In this Maple file, we compute the evolution equations for the Painlevé 4 equation
using the compatibility equation of the Lax system.
We also obtain the expression of the Lax matrices in the geometric gauge without
| apparent singularities.
> restart:
with (LinearAlgebra) :
P011:=sX10+sX20;
P022:=sX10*sX20;
Pinftyll:=-sl12-s22;
Pinfty0l:=-s11-s21;
Pinfty22:=s12*%s22;
Pinftyl2:=s11*s22+s12*s21;
Pinfty02:=s12*%s20+s10*s22+s11*s21;
CoherenceEquation:=s10+s20+sX10+sX20;

Rl:=unapply( P011/ (xi-X1)+PinftyO0l+Pinftyll*xi, xi) ;
R2:=unapply( P022/ (xi-X1)*2+P012/ (xi-X1)+Pinfty02+Pinftyl2*xi+
Pinfty22*xi*2,xi);

tdR2:=unapply (R2 (xi) -P012/ (xi-X1) ,xi) ;

c2bis:=(betal2*s22-beta22*s12) / (2* (s1l2-s22)) ;

clbis:=(1/2) *(sl2*s21-s11*s22) /(s1l2-s22)*2* (betal2-beta22)+
(betall*s22-beta2l1*sl2)/(sl2-s22);

mubis:=(1/2)* (X1* (s12-s22)-s11+s21) * (Q-X1)/ (-s22+s12) *2* (betal2-
beta22) + (betall-beta2l) * (Q-X1) / (s12-s22) + (Q-X1) *betaXl;
nuMinuslbis:=(betal2-beta22)/ (2* (-s22+s12)) ;

nuObis:=(1/2) *(s21-sl1l1)/ (s1l2-s22)*2* (betal2-beta22) + (betall-
beta2l) / (s1l2-s22) ;

dR1dxi :=unapply (diff (R1 (xi) ,xi) ,xi):

dR2dxi :=unapply (diff (R2 (xi) ,xi) ,xi) :

L:=Matrix(2,2,0):

L[1,1]:=0:

L[1,2]:=1:

L[2,1]:=-R2(xi)+P012/ (xi-X1) +C/(xi-X1) -h*sl2 -h*P/(xi-Q):
L[2,2]:= R1(xi)-h/(xi-X1)+h/ (xi-Q) ;

C0l:=C:

A:=Matrix(2,2,0):
A[l,1]:= c2*xi*2+ cl*xi +cO+rho/ (xi-Q):




A[l,2] :=nuMinusl*xi+nuO+mu/ (xi-Q) :

A[2,1]:= AA2]1 (xi):

A[2,2]:= AR22 (x1i):

dAdxi:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdxi[i,]j]:=diff(A[1i,
jl,xi): od: od:

L;

A;

Q2 :=unapply (-P* (Q-X1) ,xi) :
J:=Matrix(2,2,0):
J[1,1]:=1:

J[1,2]:=0:

J[2,1] :=Q2(xi)/ (xi-Q) :
J[2,2] :=(xi-X1)*1/(xi-Q):
J;

dJddxi:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dJddxi[i,]j]:=diff(J[1i,
jl,xi): od: od:

J:

LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2] :=diff(J[2,2],Q)*LO+diff (J[2,2],P) *LP+h*diff(J[2,2],X1)*
betaX1l:

LJ[2,1]:=diff(J[2,1],Q)*LO+diff(J[2,1],P) *LP+h*diff(J[2,1],X1)*
betaX1l:

LJ:

checkL:=simplify (Multiply (Multiply(J,L) ,J*(-1))+h*Multiply (dJdxi,
Jr(-1))):
checkA:=simplify (Multiply (Multiply(J,A) ,J*(-1))+Multiply(LJ,J*
(-1))):

PO11 = sX10 + sX20 1)
P022 = sX10 sX20

Pinftyll := -s12 — 522

Pinfty0l := -s11 — s21

Pinfty22 := 512 522
Pinftyl2 := s11s22 + 512 521
Pinfty02 := 510522 + s11 521 + 512 520
CoherenceEquation := s10 + s20 + sX10 + sX20
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¥ Solving the compatibility equations to obtain the Hamiltonian
evolutions.

|:The compatibility equation is \mathcal{L} L=h\partial \xi A+[A,L]

Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression
for A




> LL:=h*dAdxi+ (Multiply(A,L)-Multiply(L,3)):

Entryll:=LL[1,1]:
Entryl2:=LL[1,2]:

AA21 :=unapply (solve (Entryl1=0,AA21 (xi)) ,xi):
AA21bis:=h*dAdxi[1l,1]+A[1,2]*L[2,1]:

simplify (AA21 (xi) -AA21bis) ;
AA22:=unapply (solve (Entryl2=0,AA22 (xi)) ,xi):
AA22bis:=h*dAdxi[l,2]+A[1,1]+A[1l,2]*L[2,2]:

simplify (AA22 (xi) -AA22bis) ;
simplify (Entryll) ;

simplify (Entryl2) ;
(1.1)
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| Evolution of entry L_{2,2}

> Entry22:=simplify(LL[2,2]);
Entry22TermxiMinusQCube:=factor (residue (Entry22* (xi-Q) *2,xi=Q))
Entry22TermxiMinusQSquare:=factor (residue (Entry22* (xi-Q) ,xi=Q))

Entry22TermxiMinusQ:=factor (residue (Entry22,xi=Q)) ;

Entry22TermxiInfty4:=factor (-residue (Entry22/xi*5,xi=infinity))
Entry22TermxiInfty3:=factor (-residue (Entry22/xi*4,xi=infinity))
Entry22TermxiInfty2:=factor (-residue (Entry22/xi*3,xi=infinity))
Entry22TermxiInftyl:=factor (-residue (Entry22/xi*2,xi=infinity))
Entry22TermxiInfty0:=factor (-residue (Entry22/xi,xi=infinity)) ;
Entry22TermxiInftyMinusl:=factor (-residue (Entry22/xi*2,xi=
infinity)) ;
Entry22TermxiInftyMinus2:=factor (-residue (Entry22/xi*3,xi=
infinity)) ;
Entry22TermxiTMinusl:=factor (residue (Entry22,xi=X1)) ;
Entry22TermxiTMinus2:=factor (residue (Entry22* (xi-X1) ,xi=X1)) ;




simplify( Entry22- (Entry22TermxiMinusQSquare/ (xi-Q) ~2+
Entry22TermxiMinusQ/ (xi-Q)
+Entry22TermxiInftyO0+Entry22TermxiInftyl*xi+
Entry22TermxiInfty2*xi*2+Entry22TermxiInfty3*xi”3+
Entry22TermxiInfty4*xi*4+Entry22TermxiTMinusl/ (xi-X1)
+Entry22TermxiTMinus2/ (xi-X1)*2) );

L[2,2];

1
(-5+0)" (-&+x1)°
-4 512 —4 522) nuMinusl + 8 c2) XI + ((-4 s12 — 4 522) nuMinusl + 8 c2) Q
+ (821 + s11) nuMinusl + (s12 +522) v0 —2 cl) &4 + (((2 s12 +2 s22) nuMinusl
—4c2) X]2+ ( ((8s12+8522) nuMinusl — 16 c2) Q + (-2 s11 — 2 s21) nuMinusl
+(-2512—2522) VO +4cl) XI +2Q (((sI2+522) nuMinusl —2 c2) Q+ (-s11
—s21) nuMinusl + (-s12 —s22) V0 +2 c])) &3 + ((((—4 s12 —4 s22) nuMinusl
+8¢2) Q+ (521 + s11) nuMinusl + (s12 + s22) v0 —2 cl) XI* + (((—4 512
— 4 522) nuMinusl + 8 c2) Q2 + ((4 511+ 4 s21) nuMinusl + (4 s12 + 4 s22) V0
—8cl) Q + nuMinusl (sX10 + sX20 — h) ) X1+ ((s21 + s11) nuMinusl + (s12
+522) v0—2c]) QZ-I— (nuMinus] h —u(s]2+522)) O+ (sX10 + sX20) VO + (

SsIT—s21) u+2p) E + (20 (((s12 + 522) nuMinusl —2 ¢2) Q + (-sl1
—s21) nuMinusl + (-s12 — s22) v0+2c]) X]2+(((—2 sl1 —2 s21) nuMinusl
+(-2512—2522) W+4cl) O+ ((-25X10 — 2 sX20) nuMinusl + 2 (s12
+522)) Q—2h W+ (2511 +2s2]) u—4p) XI —2 (sX10 +5X20 — ) (Q W0
—u)) &+ (((s21 4 s11) nuMinusl + (s12 +s22) W0 —2 c1) Q* + (nuMinusl h
— W (sI124522)) Q+h O+ (-s11 —s521) w42 p) XI* + (Q” nuMinusI

— ) (sXI10 +sX20 —h) XI + Q (sX10 +sX20 —h) (Q ) —p)) h)
Entry22TermxiMinusQCube := 0

