—p2+(—t]2f]22+t]] +131) p
121+ (112f1) , —t1] —131) 121 —120112) ) 122 + (- (p —121) 12 ¢°
+ (11211, — 111 +t2])p—t2]2+(—t]2f]2,2+t]]) 21 +120112) g
—hfl, 5112 + 111120 — 121 rzo) 1322+ (-p +131) (—2 (p—121) 112 q + (1121, ,
— 1] +t2])p—t212+(—t12ﬂz’2+tll) 121 +120112) 132 — 112 (-p+31)* (p
—r21)))/((r22—r32)2 (-t12+122) al3 (q122 —p +121))

> Cancel23:=series(simplify(series( simplify( ToCancelO[2,3]*exp
(- (lambda”2*t32+2*t30*1n (lambda)+2*lambda*t31) / (2*h))
) ,lambda=infinity,10)) ,lambda=infinity) :
f1[2,3] :=simplify(solve( residue (Cancel23/lambda,lambda=
infinity) ,£f1[2,3]))
£2[2,3] :=simplify(solve( residue (Cancel23,lambda=infinity) ,h £2
[2,3]1));
£3[2,3] :=simplify (solve( residue (Cancel23*lambda,lambda=
infinity) ,£3[2,3])):
= al3 (-q22 +p —121)
23 al2 (122 —132)
1
f25 4= - al3 ((q (flx x—q)132—fl, ,qti2+pgq
>3 aIZ(—t12+t32)(—t22+t32)2< (4 (fs3=9) >3
—qt3l —I—t20) t222—|—(—t322ﬂ3’3q+(q (ﬂ3’3—|—q) t]2+(—ﬂ3’3+q)p+(
2121 +131) g +ﬂ3’3t21 —t20) t32+( (ﬂ3,3—q)p —fl3’3t21 +q 121 —t20) ti2
—(p—131) (p—t2]))t22+f]3’3(p—t2])t322+(((—ﬂ3’3—q)p+ﬂ3,3t2]
+q 121 +120) 112 + (121 —131) (p —121)) 132 + 112 (p —121)))

(3.20)

3.21)

> Cancel3l:=series (simplify(series( simplify( ToCancelO[3,1]*exp
(-((-2*t20-2*t30) *1n(lambda) +lambda*2*tl12+2*lambda*tll) / (2*h)
)) ,lambda=infinity,10)) ,lambda=infinity) :
£f1[1,1] :=simplify (solve (simplify (residue (Cancel3l, lambda=
infinity)) ,£f1[1,1]));




£2[1,1] :=simplify(solve (simplify (residue (Cancel3l*lambda,
lambda=infinity)) ,£2[1,1])):

£3[1,1] :=simplify (solve (simplify (residue (Cancel3l*lambda”2,
lambda=infinity)) ,£3[1,1])):

1 3 2
1= 112 —122 —132) g — 131 — 111 — 121 322
i (t]2—t22)(—t12+t32)h(p + )4 Jpm (22

+ (122 +132) 112 +122132) q2+ (¢12 (121 +131) + 122 (¢t1]1 +131) +132 (111
+121)) g + (120 +130) t12 — 120 122 — 130 t32 + t11 (121 +131) +121131) p

——q3t12t22t32-+-((—t21t32——t22t31)t12——t22t32t11) q2+—((—t20132-—121131
—122130) t12 + ((120 +130) 132 —t11131) 122 — 32 ¢t11 121) g — (120 +130) (131
—tll +121) t12 + (-t11t30 + 131 (20 +130)) 122 + (121 (120 +130) —t11 t20) 132
—t11121131)

> Cancel32:=series (simplify(series( simplify( ToCancelO[3,2]*exp
(- (lambda*2*t22+2*t20*1n (lambda)+2*lambda*t21) / (2*h))
) ,/lambda=infinity,10)) ,lambda=infinity) :
£f1[2,2] :=solve (simplify (residue (Cancel32,lambda=infinity)) , fl
[2,2]);
£2[2,2] :=solve (simplify (residue (Cancel32*lambda, lambda=
infinity)) ,£f2[2,2]):
£3[2,2] :=solve (simplify (residue (Cancel32*lambda”*2, lambda=
infinity)) ,£3[2,2]):
1
o= (112 —122) (122 —132) h
+p gt 122132 —gP 111122132 — " 112121 132 — g7 t12 122131 —p> q 112 —p* q 122
—prqt324pqtll 22 +pqtl1 132 +pqtI22] +pqt1213] +p q 21132
+pq22t3] —qtll 2132 —qtll 2231 —qti2120132 —qti221 131
—qtI2122130 + q 120122132 + q 122 130132 4+ p° — p* t11 — p* 121 — p* 131
+ptll 2] +ptll 31 +pti2120 +pti2t30 —p 120122 +p 121 131 — p 130132
+ 11120822 — 11120132 —t11t21 31 —t12120t31 —t12 121130 — 120121 122
| + 120121 132 + 120122 t31 + 121 130 132)
> Cancel33:=series(simplify(series( simplify( ToCancelO[3,3]*exp
(- (lambda”*2*t32+2*t30*1n (lambda) +2*1lambda*t31) / (2*h))
) ,1lambda=infinity,10)) ,lambda=infinity) :
£f1[3,3] :=solve (simplify (residue (Cancel33*lambda,6 lambda=
infinity)) ,£f1[3,3]);
£f2[3,3] :=solve (simplify (residue (Cancel33*lambda”2, lambda=
infinity)) ,£2[3,3]):
£3[3,3] :=solve (simplify (residue (Cancel33*lambda”3, lambda=
infinity)) ,£3[3,3]):

1
1, 5= -
EE (122 —132) (t12 —132) h

+p g 122132 —qP 111122132 — " 112121 132 — g7 t12 122131 —p> q 112 — p* q 122
—pzqt32 +pqtll 22 +pqtll 32 +pqtli22] +pqti2t3] +pqt2]t32

(-q* 112122132 +p g* 112122 + p ¢* 112132 (3.23)

(-q* 112122132+ p g* 112122 4+ p ¢* 112132 (3.24)




+pqt2213] —qtl1 121132 —qtl1 12231 —q 12120132 —q t12 121 131
—qtI2122130 + q 120122132 + q 122 130132 + p° — p* t11 — p* 121 — p* 131
+ptl1 2] +ptll13] +p t12120 4 p t12 130 — p 120 22 + p 121 t31 — p t30 32
— 111121 131 — t11 122130 + t11 30132 — t12 120 131 — t12 21 130 + 120 122 131
+ 121 130 132 + 122 130 131 — 130 131 132)

| > omegaJMU:=simplify (omegaJMU) :
> OmegaJMUdtll:=simplify (residue (omegadMU/dt1142,dt11=0)):

OmegaJdMUdt21 :=simplify (residue (omegadMU/dt2172,dt21=0)) :
OmegaJdMUdt31:=simplify (residue (omegadMU/dt3172,dt31=0)) :

OmegaJdMUdt12:=simplify (residue (omegadMU/dt12”2,dt12=0)) :
OmegaJdMUdt22 :=simplify (residue (omegadMU/dt22”2,dt22=0)) :
OmegaJdMUdt32:=simplify (residue (omegadMU/dt32”2,dt32=0)) :

omegadMUdtll:=1/((tl12-t22)* (-t12+t32) ) * (-p"3+(t11+t21+t31+(tl2+
t22+t32) *q) *p*2+ (((-t22-t32) *t12-t22*t32) *gq*2+ ( (-t31-t21) *t12+
(-t11-t31) *t22-t32* (t11+t21) ) *q+tl1l2* (-t20-t30) +t22*t20+t30*t32+
(-t31-t21) *t11-t21*t31) *p+g"3*t12*t22*t32+ ((£t21*t32+t22*t31) *
t12+t22*£32*t11) *q*2+ ((£t20*t32+t21*t31+t22*t30) *t12+ ( (-t20-t30)
*£32+t11*t31) *t22+t32*t11*t21) *gq+ (t20+t30) * (£31-t1ll+t21) *tl12+
(t11*t30-t31* (t20+t30) ) *t22+ (t11*t20-t21* (£t20+t30) ) *t32+t1l1l*
t21*t31);

omegadMUdt21:=1/((t12-t22) * (-t22+t32) ) * (p*3+ ((-t12-t22-t32) *gq-
t31-t11-t21) *p*2+ (((t12+t32) *t22+t12*t32) *gq*2+ (t12* (t21+t31) +
t22* (£11+t31) +t32* (£11+t21) ) *q-t22*t20-t30*t32+ (t20+t30) *t1l2+
(E11+4€31) *£21+t11*t31) *p-g*3*t12*t22*t32+ ((-t11*t32-t12*t31) *
t22-t32*t12*t21) *q*2+ (((t20+t30) *£32-t11*t31-t12*t30) *t22+ (-
t11*t21-t12*t20) *t32-t12*t21*t31) *q+t20* (£31+t11-t21) *t22+ (t21*
(t20+t30) -t11*t20) *t32+ (-t20*t31-t21*t30) *t12-t11*t21*t31) ;

omegadMUdt31:=1/ ((-t22+t32) * (-t12+t32) ) * (p"3+((-tl2-t22-t32) *qg-
t31-t11-t21) *p”2+ (((t124t22) *t32+t12*t22) *g"*2+ (t12* (t21+t31)+
t22* (£11+t31) +t32* (£11+t21) ) *q-t30*t32-t22*t20+ (t20+t30) *t12+
t31* (t11+t21)+tl11*t21) *p-g*3*t12*t22*t32+((-tll*t22-t12*t21) *
t32-t31*t12*t22) *q*2+ (((t20+t30) *t22-t11*t21-t12*t20) *t32+ (-
t11*£31-t12*t30) *t22-t12*t21*t31) *q-t30* (£31-t11-t21) *t32+ (-
t11*t30+t31* (t20+t30) ) *t22+ (-t20*t31-t21*t30) *t12-t11*t21*t31) ;

omegadMUdtl2:=1/ (2* (t12-t22) *2* (-t12+t32) *2) * (- (t20+t30) ~2*
t1273+4+ ((-g”3* (t31-2*t11+t21) *t32+2*qg* ( (-p+t31) *q+t30) *t1l- (t21+



£31) * (-p+t31) *q*2-t30* (£21+t31) *q+ (£20+2*£30) * (£20+£30) ) *£22+
(-2*q* ((p-t21) *q-£20) *t11+ (p-t21) * (£21+t31) *q*r2-£20* (t21+t31) *
q+2*£20°243%£30%£20+t3072) *£32+ (-t20-£30) *£1142+ (- (2* (p-t21) ) *
(-p+t31) *q+ (2* (£20+t30) ) * (£31-p+t21) ) *£11+ (p-t21) * (£21+£31) * (-
p+t31) *q- (£20+t30) * ( (-£31-£21) *p+£3142+£21*£31+£2142) ) *£1242+ (
(@*3* (-t11+t31) *£32-g* ( (-p+t31) *q+t30) *t11+t31* (-p+t31) *q 2+
£31*£30*q-t30% (£20+£30) ) ¥£2242+ (~q~3* (£11-t21) *£3242+ (2*%qr2*
£1142-2%g* ((£21+t31) *q+3*£20%* (1/2) +3*t30% (1/2) ) *t11+2%qr2*t21*
£31+ ( (£20+2*£30) *£21+2*£31* (£20+ (1/2) *£30) ) *q-2* (£20+t30) A2) *
£32+ ((2*£31-2%p) *q+2*£30) *t11~2+ (- (-p+t31) * (£31+2*t21+p) *q+
(£3043%£20) *p-£21*£30- (3* (£20+4*£30* (1/3))) *t31) *t11+ (-pr2*t21+
£21%£3142) *q+ (-£21*%£20-2*%£31% (£20+ (1/2) *£30) ) *p+ (2* (£20+t30) ) *
£31% ((1/2) *£21+£31)) *£22+ (g* ( (p-t21) *q-£20) *t11- (p-t21) *£21*
gr2+t21%£20%q-£20% (£20+£30) ) *£3242+ ( ( (-2*p+2*t21) *q+2*£20) *
£11424 ( (2% (p-t21)) * ((1/2) *p+t31+ (1/2) *£21) *q+ (£20+3*£30) *p+ (-4*
£20-3%£30) *£21-t31%£20) *t11+ (-pr2*t31+£2142*£31) *q+ ( (-£20-2%*
£30) *£21-£31*t30) *p+t21* (£20+t30) * (£31+2*£21) ) *£32- (p-t21) * (p-
£11) * (£31-2%t11+t21) * (-p+t31) ) *£12+ ( (-gr2*t1172+q* ( (£31+p) *q+
£20+t30) *£11-q*2*p*t31- (£20+t30) *£31*q+t30* (£20+t30) ) *£32- (-
£11+t31) * (( (p-t31) *q-t30) *t11+p* (-p+t31) *q-p*t20+t31* (£20+t30))
) ¥£2242+ ( (g 2%£1172+ ( (p+t21) *q+t20+t£30) *q*t1l-gr2*p*t21-£21*
(£20+t30) *q+t20* (£20+£30) ) *£3242+ (~g* (£31-2%p+t21) *£1142+ ( (-2*
PA242%t21%£31) *q+ (-t20-£30) *p+t31*£20+t21*£30) *£11+ ( (£21+t31) *
p-2%£21%t31) *p*q+ (£20*t21+£30%t31) *p-t31*£21* (£20+t30)) *t32+ (p-
£11)* (—t11+£31) * (-p+t31) * (p-t21) ) *£22- ((( (-p+t21) *q+t20) *t11l+p*
(p-t21) *q+p*t30-t21* (£20+t30) ) *t32+ (p-t21) * (p-t11) * (-p+t31)) *
(t11-t21) *t32) ;

omegadMUAdt22:=1/ (2% (£t12-£22) A2*% (-£22+£32) A2) * (-£2042*£2273+ ( (-
qA3* (£31+t11-2%£21) *£12-2%q* ((p-t1l) *q+t20+t30) *£21+ (p-t11) *
(t114t31) *q 2+ (£20+£30) * (£11+t£31) *q+2*£20/2+t30%*£20) *£32+ (2*q* (
(-p+t31) *q+t30) *£21- (£11+t31) * (-p+t31) *q*2-£30* (£11+t31) *q+t20*
(£20-t£30) ) *£12+t20%£2172+ (- (2* (p-t11)) * (-p+t31) *q-2*t20* (t31-p+
£11)) *£21+ (p-t11) * (£11+t31) * (-p+t31) *q+t20* ((-t11-t31) *p+t31~2+
£11*£314+£1142)) *£2242+4 ( (g 3* (t11-t21) *t12+q* ( (p-t1l) *q+t20+t30)
*£21- (p-t11) *t11*q~r2-t11* (£20+t30) *q-t20* (£20+t£30) ) *£32~2+ (q~3*
(-t21+£31) *£12~2+ (2*xq 2%£2142- (2% ( (£11+t31) *q-3*£20* (1/2))) *q*
£21+2%qA2%t11%£31+ (£11% (-£20+t30) -2*£31* (£20+ (1/2) *£30) ) *q-2*
£2042) *£12+4 ((-2*p+2*t11) *q-2*t20-2%£30) *£2142+ ( (2* ((1/2) *p+t31+
(1/2) *t11) ) * (p-t11l) *q+ (2*t30-£20) *p+ (£30+4*£20) *£11+t31* (£t20+
£30) ) *£21+ (-pA2*t31+t1142%t31) *q+ ( (£20-£30) *£11-t31*£30) *p-t11*
£20% (£31+2%t£11) ) *£32+ (-g* ( (-p+t31) *q+t30) *t21+£31* (-p+t31) *q 2+



£31%£30*q+t30%£20) *£12~2+ (( (2*%t31-2%p) *q+2*t30) *£2142+ (- (-p+
£31) * (£31+2*t11+p) *q+ (-2*£30-3%£20) *p-t11*£304+3*£31* (£20- (1/3) *
£30) ) *£21+ (-pA2*t11+t11*£3142) *q+ ( (£20+t30) *t11+2*t31* (£20+
(1/2) *£30) ) *p- (2% (£31+(1/2) *£11) ) *£31*£20) *t12- (p-t21) * (p-t1l) *
(£31+t11-2%£21) * (-p+t31) ) *£22+ ( (-q 2*£2142+ ( (p+t11) *q-£20) *q*
£21-qA2*p*t11+t20%t11*q+t20* (£20+£30) ) *£12+ (£11-t21) * (( (-p+tll)
*q-£20-t30) *£21+p* (p-t11) *q+p*t30+t11%t20)) *£3242+ ( (-gqr2*t21~2+
q* ((£314p) *q-£20) *£21-q 2*p*£31+£31*£20*q-£30*£20) *£1242+ (-q*
(-2*p+t31+t11) *£2142+ ( (-2*pr242*t11%t31) *q+p*t20+t11*£30-£31*
(£20+£30) ) *£21+ ( (t11+t31) *p-2*t11*£31) *p*q+ ( (-£20-£30) *£11+t31*
£30) *p+t31*£11*£20) *t12+ (£11-£21) * (p-t21) * (p-t11) * (-p+t31)) *
£32+t12% ((((-p+t31) *q+t30) *t21-p* (-p+t31) *q+ (-t20-t30) *p+t31*
£20) *t12+ (p-t21) * (p-t11) * (-p+t31) ) * (-t21+t31)) ;

omegadMUdt32:=1/ (2% (-t12+£32) 2% (-t22+t£32) 22) * (-£3042*£32~3+ (
(2%qA3* (£31-(1/2) *t11- (1/2) *£21) *£12-2*q* ( (p-t1l) *q+t20+t30) *
£31+ (t11+£21) * (p-t11l) *q~2+ (£20+t30) * (t11+£21) *q+t30* (£20+2*t£30)
) *£22+ (-2*q* ( (p-t21) *q-£20) *£31+ (t11+t21) * (p-£21) *qr2-t20* (t11+
£21) *q-t30* (£20-t30) ) *£12+t30*£3142+ ( (2* (p-t21) ) * (p-t1l) *q+2*
£30% (p-t11-t21)) *£31- (£11+t21) * (p-t21) * (p-t11) *q-£30* ( (t11+t21)
*p-t1142-t11%t21-£2142)) *£3242+ ( (-g*3* (-t11+t31) *t12+q* ( (p-t11)
*q+t20+t30) *£31- (p-t11) *t11*q*r2-t11* (£20+t30) *q-t30* (£20+t30) ) *
£22424 (-q 3% (~£21+t31) *£1242+ (2%q 2*£3142-2%g* ((t11+t21) *q-3*
£30% (1/2) ) *£31+2*qr2*t11*£21+ ( (£20-£30) *t11- (t20+2*£30) *£21) *
g-2*t3042) *£12+ ( (-2*p+2*t11) *q-2*t20-2*£30) *£3142+ ( (p-t1l) * (p+
£11+2%£21) *q+ (-£3042%£20) *p+t11* (4*£30+t20) +£21* (£20+t30)) *£31+
(-pA2*£21+t1142%£21) *q+ (£11*% (-£20+t30) -t21*£20) *p- (2% (t11+(1/2)
*£21) ) *£11*£30) *£22+ (q* ( (p-t21) *q-£20) *£31- (p-t21) *t21*q 2+t21*
£20*q+E30%£20) *£1242+ ( ( (-2*p+2*t21) *q+2*£20) *£3142+ ( (p-t21) *
(P+2*t11+t21) *q+ (-2*t20-3*£30) *p-t11*£20-t21* (£20-3*t30) ) *£31+
(-pA2*t11+t11*%£2142) *q+ ( (£20+t30) *t11+ (£t2042*£30) *t21) *p-£30*
£21% (£11+2%£21) ) *£12+ (2% (£31- (1/2) *£11-(1/2) *t21)) * (-p+t31) * (p-
£21) * (p-t11)) *£32+ ( (-gq*2*£31~2+g* ( (p+t1l) *q-t30) *£31-g 2*p*t11l+
£30*t11*q+t30* (£20+£30) ) *£12+ (-t11+t£31) * (( (p-t1l) *q+t20+t30) *
t31-p* (p-tll) *q-p*t20-t11*t30)) *£2242+ ( (-gr2*t3142+q* ( (p+t21) *
g-t30) *£31-gqr2*p*t21+£30*t21*q-t30*£20) *£1242+ (2*g* (p- (1/2) *t11
—(1/2) *£21) *£3172+ ( (-2*pA2+42*t11*£21) *q+p*t30+t11*£20-£21* (£20+
£30) ) *£31+ ((£11+t21) *p-2*£11*t21) *p*q+ ( (-£20-t30) *t11+£21*£20) *
p+t21*t11*£30) *£12- (p-t11) * (-t11+t31) * (-p+t31) * (p-t21) ) *t22-
£12% ((((-p+t21) *q+t20) *t31+p* (p-t21) *q+ (-£20-t30) *p+t21*£30) *
£12+ (p-t21) * (p-t11) * (-p+t31) ) * (-t21+t31)) ;



simplify (OmegadMUdtll-omegadMUdtll) ;
simplify (OmegadMUdt21-omegadMUdt21) ;
simplify (OmegaJMUdt31-omegadMUdt31) ;
simplify (OmegadMUdtl2-omegadMUdtl2) ;
simplify (OmegadMUdt22-omegadMUdt22) ;
simplify (OmegaJMUdt32-omegadMUdt32) ;

1 3
o (112 —122) (112 +132) (=p" + (1 + 221 + 131 + (112 +1 (3.25)

+132) q) p* + (((-122 —132) 112 —122132) ¢* + ((-131 —121) t12 + (-t1]
—131) 122 — 132 (t11 +121)) q + 112 (-120 — t30) + 120 122 + 130 132 + (-131

—121)tll —121131) p -I—q3 t12 122132 + ((121 132 +122131) t12 + 122132 t11) q2

+ ((220132 + 121 31 +122130) t12 + ((-120 —130) t32 +t11t31) 122

+132t11121) g+ (120 +130) (31 —tl1l +121) t12 + (¢11130 — 131 (20 +130) ) 122
+ (11120 — 121 (120 +130) ) 132 +t11 121 t31)

1 3
aJMUd21 = ~t12 —122 —132) g — 131 — 111
e (112 —122) (-122 +132) (p"+ ((-112—=122—132) g =131 —1

—121) p2+ (((¢12 +132) 122 +112132) q2 + (t12 (121 +131) + 122 (¢t1]1 +131)
+132 (t1l +121)) g — 120122 — 30132 + (120 +130) t12 + (¢t11 +131) 121
+111131) p —q3 12122132 + ((-t11 132 —t12131) 122 —t12 121 t32) q2 + (((£20
+130) 132 —t11t31 —t12130) 122 + (-t11 121 —t12120) 132 — 112121 131) q

+ 120 (131 +t11 —121) 122 + (121 (120 +130) —t11t20) t32 + (-120 131
—121130) t12 —t111211t31)

1
‘M 1=
omegaJMUd13 (-122 +132) (-112 +132)

—121) p2+ (((212 4+122) 132 +112122) q2 + (t12 (121 +131) +122 (¢t1]1 +131)
+132 (t1l +121)) g — 130132 — 120122 + (120 +130) t12 + 131 (11 +121)
+111121) p —q3 112122132 + ((-t11 122 —t12121) 132 — 131 t12 122) q2 + (((£20

+130) 122 —t11 21 —120¢t12) 32 + (-t11 131 —t12130) 122 — 12121 t31) q
— 130 (131 —t1l —121) t32 + (-t11 130 + 131 (120 +130)) 122 + (-120 131
—121130) t12 — 1l 121 t31)

omegaJMUdt1?2 = L I

2 (112 —122)% (-112 +132)°
— 211 +121)132+2q ((-p +131) ¢ +130) t11 — (121 +131) (-p +131) ¢°

(P + ((-t12 —122 —132) g — 131 — 111

(— (20 +130)*112° + ((-4° (131

—130 (221 +131) g + (120 +2130) (120 +130)) 22+ (-2 ¢ ((p —121) g

—120) t11 + (221 +131) (p —121) ¢* — (121 +131) 120 g + 2 120> +3 130120
+130°) 1324 (120 —130) t11* + (-2 (p —121) (-p +131) g +2 (120 +130) (131
—p+120)) tl] + (p—121) (121 +131) (-p +131) g — (120 +130) ((-131 —21) p
+131* + 121 131 +t212))t122+((q3(—t11 +131) 132 —q ((-p +131) g +130) t11

+131 (-p +131) > + 131130 ¢ — 130 (120 + 130) ) 122* + (—(f (t11 —121) 132



+ (2t]]2q2—2q ((tZ] +131) q—l—%tZO—I—%tSO) t11 42 ¢* 121 131 + ((IZO

2
+2130) t11* + (—(—p—i—tj’]) (p+2121 +131) g + (130 +3 120) p — 121 £30

3131 (t20+ % t30)j 1+ (-p22l +2131%) g + (—tZ] 120 —2 131 (IZO

+ % t30))p+2 (120 + 130) 131 (m + % t2])) 22+ (g ((p—121) g —120) t11

— (p—121) 221 ¢* + 121 120 g — 120 (£20 + 130) ) 132* + (((—2p+2t2]) q

+2130) 121 +2 131 (t20+ 1 t30)) g—2 (t20+t30)2) 1324 (2131 —=2p) q

+2120) t11* + (2 (p—121) (%p—i—ﬁ]-l—%ﬁ]j g+ (120 +3130) p + (-4 120

—3130) 121 — 131 t20) t11 4+ (-p* 131 + 1217 131) g + ((-120 —2 130) 121
—131130) p + 121 (120 +130) (31 +2t2])) 132 — (p—121) (p—t11) (31 =211

+121) (—p—+—t3])) 124 ((-t1P¢* +q ((p +131) g + 120 +130) t11 — 131 ¢* p

— 31 (120 +t30) g + 130 (t20+t30)) 132 — (-tll +131) (((p—131) g —130) t11
+p (-p+131) g —120p + 131 (220 +130))) 22* + ((-t11* ¢ +q ((p +121) ¢

+ 120 +130) t11 — 121 ¢* p — 121 (120 +130) g + 120 (120 +130) ) 132* + (-q (131
—2p+2) t1I*+ ((-2p* +2121131) g+ (-120 — 130) p + 31 120 + 121 £30) t11
+ (1221 +131) p—2121131) p q + (120121 +130131) p — 121 t31 (120 +130) ) 132

+(p—tll) (~t1] +131) (-p +131) (p—121)) 22 — ((((-p +121) q +120) t11
+p(p—121) g +p130—121 (20 +130)) 132+ (p —121) (p —t11) (-p +131))
(t11 —121) 132)

omegaJMUdt22 = I

1
2 (112 —122)% (-122 +132)
+131)t12 =2 ((p —t11) ¢ +120 +130) g 121 + (111 +131) (p —t11) ¢* + (120

(—t202t223 +((-¢ (111 =221

+130) (t11 4+131) g +2120° +130120) 132 + (2 ¢ ((-p +131) g +130) 121 — (¢11
+131) (-p +131) ¢* — 130 (t11 +131) q + 120 (120 —130) ) t12 + 120 21 + (-2 (p
—t11) (-p +131) ¢ —2120 (131 —p +111)) 121 + (p —t11) (t11 +131) (-p
+131) g +120 ((-t11 —t31) p + 131> + 111 131 +z112))z222+((q3(z11—z21)z12
+ ((p—1tl1) g +120+130) g 121 —t11 (p —t11) ¢* —t11 (120 + 130) q — 120 (120
+130)) 132% + (q3 (-121 4 131) t12* + (2t2]2q2—2q ((zu +131) q

— % IZO) 21 +21311t11 ¢ + (zu (-120 +130) —2 131 (:20 + % z30j ) q



—2:202j t2+ ((-2p+21t11) g —2 120 —2130) 121° + (2 (%p+t31

2
+ (-p* 131 +111%7131) g + ((£20 —130) t11 — 31 £30) p — t11 120 (31 +2 t]])) 132

+ 1 t]]) (p—1tll) g+ (2130 —120) p + (130 +4120) t11 + 131 (t20+t30)) 121

+(-q ((-p+131) ¢ +130) 121 + 131 (-p +131) ¢* + 131 130 g + 130 120) 112

+ (((2t3]—2p) g +2130) 221> + (—(—p+t3]) (p+2t11+131) g+ (-2130
—3120) p —t11130 +3 131 (tZO— % t30)) 21+ (-p*tl1 +111131%) g + ((t20
+130) t11 +2 131 (t20—+— % t30)jp — 2120131 (t3] + % t]])) t12 — (p

—121) (p—t11) (t11 —2 121 +131) (—p+t3])) 122+ ((-2P¢*+q ((p+1tl]) g

21 —t11 ¢*p + 12011 g + 120 (120 +130)) t12 + (((-p +t11) g — 120
214p (p—tll) g +p130+111120) (111 —21)) 32>+ ((-2I* ¢+ ((p
+131) g —120) g 121 — 131 ¢* p + 131 120 g — 130 120) t12* + (-q (-2 p + 131
+111) 21+ ((-2p* +2t11131) g+ 120 p + t11 130 — 131 (£20 + 130) ) 121

+p ((t11+131) p —2t11131) g + ((-120 —30) t11 + 131 t30) p + 131 t11 120) t12

+ (111 —121) (p—121) (p—t11) (-p+131)) 132 + 112 ((((-p +131) q +130) 121
—p (-p+131) g+ (-120 —130) p + 131 120) t12 + (p —121) (p —t11) (-p
+131)) (-121 +131))

omegaMUAL32 == 1 5 (—t323 130" + ( (2 7 (rsz ~ L
2 (-t12+132)% (122 +132) 2
1

- IZI) t12—2 ((p—tll) g +120 +130) g 131 + (t11 +121) (p —t11) ¢° + (120

+130) (t11 +121) g + 130 (t20+2t30)) 22+ (-2 ((p—121) g —120) 131

— 120
— 130

~— — ~— ~—

+ (t11 4+ 121) (p —121) ¢* — 120 (t11 +121) g — 130 (120 — £30) ) t12 + 131% 130

+ 2 (p—121) (p—tll)q+2t30 (p—t1]l —121)) 131 — (t1l +121) (p —121) (p
—t11) g — ((t11 +21) p —t11* —t11 121 — 121%) 130) t322+((—q3(—t]]

+131) t12+ ((p —t11) g + 120 +130) g 131 —t11 (p —t11) g* —t11 (120 +130) q
— 130 (120 +130) ) 122> + (—q3 (-121 4+131) t12* + (2t3]2q2—2q ((t]] +121) g
— % t30) 131 + 2121 t11 ¢* + ((£20 — 130) t11 — (120 +2 t30) 121) g — 2 t302) t12
+((-2p+21t11) g—2120—2130) 131>+ ((p —t11) (p +2 121 +1t11) g + (-130

+2120) p +t11 (1220 + 4 130) + 121 (120 +130)) 131 + (-p* 121 +t11°121) q



+ (11 (-120 +130) — 121 120) p — 2130 t11 (ﬂz + % IZI)) 22+ (g ((p—121) g
—120) 131 — (p —121) 221 ¢ + 121 120 ¢ +130120) t12° + (((-2p +2121) g
+2120) 31+ ((p—121) (p+2t11 +121) g+ (-2 120 —3 130) p — 11 120

— 121 (220 —3130)) 131 + (-p* 111 + 111 121*) g + ( (120 +30) t11 + (120

+2130) 121) p — 130121 (t11 +2121)) t12 +2 (p —121) (t3]—%t]]

— % t2]) (p—tll) (—p+t3])) 324+ ((-13°¢* +q ((p +1t11) g —130) 131

—t11 ¢*p + 130111 g + 130 (120 +130)) t12 + (-t11 +131) (((p —t11) g + 120

+130) 131 —p (p —t11) g — 120 p —t11 £30) ) 122° + ((—t3]2q2+ ((p+121)q

2
+((-2p*42t11121) g+ p 130 +t11120 — 21 (120 +130)) 131 +p ((t11 +121) p
—2t11121) g+ ((-120 —t30) t11 + 121 120) p + 121 t11 130) t12 — (p —t11) (-111
+131) (~p+131) (p—121)) 122 — 112 ((((-p +121) g +120) t3]1 +p (p —121) ¢
+ (-120—130) p +121130) t12 + (p —121) (p —t11) (-p +131)) (-121 +131))

—130) g 131 — 121 ¢* p + 130121 g — 130 £20) t12* + (2 q (p ~Lg- % t2]) 131

SO OO OO

> simplify (Trace (2*F2-F112)) ;

0

Hamiltonian evolutions for (q,p)

[ The evolutions relatively to the irregular times are denoted dottl2, dott22, dott32, dottl1, dott21,
| dott31

> tdA:=Matrix(3,3,0):

tdA[l,1] :=tdAll2*lambda*2+tdAlll*lambda+tdAl10:
tdA[1,2] :=tdAl22*1lambda*2+tdAl21*lambda+tdA120:
tdA[1l,3] :=tdAl32*lambda*2+tdAl31*lambda+tdAl30:
tdA[2,1] :=tdA212*1lambda*2+tdA211l*lambda+tdA210:
tdA[2,2] :=tdA222*1ambda”*2+tdA221*1lambda+tdA220:
tdA[2, 3] :=tdA232*1lambda*2+tdA231*lambda+tdA230:
tdA[3,1] :=tdA312*lambda*2+tdA31l*lambda+tdA310:
tdA[3,2] :=tdA322*1lambda*2+tdA321*lambda+tdA320:
tdA[3,3] :=tdA332*1lambda*2+tdA331*lambda+tdA330:

(3.26)

¥ Computation of the general auxiliary matrix \td{A} and of the



tda;

tdAdt:=Matrix (3,3,0):

tdAdt[1,1] :=tdAdtll2*lambda*2+tdAdtlll*lambda+tdAdtl110:
tdAdt[1,2] :=tdAdtl22*1lambda*2+tdAdtl21*lambda+tdAdt120:
tdAdt[1,3] :=tdAdtl32*lambda*2+tdAdtl31*lambda+tdAdtl130:
tdAdt[2,1] :=tdAdt212*1ambda*2+tdAdt211*lambda+tdAdt210:
tdAdt[2,2] :=tdAdt222*1ambda*2+tdAdt221*1lambda+tdAdt220:
tdAdt[2,3] :=tdAdt232*1ambda*2+tdAdt231*lambda+tdAdt230:
tdAdt[3,1] :=tdAdt312*lambda*2+tdAdt311*lambda+tdAdt310:
tdAdt[3,2] :=tdAdt322*1ambda*2+tdAdt321*lambda+tdAdt320:
tdAdt[3,3] :=tdAdt332*1lambda*2+tdAdt331*lambda+tdAdt330:
tdAdt;

tdAdlambda:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAdlambda[i, j]:=diff
(tdA[i,]j],lambda) : od: od:

tdAdlambda;

Anew:=simplify (Multiply (Multiply (Gnormalized, tdA) ,h Gnormalized”
(-1) )+Multiply (LGnormalized,Gnormalized” (-1))):

[[3% 1dA112 + M 1dATTT + tdAT10, N 1dA122 + N 1dAI2] + 1dA120, X tdA132 + A 1dAI3]  (4.1)
+ 1dA130),
[0 1dA212 + M 1dA211 + 1dA210, \* 1dA222 + N 1dA221 + 1dA220, X 1dA232
+ N 1dA231 + 1dA230),
|2 1dA312 + M 1dA311 + tdA310, X 1dA322 + N 1dA321 + 1dA320, X 1dA332
+ N 1dA331 + 1dA330] |
[[ 37 tdAdt1 12 + N tdAdt1 11 + tdAdt1 10, X 1dAdt122 + \ tdAdt121 + tdAdt120, X tdAdt132
+ A tdAdt131 + tdAdt130),
|2 tdAdr212 + \ tdAdi211 + 1dAdi210, N 1dAdi222 + \ tdAdi221 + tdAdi220,
A tdAdr232 + N tdAdi231 + tdAdt230],
[\ tdAQ1312 + \ 1dAd1311 + tdAdi310, N 1dAdt322 + h tdAdi321 + tdAdi320,
2> 1dAd332 + N tdAdi331 + 1dAd1330 ||
2NIdAII2 + tdATI] 2 M1dAI22 +1dAI2] 2 N1dA132 + tdAI31

2NtdA212 +1tdA211 2 AtdA222 +tdA221 2 AtdA232 + tdA231
2NtdA312 +1tdA311 2 AtdA322 +tdA321 2 AtdA332 + tdA331

> dtdLdt:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dtdLdt[i,j]:=diff (tdL
[i,3],t12) *dottl2+diff (tdL[i,j],t22) *dott22+ diff (tdL[i,j],6 t32)




*dott32+diff (tdL[i,]j],al2) *dotal2+diff (tdL[i,j],al3) *dotal3
+diff (tdL[i,j],q) *dotg+ diff (tdL[i,j],p) *dotp
+diff (tdL[i,j],tll) *dottll+ diff (tdL[i,j],t21) *dott21+diff (tdL
[i,3],t31) *dott31l: od: od:
dtdLdt:
Compatibilite:=simplify (h*tdAdlambda-h*dtdLdt+Multiply (tdA, tdL)
L —Multiply (tdL,tdA)) :
| Solving the compatibility equations to obtain \td{A} and the general evolutions for (q,p)
> residue (Compatibilite[l,1]* (lambda-q) ,lambda=q) ;
residue (Compatibilite[l,1],lambda=q) ;
factor (residue (Compatibilite[1l,1]/lambda”4,lambda=infinity)) ;
Eql:= factor(residue (Compatibilite[l,1]/lambda”3,lambda=
infinity)):
Eg2:= factor (residue (Compatibilite[l,1]/lambda”2,lambda=
infinity)):
Eqg3:= factor(residue (Compatibilite[l,1]/lambda”l,lambda=
infinity)):
0 4.2)

0
0

> residue (Compatibilite[l,2]* (lambda-q) ,lambda=q) ;
residue (Compatibilite[l,2],lambda=q) ;
factor (residue (Compatibilite[1l,2]/lambda”*5,lambda=infinity)) ;
tdAl22:=0;
factor (residue (Compatibilite[1l,2]/lambda”4,lambda=infinity)) ;
Eg4:= factor (residue (Compatibilite[l,2]/lambda”3,lambda=
infinity)) ;
Eg5:= factor (residue (Compatibilite[l,2]/lambda”*2,lambda=
infinity))
Eg6:= factor (residue (Compatibilite[l,2]/lambda”l,lambda=
infinity))

0 4.3)
0
0
tdA122 := 0
0
Eq4==:—-—%;(a]2qt32tdA]324—a]2a]3tdA]]2——a]2a]3tdA222——a]2ptdA]32
a
+—a12t3]tdA]32——a]32nL4322——a]3t]2tdA]2]4—a13t22tdA]21)
Eq5 = - % (al2 qt321dA131 +al2 al3 tdA11] —al2 al3 tdA22]1 — al2 p tdA13]
a

+al2 131 tdA13] — al3* tdA32]1 — al3 t11 tdAI21 — al3 t12 tdA120 + al3 121 tdA121
+al3 22 tdA120)




Eg6:::—-—%;(aIZqt32tdA]30—Fa]2al3tdAIIO——a]2a13tdAZZO——aIZptdAI30
a

+al2 131 tdA130 — al3* tdA320 — al3 dotal2 h + al3 h tdA121 — al3 t11 tdA120
L +al31211tdAI20)
> residue (Compatibilite[1l,3]* (lambda-q) ,lambda=q) ;
residue (Compatibilite[1l,3],lambda=q) ;
factor (residue (Compatibilite[1l,3]/lambda”5,lambda=infinity)) ;
tdAl32:=0;
factor (residue (Compatibilite[1l,3]/lambda”“4,lambda=infinity)) ;
Eq7:= factor (residue (Compatibilite[l,3]/lambda*3,lambda=
infinity)) ;
Eg8:= factor (residue (Compatibilite[l,3]/lambda”2,lambda=
infinity));
Eq9:= factor (residue (Compatibilite[l,3]/lambda”l,lambda=
infinity));
0 4.4)
0
0
tdA132 =0

0
Eq7 == al2 tdA232 —al3 tdA112 + al3 tdA332 +t12 tdA131 — 132 tdA131

Eq8 == % (-al3 qr22tdAl2] + al2? 1dA231 — al2 al3 tdA111 + al2 al3 tdA331
a

+al2tll tdA131 +al2 t12 tdA130 —al2 t31 tdA131 — al2 t32 tdA130
+al3 ptdAI2] —al3 121 tdA121)

Eq9 = % (-al3 q1221dA120 + al2” tdA230 — al2 al3 tdA110 + al2 al3 tdA330
a

+al2 dotal3h —al2 htdAI31 +al2 t1]l tdA130 —al2 t31 tdA130 + al3 p tdA120

L —al3121tdAI20)

> residue (Compatibilite[2,1]* (lambda-q) ,lambda=q) ;

residue (Compatibilite[2,1],lambda=q) ;

factor (residue (Compatibilite[2,1]/lambda”5,lambda=infinity)) ;
tda212:=0;

factor (residue (Compatibilite[2,1]/lambda”*4,lambda=infinity)) ;
EqlO:= factor (residue (Compatibilite[2,1]/lambda*3,lambda=
infinity)):

Eqll:= factor (residue (Compatibilite[2,1]/lambda”2,lambda=
infinity)):

Eql2:= factor (residue (Compatibilite[2,1]/lambda”*l,lambda=

infinity)):
4.5)

(>N evien)

tdA21

\S)

= ()

()



> residue (Compatibilite[2,2]* (lambda-q) ,lambda=q) ;
residue (Compatibilite[2,2],lambda=q) ;
factor (residue (Compatibilite[2,2]/lambda”5,lambda=infinity)) ;
factor (residue (Compatibilite[2,2]/lambda”*4,lambda=infinity)) ;
Eql3:= factor (residue (Compatibilite[2,2]/lambda”*3,lambda=
infinity)) ;
Eql4d:= factor (residue (Compatibilite[2,2]/lambda*2,lambda=
infinity)) ;
Eql5:= factor (residue (Compatibilite[2,2]/lambda*1l,lambda=
infinity)) ;

0 (4.6)
0
0
0
Eql3 = 611317 (-al2* 32 tdA232 + al3* q 122 tdA322 + al2* p tdA232
— al2* 131 tdA232 — al3* p tdA322 + al3* 121 tdA322)
Eql4 = - ! (-al3 ¢*t12 122 132 tdA121 + al3 ¢° 122* 132 tdA121

al2 (122 —132) al3
+al2® q 122 132 tdA231 — al2* q 132% tdA231 — a3 q 122% tdA321

+al3® q 122132 tdA321 + al3 p q t12 122 tdA121 + al3 p q t12 132 tdA121
—al3pq122*tdAI2] —al3 p q 122 132 tdA121 —al3 q t12 121 132 tdA121