Q—IX] ((thnuMinus] —QzuSIZ—QZuSZZ

— QO XI hnuMinusl + QX1 usI2+QXIns22+Qh v —Qusll —Qus2i

—XIhv+XIusl]+XIus2l +20p—2XI1p—hpu+usX10 +psXx20) h)

Entry22TermxiMinusQ = 0
Entry22Termxilnfty4 := 0
Entry22Termxilnfty3 := 0
Entry22Termxilnfty2 == 0

Entry22Termxilnftyl = 2 ( -s12 nuMinusl — s22 nuMinusl +2 c2) h
Entry22Termxilnfty0 := h (-0 s12 — V0 s22 — s11 nuMinusl — s21 nuMinusl +2 cI)
Entry22TermxilnftyMinus1 := 2 ( -s12 nuMinusl — s22 nuMinusl +2 c2) h
Entry22TermxilnftyMinus2 = 0
Entry22TermxiTMinusl := 0

Entry22 i= - ((((2512 +2 522) nuMinusl —4¢2) € + ((( 1.2)

Entry22TermxiMinusQSquare = -



1

Entry22TermxiTMinus2 = (h (-sX10 —sX20 +h) (Q X1 nuMinusI

0—x1
— X1* nuMinus1 + Q v0 — X1 W —p))
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=Since the deformation operator is \hbar (betal2\partial {t {\infty"{(1)},2} +beta22\partial {t
{\infty~{(2)},2}+betal I\partial {t {\infty"{(1)},1} +tbeta21\partial {t {\infty"{(2)},1})) we can
| obtain L[Q]

> L220rderxi2:=-residue (L[2,2]/xi*3,xi=infinity);
L220rderxil:=-residue(L[2,2]/xi*2,xi=infinity) ;
L220rderxi0:=-residue (L[2,2]/xi*1l,xi=infinity) ;
L220rderxiMinusl:=-residue (L[2,2]/xi*2,xi=infinity) ;
L220rderSl:=residue(L[2,2] ,xi=X1) :
factor (simplify (h* (betal2*diff (L220rderxi2,sl2)+beta22*diff
(L220rderxi2,s22)
+betall*diff (L220rderxi2,sll)+beta2l1*diff (L220rderxi2,s21l) +
betaXl*diff (L220rderxi2,X1l) )
- Entry22TermxiInfty2));

Equation0O:=Entry22TermxiTMinus2-h* (sX10+sX20-h) *betaX1l;

Equationl:=factor (simplify (h* (betal2*diff (L220rderxil, sl2)+
beta22*diff (L220rderxil,h s22)

+betall*diff (L220rderxil, sll)+beta21*diff (L220rderxil,s21)+
betaXl*diff (L220rderxil, b X1))

- Entry22TermxiInftyl)) ;

Equation2:=simplify (h* (betal2*diff (L220rderxi0,sl2)+beta22*diff
(L220rderxi0,s22)

+betall*diff (L220rderxi0,sll) +beta2l*diff (L220rderxi0,s21)+
betaX1l*diff (L220rderxil,X1))

- Entry22TermxiInfty0) ;

Equation3:=factor (simplify (h* (betal2*diff (L220rderxiMinusl, s12)
+beta22*diff (L220rderxiMinusl, s22)

+betall*diff (L220rderxiMinusl,sll)+beta2l*diff
(L220rderxiMinusl, s21) +betaX1*diff (L220rderxiMinusl, X1))

- Entry22TermxiInftyMinusl));

Equation3bis:=factor (simplify (h* (betal2*diff (L220rderS1,s12)+
beta22*diff (L220rderS1l,s22)
+betall*diff (L220rderS1l,sll)+beta2l*diff (L220rderS1,s21)+




betaXl*diff (L220rderS1,X1))
— Entry22TermxiTMinusl));

L220rderxi2 =0 (1.3)
L220rderxil == -s12 —s22
L220rderxi0 == -s11 —s21
L220rderxiMinusl == -s12 — s22
0

(h (-sX10 — sX20 + h) (Q X1 nuMinusl — XI* nuMinusl + Q V0

Equation0 := 0— X

—XIv0—u)) —h (sXI0 + sX20 — h) betaX1
Equationl = -h (-2 s12 nuMinusl — 2 s22 nuMinusl + 12 + B2 + 4 c2)
Equation2 := h ( (s21 + s11) nuMinusl + (s12 +s22) VO —2 cl — Sl1 — 21)
Equation3 = -h ( -2 s12 nuMinusl — 2 s22 nuMinusl + BI12 + 22 + 4 c2)
L Equation3bis := 0

> LQ:=factor (Entry22TermxiMinusQSquare/h) :
nul:=solve (Equation0,nu0) ;
0 X1 nuMinusl — X1? nuMinus1 + QO betaX1 — X1 betaX1 — |
0—XI

W = - 1.4

[ We now look at \mathcal {L}[L[2,1]]

> Entry2l:=simplify (LL[2,1]):
Entry21TermxiMinusQCube:=factor (residue (Entry21* (xi-Q) *2,xi=Q))
Entry2l1TermxiMinusQSquare:=factor (residue (Entry21* (xi-Q) ,xi=Q))
Entry2l1TermxiMinusQ:=factor (residue (Entry21,xi=Q)) ;
Entry2lTermxiInfty2:=factor (-residue (Entry21/xi*3,xi=infinity))
Entry21TermxiInftyl:=factor (-residue (Entry21/xi*2,xi=infinity))
Entry21TermxiInftyO:=factor (-residue (Entry21/xi,xi=infinity)) ;
Entry21TermxiSl:=factor (residue (Entry21,xi=X1)) ;
Entry21TermxiS2:=factor (residue (Entry21* (xi-X1) ,xi=X1));

simplify( Entry2l- (Entry2lTermxiMinusQCube/ (xi-Q) *3+
Entry2l1TermxiMinusQSquare/ (xi-Q) *2+Entry21TermxiMinusQ/ (xi-Q)
+Entry2lTermxiInftyO0+Entry2lTermxiInftyl*
xi+Entry21TermxiInfty2*xi”*2
+Entry21TermxiS1/ (xi-X1)
) )
L[2,1];

Entry21TermxiMinusQCube :== 3 (P +p) h* 1.5)




1
(0—XI)?
—2 0’ X1*us12522 — P Q' h nuMinusl +3 P Q* X1 h nuMinus]
—3 P OXI* h nuMinusl + P XI° h nuMinusl —2 Q° ws11522 —2 Q’ wsi2 s21
+4 0" XTI uslls22+4 QP X1 wsI2s2] —2 QXIP wslls22 —2 QXI1*usi2s21
+P Q" betaX1h —2 P QXI betaX] h + P X1 betaX1 h + Q° p s12 4+ Q° p 522
— 20" X1 psI2—20"X1ps22—20" hpusl2—2 Q usl0s22 —2 O wslls2l
—2Q*UsI2520+ QXIPpsI2+QXI*ps22+4 QXTI hpusl2+4 QXI wsl0s22
+4QXIsl]s2] +4 QX1 sl2s20—2XI*husl2 —2 XI* usl0s22
—2XI*usl1s21 —2XI*ns125s20—PQhu+PXI hu+ Q* psil+Q ps2l
—20XIpsl] —20XIps2] +XI*psl]+XI*ps2] +2CQu—2CXIpu+Qhp
—QpsX10—QpsX20—XI hp+XIpsX10+XI psX20 —2 usX10sX20) h)
Entry21 TermxiMinusQ = m (h (20" usi2s22—6Q X1 usi2s22
+6 Q" XI*usI2s22 —2 QXI° ws12522 — P Q@ h nuMinusl + 3 P Q° X1 h nuMinus1
—3 P QXI*h nuMinusl + P XI° h nuMinusl —2 Q*c2h+6 Q° X1 c2 h
+Q uslls22+Q usi2s21 —6 P X1*c2h —3 O* X1 uslls22 —3 Q* X1 wsi2 s21
+20XP 2h+30XIPuslls22+30XIP usi2s21 —X1° wslls22
—XPusi2s2l —Qclh—Q psi2— Q@ ps22+30° Xl clh+3 0" X1 psi2
+3Q*X1ps22—30XPPclh—30Q0XI*psI2—30XI*ps22+XIPclh+XI°psi2
+XPps224+COU—CXIu+Qhp—QpsX10—QpsX20—XIhp+XIpsXI0
+ X1 p sX20 — 2 wsX10 sX20) )
Entry2 1 Termxilnfty2 :== 2 (-2 s12 s22 nuMinusl + c2 s12 + c2 s22) h

o _1 <7 (h (2 QX1 512 522 nuMinusl — 2 X1* 512 s22 nuMinus1

+2 QbetaXlsl2s22 —3 Qsll s22 nuMinusl — 3 Q s12 s21 nuMinusl

—2 X1 betaX1 s12 s22 + 3 X1 s11 s22 nuMinusl + 3 X1 512 s21 nuMinusl + Q cl s12
+0cls224+20c2sl11+2Qc2s2]1 —XIclsl2—X1cls22—2XI1c2sll
—2XIc2s21 —2us12522))