—al3 qt12122131 tdA121 + al3 q 121 122 132 tdA121 + al3 q 122* 131 tdA121

+al2* al3 122 tdA211 — al2* al3 132 tdA211 — al2* p 122 tdA231 + al2* p 132 tdA231
+al2? 122 131 tdA231 — al2* 131 132 tdA231 — al2 al3 dott22 h 122

+al2 al3 dott22 h 132 +2 al2 al3 h 122 tdA222 — 2 al2 al3 h 132 tdA222

+al3®p 122 tdA321 — al3* p 132 tdA321 — al3* 121 122 tdA321 + al3° 121 132 tdA321
—al3p* t12 tdA121 + al3 p* 122 tdA121 + al3 p t12 121 tdA121

+al3 pt12131 tdA121 — al3 p 121 122 tdA121 — al3 p 122 t31 tdA 121

+al3 t12 120 122 tdA121 — al3 t12 120 32 tdA121 — al3 t12 121 t31 tdA121

—al3 120 122* tdA121 + al3 120 122 132 tdA121 + al3 121 122 t31 tdA121)

1 2 2 ~q2
Eql5 = - —al3 P 112 122 132 tdA120 + al3 ¢ 122 132 1dA120
4 al2 (22 —132) al3 (-al3q talsq

+al2® q 122 132 tdA230 — al2* q t32% tdA230 — al3* q 122% tdA320

+al3* g 122 132 tdA320 + al3 p q t12 122 tdA120 + al3 p q t12 t32 tdA120

—al3 p q22*tdA120 —al3 p q 122 132 tdA120 — al3 q t12 121 £32 tdA120

—al3 qt12122 131 tdA120 + al3 q 121 122 132 tdA120 + al3 q t22* 31 tdA120

+al2* al3 122 tdA210 — al2* al3 132 tdA210 — al2* p 122 tdA230 + a12* p 132 tdA230
+ al2® 122 131 tdA230 — al2* 131 132 tdA230 — al2 al3 dott21 h 122

+al2 al3 dotr2] h 132 +al2 al3 h 122 tdA221 — al2 al3 h 132 tdA221

+ al3* p 122 tdA320 — al3* p 132 tdA320 — al3” 121 122 tdA320 + al3* 121 132 tdA320
—al3 p*t12 tdA120 + al3 p* 122 tdA120 + al3 p t12 121 tdA120

+al3 pt12131 tdA120 — al3 p 121 122 tdA120 — al3 p 122 131 tdA120

+al3 12 120 122 tdA120 — al3 t12 120 132 tdA120 — al3 t12 21 131 tdA120




| —-a13t20t222nL4]204—a]3120122132tdA]204—a13t2]t22t3]tdA120)

> residue (Compatibilite[2,3]* (lambda-q) ,lambda=q) ;

residue (Compatibilite[2,3],lambda=q) ;

factor (residue (Compatibilite[2,3]/lambda”5,lambda=infinity)) ;
tda232:=0;

factor (residue (Compatibilite[2,3]/lambda”4,lambda=infinity)) ;
Eql6:= factor (residue (Compatibilite[2,3]/lambda*3,lambda=
infinity))

Eql7:= factor (residue (Compatibilite[2,3]/lambda*2,lambda=
infinity)):

Eql8:= factor (residue (Compatibilite[2,3]/lambda*1l,lambda=
infinity)):

0 4.7)
0
0
tdA232 =0
0
Eg]6:=:—J;—(—al3qt22tdA222—Fal3qt22tdA332—Fa12t22tdA231——a12132tdA23I

al2
+al3 ptdA222 —al3 p tdA332 —al3 t21 tdA222 + al3 121 tdA332)

> residue (Compatibilite[3,1]* (lambda-q) ,lambda=q) ;

residue (Compatibilite[3,1],lambda=q) ;

factor (residue (Compatibilite[3,1]/lambda”5,lambda=infinity)) ;
tdA312:=0;

factor (residue (Compatibilite[3,1]/lambda”4,lambda=infinity)) ;
Eql9:= factor (residue (Compatibilite[3,1]/lambda*3,lambda=
infinity)):

Eg20:= factor (residue (Compatibilite[3,1]/lambda*2,lambda=
infinity)):

Eg2l:= factor (residue (Compatibilite[3,1]/lambda*l,lambda=
infinity)):

4.8)

S OO

[\S)

tdA312 =0

(en)

> residue (Compatibilite[3,2]* (lambda-q) ,lambda=q) ;
residue (Compatibilite[3,2],lambda=q) ;
factor (residue (Compatibilite[3,2]/lambda”5,lambda=infinity)) ;
tdA322:=0;
factor (residue (Compatibilite[3,2]/lambda”“4,lambda=infinity)) ;
Eg22:= factor (residue (Compatibilite[3,2]/lambda*3,lambda=
infinity))
Eg23:= factor (residue (Compatibilite[3,2]/lambda*2,lambda=




infinity)):

Eg24:= factor (residue (Compatibilite[3,2]/lambda”*l,lambda=
infinity)):

4.9)

(> NeNen)

tdA32

\S)

=0

)

Eq22:==—-—%;(—a]2qt32tdA222—Fa]Zq132tdA332—Fa]szdAZZZ——aIZpldASSZ
a

| —al2 31 tdA222 + al2 t31 tdA332 + al3 122 tdA321 — al3 t32 tdA321)
> residue (Compatibilite[3,3]* (lambda-q) ,lambda=q) ;
residue (Compatibilite[3,3],lambda=q) ;
factor (residue (Compatibilite[3,3]/lambda”5,lambda=infinity)) ;

factor (residue (Compatibilite[3,3]/lambda”*4,lambda=infinity)) ;
factor (residue (Compatibilite[3,3]/lambda”3,lambda=infinity)) ;
Eg25:= factor (residue (Compatibilite[3,3]/lambda*2,lambda=
infinity));

Eg26:= factor (residue (Compatibilite[3,3]/lambda*1l,lambda=
infinity));

4.10)

(NN NN

Eq2S = = o lt 2 al (al2 ¢* t12 122 132 tdA 131 — al2 ¢° 122 132° tdA 131
—al2® q 122132 tdA231 + al2* q 132% tdA231 — al2 p q t12 122 tdA 131
—al2 p qti2 132 tdA131 +al2 p q 122 132 tdA131 + al2 p q t32° tdA 131
+al2 qt12121 132 tdA131 + al2 q t12 122 131 tdA131 — al2 q 121 t32* tdA131
—al2 q 122131 132 tdA131 + al3* q 122* tdA321 — al3* q 122 132 tdA321
+al2* p 122 tdA231 — al2* p 132 tdA231 — al2” 122 131 tdA231 + al2* 131 132 tdA231
+al2 al3* 122 tdA311 — al2 al3* 132 tdA311 — al2 al3 dott32 h 122
+al2 al3 dott32 h 132 +2 al2 al3 h 122 tdA332 — 2 al2 al3 h 132 tdA332
+al2 p*t12 tdA131 — al2 p* 132 tdA131 — al2 p t12 121 tdA 131
—al2 pt12131 tdA131 + al2 p 121 132 tdA131 + al2 p t31 132 tdA 131
+al2 t12 121 t31 tdA131 + al2 t12 122 130 tdA131 — al2 t12 130 t32 tdA 131
—al2 121131 132 tdA131 — al2 122 130 132 tdA131 + al2 130 t32° tdA 131

—al3*p 122 tdA321 + al3* p 132 tdA321 + al3* 121 122 tdA321 — al3* 121 132 tdA321)
1 2 2 2
Eq26 = - 12 g% 112 122 132 tdA130 — al2 ¢* 122 132* tdA 130
1 al2 (122 —132) al3 (a124 ared
— al2® q 122 132 tdA230 + al2* q 132% tdA230 — al2 p q t12 122 tdA130
—al2 p qt12 132 tdA130 + al2 p q 122 132 tdA130 + al2 p q 132* tdA130

+al2qti2 12132 tdA130+ al2 qt12 122131 tdA130 —al2 q 21 132% 1dA130




—al2 q 122131 132 tdA130 + al3* q 122% tdA320 — al3* q 122 132 tdA320
+al2’ p 122 tdA230 — al2” p 132 1dA230 — al2” 122 131 1dA230 + a12” 131 132 tdA230
+al2 al3* 122 tdA310 — al2 al3* 132 tdA310 — al2 al3 dott31 h 122
+al2al3 dott31 ht32 +al2 al3 ht22 tdA331 —al2 al3 h t32 tdA331
—FalZ;ﬂtJZtdAI30——a]2;3t32tdA]SO——a]Zp112121tdAI30
—al2pti2131tdAI130+al2 p 121 132 tdA130 + al2 p t31 132 tdA 130
+al2 112121131 tdA130+ al2 t12 122 130 tdA130 —al2 t12 t30 132 tdA 130
— al2 121 131 132 tdA130 — al2 122 130 132 tdA130 + al2 130 t32* tdA130
| — a3 p 122 1dA320 + a3’ p 132 tdA320 + al3 121 122 tdA320 — al3* 121 132 tdA320)
> Eql:=simplify (Eql) :
Eg2:=simplify (Eq2) :
Eg3:=simplify (Eq3):
Eq4:=simplify (Eq4) :
Eg5:=simplify (Eqg5) :
Eg6:=simplify (Eg6) :
Eq7:=simplify (Eq7) :
Eg8:=simplify (Eg8) :
Eq9:=simplify (Eq9) :
EqlO:=simplify (Eql0) :
Eqll:=simplify (Eqll):
Eql2:=simplify (Eql2):
Eql3:=simplify (Eql3):
Eql4:=simplify (Eql4):
Eql5:=simplify (Eql5):
Eql6:=simplify (Eql6) :
Eql7:=simplify (Eql7):
Eql8:=simplify (Eql8):
Eql9:=simplify (Eql9) :
Eg20:=simplify (Eq20) :
Eqg2l:=simplify (Eq21):
Eq22:=simplify (Eq22) :
Eg23:=simplify (Eq23):
Eg24:=simplify (Eq24) :
Eg25:=simplify (Eg25) :
Eg26:=simplify (Eg26) :
> tdAl131:=al3* (tdA112-tdA332)/(t12-t32):
simplify (Eq7) ;
tdAl130:=-(-gq*al3*t12*t22*tdAl121+g*al3*t22*t32*tdAl121+p*al3*tl2*
tdAl21-p*al3*t32*tdAl21+al272*t12*tdA231-al2”2*t32*tdA231-al2*
al3*tl2*tdAlll+al2*al3*tl12*tdA331+al2*al3*t32*tdAlll-al2*al3*
t32*tdA331+al2*al3*tll*tdAll2-al2*al3*t11*tdA332-al2*al3*t31~*
tdAll2+al2*al3*t31*tdA332-al3*tl12*t21*tdAl21+al3*t32*t21*




tda121) / ((t12-t32)~2*al2):
simplify (EqQ8) ;
tdA321:=-(-gq*al2*t32*tdAll2+q*al2*t32*tdA332+p*al2*tdAll2-p*
al2*tdA332-al2*tl12*tdAll1+al2*tl12*tdA221+al2*t32*tdAlll-al2*
t32*tdA221-al2*t31*tdA112+al2*t31*tdA332+t1272*tdA120-t12*t22*
tdA120-t12*t32*tdA120+t12*t11*tdA121-t12*t21*tdAl121+t22*t32*
tdA120-t32*t11*tdA121+t32*t21*tdA121)/((t1l2-t32)*al3):
simplify (EgQ5) ;

0 4.11)

0
0

tdAl21:=al2* (tdA112-tdA222)/(t12-t22):
simplify (Eg4) ;
tdA320:=((((tdA110-tdA220) *t1243+( (g* (tdA111-tdA331) -2*
tdAl110+2*tdA220) *t32+ (-tdA110+tdA220) *t22+ (-tdA111+tdA331) *p+
(tdA111-tdA331) *t31+h* (tdAl112-tdA222) ) *t12°2+(( (-tdA111+tdA331)
*q+tdAl110-tdA220) *t3272+ (( (tdAl1l2-tdA222) *q*2+ (-tdA111+tdA331) *
g+2*tdAl10-2*tdA220) *t22+ ( (-tdA1l12+tdA222) *q+tdAl111-tdA331) *p+(
(tdA112-tdA332) *t31+(-t1ll+t21) *tdAll2-tdA222*t21+tdA332*t11l) *g+
(-tdA111+tdA331) *t31-2*h* (tdA1l12-tdA222)) *t32+ ( ((-tdAll2+
tdA222) *g+tdAl11-tdA331) *t22+ (tdAl1l12-tdA222) *p+ (-tdA112+tdA332)
*£31+(t11l-t21) *tdAl1l12+tdA222*t21-tdA332*t1l) * (p-t31) ) *tl2+(( (-
tdAl12+tdA222) *gq*2+g* (tdA111-tdA331) -tdA110+tdA220) *t22+ (tdAll2
-tdA222) * (p*q-g*t21+h) ) *£32°2+ ( ( ((tdAl1l2-tdA222) *q-tdAlll+
tdA331) *p+ ((-2*tdAl112+tdA222+tdA332) *t31+t1ll* (tdAl12-tdA332)) *
g+ (tdAl11-tdA331) *t31) *t22- (tdA1l12-tdA222) * (p-t31) * (p-t21)) *
t32+t22* (tdA112-tdA332) * (-t11+t31) * (p-t31)) *al2+(t1l2-t32) ~2*
(t12-t22) * (-dotal2*h-t11*tdA120+t21*tdA120) ) *al3+tdA231*al22*
(t12-t32) * (£t12-t22) * (-q*t32+p-t31) ) / ((t12-t22) * (t12-t32) ~2*
al3~2):
simplify (Eg6) ;
tdA211:=((-g*2* (tdA222-tdA332) *t32+ (p*q-gq*t31+t20) *tdA222+ (-p*
g+g*t31+t30) *tdA332+ (-t30+2*h-t20) *tdAll2-dottl2*h-tdA311*al3) *
t22+ ((p*g-g*t21-t20) *tdA222+ (-p*q+g*t21-t30) *£tdA332+ (t30-2*h+
t20) *tdAll2+dottl2*h+tdA311*al3) *t32- (tdA222-tdA332) * (p-t21) *
(p-t31))/((t22-t32) *al2):
simplify (Egq2) ;

0 4.12)

0
0

tdA210:=(-tdA310* (t22-t32) *al342* (t12-t22) * (£12-t32) *al2+ ( ((((
(-tdAl112+tdA222) *q+tdAl111-tdA331) *q*2*t32- ( (-tdA1l12+tdA222) *qg+
tdAl11-tdA331) *gq*p-t31* (tdAl12-tdA222) *q*2+ ((tdA111-tdA331) *t31



~£30* (tdA112-tdA222) ) *q+t30* (tdA111-tdA331) +h* (dottll-tdAl11l))*
£12- ( (-tdA112+tdA222) *q+tdAl111-tdA331) *q 2*£3242+ ( ( (-tdAl12+
tdA222) *q+tdA111-tdA331) *q*p+ ( (2*tdA112-tdA222-tdA332) *£31-t11*
(tdA112-tdA332) ) *q*2+ ( (-tdA111+tdA331) *t31+t30* (tdA112-tdA222))
*q+ (-tdA111+tdA331) *£30-h* (dottll-tdA111l)) *t32- (tdA112-tdA332) *
(-t11+t31) * (p*q-q*t31-£30) ) *£2242+ ( (-q*2* (tdA111-tdA331) *t32+q*
(tdA111-tdA331) *p-t31* (tdA111-tdA331) *q+ (-tdA111+tdA331) *t30-h*
(dottll-tdAl111))*t1242+ (qr2* (£tdA111-tdA331) *£3242-2%q* (( (-
tdA112+tdA222) *q+tdA111-tdA331) *p+ ( ((1/2) *tdA112- (1/2) *tdA332) *
£31+ (tdA112-tdA222) *£21- (1/2) *£11* (tdA112-tdA332)) *q+ (- (1/2) *
tdA111+4 (1/2) *tdA331) *t31+ (- (1/2) *tdAl11l+(1/2) *tdA331) *t21- (1/2)
*£30% (tdA112-tdA222) ) *£32+ ( (-2*tdA112+2*tdA222) *q+tdAl1ll-
tdA331) *pr2+ ( ((3*tdA112-2*tdA222-tdA332) *£31+ (2*tdAl112-2*
tdA222) *t21-t11* (£tdA112-tdA332) ) *q+ (-tdA111+tdA331) *£31+ (-
tdA111+tdA331) *t21+t30* (tdA112-tdA222)) *p-2*£31* (((1/2) *tdAall2-
(1/2) *tdA332) *£31+ (tdA112-tdA222) *t21- (1/2) *t11* (tdA112-tdA332)
) *q+ ( (tdA111-tdA331) *£21-t30* (tdA112-tdA332) ) *t31-£30* ( (tdAll2-
tdA222) *t21-t11* (£tdA112-tdA332))) *t12+ (g* ( (-2*tdA112+2*tdA222) *
q+tdA111-tdA331) *p+ (2* (tdA112-tdA222) ) *t21*q~2+ ( (-tdAlll+
tdA331) *t21-t30* (tdA112-tdA222) ) *q+t30* (tdA111-tdA331) +h*
(dottll-tdAl111)) *£3242+ (((2*tdA112-2*tdA222) *q-tdA111+tdA331)*
P 2+ (( (-3*tdAl12+42*tdA222+tdA332) *£31+ (-2*tdA112+2*tdA222) *t21+
t11* (tdA112-tdA332)) *q+ (tdA111-tdA331) *t31+ (tdAl11-tdA331) *£21-
£30% (tdA112-tdA222) ) *p+3*£21* ( (tdAl12-2*tdA222* (1/3) - (1/3) *
tdA332) *£31- (1/3) *t11* (tdA112-tdA332) ) *q+ ( (-tdAl11+tdA331) *£21-
£30*% (£dA112-tdA332) ) *t31+t30* ( (tdA112-tdA222) *£21+t11* (tdAll2-
tdA332))) *t32+ (tdA112-tdA332) * (-t11+t31) * (p-t31) * (p-t21) ) *£22+ (
(g* (tdA111-tdA331) *p-t21* (tdA111-tdA331) *q+t30* (tdA111-tdA331)+
h* (dottll-tdAl111))*t32- (tdA111-tdA331) * (p-t31) * (p-t21) ) *£1242+ (
(-q* (tdA111-tdA331) *p+t21* (£tdA111-tdA331) *q+ (-tdA111+tdA331) *
£30-h* (dottll-tdAl111))*t3242+ ( ((-tdAl12+tdA222) *q+tdAlll-
tdA331) *p~2+ ( ( (tdA112-tdA332) *£31+ (2*tdA112-2*tdA222) *£21-t11*
(tdA112-tdA332) ) *q+ (-tdA111+tdA331) *t31+ (-tdA111+tdA331) *t21-
£30* (tdA112-tdA222) ) *p- ( (£tdA112-tdA332) *t31+ (tdAl12-tdA222) *£21
—£11* (tdA112-tdA332)) *t21*q+ ( (tdA111-tdA331) *t21+t30* (tdA112-
tdA332) ) *£31+t30* ( (tdAl12-tdA222) *£21-t11* (tdAl12-tdA332))) *
£32+ (p-t21) * (p-t31) * ( (tdA112-tdA222) *p+ (-tdA112+tdA332) *£31+ (-
tdA112+tdA222) *t21+t11* (tdA112-tdA332))) *t12- (tdA112-tdA222) * (
(-p*q+q*t21-t30) *£32+ (p-t31) * (p-t21) ) * (p-t21) *£32) *al2+ ( (g 2*
£32-p*q+q*t31-t20) *£22+ (-p*q+q*t21+t£20) *£32+ (p-t31) * (p-t21)) *
(t12-£32) * (£12-t22) ~2*tdA120) *al3+tdA231*al2~2* (£12-t32) * (t12-
£22) * ((g*2*t32-p*q+q*t31+t30) *£22+ (-p*q+q*t21-£30) *£32+ (p-t31) *



(p-t21)) )/ (al2”2* (£t12-t22) * (t12-t32) *al3* (£t22-t32)) :

simplify (EqQ3) ;

simplify (Eql) ;
0 4.13)
0

tdA230:=((((tdA110-tdA330) *t1243+ ((-2*tdA110+2*tdA330) *t32+ (-
tdA110+tdA330) *t22+ (-tdA111+tdA331) *t11+(tdA111-tdA331) *t31+h*
(tdA112-tdA332) ) *t1242+ ((tdA110-tdA330) *t3242+ ((2*tdA110-2*
tdA330) *t22+ (tdA111-tdA331) *t11+(-tdA111+tdA331) *t31-h* (tdAll2-
tdA332)) *t32+ ( (-gq*tdAl12+g*tdA222+tdA111-tdA331) *t11l+ (g*tdAll2-
g*tdA222-tdA111+tdA331) *t31-h* (tdA112-tdA332)) *t22- (t11* (tdAll2
-tdA332) + (-tdA112+tdA332) *t31+ (tdAl112-tdA222) * (p-t21) ) * (-tl1ll+
t31)) *t12-t22* (tdA110-tdA330) *t3272+ ( ( (g*¥tdAll2-g*tdA222-
tdA111+tdA331) *t11l+ (-gq*tdAl12+g*tdA222+tdA111-tdA331) *t31+h¥*
(tdA112-tdA332) ) *t22+ (tdA112-tdA222) * (-t11+t31) * (p-t21)) *t32-
t22* (-t11+t31) *2* (tdA112-tdA332)) *al2-tdA120* (t12-t32) *2* (t1l2-
t22) * (-g*t22+p-t21) ) *al3- (t12-t32) *al2* (tdA231* (-t11+t31) *al2+
dotal3*h* (t12-t32)) * (t12-t22)) / ((tl2-t22) * (t12-t32) *2*al2"2):
simplify (Eq9) ;
tdA311:=(((-g*2*t32+p*q-gq*t31+2*h-t30) *t22+ (p*q-gq*t21-2*h+t30) *
t32- (p-t31) * (p-t21) ) *tdAll2+ ( (g*2*t32-p*q+g*t31+t30) *t22+ (-p*qg+
g*t21-t30) *t32+ (p-t31) * (p-t21) ) *tdA332-dottl2*h* (t22-t32))/
(al3* (t22-t32)):

simplify (Eql0) ;

tdA231:=- (tdA222-tdA332) * (-g*t22+p-t21) *al3/ (al2* (t22-t32)) :
simplify (Eql6) ;

tdAl112:=(1/2) *dottl2:

simplify (Eql9) ;

tdAl120:=- ((((g*dottl2-2*q*tdA222-2*tdA111+2*tdA22]1) *t12+ (-g*
dottl2+2*q*tdA222+2*tdA111-2*tdA221) *t22+ (t11-t21) * (dottl2-2*
tdA222) ) *t3242+ ((2*gq*tdA222-2*q*tdA332+2*tdA111-2*tdA221) *
t1272+ (-g* (dottl2+2*tdA222-4*tdA332) *t22- (dottl2-2*tdA222) * (p-
t31+t11-t21)) *t1l2+ ((g*dottl2-2*q*tdA332-2*tdA111+2*tdA221) *t22+
(dottl2-2*tdA222) * (p-t31-t11+t21) ) *t22) *£32+((-2*tdA111+2*
tdA221) *t22- (2* (£tdA222-tdA332) ) * (p-t31) ) *t1242+ ((2*tdAl1ll-2*
tdA221) *t22+ (p-t31+t11-t21) *dottl2+ (2*p-2*t31-2*t11+2*t21) *
tdA222-4*tdA332* (p-t31) ) *t22*t12-t2242* (dottl2-2*tdA332) * (p-
t31)) *al2)/ (2* (t12-t22)*2* (£t12-t32) * (t22-t32)) :

simplify (Eq22) ;

tdA332:=(1/2) *dott32:

simplify (Eq25) ;

tdA222:=(1/2) *dott22:

simplify (Eql4) ;



tdA220:=simplify (solve (simplify (Eq23) ,tdA220)):

simplify (Eg23) ;

tdA310:=factor (solve (simplify (Eq20) ,tdA310)) :

simplify (Eq20) ;

tdal

11:=dottll:

simplify (Eqll) ;

tdA330:=factor (solve (simplify (Eql7) ,tdA330)):

simplify (Eql7) ;

tdAa3

31:=dott31:

simplify (Eg26) ;

tdaz

21 :=dott2l:

simplify (Eql5) ;

Eql:
Eqg2:

Eg4d:
Eg5:
Eqg6:
Eq7:
Eg8:
Eq9:

EqlO0:
Eqll:

Eql3

Eql4:
Eql5:
Eqlé6:

Eql7

Eql9:
Eq20:

=simplify (Eql) ;
=simplify (Eq2) ;

:=simplify (Eq3) ;

=simplify (Eg4) ;
=simplify (Eg5) ;
=simplify (Eg6) ;
=simplify (Eq7) ;
=simplify (Eg8) ;
=simplify (Eq9) ;
=simplify (Eql0) ;
=simplify (Eqll) ;

:=simplify (Eql3) ;
=simplify (Eqld4) ;
=simplify (Eql5) ;
=simplify (Eql6) ;
:=simplify (Eql7) ;

=simplify (Eql9) ;
=simplify (Eq20) ;

SO OO OO DD O O

4.14)



Eq22:=simplify (Eq22) ;
Eg23:=simplify (Eg23) ;

Eg25:=simplify (Eg25) ;
Eg26:=simplify (Eqg26) ;

Eql
Eqg2
Eg3
Eqg4
Eqg5
Eq6
Eq7
Eqg8
Eq9
Eql0
Eqll :
Eql3 :
Eql4 :
Eql5
Eql6
Eql7 :
Eql9
Eq20
Eq22
Eqg23
Eqg25
Eq26

4.15)

i il
el clolole ol loReloReReRe i il

> Eql2:=simplify (Eql2):
Eql8:=simplify (Eql8) :
Eq2l:=simplify (Eq21) :
| Eqg24:=simplify(Eq24):
There are only 4 remaining non trivial equations. Solving the first two gives the evolutions for
| (q,p) and we check that these evolutions are Hamiltonian
> dotqg:=factor (solve (simplify (Eql2) ,dotqg)) :
simplify (Eql2) ;
dotp:=solve (simplify (Eql8) ,dotp) :
simplify (Eql8) ;
simplify (Eq21) ;
simplify (Eqg24) ;
dotqg:=factor (simplify (dotq)) :
4.16)

SO OO

> H:=unapply( int(h*dotq,p).,q,p):
f:=unapply( factor(-simplify(int(simplify(diff (H(q,p),h q)+h*
dotp) ,q))), q):




Hamiltonian:=unapply (simplify (H(q,p)+£(q)) ., q,p):
simplify (diff (Hamiltonian (q,p) ,p) -h*dotq) ;
simplify (diff (Hamiltonian (q,p) ,q)+h*dotp) ;
0 4.17)
0
dotgfunction:=unapply (dotq,tl2,t22,t32,t11,t21,t31,dottl2,
dott22,dott32,dottll,dott2l,dott3l):
dotpfunction:=unapply (dotp,tl2,t22,t32,t11,t21,t31,dottl2,
dott22,dott32,dottll,dott21,dott31):
Plfunction:=unapply (P1l (lambda) ,lambda,tl2,t22,t32,t11,t21,t31):
dPlfunction:=unapply (dP1l (lambda) ,lambda, tl2,t22,t32,tl1l1,t21,
t31,dottl2,dott22,dott32,dottll,dott21,dott31l):

¥ Expression of the Hamiltonian evolutions in the trivial

directions

> factor (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,1,1,1));

factor (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,1,1,1));
Hamvl:=(q,p) ->-h*q;
simplify (h*dotgfunction(tl12,t22,t32,¢t11,t21,¢31,0,0,0,1,1,1) -
diff (Hamvl (q,p) ,P))
simplify (h*dotpfunction(tl2,t22,t32,¢t11,t21,¢31,0,0,0,1,1,1)+
diff (Hamvl (q,p) ,q));

0 5.1)

h

Hamvl == (q,p)—-hgq
0
0

factor (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,1,1,1,0,0,0));
factor (h*dotpfunction(tl2,t22,t32,¢t11,t21,¢31,1,1,1,0,0,0));
Hamv2:=(q,p) ->-h*q*2/2;

simplify (h*dotgfunction(tl12,t22,t32,t11,¢t21,¢31,1,1,1,0,0,0) -
diff (Hamv2(q,p) ,p)) ;

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,1,1,1,0,0,0)+

diff (Hamv2 (q,p) ,q)) ;
0 (5.2)
hq

Hamv2 :== (q,p) — —% hq2
0
0
simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,t12,t22,
t32));
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,t12,t22,



t32));
Hamul:=(q,p) ->-h*p;
simplify (h*dotgfunction(tl12,t22,t32,t11,¢t21,¢31,0,0,0,t12,t22,
t32) - diff (Hamul (q,p) ,p))
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,tl12,t22,
t32)+ diff (Hamul (q,p),q))

-h (5.3)

0

Hamul = (q,p)—-hp
0
0

simplify (h*dotgfunction(tl2,t22,t32,t11,t21,t31,2*t12,2*t22,2%*
t32,t11,t21,t31));
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,t31,2*t12,2*t22,2%*
t32,t11,t21,t31));
Hamu2:=(q,p) ->-h*g*p;
simplify (h*dotgfunction(tl2,t22,t32,t11,t21,t31,2*t12,2*t22,2*
t32,t11,t21,t31) - diff (Hamu2(q,p),p))
simplify (h*dotpfunction (tl12,t22,t32,t11,t21,t31,2*t12,2*t22,2%*
t32,t11,t21,t31)+ diff (Hamu2(q,p),q))
-hgq 5.4
ph
Hamu2 == (q,p)—-hqp
0
0

simplify (h*dotgfunction(tl2,t22,t32,t11,t21,t31,2*(t12-t32) *
(t12-t22),0,0, t12* (3*t11-t21-t31) - (t1l2+t22+t32) *t1ll+ t22*t31+
t32*%t21,0,0));
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,t31,2*(t12-t32)*
(t12-t22),0,0, t12* (3*t11-t21-t31) - (t12+t22+t32) *t11+t22*t31+
t32*%t21,0,0));
Hamal:=(q,p) ->h*( (t22+t32) *g*p-p*2+ (t21+t31) *p -t32*t22*g*2 -
(t22*t31+t32*t21) *q) ;
simplify (h*dotgfunction(tl12,t22,t32,t11,t21,t31,2* (t12-t32) *
(t12-t22),0,0,t12* (3*t11-t21-t31) - (t1l2+t22+t32) *t1ll+ t22*t31+
t32*t21,0,0)- diff (Hamal(q,p),pP)):
simplify (h*dotpfunction(tl12,t22,t32,t11,t21,t31,2* (t12-t32) *
(t12-t22),0,0,t12* (3*t11-t21-t31) - (t1l2+t22+t32) *t1ll+ t22*t31+
t32*t21,0,0)+ diff (Hamal(q,p).,q))
(122 +132) hg— (-t31 +2p —121) h 5.5
~h ((-2qt32+p—131) 122 +132 (p —121))

Hamal == (q,p)—h (1222 4132) gp —p* + (221 +131) p — 132122 ¢* — (121 132

+122131) q)
0
0



> simplify (h*dotgfunction (tl12,t22,t32,t11,t21,t31,0,2*(t22-t12)*
(t22-t32),0,0,t22* (3*t21-t11-t31)- (tl2+t22+t32)*t21+tl12*t31+
t32*t11,0)) ;
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,t31,0,2* (t22-t12)*
(t22-t32) ,0,0,t22* (3*t21-t11-t31) - (tl2+t22+t32)*t21+tl12*t31+
t32*t11,0)) ;
Hama2:=(q,p) ->h*( (t1l2+t32) *g*p-p*2+(t11+t31) *p -t32*tl1l2*g"2 -
(£12*t31+t32*t11) *q) ;
simplify (h*dotgfunction(tl12,t22,t32,t11,t21,t31,0,2* (t22-t12) *
(t22-t32),0,0,t22* (3*t21-t11-t31) - (tl2+t22+t32)*t21+tl12*t31+
t32*t11,0)- diff (Hama2(q,p) ,pP))
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,t31,0,2* (t22-t12) *
(t22-t32),0,0,t22* (3*t21-t11-t31) - (tl2+t22+t32)*t21+tl12*t31+

t32*t11,0)+ diff (Hama2(q,p) ,q9))
(t12+132) hg — (-t31 +2p —tll) h (5.6)
~h ((-2qt32+p—1t31)t12+132 (p —tll))

Hama2 == (q,p)—h ((t12+132) gp —p* + (t11 +131) p — 132112 ¢* — (¢11 132

+112131) q)
0
0

> simplify (h*dotgfunction(tl12,t22,t32,t11,t21,t31,0,0,2*(t32-t12)
*(£32-t22),0,0,t32*% (3*t31-t11-t21) - (tl2+t22+t32) *t31+t12*t21+
t22*tl1ll));

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,t31,0,0,2*(t32-t12)
*(t32-t22),0,0,t32*% (3*t31-t11-t21) - (tl1l2+t22+t32) *t31+t12*t21+
t22*t1ll));

Hama3:=(q,p) ->h*( (tl2+t22) *g*p-p*2+(t11+t21) *p -t22*t12*g"2 -
(t12*t21+t22*t11) *q) ;

simplify (h*dotgfunction(tl12,t22,t32,t11,t21,t31,0,0,2*(t32-t12)
*(£32-t22) ,0,0,t32* (3*t31-t11-t21)- (tl2+t22+t32) *t31+tl1l2*t21+
t22*t11l) - diff (Hama3(q,p),pP))’

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,t31,0,0,2*(t32-t12)
*(£32-t22) ,0,0,t32* (3*t31-t11-t21)- (tl2+t22+t32)*t31+tl1l2*t21+

t22*t11l)+ diff (Hama3(q,p).,q))
(t124+22)hqg— 2p—tll —121) h 5.7
~h ((-2q22+p—121)tI12+122 (p —tll))

Hama3 = (q,p)—h ((t12+122) gp —p* + (t11 +121) p — 122 12 ¢* — (¢11 122

+112121) q)
0
0

> simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,1,0,0));
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,1,0,0));
Hamell := unapply( (-p*3+((tl12+t22+t32)*g+t11+t21+t31) *p 2+ (( (-
t22-t32) *t12-t22*t32) *g*2+ ((-t31-t21) *t12+ (-t11-t31) *t22-t32%*




(£11+t21) ) *gq+tl2* (-t20-t30) +t22*t20+t32*t30+ (-t31-t21) *t11-t21*
t31) *p+g* (Q*2*t12*£22*£32+ ((£22*£31+t32*t21) *£12+t22*t32*t11) *
g+ (t22*t30+t32*t20+t21*t31) *t12+ ( (-t20-t30) *t32+t11*t31) *t22+
t32*t11*t21))/ ((t1l2-t32) * (t1l2-t22)) ,q,p):;

simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,1,0,0)-
diff (Hamell (q,p) ,P))

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,1,0,0)+
diff (Hamell (q,p) ,q))

simplify( Hamell (q,p)-1/((t32-t12)* (t22-t12))* (-p~3+ P1l(q) *p”2-
P2 (q) *p+P3(q))) ;

1 2 _
(~112 4 132) (112 —122) (((t22+t32)t]2+t22t32)q + ((t3] 2p +121) t12 + ( (5.8)
1

-2p+131+1tll) 122 =2 (p—— t]]—%tZ]) t32) q+ (120 +130) t12 — 120 122

2
—6062+3p%+k25]—2ﬂ]—2ﬁhp+ﬁﬂ(Q1+tﬂ)+Qlﬁd

1
(-t12 +132) (t12 —122)
+120) 32 + (p —131) (p—t2])) 2+ ((-2pg+2qtl]l —120—130) 32+ (p
—t31) (p—tll)) 22 +132 (p —121) (p—tl]))

1 3
- 112 4+ 122 + 132 111 + 121
(112 —132) (112 — 122) (-p"+ (124122 +132) g + 111 +

+131) p* 4 (((-122 —132) 112 — 122 132) ¢* + ((-13] —21) t12 + (-t1] —t31) 122
— 132 (t11 4+ 121)) g +t12 (-120 — 130) + 120122 + 130132 + (-131 —121) t11
—121131) p+q (7112122132 + ((121 132 +122131) t12 + 122132 t11) q + (12032
+ 121131 +122130) 12 + ((-120 — 130) t32 +t11 t31) 122 + 132 ¢11 121) )

(((3g%132—2pq+2q131+130) 2224 (-2pg+2q 12l

Hamell = (q,p) —

S OO —

> simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,1,0));
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,1,0));
Hame2l:= unapply( (p*3+((-tl12-t22-t32)*qg-t31-t11-t21) *p” 2+ ((
(t12+4t32) *t22+t12*t32) *g*2+ (t12* (£21+t31) +t22* (£11+t31) +t32*
(t11+t21) ) *g+ (h-t20) *t22+ (£t30-h+t20) *t12-t32*t30+t11* (t21+t31) +
t21*t31) *p-g* (gq*2*t12*t22*t32+ ((£12*t31+t32*t11) *t22+t12*t32%*
t21) *g+ (£t12*t30+ (-t30+h-t20) *t32+t11*t31) *t22+ ( (-h+t20) *t32+
t21*£31) *t12+t32*t11*t21) )/ ((t22-t32) * (t12-t22)) ,q9,p);
simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,1,0)-
diff (Hame2l (q,p) ,P))

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,1,0)+
diff (Hame2l (q,p) ,q))

simplify( Hame2l (q,p)- (1/((t32-t22)*(t1l2-t22))*(-p*3+ Pl(q)*



p*2-P2(q) *p+P3(q)) +(p-q*t32)*h/(t32-t22)) );

1 ~ . . 2 _ .
(“122 4 132) (112 —122) ((( 122 —132) t12 —122132) q +(( 31 +2p—121)ti2 (5.9)
1

+ (-3l +2p—1tll) 122 +2 (p—z t]]—%tZ]) t32) q+ (h—120—130) ti2

+(JrHﬂDQ2+6062—3f+%261+2ﬂl+22”p+ﬂ—ﬁ]—ﬁhtH

—12]61)

1

(-122 +132) (112 —122)
—2q131 —130) t12+ (p—t1l) (-p+131)) 22+ ((2pq—2q 121 +h —120) tI2
—(p—121) (p—t11)) 132 +112 (p —121) (-p +131))

1 3
(2= 5 =y P+ (112=22=132) g =131 =1l

—21) p* + (112 +132) 122 + 112 132) ¢* + (¢12 (121 +131) + 122 (t11 +131)
+132 (t11 +121)) g + (h —120) 122 + (-h + 120 +130) t12 — 130 £32 + t11 (121
+131) +121131) p —q (P 112122132 + ((t11 132 + 112 131) 122 + 12121 132) ¢
+ (t12 130 4+ (h — 120 — 130) 32 + 111 £31) 122 + ((-h +120) 132 + 121 131) 112
+132111121))

(((-3g%t12+2pg—2qtl] —h+120+130) 132+ (2pq

Hame2l = (q,p) —

0
0
0

> simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,0,1));
simplify (h*dotpfunction (tl1l2,t22,t32,t11,t21,¢31,0,0,0,0,0,1));
Hame31l:=unapply ( (-p"*3+ (t11+t21+t31+ (t12+t22+t32) *q) *p*2+( ((-tl2
-t22) *£32-t12*t22) *g*2+ ((-t21-t11) *t32+ (-t31-t21) *t1l2-t22* (t11l+
t31) ) *g+ (-h+t30) *t32+ (-t30+h-t20) *t12+t22*t20+ (-t31-t21) *t1l1l-
t21*t31) *p+g* (t12*t22*£32*gq"2+ ((£t12*t21+t22*t11) *£32+t31*tl2~*
t22) *q+ (t12*t20+ (-t30+h-t20) *t22+t11*t21) *t32+ ( (-h+t30) *t22+
t21*t31) *t12+t22*t11*t31) )/ ((t22-t32) *(t1l2-t32)) ,q9,p) ;
simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,0,1) -
diff (Hame31l (q,p) ,P))
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,0,0,1)+
diff (Hame31l (q,p) ,q))

simplify( Hame31l (q,p)- (1/((t22-t32)* (t1l2-t32))* (-p*3+ P1(q)*
p*2-P2(q) *p+P3(q)) - (p-g*t22)*h/(t32-t22)) );

(_t22+t32)1(_t12+t32) (((-122—=132) 112 —122132) " + ((-13] +2p —121) 112 (5.10)

+132 2p—tll —121) — (-2p+131 +t1l) 122) g + (h — 120 —130) ti2 + (-h
+130) t32+t20t22—3p2—|—(2t31 +2¢11+2121) p + (-t31 —121) t1] — 121 131)

1
(C122+132) (112 4 132) (((-3¢*t12+2pg—2qtl1 —h+120+130) 132+ (2pq

—2qg131+h—130)t12+ (p—t11) (-p+131)) 22+ ((2p g —2 q 121 —120) 112




—(p—121) (p—1tl11)) 132 +112 (p —t21) (-p +131))

1 3
- 112 4122 +132) g + 111 + 121
3752 =gy (P (222 4132) g +ul] +

+131) pP 4 (((-112 —122) 132 — 12 122) ¢* + ((-12] —t11) 132 + (-13] —121) t]2
— 122 (t11 +131)) g+ (-h +130) 132 + (h — 120 — £30) t12 + 120 122 + (-131
—21)tll —21t31)p +q (q2 2122132+ ((¢t11 122 +¢12121) 132 +131t12122) q
+ (120112 + (h — 120 — 130) 122 +t11 £21) 132 + ((-h +130) 122 4+ 121 t31) t12
+122¢11131))

Hame31l = (q,p) —

0
0
0

> simplify (Hame31l (q,p)- (tl1l2/(tl2-t32)*Hamvl (q,p)+1/(t32-t12)*
Hamul (q,p) +(t22-t12) / (t12-t32) *Hame21 (q,p)) ) ;
0 (8.11)