0 _1 7 (h (QXI 511522 nuMinusl + Q X1 s12 s21 nuMinus1

— X717 511 522 nuMinus1 — X1% 512 s21 nuMinus1 + Q betaX1 s11 522

+ QbetaX1s12 521 —2 Q h s12 nuMinusl — 2 Q s10 s22 nuMinusl

—2Q0sll1s21 nuMinusl —2 Q s12 s20 nuMinusl — X1 betaX1 sl1 s22

— X1 betaX1 512 s21 +2 X1 h s12 nuMinusl + 2 X1 s10 s22 nuMinus1

+2 X1 s11s21 nuMinusl +2 X1 s12 s20 nuMinusl + Qcl s11+Qcl s21+2Qc2h
—20c2sX10—2Qc2sX20—XIclsll —XIcls2] —2XIc2h+2XIc2sXI0
+2 X1 2 sX20 — sl s22 —pusi2s21))

Entry21TermxiSI = ;3 ((2Q°XI1c2h—2Q X1 ¢2sX10 —2 Q° XI ¢2 sX20
(0 —XI)

—6 Q" XI*c2h+6Q° XI*c2sX10 +6 Q* XI> 2 sX20 +6 QXI° c2 h

Entry21TermxiMinusQSquare = - ((-20%usi2s22+4Q’ X1 usi2s22

Entry21Termxilnftyl =

Entry21Termxilnfty( =



—60XIPc25X10—6 QXI° c2sX20 —2 XI* 2 h 42 XI* ¢2 sX10 +2 X1* 2 sX20
+C Q3 nuMinusl —3 C QZXI nuMinusl +3 C QXI2 nuMinus1 — C XI° nuMinus1

+Qclh—QclsX10—Q clsX20—3 Q* X1 cl h+3 Q°XI cl sX10

+30° X1 clsX20+3 QX1 clh—3 QXI*clsX10—3 QXI*cl sX20 —XIPcl h

+XI? el sX10 + XI” ¢15X20 —C Qu+CXIp—Qhp +Qp sXI0 + Q p sX20

+ X1 hp—XIpsX10—XIpsX20 +2 usX10 sX20) h)
Entry21TermxiS2 := C h betaX1
betaX1h ((-&+XI) C +2sX105X20)

(-&+x1)°

SXIOSX20. _ (10522 — 511521 — 512520 — (511522 + 512 521) E— 51222 &
(& —x1)

v+ C - IP

£ —XI §—0

rho:=factor (solve (Entry2l1TermxiMinusQCube, rho)) ;
simplify (rho- (-P*mu)) ;
simplify (Entry21lTermxiMinusQCube) ;
pi=-Pp (L6)
0
0

L210rderxi3:=-residue(L[2,1]/xi*4,xi=infinity) ;
L210rderxi2:=-residue (L[2,1]/xi*3,xi=infinity) ;
L210rderxil:=-residue(L[2,1]/xi*2,xi=infinity) ;
L210rderxi0O:=-residue(L[2,1]/xi*l,xi=infinity) ;
L210rderxiMinusl:=-residue (L[2,1]/xi”*2,xi=infinity) ;
L210rderxiMinus2:=-residue (L[2,1]/xi”*3,xi=infinity) ;
L21TOrder2:=factor (residue (L[2,1]* (xi-X1) ,xi=X1)) ;

L21TOrderl :=residue (L[2,1],xi=X1) ;
Equation4d:=simplify (h* (betal2*diff (L210rderxi2,sl2)+beta22*diff
(L210rderxi2,s22)+betall*diff (L210rderxi2,sll)+beta2l*diff
(L210rderxi2,s21)+betaXl*diff (L210rderxi2,X1)) -
Entry21TermxiInfty2) ;
Equation5:=simplify (h* (betal2*diff (L210rderxil,sl2)+beta22*diff
(L210rderxil,s22) +betall*diff (L210rderxil,sll) +beta2l1*diff
(L210rderxil,s21)+betaX1l*diff (L210rderxil, X1)) -
Entry2lTermxiInftyl);
Equation6:=simplify (h* (betal2*diff (L21TOrder2,s12)+beta22*diff
(L21TOrder2,s22)+betall*diff (L21TOrder2,sll) +beta2l1*diff

(L21TOrder2, s21) +tbetaX1*diff (L21TOrder2,X1))- Entry21TermxiS2) ;
L210rderxi3 =0 1.7)
L210rderxi2 == -s12 522
L210rderxil == -sl11 522 —s12s21
L210vderxi0 == -hsl12 —s10s22 —s11 s21 — s12 520
L210vderxiMinusl == -s11 522 — 512 521



L210rderxiMinus?2 = -s12 s22
L21TOrder2 := -sX10 sX20

L21TOrderl = Cg:—glm

Equationd := -2 ((—2 §22 nuMinusl + c2 + % ﬁZZ) s12 + 522 (CZ + % ﬂIZ)) h

1
0 —XI
-2 betaX1 522 + 3 s21 nuMinusl — 21 — cl) s12 + (3 s11 nuMinusl — fl1 — cl) s22
+ (-2 —2¢c2)sl11—s21 (BI2+2c2)) XI + ((2 betaX1 s22 — 3 s21 nuMinus1
+ @1 +cl) si2+ (-3 s11 nuMinusl + BI1 +cl) s22 + (22 +2c2) sl
+521 (BI12+2c2)) Q—2usl2s22) h)
_ Equation6 := - C h betaX1

> c2:=factor (solve (Equationl,hc2));

Equation5 := - ( ( -2 X1* 512 s22 nuMinus1 + (2 Q512 522 nuMinusl + (

mu:=factor (solve (Equation2 ,mu)) ;
nuMinusl:=factor (solve (Equation4,nuMinusl)) ;
cl:=factor (solve (Equation5,cl)) ;
c2:=simplify(c2);

mu:=factor (mu) ;

c2 = % s12 nuMinusl + % 522 nuMinusl — % P2 — % 32 (1.8)
1
= —————— ((XI s12 nuMinusl + X1 522 nuMinus1 X1s12 X1 522
1) s]2+s22(( §12 nuMinusl + X1 s22 nuMinusl + betaX1 s12 + betaX1 s
— s11 nuMinusl — s21 nuMinusl + SI1 + R1 +2cl) (Q—XI))
, _ 1 pi2=p2
nuMinusl = y 2 —s2
cl = 1 %(2 PlI s12s22 —2 pl1 s222—ﬂ]2 s11s22 4+ P12 512 521
2 (sI2—s22)
-2 1 s122+2ﬁ21 512522 + [R2 511522 — R2 512 521)
2= P2 522 — R2 512
T w2 —2s22
W= = %((Q—Xl) (X1 BI2 512 — X1 BI2 522 — X1 B2 512 + X1 [R2 522
2 (sI2—522)

+2 betaX1 s12* — 4 betaX1 s12 522 + 2 betaX1 s22* + 2 Pl s12—2 pl1s22 — BI2 sl
| HpI2s20 -2 R1s1242 R1 522+ R2 511 — B2 521))

> simplify (Equationl) ;

simplify (Equation2) ;

simplify (Equation3) ;

simplify (Equationé4) ;

simplify (Equationb) ;

simplify (cl-clbis) ;

simplify (c2-c2bis) ;

simplify (mu-mubis) ;

simplify (nu0-nuObis) ;



simplify (nuMinusl-nuMinuslbis) ;
1.9

[N eNeNoNoNe ool la)

| > simplify (Entry2lTermxiMinusQSquare- (-h*P*LQ)) :

| > LPfunction:=unapply (-Entry21TermxiMinusQ/h,C) :

> Equation7:=unapply( simplify (Entry2lTermxiMinusQSquare- (-h*P*
LQ)),C):
Cter:=(Q*4*s12*s22-2*Q"3*X1*s12*s224+Q*2*X142*s12*s22+P*Q*3*s12+
P*QA3*%522-2*P*QA2*X1*512-2*P*Q"2*X1*s22+P*Q*X142*s12+P*Q*X1"2*
§22+Q"3*s11*s224+Q"3*s12*s21-2*Q*2*X1*s11*s22-2*Q*2*X1*s12*s21+
Q*X142*s11*s22+Q*X142*s12*s21+h*Q*2*s12-2*h*Q*X1*s12+h*X142*
S12+PA2*Q"2-2*PA2*Q*X1+P*2*X11"2+P*Q*2*s11+P*Q*2*s2]1-2*P*Q*X1*
s1l1-2*P*Q*X1*s21+P*X142*s11+P*X1"2*s21+Q"2*s10*s22+Q"2*s11*s21+
QN2*%512*s20-2*Q*X1*s10*%s22-2*Q*X1*s11*s21-2*Q*X1*s12*s20+X1*2*
s10*s22+X172*s11*s21+X1%2*s12*s20+h*P*Q-h*P*X1-P*Q*sX10-P*Q¥*
sX20+P*sX10*X1+P*sX20*X1+sX10*sX20) / (Q-X1) :
simplify (Equation7 (Cter)) ;
solve (Equation7(C) ,C):