> simplify (h*dotgfunction(tl2,t22,t32,t11,¢t21,¢31,1,0,0,0,0,0)):
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,1,0,0,0,0,0)):
Hamel2:=unapply ( ( (t32*t22* (£t21+t31-2*t11) *g"*3+ (- (t22+t32) * (t21+
t31-2*t1l) *p+ (-h*t32+t31* (t21+t31-2*t11) ) *£22+t32*t21* (t21+t31
-2*t11) ) *g*2+ ((£t21+t31-2*t1ll) *p*2+ (h*t22+h*t32- (t21+t31) * (t21+
t31-2*t11) ) *p+ (-2*t30*t11+t21*t30+ (-h+t30) *t31) *t22+ (-2*t1ll~*
t20+ (-h+t20) *t21+t31*t20) *t32+t31*t21* (t21+t31-2*tl1ll) ) *g- (p*h+
(-2*t30-2*%t20) *t11+ (t21+t31) * (£30-h+t20)) *p) *t12”2+ (- ((-t11+
t31) *£22-t32* (t11-t21) ) *£32*t22*g*3+ ( ((-t1l1l+t31) *t2272-t3242%*
(t11-t21) ) *p+ (h*t32-t31* (-t11+t31) ) *£2242+ (2* ((1/2) *h*t32+(tl1ll-
t21) * (-t11+t31)) ) *£32*t22+t21*£3242* (t11-t21) ) *q*2+ (((-t1ll+t21)
*£22+t32* (-t11+t31)) *p*2+ (-h*t2242+ (-2*h*t32+2*t11* (t11-t21)) *
t22-h*t3272-2*%tl11* (-t11+t31) *t32) *p+ (t30*tll- (-h+t30) *t31) *
t22724 (((3*t20+4+3*t30) *t11+ (h-t20-2*t30) *t21- (-h+2*t20+t30) *t31)
*£32+t31*% (t11-t21) * (-2*t11+t31)) *t22+ (2* (((1/2) *t11*t20+(1/2)*
(h-t20) *t21) *£32+ (-t11+t31) *t21* (- (1/2) *t21+tll))) *t32) *g-p* (
(£21+t31-2*t1ll) *p*2+ (-h*t22-h*t32- (t11+t21+t31) * (t21+t31-2*t1l1)
) *p+ ((3*t20+t30) *t11+ (h-t20) *t21- (-h+2*t20+t30) *t31) *t22+ (t11*
(t20+3*t30) + (h-t20-2*t30) *t21- (-h+t30) *t31) *t32+ (t21+t31-2*t11)
*(£t11l* (t21+t31)+t21*t31))) *tl2+t32* (((-t1l1l+t31) *t22-t32* (tll-
t21) ) *p+ (-h*t32-t11* (-t11+t31) ) *£22+t32*t11* (t1l1-t21)) *t22*g*2+
(- ((-t11+t31) *t22-t32* (t11-t21)) * (t22+t32) *p*2+ ((t32*h-t11"2+
t3172) *t2222+ (h*t32424+ (-2*t11242*t21*t31) *t32) *t22+ (-tl11*2+
t2112) *£3272) *p+ (((-t20-t30) *t11+ (t30-h+t20) *£31) *t32-t11*t31*
(-t1l1+t31)) *t2242-t32* ((t11* (t20+t30) - (t30-h+t20) *t21) *t32-
(£11* (t21+t31)-2*t21*t31) *t1ll) *t22+t3242*t11*t21* (t11l-t21)) *g+
P*(((-tl11+t31)*t22-t32* (t11-t21)) *p"*2+((-h*t32-(-t11+t31)*(tl1l1+
t21+t31) ) *t22+t32* (£11-t21) * (t11+t21+t31) ) *p-t20* (-t11+t31) *
227224+ ((t11* (t20+t30)+ (h-t20) *t21- (-h+t30) *t31) *t32+ (-t11+t31) *




(t11* (t21+t31)+t21*t31) ) *t22+t32* ((-t31-t21) *t11+t32*t30-t21*
t31) * (t1l1l-t21)))/(2* (t12-t32)*2* (t12-t22) ~2)

' P);

simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,1,0,0,0,0,0) -
diff (Hamel2 (gq,p) ,pP))

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,1,0,0,0,0,0)+
diff (Hamel2 (gq,p) ,q))

Hamel2 = (q,p)—>i 21 5
2 (112 —132)° (112 —122)

(122 4132) (131 =211 +121) p+ (-ht32 +131 (31 —2t1] +121)) 122

((t32 22 (31 =241 +21) ¢+ ( (5.12)

+132121 (131 =211 +121)) ¢* + (131 =211 +121) p* + (h 122 + h 132 — (121
+131) (131 —2t11 +121)) p + (-2 t11 130 + 121 130 + (-h + 130) 131) 22 + (
“2t11 120 4 (-h +120) 221 + 131 120) 132 4+ 131 121 (131 —2t11 +121)) ¢ — (hp
+ (-2120 —2130) t11 + (21 +131) (-h +120 +130)) p) t12* + (—((—t]]

+131) 122 —132 (t11 —121)) 132122 " + (((—t]] +131) 122° — 132> (111 —121)) p

+ (ht32 =131 (-t1l +131)) 122> +2 (% ht32 4 (t1l —121) (-tl] —+—t31)) 132122

+ 121132 (111 —tZI)) g+ (((—t]] +121) 22 +132 (-t11 +131)) p* + (-h 22*
+ (-2ht32+2¢11 (111 —121)) 122 —h 132> —2t11 (-t11 +131) t32) p + (11 t30
— (-h +130) 131) £22* + (((3 130 + 3 120) t11 + 121 (h — 120 —2 130) — (-h

+2120+130) t31) 132 + 131 (111 —121) (131 —21¢11)) 122 +2 ((% t11120

+% (h —120) tZI) 132+ (-tll +131) 121 (tll — % tZJ)) t32) q—p ((£31

— 211 +121) pP+ (-h122 —ht32 — (t11 + 121 +131) (131 —2t11 +121)) p

+ (11 (130 +3 120) + (h — 120) 121 — (-h +2 20 +130) t31) 122 + (¢t11 (120
+3130) + 121 (h — 120 —2t30) — (-h +130) t31) 132 + (t31 —2t11

+121) (t11 (121 +131) + 121 131))) t12 +132 (((-t11 +131) 122 — 132 (¢1]
—21)) p+ (~ht32 —t1] (~t1] +131)) 22 + 13211 (t11 —121)) 22 4> + (- ((
11 +131) 122 — 132 (t11 —121)) (122 4+132) p* + ((h 132 — 1117 + 131°) 122°

+ (n132* + (-2t117 +2121131) 132) 122 + (-t11* +121%) 132%) p + (((-120
—t30) t1l + (-h +120+130) t31) t32 —t11t31 (-t1]l +131)) 122> — 132 (((r20
+130) t11 — (-h +120 4+ 130) 121) 32 — (t11 (21 +131) —2 121 £31) t11) 122
+132%t11 121 (t11 —121)) g +p (((-t11 +131) 122 — 132 (11 —121)) p* + ((
“ht32 — (—t1] +131) (11 + 121 +131)) 122 +132 (11 —121) (t11 + 21 +131)) p

—120 (-tll +131) 122> + (((£20 +130) t11 + (h —120) 21 — (-h +30) t31) t32
+ (-tll +131) (11 (21 +131) +121131)) 122 +132 ((-131 —121) t1] + 130132



—12131) (¢t1l —121)))
0
0

> simplify (h*dotgfunction(tl2,t22,t32,t11,t21,%¢31,0,1,0,0,0,0)):
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,1,0,0,0,0)):
Hame22 :=unapply( ((tl2*t32* (t11-2*t21+t31)*g"*3+ (- (t1l2+t32)*(tll
-2*£21+t31) *p+ (-h*t12+t11* (£11-2*t21+t31) ) *£32+t12*t31* (t1l1-2*
t21+t31) ) *g*2+ ((t11-2*t21+t31) *p*2+ (h*t32+h*t12- (t11+t31) * (t11l
-2*£21+t31) ) *p+((2*t30-2*h+2*t20) *t21+ (-t30+h-t20) *t31-t1l1*
(t20+t30) ) *t32+ (-2*t21*t30+ (-h+t30) *£31+t30*t11) *t12+t11*t31*
(t11-2*t21+t31)) *g- (p*h+ (-2*h+2*t20) *t21-t20* (t11+t31) ) *p) *
t2272+ (-t12*t32* (£32* (£t11-t21)+t12* (-t21+t31)) *g"*3+ ((t3272* (t1l1
-£21)+t1272* (-t21+t31) ) *p+ (h*t12-t11* (t11-t21)) *t3242-2*t12* (-
(1/2) *h*t12+ (t1l1-t21) * (-t21+t31) ) *£32-t31* (-t21+t31) *t1l212) *
g2+ (((-t21+t31) *t32+tl12* (t11-t21) ) *p*2+ (-h*t3242+ (-2*h*t12-2*
t21* (-t21+t31) ) *t32-t12* (h*tl2+2*t21* (t11-t21))) *p+((-t30+h-
t20) *t21+t11* (t20+t30) ) *t3272+ ( ((3*h-3*t20) *t21+ (-h+2*t20+t30) *
t31-(-t20+t30) *t1ll) *t12-t11* (-2*t21+t11) * (-t21+t31)) *t32-t12*(
(-t21*t30+ (-h+t30) *t31) *t12+t31* (t11-t21) * (£31-2*t21))) *q-((tll
-2*£21+t31) *p*2+ (-h*t32-h*t12- (t11+t21+t31) * (t11-2*t21+t31)) *p+
((2*t30+h-t20) *t21+ (h-t30) *t31- (-t20+t30) *t11) *t32+ ( (-2*t30+3*
h-3*t20) *t21+ (-h+2*t20+t30) *t£31+t11l* (£t20+t30) ) *t1l2+ (t1ll-2*t21+
t31) * ((t11+t31) *t21+t11*t31)) *p) *t22+t12* ((£32* (t11-t21)+tl1l2* (-
t21+t31) ) *p+ (-h*t12-t21* (t11-t21) ) *t32-t12*t21* (-t21+t31)) *t32*
gr2+ (- (t12+t£32) * (£32* (£11-t21)+t12* (-t21+t31) ) *p*2+((t1l2*h+
t1142-t2172) *t3222+ (h*t1242+ (2*t11*t31-2*t21+2) *t12) *t32+t12/2*
(-t2172+t3142) ) *p+ (( (-h+t20) *£21-t11*t20) *t£12-t11*t21* (t11-t21)
) *t3272-t12* (((h-t20) *t21+t31*t20) *t12+ (-t11-t31) *t21*2+2*t11l*
t21*£31) *£32-t31*t12/2*t21* (-t21+t31) ) *q+ ((£32* (t11-t21)+tl1l2* (-
t21+t31) ) *p*2+ ((-h*t12- (t11-t21) * (£t11+t21+t31)) *t32-t12* (-t21+
t31) * (£11+t21+t31) ) *p-t30* (t11-t21) *t32°2+ (((h-t20) *t21+ (h-t30)
*t31+t11* (£t20+t30) ) *t124+ (t11-t21) * ((t11+t31) *t21+t1l1*t31)) *t32+
t12* ((t30-h+t20) *t12+ (£11+t31) *t21+t11*t31) * (-t21+t31)) *p) / (2*
(t22-t32) *2* (t12-t22)*2) ,q,p);
simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,1,0,0,0,0) -
diff (Hame22 (q,p) ,P))
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,1,0,0,0,0)+
diff (Hame22 (q,p) ,q))

Hame22 = (q,p)—>i 21 5
2 (122 —132)° (112 —122)

-(t124132) (t1] —20221 +131)p+ (-htl2 + 1] (11 —212] +131)) 32

((IIZ 132 (111 — 2121 +131) ¢+ ( (5.13)




+ 112131 (t11 —2 121 +131)) ¢* + ((t11 =221 +131) p* + (h 132 + h t12 — (t11
+131) (t11 =221 +131)) p+ (-2 h +2 130 +2 120) 21 + (h — 120 — 130) 131
— (120 +130) t11) 132 + (-2 121 t30 + (-h 4 130) 31 + 11 130) t12 + t11 131 (¢11
—2021+131)) g— (hp+ (-2 h +2120) 121 — 120 (t11 +131)) p) 122* + (

12132 (132 (t11 —121) + 112 (-121 +131)) ¢ + ((r322 (t11 —121) 4+ t12* (-121
+131)) p+ (ht12 —t11 (111 —21)) 132* — 2 12 (% htl2 + (111 —21) (-121

+t3])) 132 — 131 (-121 +131) tIZZ) ¢+ (((-121 +131) 132 4+ 112 (111 —121)) p*

+ (-h132° + (-2ht12 =221 (-121 +131)) 132 —t12 (ht12 + 2 121 (111
—121))) p + (£21 (h — 120 — 130) + (120 +130) t11) t32* + (((3 h — 3 120) 21 + (
“h+21204130) 131 —t11 (120 4+ 130)) t12 —t11 (11 — 2 121) (-121 +131)) 32
—t12 ((-121t30 + (-h +130) t31) t12 + 31 (t1l —121) (-2 121 +t31))) q
—((t11 =221 +131) p* + (-h 132 —h t12 — (t]11 + 121 +131) (t11 —2 121
+131)) p+ ((h+2130 —120) 121 + (h —130) 131 — t11 (-120 4+ 130) ) 132 + ((
~2130 +3h —3120) 121 4+ (-h +2 120 +30) 131 + (120 +130) t11) t12 + (t11

— 2121 +131) ((t11 +131) 221 +t11131)) p) 122 + 12 ((132 (t11 —121) + 112 (
~21 +131)) p+ (~ht12 — 21 (111 —121)) 132 —t12 21 (-121 +131)) 132 ¢ + (

S (t12 +132) (132 (t11 —121) + 112 (-121 +131)) p* + ((ht12 + 1117 — 121%) 132
+ (122 + (2¢11131 —2121%) t12) 132 +112° (-21* +1317) ) p + (((-h

+120) 221 —t11120) t12 — t11 121 (¢11 —121)) 132* — 12 (((h — 120) 21
+131120) t12 4 (-t11 —131) 221 + 2 t11 121 131) 132 — 131 t12° 121 (-121 +131)) g
+ (32 (111 —121) + 112 (-221 +131)) p* + ((-h t12 — (t11 —21) (11 + 121

+131)) 32 —t12 (-t21 +131) (t11 + 121 +31)) p — 130 (¢t1]1 —121) t322+ (((h
—120) 121 + (h —130) t31 + (120 4+130) t11) t12 + (t11 —21) ((t11 +131) 121
+t11t31)) 32 +t12 ((-h +1204130) t12 4 (¢t11 +t31) 121 +¢t11t31) (-121
+131)) p)

0

0

> simplify (h*dotgfunction(tl2,t22,t32,t11,¢t21,¢31,0,0,1,0,0,0)):
simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,1,0,0,0)):
Hame32:=unapply( ((-(2*(t31-(1/2)*t11-(1/2)*t21))*tl2*t22*g*3+
((2*% (£31-(1/2)*t11-(1/2)*t21)) *(t1l2+t22) *p+(-h*tl1l2- (2* (t31-
(1/2) *t11-(1/2)*t21) ) *tll) *t22- (2* (t31-(1/2) *t1l1l-(1/2) *t21))*
t12*t21) *gq*2+ ( (t11+t21-2*t31) *p*2+ (h*t22+h*t12+ (2* (t31-(1/2) *
t1l1l-(1/2)*t21) ) * (t11+t21) ) *p+ ((2*t30-2*h+2*t20) *t31+ (-t30+h-
t20) *t21-t11* (t20+t30)) *t22+ (-2*t31*t20+ (-h+t20) *t21+t11*t20) *
t12-2*t21* (£31-(1/2) *t1l1l-(1/2) *t21) *t1ll) *g-p* (p*h+ (2*t30-2*h) *
£31-t30* (t11+t21))) *t32424+ (t1l2* ((-t11+t31) *t22+t12* (-t21+t31))*
t22*g*3+ (((t11-t31) *t2242-t1242* (-t21+t31) ) *p+ (h*t12+t11* (-t1ll+




t31) ) *t2242-2*t12* (- (1/2) *h*t1l2+ (-t21+t31) * (-t11+t31)) *t22+t21*
t1242* (-t21+t31) ) *gq*2+ (((t21-t31) *t22-t12* (-t11+t31) ) *p*2+(-h*
t22724+ (-2*h*t12+42*t31* (-t21+t31) ) *t22-h*t12/24+2*t31* (-t11+t31) *
t12) *p+ ( (-t30+h-t20) *£31+t11* (£t20+t30) ) *t22*2+(((-3*t30+3*h) *
t31+ (-h+t20+4+2*t30) *t21+ (-t20+t30) *t11) *t12- (2* (-t21+t31) ) * (-
(1/2) *t£11+4t31) *t1l1l) *£22-2*t12* ((-(1/2) *t31*t20-(1/2) * (h-t20) *
t21) *t124 (-t114+t31) *t21* (£31-(1/2) *t21))) *q+(2* ((£31-(1/2) *tll-
(1/2) *t21) *p*2+((1/2) *h*t22+(1/2) *h*t12- (t31-(1/2) *t11-(1/2) *
t21) * (t11+t21+t31) ) *p+((-(1/2) *h-t20+(1/2) *£30) *t31+t21* ((1/2) *
t20-(1/2)*h)-(1/2) * (-t20+t30) *t11l) *£22+ ( (£t20+3*t30* (1/2) -3*h*
(1/2)) *t31+(-t30+(1/2) *h-(1/2) *t20) *t21-(1/2) *t1l1l* (t20+t30)) *
t12+4(t31-(1/2)*t11-(1/2) *t21) * ((t1l1l+t21) *t31+t1l1*t21))) *p) *t32-
t12*£22*% (((-t11+t31) *t22+t12* (-t21+t31) ) *p+(h*t12-t31* (-t1ll+
t31) ) *t22-t12*t31* (-t21+t31) ) *gq*2+ ( (t12+t22) * ((-t11+t31) *t22+
t12* (-t21+t31) ) *p*2+((t12*h+t1142-t3112) *t2242+ (h*t12°2+ (2*t1l1*
t21-2*£3142) *t12) *£22+ (t2142-t3142) *t1242) *p+ ( ( (-h+t30) *t31-
t30*t11) *£124+t11*t31* (-t11+t31)) *t22224+ ((-t21*t30+ (-h+t30) *t31)
*t124+t31* ((£11+t21) *£31-2*t11*t21) ) *t12*t22+t31*t1242*t21* (-
t21+t31) ) *g- (((-t11+t31) *t22+t12* (-t21+t31) ) *p*2+ ( (h*t1l2- (-t1l1l+
t31) * (£11+t21+t31) ) *t22-t12* (-t21+t31) * (t11+t21+t31)) *p-t20* (-
t114+t31) *t2222+ (((-h+t30) *t31+ (-h+t20) *t21-t11* (t20+t30) ) *tl1l2+
(-t11+t31)* ((t1ll+t21)*t31+t11*t21)) *t22+t12* ((t30-h+t20)*tl2+
(t114+t21) *£31+t11*t21) * (-t21+t31)) *p)/ (2* (£t22-t32) *2* (£t12-t32)
A2)

/I, P);

simplify (h*dotgfunction(tl2,t22,t32,t11,t21,¢31,0,0,1,0,0,0) -
diff (Hame32 (q,p) ,P))

simplify (h*dotpfunction(tl2,t22,t32,t11,t21,¢31,0,0,1,0,0,0)+
diff (Hame32 (q,p) ,q))

Hbmaﬂ==(q4ﬂ—+l- I ((—2(5]—-%—ﬂ] (5.14)

2 (122 —132)% (112 — 132)°

- % t2]) t]2t22q3+ (2 (t3] — % tll — % t2]) (t12+122) p + (—ht]2

Lot _ B SR § 2
2(t31 2tll 2t21)t]])t22 2(t31 2t]] 2t21)t]2t2])q
+((ﬂl+121—2ﬁﬂ)p;+(hQZ+hLU—F2(ﬁ]—~%tﬂ——%—ﬁ])(ﬂ]
+Qn)p+(h2h+260+22mtﬂ4ﬁﬂ(h—QO—ﬁm—4Q0+ﬁMtH)Q2
+w—2t3120+w—h—FQO)Ql+ﬁllﬁ0)ﬂ2——22](tﬂ——%—ﬂl——%—ﬁ]}ﬂl)

q—php+(-2h+2130) 131 —130 (11 +t2]))) 132> + (t]Z((—tll +131) 122



-+t]2(—¢21-+t31))t22q3+-(((ﬂ]-—t3])1222—-ﬂ22(—¢21-+t31))p-+(ht]2

2
-+t2]t]22(—t2]-+t31)) q24-(((r21-—t31)t22-—t12(-¢11-+t31));ﬂ-+ (-h22*

+tll (-tll +t3]))t222—2t]2 (—iht]2+(—t2] +131) (-t1l +t3])) 122

+(-2htl12+2131 (-121 +t3]))t22—ht122—|—2t3] (-t11+131)t12) p+ ((h
— 120 —130) t31 + (120 +130) t11) 122 + (((3h—3t30) 31 + (-h +120

+2130) 121 +t11 (-120 +130)) t12 —2 (-121 +131) (t3] - % t]]) t]]j 122

— 2112 ((—% 131 tZO—% (h —120) IZI) t12 + (-tll +131) 121 (t3l

1 B SR 2, (L 1 _
5 Qz)))q-+2((ﬁz S = Q])p +—(2 hi22+ = htl2 (51
—iﬁﬂ—%ﬁﬂ)UU+QLHﬂgp+(OQO—%h+%¢M%ﬂ+QJ(

2
1 1 1 3 3
——h+—t20j ——tll (—t20—|—t30))t22+((t20+—t30——h) t3]+(—t30
2 2 2 2 2
1