Cbis:=(Q-X1) *P*2+h*P- (Q-X1) *R1 (Q) *P+ (Q-X1) *R2 (Q) -P012+h*sl1l2* (Q-
X1);

simplify (Equation7 (Cbis)) ;

simplify (series (Cter-Cbis,P)) ;

C:=Cbis:
0 (1.10)
CMm:(Q—XU}Q+hP—(Q—XU(ﬁggfﬁ%yh—ﬂl—ﬂ]+twﬂ

+ 510522 + 511521 + 512 520

sX105X20 P02
(0—x1)> Q—XI
+ (5115224 s12521) Q+s12s22Q2) —POI2 +hsI2 (Q—XI)

—&H)Q)P+(Q—XU(

0

| 0

> LP:=factor (simplify (LPfunction (Cbis))):

LPbis:=mu* (P*diff (R1(Q) ,Q)+P*h*1/ (Q-X1)*2-diff (tdR2(Q) ,Q)- C01l/
(0-X1)*2)+h*nuMinusl*P +h*cl+2*h*c2*Q:

factor (series (LP-LPbis,P012=0)) ;




_ 0 (1.11)
> LQbis:=2*mu* (P-R1(Q)/2+1/2*h*1/ (Q-X1))-h*nu0-h*nuMinusl*Q:
simplify (LQ-LQbis) ;

i 0 (1.12)
> nuMinusl:=nuMinusl;
nul:=nul;
cl:=cl;
c2:=c2;
o1 pr2—p2
nuMinusl = 3 s]22— 5% (1.13)
1 1 OoXI(pi2 -2 1 XI*(BI12 — B2
W=-0"x12 S](f_mﬁz ) ) s(1ﬂ2—s2§2 ) +QbetaX1
— Xl betaXl — + ——Y (0 —xX1) (X fI2 512 — X1 fI2 522
2 (s12—s22)?
— X1 B2 512+ X1 [R2 522 + 2 betaX1 s12* — 4 betaX1 s12 522 + 2 betaX1 s22°
+2811s12—2 Bl1522—BI2s1]+ BI2s2] —2 R1 s12+2 1 522 + B2 511
—R2s21)))
=+ L (O pI1512522—2 Bl1 522 — BI2 511522 + BI2 512 521
2 (512 —s22)°
— 2RI s12+2 R1 512522+ B2 511522 — B2 512 521)
. Bl2s22—[R2512
i 2512 —2522
We thus get that

L[Q]=2*mu*Q*(P-R1(Q)/2)-(1/2)*h*Q/(s12-s22)*(betal2-beta22) -h*mu
L[P] = -mu*P"2+mu*diff(P*Q*R1(Q)-Q*R2(Q),Q)-h*s12*mu +1/2*h*(betal2-beta22)/(s12-s22)*

P+ h*c14+2*h*c2*Q
with

. a2 — 22
nuMinusl = 2 (s12 — 522)

1 hOXI (ad2 —o22) hXI* (a2 — a22)
— _ taX1

W (Q—XI) h 2 (s12 — 522) 2 (s12—s22) T hetaXlQ

— betaX1XI — 1 5 ((@—X1) (12 h X1 512 — 012 h X1 522

2 (s12 —s22)

— @22 h X1 s12 + 022 h X1 522 + 2 betaX1 s12* — 4 betaX1 s12 522 + 2 s22* betaX1
+2adlhsI2—2 adl hs22 — o2 hsll + ad2 hs21 — 2 o21 hs12 + 2 021 hs22
+ 022 hsll — 022 hs21)))

cl = I 5 (2 s12 o1 522 — 2522% ad1 — s11 a2 22 + 521 od2 s12 — 2 s12* o21
2 (s12 —s22)
+ 2512 021522 + s11 22 s22 — s21 a22 s12)
02— al2 s22 — 22 s12

| 2512 — 2522
> Hamiltonianbis:= mu* (P*2-R1l (Q) *P+h*P/ (Q-X1) +tdR2(Q)+h*sl2 )-h*




\ 4

nu0*P-h*nuMinusl*Q*P-h*cl*Q-h*c2*Q"2

factor (simplify (LP- (-diff (Hamiltonianbis,Q))));

simplify (LQ- (diff (Hamiltonianbis,P)));
0 (1.14)
0

[ In order to match the notation with the article, we shall take Hamiltonianbis as the Hamiltonian
|including the purely time dependent terms.

> simplify(series(mu,betaXl));

LU o=xD) (R2=Bi2) XI =2 Bl +2 R1) si2+ (X1 (B2 (1L15)

2 (s12—s22)?

| —@2) 2Bl -2 1) s22— (-s21 +s11) (B2 —BI2))) + (Q—XI) betaXI

> simplify (L[2,1]- (~h*P/ (xi-Q) -tdR2 (xi) -h*s12+ ( (Q-X1) * (P*2-R1 (Q) *
P+h/ (Q-X1) *P+tdR2 (Q) +h*s12) )/ (xi-X1) ));

0 (1.16)

Expression of the Lax matrix in the geometric gauge and
normalisation at infinity

> simplify(checkL[1,1])
simplify (checkL[1,2]) ;
checkL22bis:=R1 (xi) -P* (Q-X1) / (xi-X1) ;
simplify (checkL[2,2] -checkL22bis) ;
checklL2l:=factor (checkL[2,1]);
simplify (series (checkL[2,1] ,xi=X1)):
checkL2lbis:=(P* (Q-X1)-sX10) * (P* (Q-X1) -sX20) / ( (Q-X1) * (xi-X1)) -
s12*522*xi 2+ (( (-Q+X1) *s22-s21) *s1l2-s11*s22) *xi+ ((-Q*2+Q*X1) *
s22+ (-s21-P) *Q+ (s21+P) *X1-h-s20) *s12+( (-P-sl1ll) *Q+ (s11+P) *X1-
sl10) *s22-sl11*s21:
simplify (checklL21l-checkL21lbis) ;

_PO=XI) @1
~E+ X1
-E+0
~E+XI
checkL22bis = SX1OH5X20 4y a1 4 (-s12—s22) & — LLQ=XT)
§—XI £ —XI
0
checkL2] = - ! (QPX1512522 — QP 5125228 —2 QP X1* 512 522

(-E+X1) (Q—XI)
2 3 2
+3Q X1 5125228 — Q75125228 +QXIP 512522 —3 QX1*512522€
F30XI 5125228 — Q5125228 + XIP 5125226 —2 XI2 512522 E + X1 512522
+PQ*XIsI24+PQ*X1522—PQ*sI2E—P Q*s22E—2 P QX1*512
—2PQOXI*s22+2PQXIsI2E+2PQXI s22E+P X sI2+ P XI° 522




—PXPPsI2E—PXI*s22E+ Q" X1 511522+ Q> X1 512521 — Q% 511 522

— Q% 512521 E—20X1* 511522 —20XI*512521 +3 QX1 s11522&
F30XIsI2521E— Q5115228 — Q512521 E +XI° 511522 + XI° 512 521

2 X1P 5115228 —2 XI2 512521 &+ X1 5115226 + X1 512521 E + P* O
—2PPOXI+PXP+QXIhsI2+QXIs10s22+QXIs1152] +QXI 512520
—QhsI2E— Q5105225 —Qs11521E— Q512520 —XI* h 512 — X1° 510522
—X1% 511521 —X1* 512520+ X1 h s12& + X1 510522 & + X1 511 s21 &+ X1 512 520§

— P QsX10 — P QsX20 + P X1 sX10 + P X1 sX20 + sX10 sX20)
0

> Verification:=simplify (LL-h*dAdxi- (Multiply(A,L)-Multiply(L,3))
)
checkL:=simplify (checkL) :

00
00

2.2)

> LcheckL:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do LcheckL[i,j]:=diff
(checkL[i,j],Q) *LQObis+diff (checkL[i,j],P) *LPbis+h*diff (checkL
[1i,j],s12) *betal2+ h*diff (checkL[i,j],s22)*beta22+h*diff (checkL
[1i,3],s11l) *betall+h*diff (checkL[i,j],s21) *beta21+h*diff (checkL
[1,3],X1) *betaX1l: od: od:

checkA:=simplify (check3) :
dcheckAdxi:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dcheckAdxi[i,j]:=diff
(checkA[i,j],xi): od: od:

Verification:=simplify (LcheckL-h*dcheckAdxi- (Multiply (checka,
checkL) -Multiply (checkL,checkd))) ;

0 0
(BI2 522 — 22 512) (s10+ 520 + sX10 + sX20) h 0 (2.3)
s12 — 522
> Gl:=Matrix(2,2,0):
G1[1,1]:=1:
G1[2,2]:=1:
Gl[1l,2]:=0:

Gl[2,1] :=s1l2*xi+etal:
etal:=(Q-X1) *sl2+sll;




dGldxi:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldxi[i,]j]:=diff (Gl
[1,J],%i): od: od:

LGl:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do LG1l[i,j]:=diff(G1l[1i,
31,Q) *LO+diff (G1[i,]j],P) *LP+h*diff(G1l[i,j],sl2) *betal2+ h*diff
(G1[i,]j],s22) *beta22+h*diff (G1l[i,j],sll)*betall+h* diff(G1l[1i,
j],s21) *beta2l+h*diff (G1[i,j] ,X1l) *betaXl: od: od:

tdL:=simplify (Multiply (Multiply (G1,checkL),G1*(-1))+h*Multiply
(dG1ldxi,Gl” (-1))) :

LtdL:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do LtdL[i,j]:=diff
(tdL[i, j]1,Q) *LOQ+diff (tdL[i,j],P) *LP+h*diff (tdL[i,j],s1l2)*
betal2+ h*diff (tdL[i,j],s22) *beta22+h*diff (tdL[i,]j],s1ll)*
betall+h* diff (tdL[i,j],s21) *beta2l+ h*diff (tdL[i, j],X1)*
betaXl: od: od:

tdA:=simplify (Multiply (Multiply (G1l,checkd) ,G1%(-1))+Multiply
(LG1,G1~(-1))):

dtdAdxi:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dtdAdxi[i,]j]:=diff
(tdA[1i,]],xi): od: od:

Verificationl:=simplify (LtdL-h*dtdAdxi- (Multiply (tdA, tdL) -
Multiply (tdL,tdA))) ;

no = (Q—XI)si2+sll 2.4)
0 0
([ﬂZsZZ-—[QZs]Z)(s]O-%sZO%—&XJO-%sXQO)h
0
s12 —s22

simplify (tdL) ;

series (tdL[1l,1] ,xi=infinity,1);
series (tdL[1,2] ,xi=infinity,1);
series (tdL[2,1] ,xi=infinity,1);

tdL1llbis:=((Q-X1) * (Q*s12+P+s1l1) )/ (xi-X1)-s1l2*xi-s11;
tdL12bis:=1+(X1-Q)/ (xi-X1) ;
tdL21bis:=(Q*2*s12+ (-X1*s1l2+P+sl1ll) *Q+ (-P-sll) *X1-sX10) * (Q*2*
S12+ (-X1*s12+P+s11) *Q+ (-P-s11) *X1-sX20) / (Q-X1) / (xi-X1) + (s12-



s22) * (Q-X1) *P+ (s12-s522) *s12*Q*2- (s12-s22) * (X1*sl2-sl1l) *Q- (X1*
s11+sX10+sX20+s20) *s12+s22* (X1*sl1ll-s10) ;
tdL22bis:=(-Q*2*s12+ (X1*s1l2-P-s11) *Q+ (s11l+P) *X1+sX10+sX20) / (xi-
X1l)-xi*s22-s21;

simplify (tdL[1,1]-tdL1l1bis) ;

simplify (tdL[1,2]-tdL12bis) ;

simplify (tdL[2,1]-tdL21bis) ;

simplify (tdL[2,2]-tdL22bis) ;

L21bis:=-h*P/ (xi-Q) -tdR2 (xi) -h*s12+ (Q-X1) / (xi-X1)*( P*2-R1(Q) *
P+h/ (Q-X1) *P+tdR2 (Q) +h*s12) :

simplify( L[2,1]-L21bis) ;

L22bis:=h/ (xi-Q)+R1 (xi) :

simplify (series (tdL[2,2]-tdL22bis,Q=0)) ;

-(-E+0Q) (E+Q—XI)sI2+XIP+slIE— (P+sI])Q -E+Q
-&+ X1 T -E+XI

, 2.5)

1
(-&+X1) (0—XI)

((s12—s22) (0512 +P+s11) XIP+ ((-3 512
+2512522) Q"+ (-Es12 + (5226 —4 P —4511) s12+2 522 (P+s11)) O+ ((
-P—sl1) E+5XI10 + sX20 + 520) s12 + 522 (P +s11) &—P2—2Ps]] + 510522
—sIPP) XPP 4+ (3512 —512522) O+ (2Es512° + (25228 +5P +5511) 512
—s22(P+s11)) @+ (((2P+2511) E—2sX10 —2 sX20 — 520) 512 — 2 522 (P

+sI11)E4+2 PP +4Psl] —s510s22+2s11%) Q —E (sX10 + sX20 + s20) s12

—E510522 — (sX10 + sX20) (P +s11)) X1 — Q" s12* —2 512 (% sI2E — % s22&

+P—I—sll) Q@ + (((-P—s11) &+ sX10 +5X20) 512 — (P +s11) (-s22E+P

+511)) @ + (& (sX10 4 5X20 + 520) s12 + & 510522 + (sX10 + sX20) (P

1
~E+XI

+§2s22+s2]§+Q2s12+ (P+sll) Q—sXZO—sXIO)H

+511)) Q — sX10 sX20), ((-Qs12—s226—P—s11—5s21) XI



—s12§—sll+0(é)
o(1)

I (—((—5122+s]2522) O+ (-P—sl1) sI2+s22 (P+s11)) XI* — ((2512°

0—XI
—2512522) P+ (2P +2s11) s12—2522 (P +s11)) Q — (sXI0 + sX20

+ 520) s]2—s]0s22) X1 +2s12 (% s12 — % s22) Q3— ((-P—sll)s12+s22 (P
1

+s11)) Q2 — ((sX10 + sX20 + 520) 512 + 510 522) Q) +O(Ej

(Q—XI) (QsI2+P+5sll)

tdL11bis = —sI12E—sl11
£ —XI
tdL12bis = 1 + —LFXL
E—XI
tdL21bis = I ((Q*s12+ (-XIsI2+P+s1]) O+ (-P—sl1) XI

(Q—XI) (§—X1)
—5X10) (QPsI2+ (-XIsI2+P+s11) Q+ (-P —s11) XI —sX20) ) + (sI2

—822) (Q—XI1) P+ (s12—s22) sIZQ2 — (512 —s22) (XIsI2—5s11) Q— (XIsll
+ 520 + sX10 + sX20) s12 + 522 (X1 s11 — s10)

—Q2s12+(XIs12—P—sII) O+ (P+sll) XI+sXI10+sX20
£ — X1

tdL22bis =

s22&
—s21

[N NN NN

> GeneralSpectralCurvefunction:=unapply (simplify (Determinant (y*
IdentityMatrix(2)-tdL)) ,xi,Q,P,sl2,s22,s11,s21,X1,s10,s20,sX10,
sX20) :

GeneralSpectralCurve:=GeneralSpectralCurvefunction(xi,Q,P,sl2,
s22,s11,s21,X1,s10,s20,sX10,sX20) ;

GeneralSpectralCurvebis:=y*2 -R1(xi) *y+tdR2 (xi) +(Q-X1) * (-P*2+
R1(Q) *P-tdR2(Q)) / (xi-X1) ;
simplify (GeneralSpectralCurve-GeneralSpectralCurvebis) ;

= X])lz(Q o ((-5125228 + ((-s21 —y) 512 (2.6)
- _l’_ —

— 822 (y+sll)) §+s12s22Q2+((s2] +P)sI2+s22(P+sll))Q+ (P—y) (P
-+s21—%s]]4—y))XU3%—(2s22§?s12%—(Qs12s224—(2s21%—2y)sIZ%—2s22(y
-+sll))&2%-(—lesZZQf——(le—%sZZ)(P-—)U Q-+s12s20—ks10s22——fg-+(

GeneralSpectralCurve :=




511 —s21) P42y + (2511 +2521) y+s11s21) E—2512522Q° + ((-2 P
—2521) s12—2522 (P +s11)) Q* + (-512520 — 510522 —2 P* + (-2 511
—2521) P4y + (s21 +s11) y —s11521) Q + (sX10 4 sX20) (P —y)) XI* + (
12522 + (-2 Q512522+ (-521 —y) 512 — 522 (y + s11)) & + (((-2 521
—-2y)s]2——2s22(y+s]]))Q-—s]2s20-—s]0s22-—(y+s]])(s2]-|—y))§2
+(25125220° + (2521 +2 P) sI2+2 522 (P+s11)) Q* +2 (P —y) (P +s21
+5114y) Q— (sX10 +sX20) (P —y)) £+ (512522 0° + ((s21 +P) 512+ 522 (P
+511)) O + (512520 + 510522 4 (P +511) (521 + P)) Q — (sX10 + sX20) (P

— 1)) Q) XI + Q512522 + 0 ((s21 +y) s12+522 (y +511)) E + (512 520

4510522+ (y+s11) (s21+y)) QE + (-Q* 512522 + ((-s21 — P) 512 — 522 (P
+511)) @ 4 (-512520 — 510522 — (P +s11) (s21 +P)) Q" + (sX10 + sX20) (P
—y) Q —sX105X20) &+ Q sX10 sX20)

GeneralSpectralCurvebis := y2 — (SXIF?O;;IXZO —sll —s21+ (-s12—s22) &) y
+-ﬁzzgjgg¥;-+s]0s22-%s1152]-%s]2s20-+(s]]s22-+s]252])&-+s]2s22§?
(€ —x1)
1 sX10 + sX20
+ (0—XI) —P2+(——sll—s2]+(—s12—s22) Q)P
&—XI ( ( Q—XI
—-jgégléxg%-——s]OsZZ-—s]]sZ]-—s]2s20-—(s11522-%512s2])gz——s]2s22gf)j
(Q—XI)