1 1 1
+ > h > t20) 121 ) (120 +130) t]]) t12 + (t3] > t11

— %;zzz) (L3](t]]-+t2])-+t]]t2])j1))t32-—t]2t22 (((-t11 +131) 122 + 112 (
~12214+131)) p + (ht12 — 131 (-t1] +131)) 122 —t12 131 (-121 +131)) ¢° + ((¢12
+122) ((-t11 +131) 22 + 112 (-121 +131)) p* + ((ht12 + 1117 ﬁl)QZ

+ (nt12% + (2111121 —2131%) t12) 122 4 (121> —131°) t12%) p + (((-h +130) 131
—t11130) t12 4+ t11 131 (-t11 +131)) 122> + ((-121 130 + (-h +130) 131) t12

+ 131 (131 (t1l +121) —2¢t11121)) t12122 + 131 t12* 121 (-121 —I—t3l)) q— (((—tll
+131) 1224112 (121 +131)) p* + ((ht12 — (~t1] +131) (t11 + 121 +131)) 22

-—t12(-¢21-+t31)(t11-+t21-+t31))p-—t20(-¢11-+t31)t2224—(((—h-+z30)z31

+ (-h+120) 121 — (120 +130) t11) t12 + (-t11 +131) (31 (t11 +121) +t11121))

1224 t12 ((-h + 120+ 130) t12 + 131 (t11 +121) +t11121) (-121 +131)) p)

0
_ 0
> simplify (Hame2l (q,p) - (1/((t32-t22)* (t12-t22))* (-p~3+ P1l(q) *p*2-
P2 (q) *p+P3(q)) +(p-g*t32)*h/(t32-t22)));
0 (5.15)

Definition of the reduced Darboux coordiantes and Hamiltonian in the
| direction tau
> TT1:=unapply (t12+t22+t32,t11,t21,t31,t12,t22,t32);

TT2:=unapply (t11+t21+t31,t11,t21,t31,t12,t22,t32);

TT3:=unapply (t22,t11,t21,t31,t12,t22,t32);

TT4:=unapply (t11,t11,t21,t31,t12,t22,t32);




TT5:=unapply (£32,t11,t21,t31,t12,t22,t32);
taufunction:=unapply( ((t21-t31)*t12+ (£31-t11)*t22+ (t11l-t21)*
£32) / (sqrt ((£22-t12)* (£12-t32) * (£32-t22))) ,tl11l,t21,t31,t12,
t22,t32);

solve ({TT1(tl1l,t21,t31,t12,t22,t32)=T1,TT2(t11,t21,t31,tl12,t22,
£32)=T2,TT3 (t1l,t21,t31,tl12,t22,t32)=T3,TT4 (t11,t21,t31,t12,
t22,t32)=T4,TT5 (t11,t21,t31,t12,t22,t32)=T5, taufunction (t11,
£21,t31,t12,t22,t32)=tau },{tll,t21,t31,t12,t22,t32});

tllfunction := T4;

tl2function := -T3-T5+T1;

t21function := (tau*sqrt((-2*T3-T5+T1)* (-T3-2*T5+T1)*(T3-T5))+
T1*T2-T1*T4-2*T3*T2-T5*T2+3*T4*T3) / (2*T1-3*T3-3*T5) ;
t22function := T3;

t31function := - (tau*sqrt((-2*T3-T5+T1)* (-T3-2*T5+T1) * (T3-T5)) -
T1*T24+T1*T4+T3*T2+2*T5*%T2-3*T4*T5) / (2*T1-3*T3-3*T5) ;
t32function := T5;

simplify (TT1 (tllfunction, t2lfunction, t31function,tl2function,
t22function,t32function)) ;

simplify (TT2 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (TT3 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (TT4 (tllfunction, t2lfunction, t31function,tl2function,
t22function,t32function)) ;

simplify (TT5 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (taufunction(tllfunction, t2l1function,t31function,
tl2function, t22function, t32function)) ;

partialtaufunction:=unapply( diff (tllfunction, tau) *partialtll +
diff (t21function, tau) *partialt21+diff (t31function, tau) *
partialt31l+diff (tl2function, tau) *partialtl2+diff (t22function,
tau) *partialt22+diff (t32function, tau) *partialt32,T1,T2,T3,T4,
T5, tau) :
partialtau:=partialtaufunction (TT1 (t11,t21,t31,tl12,t22,t32) ,TT2
(t1l1l,t21,t31,t12,t22,t32) ,TT3(t11l,t21,t31,t12,t22,t32),TT4(t1l1,
t21,t31,t12,t22,t32) ,TT5(t11,t21,t31,t12,t22,t32) ,taufunction
(t11,t21,t31,t12,t22,t32) ) :

Coefft2l:=residue (partialtau/partialt212,partialt21=0):
Coefft3l:=residue (partialtau/partialt31*2,partialt31=0):



Hamtau:= unapply( simplify (Coefft2l*Hame2l (q,p)+Coefft3l1*Hame31l
(a,p)),q,p):

Ltauq:=diff (Hamtau(q,p) ,p):

Ltaup:=-diff (Hamtau(q,p) ,q):

checkgfunction:=unapply( sqrt((tl2-t32)/((t22-t12)*(t32-t22)))*
(-p+t22*g+t21) ,q,p)
checkpfunction:=unapply( sqrt((t32-t22)/((tl2-t32)*(t22-t12)))*
(p-tl12*q-tl1) ,q,p);

SOLL:=solve ({checkgfunction (q,p)=checkq, checkpfunction (q,p)=
checkp}, {q,p}):

Solp:=simplify (rhs (SOLL[1])) :

Solqg:=simplify (rhs (SOLL[2])) :

simplify (checkgfunction(Solq, Solp) -checkq) ;

simplify (checkpfunction (Solq, Solp) -checkp) ;

Ltaucheckgfunction:=unapply( simplify( diff (checkgfunction(qg,
P) ,q) *Ltauqg+diff (checkgfunction (q,p) ,p) *Ltaup+Coefft21*h*diff
(checkgfunction(q,p) ,t21)+Coefft31*h*diff (checkgfunction(q,p),
t31)),q,pP):

Ltaucheckpfunction:=unapply (simplify( diff (checkpfunction(q,p),
q) *Ltauqg+diff (checkpfunction(q,p) ,p) *Ltaup+Coefft21*h*diff
(checkpfunction(q,p) ,t21)+Coefft31*h*diff (checkpfunction(qgq,p),
t31)),q,p) :
Ltaucheckgfunction2:=unapply (simplify (Ltaucheckqgfunction (Solq,
Solp)),tll, t21, t31, tl12, t22, t32):
Ltaucheckpfunction2:=unapply (simplify (Ltaucheckpfunction (Solq,
Solp)),tll, t21, t31, tl2, t22, t32):

Ltaucheckqg:=simplify (Ltaucheckgfunction2 (tllfunction,
t21function ,t31lfunction ,tl2function ,t22function ,
t32function)) :

Ltaucheckp:=simplify (Ltaucheckpfunction2 (tllfunction,
t21function ,t31lfunction ,tl2function ,t22function ,
t32function)) :
HamtaucheckCoordinates:=unapply (simplify (int (Ltaucheckq, checkp)
-int(simplify (diff (int (Ltaucheckq, checkp) ,checkq) +Ltaucheckp) ,
checkq) ,checkq, checkp)) :

simplify (Ltaucheckg-diff (HamtaucheckCoordinates (checkq, checkp),
checkp) ) ;

simplify (Ltaucheckp+diff (HamtaucheckCoordinates (checkq, checkp),

checkq) ) ;
(5.16)



TT1 == (t11,121,t31,t12, 122, t32) =112 + 122 4+ 132 (5.16)
TT2 = (t11,121,131,112, 122, t32) —>tl] + 121 + 131
TT3 = (t11,121,131,112,122,132) =122
TT4 = (t11,121,t31,t12,122,t32) —tl]
TTS5 = (tl11,121,t31,t12, 122, t32) =132
taufunction == (tl1, 121, 131,112,122, t32)
N (21 —131) t12 4+ (-tl]l +131) 122 + 132 (t1] —121)

V (-t12 +122) (12 —132) (-122 +132)

t11=T4,t12=-T3 —T5+TI, 21
B 1
T 2TI—3T3—3T5
—TI T4—2T3T2—T5T2+3T4T3),t22=T3,t3]=

1
2T —=3T3—3T5

+T]T4+T3T2+2T5T2—3T4T5),t32=T5}

t1lfunction := T4
t12function == -T3 —T5+TI

Lo 1
2 Ifunction := Tl —3T3—37T5 (17

J(-T3=2T5+TI) (I3—13) (-2T3—T5+T1) +TIT2—TIT4—2T3T2
—T5T2+3T4T3)

(tV(~T3—2T5+TI) (I3—15) (213 —T5+11) +TIT2

(tV(-T3—2T5+T1) (I3—15) (213 —T5+11) —TIT2

t22function == T3
t31function :=

1
2T1—3T3—3T5

+TIT4+T3T24+2T5T2 —3 T4T5)
t32function == T5
Tl
T2
T3
T4
T5

(tV(~T3—=2T5+TI) (I3—15) (213 —T5+11) —TIT2

t12 —132
-t12 +122) (-122 +132)

checkqfunction := (q, p / (gq22 —p +121)

-122 +132
checkpfunction := (q, p / t]2—|—t22 (112 —132) (-qti2+p—1tll)

0
0
0

[ Verification that the reduced Darboux coordinates have trivial evolutions along the trivial
| directions

> hdotcheckgfunction:= unapply (h*simplify (diff (checkgfunction(q,



P) ,q) *dotgfunction (tl12,t22,t32,t11,t21,t31,dottl2,dott22,
dott32,dottll,dott21,dott31)+ diff (checkgfunction(q,p) ., p)*
dotpfunction(tl2,t22,t32,t11,t21,t31,dottl2,dott22,dott32,
dottll,dott21,dott31)+ diff (checkgfunction(q,p),h tl2)
*dottl1l2+diff (checkgfunction (q,p), t22) *dott22+diff
(checkgfunction(q,p) ,t32) *dott32+diff (checkgfunction(q,p) ,tll) *
dottll+diff (checkgfunction(q,p),t21) *dott21+diff (checkgfunction
(q,p) ,t31) *dott31) ,t12,t22,t32,¢t11,t21,t31,dottl2,dott22,
dott32,dottll,dott21,dott31l):

hdotcheckpfunction:= unapply (h*simplify (diff (checkpfunction(q,
P) ,q) *dotgfunction (t12,t22,t32,t11,t21,t31,dottl2,dott22,
dott32,dottll,dott21,dott31)+ diff (checkpfunction(q,p) ,p)*
dotpfunction(tl2,t22,t32,t11,t21,t31,dottl2,dott22,dott32,
dottll,dott21,dott31)+ diff (checkpfunction(q,p),tl2)*dottl2+
diff (checkpfunction(q,p),t22) *dott22+diff (checkpfunction(qgq,p),
t32) *dott32+diff (checkpfunction(q,p),tll) *dottll+diff
(checkpfunction(q,p) ,t21) *dott21+diff (checkpfunction(q,p),t31)*
dott31l) ,tl12,t22,t32,t11,t21,t31,dottl2,dott22,dott32,dottll,
dott21,dott31):

simplify (hdotcheckgfunction(tl2,t22,t32,t11,t21,¢31,1,1,1,0,0,
0));

simplify (hdotcheckgfunction (tl12,t22,t32,t11,t21,¢31,0,0,0,1,1,
1)),

simplify (hdotcheckgfunction (t12,t22,t32,t11,t21,t31,2*t12,2*
t22,2*t32,t11,t21,t31));

simplify (hdotcheckgfunction (t12,t22,t32,t11,t21,t31,0,0,0,t12,
t22,t32));

simplify (hdotcheckgfunction(tl2,t22,t32,t11,t21,t31,2* (t12-t32)
*(t1l2-t22),0,0,t12* (3*t11-t21-t31) - (t1l2+t22+t32) *t1ll+ t22*t31+
t32*t21,0,0));

simplify (hdotcheckgfunction(tl2,t22,t32,t11,t21,t31,0,2* (t22-
t12) * (t22-t32) ,0,0,t22* (3*t21-t11-t31)- (tl2+t22+t32)*t21+tl2*
t31+t32*t11,0));

simplify (hdotcheckgfunction (tl2,t22,t32,t11,t21,t31,0,0,2*(t32-
t12) * (t32-t22) ,0,0,t32* (3*t31-t11-t21)- (tl2+t22+t32)*t31+tl2*
t21+t22*t11));

simplify (hdotcheckpfunction(tl2,t22,t32,t11,t21,¢31,1,1,1,0,0,
0));

simplify (hdotcheckpfunction(tl2,t22,t32,t11,¢t21,¢31,0,0,0,1,1,
1));

simplify (hdotcheckpfunction(tl2,t22,t32,t11,t21,t31,2*t12,2%*



t22,2*t32,t11,t21,t31));

simplify (hdotcheckpfunction(tl2,t22,t32,t11,t21,¢31,0,0,0,t12,
t22,t32));

simplify (hdotcheckpfunction (tl12,t22,t32,t11,t21,t31,2* (t12-t32)
*(t12-t22),0,0,t12* (3*t11-t21-t31) - (t12+t22+t32) *t1ll+ t22*t31+
t32*%t21,0,0));

simplify (hdotcheckpfunction (tl2,t22,t32,t11,t21,t31,0,2* (t22-
t12) * (t22-t32) ,0,0,t22* (3*t21-t11-t31)- (tl2+t22+t32)*t21+tl2*
t31+t32*t11,0)) ;

simplify (hdotcheckpfunction(tl2,t22,t32,t11,t21,t31,0,0,2* (t32-
t12)*(t32-t22) ,0,0,t32* (3*t31-t11-t21)- (tl2+t22+t32)*t31+tl2*
t21+t22*t11));

elelelelelelelolololola o)

> hdotcheckgtaufunction:=unapply (simplify (hdotcheckgfunction(t12,
t22,t32,t11,t21,t31,0,0,0,0,Coefft21,Coefft31l)),q,p):
hdotcheckptaufunction:=unapply (simplify (hdotcheckpfunction(tl2,
t22,t32,t11,t21,¢31,0,0,0,0,Coefft21,Coefft3l)) ,q,p):
hdotcheckgtaufunction2:=unapply (simplify (hdotcheckgtaufunction
(Solqg,Solp)) ,t1l1,t21,t31,t12,t22,t32):
hdotcheckptaufunction2:=unapply (simplify (hdotcheckptaufunction
(Solq,Solp)),tl1,t21,t31,t12,t22,t32):

hdotcheckqgtau:=simplify (hdotcheckgtaufunction2 (tl11function,
t21lfunction ,t3lfunction ,tl2function ,t22function ,
t32function)) ;

hdotcheckptau:=simplify (hdotcheckptaufunction2 (tllfunction,
t21lfunction ,t3lfunction ,tl2function ,t22function ,
t32function)) ;

simplify (hdotcheckgtau-Ltaucheckq) ;

5.17)



simplify (hdotcheckptau-Ltaucheckp) ;

hdotcheckqtau = (\/ (=T3—=2T5+TI) (IT3—T5) (-2T3—T5+TI) [checkq ( (5.18)

-2 checkp (-T3—=2T5+TI) (-2T3—T5

13 —1T5
T1
+ )V/ (-13=2T5+TI1) (-2T3—=T5+T1I)

+TJVJ3—275+YY)U?—YS)P273—75+TUJ

-13—2T5+TI1
/(T3—T5)(—2T3—T5+T]) +(‘C”eckq2+f20)(-T3—2T5+T1>])/
-13—2T5+TI
(/ (T3-715) (2T3—15+71) P 2DB+TH(I3=15) (215 =15
+YY))
13 —T15
hdotch =
otcheckptau [(2/ (CT3—2T54T1) (-273 —T5+ T1) checkp checkq (T3

-13—-2T7T5+T1
(T3 —=T5) (-2T3—=T5+T1I)

—HHQB—H+H&/

_/ T3 — 15
(-T3—2T5+TI) (-2T3—T5+TI)

J(J?—ZH+JD(B—T$(QT%J3+H)Ma@1+ﬂ3—ﬁjhmwf

+hﬁ%—ﬁ@)¢hﬂ—2H+TUU?—HH%M?—H+TUj/

315
(/({%QB+HHQB—H+H)(ﬂ32B+HHB T5) (-2 T3
—B+HJ

0
0

The Hamiltonian in the only non-trivial direction is independent of the values of the trivial times.

Thus, we may take some arbitrary values to obtain it since Maple is struggling to simplify the square
| roots

> hdotcheckgtauValues:=unapply (hdotcheckgtau,T1,T2,T3,T4,T5) :
hdotcheckptauValues:=unapply (hdotcheckptau,T1l,T2,T3,T4,T5) :
hdotcheckgtauFinal :=simplify (hdotcheckgqtauvalues(0,0,0,0,-1/2))
hdotcheckptauFinal :=simplify (hdotcheckptauvalues(0,0,0,0,-1/2))
HamtaucheckCoordinatesTheo:=- (checkg*checkp”2+checkg”*2*checkp-
tau*checkg*checkp-t20*checkp+ (t10+h) *checkq) ;
simplify (hdotcheckgtauFinal-diff (HamtaucheckCoordinatesTheo,




checkp) ) ;

simplify (hdotcheckptauFinal+diff (HamtaucheckCoordinatesTheo,

checkq) ) ;

hmm%%MMM%mhz—Mahf+(T—ZMahﬂchq+Q0 (5.19)
hdotcheckptauFinal == checkp2 + (-t + 2 checkq) checkp +h — 120 — t30
HamtaucheckCoordinatesTheo = —checkq<ﬂuxkp2——checqucheckp-+-Tchecchheckp
+ 120 checkp — (h — 120 —t30) checkq
0

L 0

> S2:=1/sqrt(2) *sqrt(sl2-s22) ;
S1l:=1/sqrt(2)*(sll-s21) /sqrt(sl2-s22);
tdX1lfunction:=unapply (S2*X1+S1,sl11l,s21,s12,s22,X1);
RES:=unapply( simplify (series (simplify (tdX1lfunction (t31/ (t32-
t22) ,tl11/(t12-t22) ,-1/(t32-t22) ,-1/(t12-t22) ,t21) -1/sqrt(2)*
taufunction(tll, t21,t31,t12,t22,t32)),t21)),tl1l1l,t21,t31,tl2,
t22,t32) ;
RES(2,4,3,-1,0,1);
RES(2,4,3,1,0,-1);
tdX1l:=1/sqrt(2) *taufunction (t11l,t21,t31,t12,t22,t32):

82 = %ﬁ VsI2 —s22 (5.20)
o7 e L N2 (s11=521)
2 [si2=s22
tdXIfunction = (s11, 521, s12, 522, X1) — — 7 512 =522 XI + V2 (s11 =521)
2 2 [si2=s22
RES = (111,121, 131, t12, 122, t32)—>—% ((—(122 —132) (112
112 — 132
—122 112 —132) (122 —132) (t12 — 122
)/ (122 —132) (t12 —122) o ) ) ) )
(122 (t11 —131) + 131 t12 — t11 132) ﬁ)/
t12 —132
(/ 22 —132) (112 —122) V(112 —132) (122 —132) (112 —122) (122 —132) (¢12
—t22)j —% [(ﬂz—tsz)ﬁ [(t22—t32) (12
t12 —1t32
— 122 — (t12 —132) (122 —132) (12 — 122
)/ (122 —132) (¢12 —122) v ) ) )J)/
t12 —1t32
(/ 22 —132) (112 —122) V(112 —132) (122 —132) (112 —122) (122 —132) (¢I2

-—122)jt2]




> Rl:=unapply((sX10+sX20)/ (xi-X1) -(sl2+s22)*xi-sll-s21,xi);
checkgfunction (q,p) ;
checkgidfunction:=unapply (checkgfunction (p,g+t22*p) ,q,p):
checkgidfunction2:=unapply( checkgidfunction ((checkg-S1l)/S2,S2*
checkp+1/2*R1 ( (checkg-S1) /S2)), sl1,s21,s12,s22,X1,sX10,sX20):
simplify (series (checkgidfunction2 (t31/(t32-t22) ,tl11/(t12-t22),
-1/(t32-t22) ,-1/(t1l2-t22) ,t21,-s10-s20,0) ,checkqg ));
RES2:=unapply( simplify (series (checkgidfunction2 (t31/(t32-t22),
t11/(t12-t22) ,-1/(t32-t22) ,-1/(t12-t22) ,t21,-s10-s20,0)- (-sqgrt
(2) * (checkg-1/sqrt(2) *taufunction (t1l1l,t21,t31,t12,t22,t32))),
checkg=0) ),tll,t21,t31,t12,t22,t32);
RES2(2,4,3,-1,0,1);
RES2(2,4,3,1,0,-1);

sX10 + sX20

Rl :=¢— — (812 +522) E—sll — 521 (8.21)
3 - 3
112 —132
022 —p+ 121
/(—t12+t22)(—t22+t32) (g p+i21)

t12 — 132
(122 —132) (t12 —122)

(t12 (-121 +131) +—(—t]]-+121)132-+t22(t11-—t31))v/
t12 —132

—ﬁcheckq
RES2 == (t11,121,31,1t12,122,132) — ( (

t12 —132
) 12 —132) (122 —132) (112 —122) 4112 —132
/ (122 —132) (112 —122) c 132) (¢ 132) (¢ 22) +t ¢ j