0

;Computation of the Hamiltonian flows in various direction

> LQfunction:=unapply (LQ,betal2,beta22,betall, beta2l,betaXl):
LPfunction:=unapply (LP,betal2,beta22 ,betall,beta2l ,betaXl):
Hamiltonianfunction:=unapply (Hamiltonianbis,sl2,s22,s11,s21,X1,
betal2,beta22,betall,beta2l,betaXl) :
nuO0:=simplify (nul) ;
clbis:=-(1/2)*(sll*s22-s12*s21) * (betal2-beta22)/(sl2-s22)*2+
(betall*s22-beta2l*sl2)/(sl1l2-s22);
factor (series (simplify(cl-clbis) ,betal2)) ;
mubis:=(Q-X1) * (betaXl + (betall-beta2l)/(sl2-s22)+ (X1*(sl2-s22)
-sll+4s21) * (betal2-beta22) / (2* (s12-s22)*2) ) :
simplify (series (mu-mubis,betall=0)) ;

1 (2811 =2R1)sI2+ (-2p811 +2 1) 522 — (-s21 +s11) (BI2 — R2)

0= L 2.7)
2 (512 — 522)?
b e L (811522 = s12521) (B12 — 22) N Bl1 522 — R1 512
2 (s12 —522)* 512 — 522
0
0

;Trivial directions
> simplify (LQfunction(1,1,0,0,0));




simplify (LPfunction(1,1,0,0,0));
simplify (Hamiltonianfunction(sl2,s22,s11,s21,¥X1,1,1,0,0,0));
simplify (LQfunction(0,0,1,1,0));
simplify (LPfunction(0,0,1,1,0));
simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,1,1,0));
simplify (LQfunction (2*sl1l2,2*s22,s11,s21,-X1)) ;
simplify (LPfunction(2*sl2,2*s22,s11,s21,-X1));
simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,2*sl12,2%*s22,
sll,s21,-X1));
simplify (LQfunction(0,0,s12,s22,-1));
simplify (LPfunction(0,0,s12,s22,-1));
simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,s12,s22,-1)
)i

0 2.8)

-h
Oh
_Qh
hP
-hPQ
-h
0
_ -hP
| Direction X1
> simplify (LQfunction(0,0,0,0,1));
simplify (LPfunction(0,0,0,0,1));
HamX1:=unapply( (Q-X1)* (P~2-P*R1l(Q)+h*P/ (Q-X1)+tdR2 (Q)+h*sl2),
Q,P);
simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,0,0,1)
—HamX1 (Q,P));
simplify (LQfunction(0,0,0,0,1)-diff (HamX1(Q,P),P)) ;
simplify (LPfunction(0,0,0,0,1)+diff (HamX1(Q,P),Q)) ;
(s12+522) O* 4 ((-s12—522) X1 +2 P +s11 +s21) Q+ (-2 P —s11 —s21) XI (2.9)
—sX20 + h —sXI10
ﬁ(% 0*s12522+ (8 X1 512522+ (-2 P —2s21) sI2—2522 (P+s11)) O
+—(—7XUzs]2s224—((51’+—5s2])s]24—5s22(P-+s]]))X]-%(—s20——h)s]2
— PP+ (-s11 —s21) P — 510522 —s11s21) O* +2 (XI*s12522+ ((-2 P
—2521) 12 =222 (P +s11)) XI + (520 + h) sI2 + P* + (s21 + s11) P + 510522
+511521) X1 Q+ ((s21 +P) s12 4522 (P +5s11)) XI° + ((-520 — h) s12 — P* + (
~s11—s21) P —s10s22 — s11s21) XI*> + sX10 sX20)




sX10 + sX20

HamX1 := (Q,P)— (Q — XI) (Pz—( 0 xi

1] — 21+ (-s512 — 522) Q) P

L SXIOSXZOZ 4510522 + 511521 + 512520+ (s11 522 + 512 s21) Q
0—XI (Q—XI)

+5125220" +h s12)

;Direction sl1

> simplify (LQfunction(0,0,1,0,0));
simplify (LPfunction(0,0,1,0,0));
Hamsllbis:=unapply( (-Q*4*sl2*s22+ (2*X1*sl1l2*s22-s11*s22-s12*
s21) *Q*3+ (-sl12*s22*X172+ (2*s1ll*s22+2*s12*s21) *X1+ (-s20-h) *s12+
(h-s10) *s22-s11*s21) *Q*2-((s1ll*s22+s12*s21) *X1+ (-s20-h) *s12+ (h-
s10) *s22-s11*s21) *X1*Q-sX10*sX20) / ((Q-X1) * (s22-s12) )+ ((s1l2+s22)
*Q*2+ ((-s12-522) *X1+s11+s21) *Q+ (-s11-s21) *X1-sX10-sX20) *P/ (s12-
s22)+(Q-X1) *P*2/ (s1l2-s22)
-((s20+h) *s12+s10*s22+s11*s21) *X1/ (s12-s22)
,Q,P,s11,s12,s21,s22 ,X1) ;
simplify (LQfunction(0,0,1,0,0)-diff (Hamsllbis(Q,P,sl1ll1l,sl12,s21,
s22,X1),P));
simplify (LPfunction(0,0,1,0,0)+diff (Hamsllbis(Q,P,sl1ll,s12,s21,
s22,X1),Q));
simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,1,0,0)-
Hamsllbis(Q,P,sll,sl12,s21,s22,X1));

—slzlszz ((s12+522) Q@+ ((-512—s22) XI +2 P +s11 +521) Q+ (-2 P —sl1 (2.10)

—s21) X1 — sX10 — sX20)
5 I (30%s125224 (-8 X1 512522+ (2521 +2 P) s12+2 522 (P
(Q—X1)* (-s12+522)
+511)) O+ (7 X1*512522+ ((-5P —5521) 512 —5522 (P +s11)) XI + (520
+h) 512+ (~h +510) 522+ (P +s11) (s21 +P)) Q* —2XI (XI*s12522+ ((-2 P
—2s21)s12—2522 (P+sll)) XI + (s20+h) s12+ (-h +s10) s22 + (P
+511) (s214+P)) Q+ ((-521 —P) 512 —s22 (P +s11)) XI° + ((s20 + h) s12 + (

-h+s10) s22+ (P +s11) (s21 +P)) X1* — sX10 sXZO)
. 1 4
Hamsl1bis = (Q, P, sll,s12,s21, s22, X1 - 12522
ams11bis (Q, P,sll,s12, 521, s )_)(Q—X])(—s]2+s22)( Q' sl2s

+ (2X1 512522 — 522511 — 512 521) Q3 + (—X]2s12s22 + (2522511
%—2s12s21)k7-+(—s20——h)s]2—F(h-—le)sZZ——s]]sZI)Qf-—((sZZsII

+512s521) XI + (-520—h) s12+ (h —s10) s22 —s11s21) X1 Q — sX10 sXZO)

+ s]—zl—szz (((s12+s22) Q* + ((-512 —522) XI +s11 +s21) Q + (-s11




_ 2
— $21) XI — sX10 — sx20) P) + L=XD P

s12 —s22
_ ((s20+h) s12+ 510522 + 511 521) X1
s12 — 522
0
0
0

;Non trivial direction

> solve ({Sinftyl=sll+s21,Sinfty2=s12+s22, S2=sqrt(sl2-s22)/sqrt
(2), S1=(sll-s21)/sqrt(2)/sqrt(sl2-s22),
tdX1lfunction=S2*X1+S1}, {sll,sl2,s21,s22,X1});

{XI _ St =dXlfunction % Sinftyl + S1 82, 512 = % Sinfty2 + S22 521 = -S1 52 (2.11)

2
+ % Sinftyl, s22 = -S2% + % SinftyZ}

> hpartialtdXlfunctionQ:=simplify (LQfunction(0,0,0,0,sqrt(2)/sqrt
(s12-s22) ))

hpartialtdXlfunctionP:=simplify (LPfunction(0,0,0,0,sqrt(2)/sqrt
(s1l2-s22) ));
HamtdX1lfunction:=unapply (2*P* ( (s1l2+s22) *Q*2+ ( (-s12-s22) *X1+P+
s11+s21) *Q+ (-P-s11-s21) *X1+h-sX10-sX20) /sqrt (2*s1l2-2*s22) + (2*Q*
(Q* (Q-X1) *s224+Q*s21-X1*s21+h+s20) * (Q-X1) *s12+2*Q* (Q-X1) * (Q*sl1ll-
X1*s1l+s10) *s22+2*Q*2*s11*s21-2*Q*X1*s11*s21+2*sX10*sX20) / (sqrt
(2*s12-2*s22) * (Q-X1))

-(2* ((s20+h) *s12+s10*s22+sl11*s21)) *X1/sqrt(2*sl1l2-2*s22)

+Q,P);

simplify (hpartialtdXlfunctionQ-diff (HamtdXlfunction(Q,P) ,P));
simplify (hpartialtdXlfunctionP+diff (HamtdX1lfunction(Q,P) ,Q))
simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,0,0,sgrt (2)
/sqrt(sl2-s22))-HamtdX1lfunction(Q,P,sll));

1 1 1 1
hpartialtdXIfunctionQ = —— (2 ( (— s12 + — s22) Q2 + ( (— — si2 (2.12)
V512 =522 2 2 2
1 1 1 1 1 1
— = 22| XI+P+ — sl + — -P— =51l — — — =
5 S ) +P+ s —I—2s2])Q+( P— sl ZSZI)X] 5 $X20
1 1
+oh— sXIO)ﬁ)
. . 1 2,2 2
hpartialtdXIfunctionP = - (((Q-—XU) P +2(0—XlI) ((Q
Js12 =522 (0 —XI1)?
—%Xl)s12+(Q—%Xl)s22+%sll+%s21)P+3(Q—Xl)z(Q(Q
2 2 1 1 1 2
= X1 |22+ —Q——X])s2]+—h+—s20)s]2+2(Q—X]) ((Q
3 3 3 3 3
1
2

XI) s11+ % le) $22 + 521 (Q —X1)* 511 —sX10 sXZO) ﬁ)




HamtdXlfunction == (Q, P) — I (2P ( (s12 +522) Q2 + ((-s12

V2512 —2522
—$22) X1 +P+s11+s21) Q+ (-P —s11 —s21) XI +h —sX10 — sX20) )
+ 1 (20(Q(Q—XI) s22+ Q521 —XI s21 +h +520) (Q

J2s12=2522 (Q—XI)
—XI)sI2+2Q (Q—XI) (Qsl] —XI s11+s10) s22+2 Q° s11 521
QX1 sl 521 +2 5X10 5x20) — 2520+ 1) $124 510522+ 511 521) X

J2s512 =222

0
0
| 0
> KOldCoordinates := unapply( (1/2)*(sX10+s20)* (sX10+s10)*1n((sl2
-822)/2)+(1/2) *X1* ((X1*sl1l2+2*sll) *s10+s20* (X1*s22+2*s21)) ,s11,
s21,s12,s22,X1);

KOldCoordinates = (sl1, s21, s12, s22, X1) — % (sX10 + s20) (sX10 + s10) ln( % s12 (2.13)

- % s22) + % X1 ((s12X1 +2s11) s10+ 520 (s22X1 +2 s21))

> Hamsll:=simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,1,
0,0))+

Ull(sll,s21,s12,s22,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),s1ll);

Hams21:=simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,0,
1,0))+
U21(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),s21);

Hamsl2:=simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,1,0,0,
0,0))+
Ul2(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),s1l2);

Hams22:=simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,1,0,
0,0))+
U22(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),s22);

HamX1:=simplify (Hamiltonianfunction(sl2,s22,s11,s21,X1,0,0,0,0,
1))+
UX1(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),X1)

.
14

Hamsllformula := (-Q*4*sl2*s22+ (2*X1*sl2*s22+(-sl2-s22)*P-sll*
s22-512*s21) *Q*3+ (-X172*s12*s22+ ((2*s12+2*s22) *P+2*s1l*s22+2*
sl2*s21) *X1-P*2+ (-sll-s21) *P+ (-s20-h) *s1l2+ (h-s10) *s22-s11*s21) *




Q%2+ (((-s1l2-s22) *P-sl2*s21-sl11*s22) *X1*2+ (2*P*2+ (2*sl1ll+2*s21) *
P+ (2*s20+2*h) *s12+ (-h+2*s10) *s22+2*s11*s21) *X1+P* (sX10+sX20)) *
QO+ ((-s20-h) *s12-P*2+(-sl1ll1l-s21) *P-s10*s22-s11*s21) *X1*2-P* (sX10+
sX20) *X1-sX10*sX20) / ( (Q-X1) * (-s12+s22))

+

Ull(sll,s21,s12,s22,X1l) +diff (KOldCoordinates(sll,bs2l1l,s12,s22,
X1l),sll):

Hams2lformula := (Q*4*sl2*s22+ (-2*X1*sl2*s22+(sl2+s22)*P+sll*
s22+s12*s21) *Q*34+ (X1*2*s1l2*s22+ ((-2*sl1l2-2*s22) *P-2*sll*s22-2*
s12*s21) *X14+P*2+ (s21+sl1ll) *P+s10*s22+sl11*s21+s12*s20) *Q"*2+ ( (
(s12+s22) *P+sl11*s22+s12*s21) *X1*2+ (-2*P*2+ (-2*s11-2*s21) *P+ (-
h-2*s520) *s12-2*s10*s22-2*s11*s21) *X1-P* (sX10+sX20) ) *Q+ ( (s20+h) *
s12+P*2+(s21+sl1ll) *P+s10*s22+s11*s21) *X1*2+P* (sX10+sX20) *X1+
sX10*sX20) / ((Q-X1) * (-s12+s22))

+
U21(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1l),s21):

Hamsl2formula := (-(sl1l2*s22*Q"2+((s21+P) *sl2+s22* (P+sll)) *Q+
(s20+h) *s12+s10*s22+ (P+sll) * (s21+P) ) * (-s1l2+s22) *X1"3+ (2*s22*
sl2* (-s1l2+s22) *Q*3+ ((-2*P-2*s21) *s1l272-3*s22* (-s21+sll) *sl2+2*
s2272* (P+sll) ) *Q*2+ ((-2*s20-2*h) *s1272+ ((2*h-2*s10+2*s20) *s22-
(2* (P+3*s11* (1/2)-(1/2) *s21) ) * (s21+P)) *s1l2+ (2* (s1l0*s22+ (P+sll) *
(P-(1/2) *s1l1l+3*s21*(1/2)))) *s22) *Q+ ( (sX10+sX20-h) *P- (-s21+s1l) *
(s20+h) ) *s12+ ((-sX10-sX20+h) *P-s10* (-s21+sl1l) ) *s22- (-s21+sll) *
(s21+P) * (P+sll) ) *X172+ (-s22*s12* (-s12+s22) *Q*4+ ((s21+P) *
s12722+43*s22* (-s21+sll) *s1l2-s22”2* (P+sl1ll) ) *Q*3+ ((s20+h) *s12*2+(
(s10-s20) *s22+ (s21+P) * (P+3*sl1ll-2*s21l)) *sl2-s22* ( (h+s1l0) *s22+ (P+
sll)* (P-2*s11+4+3*s21))) *Q*2+(( (-sX10-sX20+2*h) *P+ (2*s20+2*h) *s1l
-s21* (h+2*s20) ) *s12+ ( (sX10+sX20-2*h) *P+ (-h+2*s10) *sl1l1l-2*s21*
s10) *s22+ (2* (-s21+sl1l)) * (s21+P) * (P+sll) ) *Q+sX10*sX20*s12-sX10*
sX20*s22-P* (-s21+sl1l) * (sX10+sX20) ) *X1-s22* (-s21+sl1l) *s1l2*Q* 4+ (
(-s22*h- (-s21+sll) * (s21+P) ) *sl2-(-s22*h+ (-s21+sl1l) * (P+sl1ll)) *
s22) *Q*3+ ((-h*P+ (-s20-h) *s11+s20*s21) *s12+ (h*P+ (h-s10) *s1ll+s21*
s10) *s22- (-s21+sl1l) * (s21+P) * (P+sll) ) *Q*2+P* (-s21+sl1l) * (sX10+
sX20) *Q-sX10*sX20* (-s21+s1l) )/ (2* (-s12+s22) ~2* (Q-X1))

+

Ul2(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),s1l2):

Hams22formula := ((sl12*s22*Q*2+((s21+P)*sl2+s22* (P+sll)) *Q+



(s20+h) *s12+s10*s22+ (P+sll) * (s21+4+P) ) * (-s1l2+s22) *X1*3+ (-2*s22*
sl2* (-s1l2+s22) *Q*3+ ((2*s21+2*P) *s1l222+3*s22* (-s21+sll) *sl1l2-2*
s2272%* (P+sll) ) *Q*2+ ((2*s20+2*h) *s12”2+ ((-2*h+2*s10-2*s20) *s22+
(2* (P+3*s1l* (1/2)-(1/2)*s21)) *(s21+P) ) *sl1l2- (2* (s1l0*s22+ (P+sll) *
(P-(1/2) *s1l1l+3*s21*(1/2)))) *s22) *Q+ ( (-sX10-sX20+h) *P+ (-s21+s1l)
* (s20+h) ) *s12+ ( (sX10+sX20-h) *P+s10* (-s21+sl1l) ) *s22+ (-s21+s1ll) *
(s21+P) * (P+sll) ) *X172+ (s22*sl12* (-s12+s22) *Q*4+ ((-s21-P) *s1l2/2
-3*s22%* (-s21+sll) *s1l2+s2272* (P+sll) ) *Q*3+ ((-2*h-s20) *s1l2*2+ ( (2*
h-s10+s20) *s22- (s21+P) * (P+3*sl11-2*s21)) *s12+s22* (s1l0*s22+ (P+
sll)* (P-2*sl11+3*s21))) *Q*2+(( (sX10+sX20-2*h) *P+ (-2*s20-2*h) *
sll+s21* (h+2*s20)) *s12+ ((-sX10-sX20+2*h) *P+ (h-2*s10) *s1l1+2*s21*
s10) *s22- (2* (-s21+sl1l)) * (s21+P) * (P+sll) ) *Q-sX10*sX20*s12+sX10*
sX20*s22+P* (-s21+sl1ll) * (sX10+sX20) ) *X1+s22* (-s21+sl1ll) *sl1l2*Q" 4+
(s1l2722*h+ (-s22*h+ (-s21+sll) * (s21+4P) ) *sl1l2+s22* (-s21+sll) * (P+sll)
) *Q*3+ ( (h*P+ (s20+h) *s1l1-s20*s21) *s12+ (-h*P+ (-h+s10) *sl1l1l-s21%*
s10) *s22+ (-s21+sl1l) * (s21+P) * (P+sll) ) *Q*2-P* (-s21+sll) * (sX10+
sX20) *Q+sX10*sX20* (-s21+sl1l) )/ (2* (-s12+s22) ~2* (Q-X1))