(t]2(-¢21-+t31)-+(t21-—tll)t32-+t22(tII-—t3I)))//

(V (112 =132) (122 —132) (112 —122) (t12 —132))
0
0

> checkgfunction(qgq,p);

checkpidfunction:=unapply (checkpfunction (p,g+t22*p) ,q,p):
checkpidfunction2:=unapply( checkpidfunction ((checkg-S1)/S2,82%*
checkp+1/2*R1 ( (checkg-S1) /S2)), sl11,s21,s12,s22,X1,sX10,sX20):
checkpid:=simplify (series (checkpidfunction2 (t31/ (t32-t22),tl1l1/
(t1l2-t22) ,-1/(t32-t22) ,-1/(t12-t22) ,t21,-s10-s20,0) ,checkp )):

checkpidbis:=-1/sqrt(2) * (checkp- (s10+s20)/2/ (checkg-tdX1l) -
checkqg );

simplify (series (simplify (series (simplify

(checkpid- checkpidbis) ,checkp) ,symbolic) ,checkq) ,symbolic) ;

t12 —132
\/(—t]2+t22)(—t22+t32) (q 122 =p +12]) (5.22)



checkpidbis = —% V2 [checkp
1 s10 + 520
2 checkq — 1 V2 (221 —131) t12 4 (-t11 +131) 122 +132 (111 —121))
2 J(~t12 +122) (112 —132) (-122 +132)
— checkq
0

[ We find that under the spectral identification:

tdX1=1/sqrt(2)*tau

check{q}=-sqrt{2}*(\check {q}-\tdX1)

| check{p}=-1/sqrt(2)*(checkp- (s10+s20)/2/(checkq-tdX1)-checkq )

> HamtaucheckCoordinatesTheofunction:=unapply
(HamtaucheckCoordinatesTheo, checkq, checkp, tau) ;
dtaufunction:=diff (taufunction(tll, t21,t31,t12,t22,t32),tll)*
dtl1l+diff (taufunction(tl1ll,t21,t31,tl12,t22,t32),t21) *dt21+diff
(taufunction (t1l1l,t21,t31,t12,t22,t32) ,t31) *dt31+diff
(taufunction (tl1l1l,t21,t31,tl1l2,t22,t32) ,tl12) *dtl2+diff
(taufunction(t1l1l,t21,t31,t12,t22,t32) ,t22) *dt22+diff
(taufunction(t11l,t21,t31,t12,t22,t32),t32) *dt32:
deltaHamtaucheckCoordinatesTheodeltatau:=unapply (diff
(HamtaucheckCoordinatesTheo, tau) ,checkq, checkp, tau) :
OmegaHam:=unapply (HamtaucheckCoordinatesTheofunction (checkq,
checkp, tau) *dtaufunction, checkq, checkp, tau) :
OmegaR2 :=unapply (-int (deltaHamtaucheckCoordinatesTheodeltatau
(checkg(s) ,checkp(s),s) ,s=0..tau) *dtaufunction, checkq, checkp,
tau) ;
OmegaHambis :=simplify (OmegaHam(checkgfunction(q,p),
checkpfunction (q,p) , taufunction(tll, t21,t31,t12,t22,t32))):
OmegaHamNonReduced:=Hamell (q,p) *dtll+ Hame2l (q,p) *dt21+Hame31l
(q,p) *dt31l+Hamel2 (q,p) *dt1l2+Hame22 (q,p) *dt22+Hame32 (q,p) *dt32

HamtaucheckCoordinates Theofunction = (checkq, checkp, T) — - checkq checkp2

— checkq2 checkp + checkq checkp © + t20 checkp — (h — 120 — t30) checkq

T
OmegaR?2 = (checkq,checkp,r)—»-—[J‘checkp(s)checkq(s)
0

ds [ (-122 +132) dtl1
V (=t12 +122) (t12 —132) (-122 +132)
I (112 —1t32) dt21

V (-t12 +122) (12 —132) (-122 +132)

(5.23)



(-t12 +122) di31

(-t124+122) (t12 —132) (-122 +132)
121 — 131

V (-t124+122) (112 —132) (-122 +132)
1

((-t124+122) (112 —132) (-122 +132))
+131) 222 +132 (¢t1] —121)) (- (12 —132) (-122+132) + (-t12 +122) (-122

_+_

+

’ <

7 (21 —131) 112 + (-t1]

N [—

-1l +131

V (-t124+122) (112 —132) (-122 +132)

1 I (((£21 —131) 12+ (-t11

2 ((-t12+122) (112 —132) (-1224+132))°?
+131) 122 +132 (¢l —121)) ((t12 —132) (-122 +132) — (-t12 +122) (ti2

+t32))))dt]2+[

tll —121
V (=t12 +122) (12 —132) (-122 +132)
1 I 121 —t31) t12 + (-tl1

—t32))))dt22+[

2 ((-t12+122) (112 —132) (-122 + 132
+131) 1222 +132 (t1] —121)) (- (-t12+122) (-122 +132) + (-t12 +122) (ti2
L —132)))) dt32)

> simplify(residue (simplify (OmegaHambis) /dt11+2,dt11=0) ,6symbolic)

simplify (Hamell (q,p))

simplify (series (simplify (simplify (residue (simplify (OmegaHambis)
/dtl11+2,dt11=0) ,symbolic) -( -Hamell(q,p) -h*(p-t22*q)/(t12-
t22) +h*t21/(t12-t22) -t11*t21*t31/((t12-t32) * (t12-t22) )+ (-t12*
t21+4(-t11+t21) *£32+t11*t22) *t20/ ((t1l2-t32) * (t12-t22)) -t21*
t30/(t12-t22) ) ),t30=0));

1 _ 3 2 -
2 —122) (G2 7 32) (-p” + (t1] +21 + 131+ (112 +122+132) q) p° + (((-122  (5.24)

—132) t12 —122132) q2+ ((-221 —t11) 132+ (-131 —121) t12 — 122 (1]l +131)) q
+ (h —120 —130) t12 + (-h +130) t32 + 120122 + (-t11 —t31) 121 —t11 131) p
+q3 12122132 + ((121 132 +122131) t12 + 122132 t11) q2 + ((220132 + (-h

+130) 122 +121t31) t12 + ((h — 120 —130) 22 +¢11121) 132 +122t11131) g

— 121 (h — 120 —130) t12 + (121 (h — 120 —t30) +1t11120) 32 +t11 (-t20122

+1211t31))
1

(-t12 +132) (112 —122)
+132) t12 + 122 132) q2+ (212 (21 +131) + 122 (t1]1 +131) +132 (t1]l +121)) q
+ (120 +130) t12 — 120 122 — t30 132 + 111 (121 +131) + 121 £31) p
—q (q2 2122132 + (121132 +122¢31) t12 + 12232 ¢t11) g + (120132 + 121 131
+122130) t12 + ((-120 —130) 32 +¢t11t31) 122 +1t32tl1 t2]))
0
> simplify (residue (simplify (OmegaHambis) /dt21+2,dt21=0) , symbolic)

(P + ((-t12—122 —132) g — 131 —t11 —121) p* + (((£22




simplify (Hame2l (q,p)) ;
simplify (series (simplify (residue (simplify (OmegaHambis) /dt2142,
dt21=0),symbolic) -( -Hame2l (q,p) +h*(p-tl2*q)/(tl2-t22)) ,g=0)

)

1
(22 (22 ) (PP + ((-t12 =122 —132) g — 131 —t1] —21) p* + (((¢112  (5.25)

+122) 132 +112122) q2+ (212 (221 +131) + 122 (1] +131) +132 (11l +121)) g
+ (h —130) 132 + (~h + 120 +130) t12 — 120122 + (t11 +t31) 121 + 111 131) p

—q3 12122132 + ((-t11 122 —t12121) 132 — 131 t12 122) q2 + ((-120t12 + (-h
+120 +130) 122 —t11121) 132 + ((h —130) 122 — 21 t31) t12 — 122 t11t31) g + ((
-h +120+130) 121 —t11120) 32 +121 (h — 120 —130) t12 —t1l (-120122
+1211t31))

1 3 )
- t11 4121 + 131 + (112 + 122 + 132 112
(t]2—t22)(—t22—+—t32)( po+ (111 + 121 + 131 + (112 +122 +132) q) p~ + (((

—132) 122 —t12132) q2+ ((-t31 —121) t12 + (-t1]l —131) 122 — 132 (¢t1]1 +121)) g
+ (-h +120) 122 + (h — 120 — 130) 12 + 130132 + (-131 —121) t1]1 —121131) p
— ( —q2 2122132 + ((-t11132 —t12131) 122 — 12121 132) g + (-t12t30 + (-h

+ 120 +130) t32 —t11131) 122 + ((h —120) 132 — 121 t31) t12 — 132111 121) q)
((h—120—130) 32+ (-h +120 +130) ti2 +¢11t31) 121 —t11 120 (22 —132)

_ (122 —132) (12 —122)
> simplify(residue (simplify (OmegaHambis) /dt3142,dt31=0) ,symbolic)

simplify (Hame3l (q,p))
simplify (series (simplify (residue (simplify (OmegaHambis) /dt3142,
dt31=0) ,symbolic) -( -Hame31l(q,p)) ,9=0));
22 +t32)1( 21 2) (P°+ ((-t12—122—132) g — 131 —t1] —21) p° + (((112  (5.26)
+122) 132 +t12122) q2+ (t12 (221 +131) + 122 (¢t1] +131) +132 (11l +121)) q
+ (h—130) 132 + (~h + 120 + 130) t12 — 120 122 + (¢11 +131) 121 +t11t31) p

—q3 12122132 + ((-t11 122 —t12121) 132 — 131 t12 122) q2 + ((-120t12 + (-h
+120 +130) 122 —t11121) t32 + ((h —130) 122 — 21 ¢31) t12 — 22 ¢t11t31) g + ((
-h +120+130) 121 —t11120) 32 + 121 (h — 120 —130) t12 —t1l (-120122

+121131))
1

(-122 4+ 132) (-t12 +132)
~t12 —122) 132 —t12122) ¢* + ((-121 —t11) 132 + (-131 —121) t12 — 122 (¢11
+131)) g+ (~h +130) 132+ (h — 120 — 130) t12 4+ 120 122 + (-131 — 121) t11
—121131) p+q (§*112122132 + ((¢11 122 + 112 121) 132 + 131 t12122) q + (120 ¢12

+ (h —120 —130) 122 + 11 121) t32 + ((-h +130) 122 +121t31) t12 + 12211 131) )
((-h+120+130) 132 + (h —120 —130) ti2 —t11t31) 121 + 11120 (22 — 132)

_ (122 —t32) (12 —132)
> simplify(residue (simplify (OmegaHambis) /dt1242,dt12=0) ,symbolic)

(=p° + (t11 + 121 + 131 + (112 + 122 +132) q) p* + (((

simplify (Hamel2 (q,p)):



simplify (series (simplify (residue (simplify (OmegaHambis) /dt1242,
dtl12=0) ,symbolic) -( -Hamel2(q,p) -(1/2)*h*p*2/((tl2-t22)*(tl2-
t32))) - (1/2)*(-g*t2272+(g*tl2-g*t32-t11-t21) *t22+ (g*t32+2*
t1l1l) *t12-t32* (t1l1l-t21) ) *h/ ((t1l2-t22)~2* (£t12-t32) ) *p +(1/2) *h*
t22*t32*g*2/ ((tl2-t22) * (t12-t32)) +(((tl1-(1/2)*t21) *t22+
(1/2) ¥£32*t£21) *£12-(1/2) *t11*t22* (£t22+t32) ) *h*q/ ((t1l2-t22) *2*
(t12-t32)) ,9=0));

- ! 2(Hhh+ﬂ0+ﬁmLﬂ+%h—ﬁ0—ﬁ@ﬂ2—ﬂ]ﬁhﬁ]62ﬂ

(112 —132)% (¢12 — 122)
+ 111120 (122 —132)) ((—i t12 + 1 t32) 121 + (tll — % t3]) t12 — % t11132

2 2
—%t22(t]]—t31)))

> simplify (residue (simplify (OmegaHambis) /dt3242,dt32=0) ,symbolic)

simplify (Hame32 (q,p)):

simplify (series (simplify (residue (simplify (OmegaHambis) /dt32+2,

dt32=0) ,symbolic) -( -Hame32(q,p)

-(1/2) *h*p”2/ ((t22-t32) * (t12-t32) )+ (1/2) * ((t1l2+t22) *q+t1l1+t21) *
h*p/ ((t22-t32) * (t12-t32))-(1/2) *h*t1l2*t22*gq*2/ ((t22-t32) * (t12-

t32))-(1/2) *h* (t11*t22+t12*t21) *q/ ((£t22-t32) * (t12-t32))

), g=0));
L 21 > (112 =132) 21 + (~t11 +2131) 132 + (- 112 (5.28)
2 (122 —132)° (t12 —132)
—122) 131 +t11122) (((-h + 120 +130) 132 + (h — 120 —30) t12 —t11 t31) 121

| + 111120 (122 —132)))

We do not care about the term only proportional to times. Thus, we find OmegaHambis= - Hamel 1

| -h*(p-t22*q-t21)/(t12-122) +times

> simplify (checkgfunction (q,p) *checkpfunction(qgq,p))
checkgcheckpbis:=-1/(t1l2-t22) * (p*2- ((tl2+t22)*g+(tll+t21))*p
+(tl2*g+tll) * (t22*g+t21) );
series (simplify (simplify (checkgfunction (q,p) *checkpfunction(q,
P) ,symbolic) - checkqgcheckpbis) ,hg=0) ;

/ (122 Nt (-q22+p —121) / (22 — 132 (-q112  (5.29)

—132) (112 —122) (12 —132) (112 —122)
+p—tll)
2
checkqcheckpbis = - L= L2 +122) q 111 +21) p + (qtI2 +111) (g 22 +121)

t12 —122
0

> diff (checkgcheckpbis, tll) ;
diff (checkgcheckpbis, t21) ;
diff (checkgcheckpbis, t31) ;
q22 —p +121
S 2 —122

(5.30)




qt2—p+1ill
t12 — 122
0

;Expression of the Lax matrix in the coordinates (checkq,checkp)

> tdL21functioninter:=unapply(tdL[2,1],q,p);
tdL21function:=unapply (simplify (tdL21functioninter (Solq,Solp)),
t11,t21,t31,t12,t22,t32):
tdL21check:=unapply (1/al2* (t22-t12) * (-checkg*checkp-checkg”2+
tau*checkg+t20) , tau) :
simplify (series (tdL21lcheck (taufunction (t11,t21,t31,tl12,t22,t32)
)—tdL21function (t11,t21,t31,t12,t22,t32) ,checkp=0) ,symbolic) ;

tdL23functioninter:=unapply (tdL[2,3],q9,p) ;
tdL23function:=unapply (simplify (tdL23functioninter (Solq,Solp)),
t11,t21,t31,t12,t22,t32):
tdL23check:=unapply(-al3/al2*sqrt (t32-t22) *sqrt (t22-t12) /sqrt
(t12-t32) *checkq, tau) :

simplify (series (tdL23check (taufunction(tll,t21,t31,t12,t22,t32)
) -tdL23function(t1l1l,t21,t31,t12,t22,t32) ,checkp=0) ,symbolic) ;

tdL31functioninter:=unapply (tdL[3,1],q9,p) ;
tdL31lfunction:=unapply (simplify (tdL31functioninter (Solq,Solp)),
t11,t21,t31,t12,t22,t32):

tdL31lcheck:=unapply( 1/al3* (t12-t32) * (-checkg*checkp-checkg”*2+
tau*checkqg-t30) ,tau):

simplify (series (tdL31lcheck (taufunction(tll,t21,t31,t12,t22,t32)
) -tdL31function(t1l1l,t21,t31,t12,t22,t32) ,checkp=0) ,symbolic) ;

tdL32functioninter:=unapply (tdL[3,2],q9,p) ;
tdL32function:=unapply (simplify (tdL32functioninter (Solq,Solp)),
t11,t21,t31,t12,t22,t32):

tdL32check:=unapply( al2/al3*sqrt(tl2-t32) *sqrt(t32-t22) /sqrt
(t22-t12) * (checkp+l*checkg+l*tau) ,tau):

simplify (series (simplify (series (tdL32check (taufunction(tll, t21,
t31,t12,t22,t32) ) -tdL32function (t11,t21,t31,t12,t22,t32),
checkp=0) ,symbolic) ,checkqg=0) ,symbolic) ;

e 1 2
121 = 12 — 122 32 — 31 31
tdL2 Ifunctioninter (g, p)— W12 (122 —132) ((t 122) ((q t pqtaqt (58.31)
—120) 22+ (-pq+q2] +120) 132+ (p —131) (p —121)))
0

al3 (-q122 +p —121)
al?

tdL23functioninter *= (q,p) — -
0




\ 4

1
al3 (122 —132)

—130) 132+ (-pq+qt31 +130) 22+ (p —131) (p —121)))
0

((t12=132) ((F122—pg+qr2l

tdL3 Ifunctioninter == (q,p) — -

al2 (-q 132 +p —131)

tdL32functioninter = (q,p) — -

al3
C2(22 (1] —31) + 112 (-121 +131) —132 (t1] —121)) al2
al3 (t12 —122)
_ 2al2\t12 —132 \ -122 + 132 checkg
| al3~ -t12 +122

> GeneralSpectralCurve:=simplify (Determinant (y*IdentityMatrix(3) -
tdL)):
GeneralSpectralCurvebis:=y*3-P1 (lambda) *y*2+P2 (lambda) *y-P3
(lambda) - (p*3-P1l(q)*p"2+P2(q) *p-P3(q)):
simplify (series (simplify
(GeneralSpectralCurve-GeneralSpectralCurvebis) ,y=0)) ;

0 (5.32)

Definition of the auxiliary matrix A by gauge transformation of
\td{A} and verification of the compatibility equation in the oper
gauge. Verification of the gauge transformations

> LalphaG:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do
LalphaG[i,j] :=simplify( h*diff (G[i,3j],t1l2)*dottl2+h*diff (G[1i,
jl,t22) *dott22+h*diff (G[i,j],t32) *dott32+h*diff (G[i,3j],t1l1)*
dottll+h*diff (G[i,]j],t21) *dott21+h*diff (G[i,j],t31l)*dott31+h*
diff(G[i,3j],al2)*dotal2+h*diff(G[i,]j],al3)*dotal3+ h*diff (G[1i,
jl,9q) *dotg+h*diff (G[i,j],p) *dotp) : od: od:

LalphatdL:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
LalphatdL[i, j] :=simplify( h*diff (tdL[i,j],t1l2) *dottl2+h*diff
(tdL[i,j],t22) *dott22+h*diff (tdL[i,j],t32) *dott32+h*diff (tdL[1i,
j1,tl1l) *dottll+h*diff (tdL[i,j],t21) *dott21+h*diff (tdL[i,j],6 t31)
*dott31l+h*diff (tdL[i,j],al2) *dotal2+h*diff (tdL[i,j],al3)*
dotal3+ h*diff (tdL[i,j],q) *dotg+h*diff (tdL[i,j],p) *dotp): od:
od:

Lalphalnew:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do
Lalphalnew[i,j] :=simplify( h*diff (Lnew[i, j], t1l2) *dottl2+h*diff

(Lnew[i,j],t22) *dott22+h*diff (Lnew[i,j],t32) *dott32+h*diff



(Lnew[i,j],tll) *dottll+h*diff (Lnew[i,j],t21) *dott21+h*diff
(Lnew[i,j],t31) *dott31+h*diff (Lnew[i,j],al2)*dotal2+h*diff
(Lnew[i,j],al3) *dotal3+ h*diff (Lnew[i,j],q) *dotg+h*diff (Lnew[i,
jl,p) *dotp) : od: od:

dGdlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do
dGdlambda[i,j] :=diff(G[i,j],lambda): od: od:

dtdAdlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dtdAdlambdali,j]:=
diff (tdA[i,]j],lambda): od: od:

Lalphal:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do

LalphaL[i,j] :=simplify( h*diff (L[i,j],t1l2) *dottl2+h*diff (L[1i,
jl,t22) *dott22+h*diff (L[i,j],t32) *dott32+h*diff (L[i,3j],t1l1)*
dottll+h*diff (L[i,]j],t21) *dott21+h*diff (L[i,]j],t31)*dott31+h*
diff(L[i,j],al2)*dotal2+h*diff(L[i,]j],al3)*dotal3+ h*diff (L[1i,
jl,q) *dotg+th*diff (L[1i,]],p) *dotp) : od: od:
VerificationO:= simplify(L- ( Multiply(Multiply (G, tdL) ,G*(-1)
+h*Multiply (dGdlambda,G*(-1)))) ;
Verificationl:=simplify (LalphatdL-h*dtdLdt) ;
Verification2:=simplify (h*dtdAdlambda-LalphatdL- Multiply (tdL,
tdA) +Multiply (tdA, tdL) ) ;
Verification2bis:=simplify (LalphatdL-h*dtdAdlambda- (Multiply
(tda, tdL) - Multiply(tdL,tda)) )
0

S O O O O o o o o o o
S O O O O O O o o o o o
S O O O O O O o o o o o

)

(6.1)



> A:=simplify( Multiply (Multiply (G, tdA) ,G*(-1))+Multiply (LalphaG,
G*(-1))):
dAdlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dAdlambda[i,j]:=diff
L (A[i,j],lambda): od: od:
> Verification3:= simplify(A- ( Multiply(Multiply(G,tda) , G*(-1))
+Multiply (LalphaG,G* (-1))));
Verification4:=simplify (h*dAdlambda-Lalphal- Multiply(L,6A)+
Multiply (A,L))
Verificationdbis:=simplify( Lalphal-h*dAdlambda- (Multiply(A,L) -
Multiply(L,A)) )’
0 0O
00O 6.2)
0 00
00O
00O
0 0O
00O
0 00
0 00
> dAnewdlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dAnewdlambda[i,j]:=
diff (Anew[i,j],lambda): od: od:
Verification5:= simplify (Anew- ( Multiply (Multiply
(Gnormalized, tdA) ,Gnormalized” (-1) )+Multiply (LGnormalized,
Gnormalized” (-1))));
Verification6:=simplify (h*dAnewdlambda-Lalphalnew- Multiply
(Lnew,Anew) +Multiply (Anew,Lnew) )
0 00
000 (6.3)
00O
(0 0 0|
00O
0 00
V¥ Expression of the auxiliary matrices in the various directions of
deformations



> tdAfunction[1l,1] :=unapply (tdA[1,1] ,dottl2,dott22,dott32,dottll,
dott21,dott31):
tdAfunction[1, 2] :=unapply (tdA[1l,2] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
tdAfunction[1, 3] :=unapply (tdA[1l,3] ,dottl2,dott22,dott32,dottll,
dott21,dott3l):
tdAfunction[2,1] :=unapply (tdA[2,1] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
tdAfunction[2, 2] :=unapply (tdA[2,2] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
tdAfunction[2, 3] :=unapply (tdA[2,3] ,dottl2,dott22,dott32,dottll,
dott21,dott3l):
tdAfunction[3,1] :=unapply (tdA[3,1] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
tdAfunction[3, 2] :=unapply (tdA[3,2] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
tdAfunction[3, 3] :=unapply (tdA[3,3] ,dottl2,dott22,dott32,dottll,
dott21,dott3l):

Afunction[1l,1] :=unapply(A[1l,1] ,dottl2,dott22,dott32,dottll,
dott21,dott3l):
Afunction[1, 2] :=unapply(A[1,2] ,dottl2,dott22,dott32,dottll,
dott21,dott31):
Afunction[1l, 3] :=unapply (A[1,3] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
Afunction[2,1] :=unapply(A[2,1] ,dottl2,dott22,dott32,dottll,
dott21,dott3l):
Afunction[2, 2] :=unapply(A[2,2] ,dottl2,dott22,dott32,dottll,
dott21,dott31):
Afunction[2, 3] :=unapply (A[2,3] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):
Afunction[3,1] :=unapply (A[3,1] ,dottl2,dott22,dott32,dottll,
dott21,dott3l):
Afunction[3, 2] :=unapply (A[3,2] ,dottl2,dott22,dott32,dottll,
dott21,dott31):
Afunction[3, 3] :=unapply (A[3,3] ,dottl2,dott22,dott32,dottll,
dott21l,dott31):

Anewfunction[1l,1] :=unapply (Anew[1l,1] ,dottl2,dott22,dott32,
dottll,dott21,dott31):
Anewfunction[1l,2] :=unapply (Anew[1,2] ,dottl2,dott22,dott32,
dottll,dott2l,dott3l):



Anewfunction|[1l, 3] :=unapply (Anew[1,3] ,dottl2,dott22,dott32,
dottll,dott21,dott31):
Anewfunction[2,1] :=unapply (Anew[2,1] ,dottl2,dott22,dott32,
dottll,dott21,dott31):
Anewfunction[2,2] :=unapply (Anew[2,2] ,dottl2,dott22,dott32,
dottll,dott2l,dott3l):
Anewfunction[2, 3] :=unapply (Anew[2,3] ,dottl2,dott22,dott32,
dottll,dott21,dott31):
Anewfunction[3,1] :=unapply (Anew[3,1] ,dottl2,dott22,dott32,
dottll,dott21,dott31):
Anewfunction|[3,2] :=unapply (Anew[3,2] ,dottl2,dott22,dott32,
dottll,dott21l,dott3l):
Anewfunction|[3, 3] :=unapply (Anew[3,3] ,dottl2,dott22,dott32,
dottll,dott21,dott31):

_Specialisation in different directions of the tangent space. We also assume from now on that
[ a_{1,2} and a_{1,3} are independent to the irregular times

> tdAl10:=0:
dotal2:=0;
dotal3:=0;

tdAvinftyl:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAvinftyl[i,j]:
simplify (tdAfunction[i,j] (0,0,0,1,1,1)): od: od:
tdAvinfty2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAvinfty2[i,j]:
simplify (tdAfunction[i,j](1,1,1,0,0,0)): od: od:
tdAuinftyl:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAuinftyl[i,j]:
simplify (tdAfunction[i,j](0,0,0,t12,t22,t32)): od: od:
tdAuinfty2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAuinfty2[i,j]:
simplify (tdAfunction[i,j] (2*t1l2,2*t22,2*t32,t11,t21,t31)): od:
od:

tdAal:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAal[i,]j]:= simplify
(tdAfunction[i,j] (2* (£t12-t32) *(t12-t22),0,0,t12* (3*t11-t21-t31)
-(t12+t22+t32) *t11+ t22*t31+t32*t21,0,0)): od: od:
tdAa2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAa2[i,]j]:= simplify
(tdAfunction[i,j] (0,2* (t22-t12) * (t22-t32) ,0,0,t22* (3*t21-t1l1-
t31)- (tl2+t22+t32) *t21+t12*t31+t32*t11,0)): od: od:




tdAa3:=Matrix (3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAa3[i,]j]:= simplify
(tdAfunction[i,j] (0,0,2* (t32-t12) * (t32-t22) ,0,0,t32* (3*t31-t1l1l-
t21) - (t1l2+t22+t32) *t31+t12*t21+t22*t11)): od: od:
tdAell:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAell[i,]j]:=
simplify (tdAfunction[i,j](0,0,0,1,0,0)): od: od:
tdAe21:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAe2l][i,]j]:=
simplify (tdAfunction[i,j](0,0,0,0,1,0)): od: od:
tdAe31:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAe3l[i,]j]:=
simplify (tdAfunction[i,j](0,0,0,0,0,1)): od: od:

tdAel2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAel2[i,]j]:=
simplify (tdAfunction[i,j](1,0,0,0,0,0)): od: od:
tdAe22:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAe22[i,]j]:=
simplify (tdAfunction[i,j](0,1,0,0,0,0)): od: od:
tdAe32:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do tdAe32[i,]j]:=
simplify (tdAfunction[i,j](0,0,1,0,0,0)): od: od:

tdAtau:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do tdAtauli,j]:=
simplify (tdAfunction[i,j] (0,0,0,0,Coefftau,-Coefftau)): od: od:

Anewe2:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do Anewe2[i, j]:=
simplify (Anewfunction[i,j]1(0,0,0,0,1,0)): od: od:

dtdAtaudlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dtdAtaudlambda[i,j]:=
diff (tdAtau[i,j],lambda): od: od:

dtdAe3ldlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dtdAe3ldlambdali,j]:=
diff (tdAe31[i,j],lambda): od: od:

dtdAe2ldlambda:=Matrix(3,3,0):



for i from 1 to 3 do for j from 1 to 3 do dtdAe2ldlambdali,j]:=
diff (tdAe21[i,j],lambda): od: od:

dtdAnewdlambda:=Matrix (3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dtdAnewdlambdali, j]:=
diff (Anewe2[i,j],lambda): od: od:

Avinftyl:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Avinftyl[i,j]:=
simplify (Afunction[i,j](0,0,0,1,1,1)): od: od:
Avinfty2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Avinfty2[i,j]:=
simplify (Afunction[i,j](1,1,1,0,0,0)): od: od:
Auinftyl:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Auinftyl[i,j]:=
simplify (Afunction[i,j] (0,0,0,t12,t22,t32)): od: od:
Auinfty2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Auinfty2[i,j]:=
simplify (Afunction[i,j] (2*tl12,2*t22,2*t32,t11,t21,t31)): od:
od:

Aal:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Aal[i,]j]:= simplify
(Afunction[i,j] (2* (t12-t32) *(t12-t22) ,0,0,t12* (3*t11-t21-t31) -
(t12+t224+t32) *t11+ t22*t31+t32*t21,0,0)): od: od:
Aa2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Aa2[i,]j]:= simplify
(Afunction[i,j] (0,2* (t22-t12) * (t22-t32) ,0,0,t22* (3*t21-t11-t31)
- (t1l24t22+t32) *t21+t12*t31+t32*t11,0)): od: od:
Aa3:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Aa3[i,]j]:= simplify
(Afunction[i,j](0,0,2* (t32-t12) *(t32-t22),0,0,t32* (3*t31-t1l1-
t21)- (t124+t22+t32) *t31+t12*t21+t22*t11l)): od: od:
Aell:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Aell[i,]j]:= simplify
(Afunction[i,j]1(0,0,0,1,0,0)): od: od:

Ae2l:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Ae2l[i,]j]:= simplify
(Afunction[i,j]1(0,0,0,0,1,0)): od: od:

Ae3l:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Ae31l[i,]j]:= simplify

(Afunction[i,j]1(0,0,0,0,0,1)): od: od:



Ael2:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Ael2[i,]j]:= simplify
(Afunction[i,j]1(1,0,0,0,0,0)): od: od:

Ae22:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Ae22[i,]j]:= simplify
(Afunction[i,j]1(0,1,0,0,0,0)): od: od:

Ae32:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Ae32[i,]j]:= simplify
(Afunction[i,j]1(0,0,1,0,0,0)): od: od:

Atau:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do Atau[i,]j]:= simplify

(Afunction[i,j](0,0,0,0,Coefftau, -Coefftau)): od: od:

dAtaudlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dAtaudlambdali,j]:=
diff (Atau[i,j],lambda): od: od:

dAe3ldlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dAe3dlambdali, j]:
diff (Ae31[i,j],lambda): od: od:

dAe2ldlambda:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do dAe2dlambdali,j]:
diff (Ae21[i,]j],lambda): od: od:

dotal2 =0 7.1)
dotal3 =0

tdAvinftyl;

tdAvinfty2;

tdAuinftyl:

tdAuinfty2:

tdAell:

tdAe2l:

tdAe3l:

tdaal:

tdaa2:

tdaa3:

tdAtau:



0 AO (7.2)
0 0 A
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0 2x 0
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> simplify(series(tdRAa2[1,1],lambda)):
simplify (series (tdRAa2[1,2],lambda)):
simplify (series (tdRa2[1,3],lambda)):
simplify (series(tdRa2[2,1],lambda)):
simplify (series (tdRa2[2,2],lambda)):
simplify (series (tdRa2[2,3],lambda)):
simplify (series (tdRa2[3,1],lambda)):
simplify (series (tdRa2[3,2],lambda)):
simplify (series (tdRa2[3,3],lambda)):
Verlficatlon for direction \partial {\tau} and \partial {e 31} and \partial {e 21}
> LalphatautdL:=Matrix(3,3,0):
for i from 1 to 3 do for j from 1 to 3 do
LalphatdLfunction:=unapply (LalphatdL[i, j] ,dottl2,dott22,dott32,
dottll,dott2l,dott3l):
LalphatautdL[i, j] :=simplify (LalphatdLfunction(0,0,0,0,
Coefftau,-Coefftau)): od: od:

Lalphae3ltdL:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
LalphatdLfunction:=unapply (LalphatdL[i,j] ,dottl2,dott22,dott32,
dottll,dott2l,dott3l):
Lalphae31ltdL[i,j] :=simplify (LalphatdLfunction(0,0,0,0,0,1)):
od: od:

Lalphae2ltdL:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
LalphatdLfunction:=unapply (LalphatdL[i,j] ,dottl2,dott22,dott32,
dottll,dott21,dott31):
Lalphae2l1tdL[i,j] :=simplify (LalphatdLfunction(0,0,0,0,1,0)):
od: od:



Lalphae2lnew:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
Lalphalnewfunction:=unapply (Lalphalnew[i, j] ,dottl2,dott22,
dott32,dottll,dott21l,dott31):
Lalphae2lLnew[i, j] :=simplify (LalphaLnewfunction(0,0,0,0,1,0)):
od: od:

LalphatauL:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
LalphalLfunction:=unapply (LalphalL[i,j] ,dottl2,dott22,dott32,
dottll,dott21,dott31):

Lalphataul[i, j] :=simplify (LalphaLfunction(0,0,0,0,Coefftau,
—Coefftau)): od: od:

Lalphae31lL:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
LalphalLfunction:=unapply (LalphalL[i,j] ,dottl2,dott22,dott32,
dottll,dott2l,dott3l):

Lalphae31lL[i, j] :=simplify (LalphaLfunction(0,0,0,0,0,1)): od:
od:

Lalphae2lL:=Matrix(3,3,0):

for i from 1 to 3 do for j from 1 to 3 do
LalphalLfunction:=unapply (LalphaL[i,j] ,dottl2,dott22,dott32,
dottll,dott21,dott31):

Lalphae2llL[i, j] :=simplify (LalphaLfunction(0,0,0,0,1,0)): od:
od:

Verificationtau:=simplify (LalphatautdL-h*dtdAtaudlambda-
(Multiply (tdAtau, tdL) - Multiply(tdL, tdAtau)) );
Verificatione3:=simplify (Lalphae3ltdL-h*dtdAe3ldlambda-
(Multiply (tdAe31, tdL) - Multiply (tdL, tdAe31)) ),
Verificatione2:=simplify (Lalphae2ltdL-h*dtdAe2ldlambda-
(Multiply (tdRAe2l1,tdL) - Multiply(tdL, tdAe2l1)) )
00
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0
0
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0 00
0 00
0 00

¥ Canonical choice of trivial times: t12:=1/2, t22=0, t32=-1/2,
t11=0 and t31=-t21 and t21=1/3*tau

> TT1(0,1/3*tau,-1/3*tau,1/2,0,-1/2);

TT2(0,1/3*tau,-1/3*tau,1/2,0,-1/2);
TT3(0,1/3*tau,-1/3*tau,1/2,0,-1/2);
TT4(0,1/3*tau,-1/3*tau,1/2,0,-1/2);
TT5(0,1/3*tau,-1/3*tau,1/2,0,-1/2);
simplify (taufunction(0,1/3*tau,-1/3*tau,1/2,0,-1/2));

partialtaufunction:=unapply (partialtau, tll,t21,t31,t12,t22,t32)
simplify (partialtaufunction(0,1/3*tau,-1/3*tau,1/2,0,-1/2));

checkgfunctionT:=unapply (checkgfunction(q,p),tll,t21,t31,tl2,
t22,t32) ;

simplify (checkgfunctionT (0,1/3*tau,-1/3*tau,1/2,0,-1/2));
checkpfunctionT:=unapply (checkpfunction(q,p),tll,t21,t31,tl2,
t22,t32) ;

simplify (checkpfunctionT(0,1/3*tau,-1/3*tau,1/2,0,-1/2));

solve ({-2*p+2*tau* (1/3)=checkq,-(1/2) *q+p=checkp 1}, {q,p}):

8.1)

SIICTRC S

% partialt2] — % partialt31

12 — 132
heckqfunctionT = (t11, 121, 131, t12, 122, 132 122
checkqfunctionT := ( )_’/ (ci12+122) (-2 +32) U

—p +121)
-2 +—2'T
PT3

22 1132
heckpfunctionT = (t11, 21, 131, t12, 122, 132 g tl2
checkpfunctionT := ( )_’/ (ci12+22) tiz—132) 4

+p—tll)



% q+p
{p:%ﬂv—%cM%¢q=%¢—mM%q—2Mw@}
> al2:=1;
al3:=1;
tl2:=1/2;
t22:=0;
t32:=-1/2;
t11:=0;
t31:=-t21;
t21:=1/3*tau;
al2 =1 (8.2)
al3 =1
1
ti2 =5
122 =
1
132 = "y
tll] ==
131 == -121
I 121 == % T
> tdL[1,1];
tdL[2, 2];
tdL[3, 3];
tdL21check (tau) ;
tdL23check (tau) ;
tdL31lcheck (tau) ;
tdL32check (tau) ;
1
) A 8.3)
L T
3
1 1
2 M3
1 checkp checkqg + 1 checkq2 L checkq T — 1 120
2 2 2 2
é% checkq
—chechocheckq-—checkq24—checkq1-—t30
| checkp + checkq + 1
> Coefftau:=simplify (Coefft2l) ;
tdAtau:=simplify (tdAtau) :
tdAtaullfunction:=unapply (tdAtau[l,1],q,p):




tdAtaull:=simplify (tdAtaullfunction (2*tau* (1/3)-checkg-2*

checkp, (1/3) *tau-(1/2) *checkq) ) ;
tdAtaul2function:=unapply (tdAtau[l,2],q,p):

tdAtaul2:=simplify (tdAtaul2function (2*tau* (1/3) -checkg-2*

checkp, (1/3) *tau-(1/2) *checkq)) ;
tdAtaul3function:=unapply (tdAtau[l,3],q,p):

tdAtaul3:=simplify (tdAtaul3function (2*tau* (1/3) -checkg-2*

checkp, (1/3) *tau-(1/2) *checkq) ) ;
tdAtau2lfunction:=unapply (tdAtau[2,1],q,p):

tdAtau2l:=simplify (tdAtau2lfunction (2*tau* (1/3)-checkg-2*

checkp, (1/3) *tau-(1/2) *checkq) ) ;
tdAtau22function:=unapply (tdAtau[2,2],q,p):

tdAtau22:=simplify (tdAtau22function (2*tau* (1/3) -checkg-2*

checkp, (1/3) *tau-(1/2) *checkq)) ;
tdAtau23function:=unapply (tdAtau[2,3],q,p):

tdAtau23:=simplify (tdAtau23function (2*tau* (1/3) -checkg-2*

checkp, (1/3) *tau-(1/2) *checkq) ) ;
tdAtau3lfunction:=unapply (tdAtau[3,1],q,p):

tdAtau3l:=simplify (tdAtau3lfunction (2*tau* (1/3)-checkg-2*

checkp, (1/3) *tau-(1/2) *checkq)) ;
tdAtau32function:=unapply (tdAtau[3,2],q,p):

tdAtau32:=simplify (tdAtau32function (2*tau* (1/3) -checkg-2*

checkp, (1/3) *tau-(1/2) *checkq)) ;
tdAtau33function:=unapply (tdAtau[3,3],q9,p):

tdAtau33:=simplify (tdAtau33function (2*tau* (1/3) -checkg-2*

checkp, (1/3) *tau-(1/2) *checkq) ) ;

Coefftau = %
tdAtaull == 0
tdAtaul?2 = —%
tdAtaul3 = %

tdAtau?l == - % checkq2 + 1 (Tt — checkp) checkq + % 120

3
tdAtau2?2 = % T — checkq — checkp + % A

tdAtau23 = % checkq

tdAtau3l == - % checkq2 + % (Tt — checkp) checkq — % 130

tdAtau3?2 = - % T+ % checkqg + % checkp
tdAtau33 = —% T — checkq — % A

8.4



> Pl (lambda) ;

P2 (lambda) ;
P3(lambda) ;

0 8.5
1 .2 1 1 1 2
) A 6 tk+¢%ﬁ%2 120 91
1 2 1 1 2
"1 TK-F(—4 QO——IS't)k

L[3,3];
simplify (L[3,2]- (h*p/ (lambda-q)-P2 (lambda)+h/2)) ;
simplify (L[3,1]- (h* (p*2+P2(q)-h/2)/ (lambda-q)+P3 (lambda) +p~3+
(P2 (q) -h/2) *p-P3(q) +h/4* (lambda-q))) ;

h

-A+gq
0
0

(8.6)

> Atau:=simplify (Atau):

simplify( Atau[l,1]- ( (-2*p~2-2*P2(q)+h)/(lambda-q)+1/3%
lambda+p+1/2*q) )

simplify( Atau[l,2]- ( -2*p/(lambda-q)+1/3) ) ;

simplify( Atau[l,3]- ( -2/ (lambda-q)) ) ;

simplify( Atau[2,1]- ( p*(-2*p~2-2*P2(q)+h)/(lambda-q)+1/6*tau*
lambda+tau/6*q +tau”2/9+t20/2-h/6 ) );

simplify( Atau[2,2]- ( -2*p*2/(lambda-qgq)-1/6*lambda)-p+1l/3*tau
);

simplify( Atau[2,3]- ( -2*p/(lambda-q) +1/3) ) ;

simplify( Atau[3,1]- (-1/3*(6*p~2-h)* (p*2+P2(q)-1/2*h)/(lambda-
q)-(1/36) *tau*lambda”2

+1/6* (tau*p-tau”*2/9-t20/2+h/2) *1lambda

+1/6* (2*p”*3-(g*2-4/3*tau*q-8/9*tau”2+8*h-8*t20-4*t30) *p/2+
tau~2/9*g+tau/6*qgq*2+h*tau -h/2*q+t20/2*q)

) );

simplify( Atau[3,2]- ( p*(-6*p~2+h)/3/ (lambda-q)+(1/12)*
lambda*2 +(-(1/2) *p+2*tau*(1/9)) *lambda

+1/6* (8/9*tau”2+ (-2*p+q) *tau-3*p*q-h+2*t20-2*t30)

) );

simplify( Atau[3,3]- ( (-6*p~2+h)/3/(lambda-q) -lambda/6+p-
tau/3) );

8.7)
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