+
U22(sl1ll1l,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1l),s22):

HamXlformula := (Q*4*sl2*s22+(-2*X1*sl2*s22+(sl2+s22)*P+sll*
s22+s12*s21) *Q*34+ (X1*2*s1l2*s22+ ((-2*sl1l2-2*s22) *P-2*sll*s22-2*
s12*s21) *X1+ (s20+h) *s12+P*2+ (s21+sl1l) *P+s10*s22+s11*s21) *Q*2+ ( (
(s12+s22) *P+sll1l*s22+s12*s21) *X1*24+ (-2*P*2+ (-2*sll-2*s21) *P+ (-2*
s20-2*h) *s12-2*s10*s22-2*sl11*s21) *X1- (sX10+sX20-h) *P) *Q+ ( (s20+
h) *s12+P*2+ (s21+sl1ll) *P+s10*s22+sl11l*s21) *X1*2+ (sX10+sX20-h) *P*
X1+sX10*sX20) / (Q-X1)

+
UX1(sll,s21,s12,s22 ,X1)+diff (KOldCoordinates(sll,s21,s12,s22,
X1),X1):

simplify (HamX1l-HamX1formula) ;

simplify (Hamsll-Hamsllformula) ;
simplify (Hams21l-Hams2lformula) ;
simplify (Hamsl2-Hamsl2formula) ;

simplify (Hams22-Hams22formula) ;
1 4
Hamsl1 = ~0* 512522+ (2 X1 512522+ (-512 —s22) P 2.14
ams (Q—XI)(—s12+s22)( QO s12522 + ( s12s22 4+ (- 522) ( )
— 511522 —512521) @ + (-X1*512522 + ((2 51242 522) P +2 511522
+2512521) XI —P* + (-s11 —s21) P+ (-s20 — h) s12 + (h — s10) 522
—s11521) O*+ (((-s12 —s22) P — 512521 —s11522) XI*+ (2 P> + (2 511

+2521) P+ (2520+2h) sI2+ (-h +2s510) s22 +2 511 521) XI + P (sX10




+5X20)) Q+ ((-520—h) s12 —P* + (-s11 —s21) P —s10522 — s11s21) XI*

— P (sXI10 + sX20) X1 — sX10 sX20) + Ull(sl1, s21, s12, 522, X1) + X1 s10
Hams21 = 0—x1) (1—s]2+s22) (Q4s]2s22+ (-2X1s12522+ (sI12+s22) P

+ 511522 +512521) O + (XI* 512522 + ((-2 512 —2522) P —2 511 522

—2512521) XI + P>+ (521 +s11) P + 510522 + s11 521 + 512 520) Q> + (((sI2

+522) P+ 511522 +s512521) XI*+ (-2 PP+ (2511 —2s21) P+ (-h

—2520) 512 —2 510522 —2 511 s21) XI — P (sX10 +5X20)) O+ ((s20+h) sI2

+P+ (521 +s11) P+ 510522 + 511 s21) XP 4P (sX10 + sX20) X1 + sX10 sX20)
+U21(sll, 521, s12, 522, X1) + X1 s20

Hamsl12 = % I (—(—s]2+522) (s]2s22 Q2+ ((s21 +P) si2

(- s]2+s22 (Q—XI)
+ 522 (P+s11)) Q+ (s20+h) s12 4+ 510522 + (P +s11) (s21 -I—P))X]3

+ (2522512(—s12+522) Q3—|- ((-2P—2s21) 5122—3522(—s2] +s11) s12

+2 522 (P+sll) Q2+( 2s20—2h)s]22+((2h—2s]0+2s20)s22—2(P

+%s]]— % 521) (s21 +P)) s12+2 522 (s]OsZZ-i— (P+sll) (P— % sl
+%52]))) QO+ ((sX10 +5sX20 —h) P — (-s21 +s11) (s20+h)) sI12+ ((-sX10

—sX20+h) P—510(-s21 +s11)) s22 — (-s21 +s11) (s21 + P) (P+S]])jX]2

+ (-522512 (-s124522) O* + ((s21 +P) s12* +3 522 (-s21 +s11) s12 — s22* (P
+511)) @ + ((s20+ h) 12>+ ((s10 — 520) 522 + (521 +P) (P +3sl1
—2521)) sI12— 522 ((h +s10) 522+ (P +s11) (P—2sI11+3521))) 0>+ (((
~sX10 — sX20 +2 h) P+ (2520 +2 h) s11 —s21 (h +2 520)) sI2 + ((sX10 + sX20
—2h)P+ (-h+2s10) sll —2521s10) s22+2 (-s21 +s11) (s21 +P) (P
+511)) Q + sX10 sX20 s12 — sX10 sX20 522 — P (-s21 + s11) (sX10 + sX20)) X1

— 22 (-s21 4+ s11) s120% + ((-s22h — (-s21 +s11) (s21 + P)) sI2 — 22 (-s22 h
+ (-s21 +s11) (P+sll))) Q3+ ((-h P+ (-520—h) sl1 +5s20s21) s12+ (h P
+ (h—s10) s11+521510) s22 — (-s21 +s11) (s21 +P) (P+s11)) O + P (-s21
+s11) (sX10 + sX20) Q — sX10 sX20 (-s21 +s11)) + Ul2(s11, s21, s12, s22, X1)

n 1 (sX10 +s20) (sX10 + s10) " 1 1% s70
4 1 s12 — 1 s22 2
2 2
Hams22 = 1 I ((—s]2+s22) (512522Q2+ ((s21+P)si2
2 (-512+s22)% (Q—XI)

+ 522 (P+s11)) Q+ (s20+h) s12 4+ 510522 + (P +s11) (s21 +P)) X+ (
28522512 (-s12 +s22) Q3 +((2s214+2P) s12° +3 522 (-s21 +sll) s12

— 25222 (P +sl1) Q2+(2s20+2h)s]22—|—((—2h—|—2s10—2s20)s22+2(P



+ % s1l— % s21) (s21 +P)j s12—2522 (SIOSZZ + (P +s11) (P— % sl

+%52]))) O+ ((-sX10 —sX20+h) P+ (-s21 +s11) (s20+h)) sI12 + ((sX10

+5X20 —h) P+ s10 (-s21 +s11)) s22+ (-s21 +s11) (s21 +P) (P-l—s]]))X]2

+ (522512 (-s124522) Q" + ((-521 — P) 512> —3 522 (=521 + s11) 512 + 522° (P
+511)) @+ (-2 h —520) 512>+ ((2 h — 510 +520) 522 — (s21 + P) (P +3 511
—-2s2]))s]2-%522(s]0s224—(P-+s]])(I’—-2s]]4—352])))Qf—+(((&X]0
+5X20 —2h) P+ (-2520 —2 h) s11 + 521 (h+2520)) s12 + ((-sX10 — sX20
+2h) P+ (h—2s10) s11+2 521 510) s22 —2 (-s21 +s11) (s21 +P) (P +sl11))
Q-—sXJOsXZOs]Z4—&X]0sX20522-%I’(—SZI—FSII)(&X]O-%SXQO))X]-+S22(
~s21 +s11) s12 0%+ (5122 h + (-s22h + (-s21 +s11) (s21 +P)) s12 + 522 (-521
+511) (P+511)) O+ ((h P+ (s20+h) s11 —s20521) sI2+ (-h P+ (-h
+510) s11 —s21510) s22 + (-s21 +sl11) (s21 +P) (P +sll) Q2 P (-s521
+511) (sX10 + sX20) Q + sX10 sX20 (-s21 +s11)) + U22(s11, s21, s12, 522, X1)

1 (X710 +520) (sX10 + s10) 4—;L_X12520
4 LSIZ—LSZZ 2
2 2

1
0—XI

+512521) O + (XI* 512522+ ((-2512—2522) P—2 511522 —2 512 521) XI

+ (s20+h) sI2+ P>+ (521 +s11) P+ 510522 +s11521) O° + (((s12 +s22) P

+511522+512521) XI*+ (-2 P>+ (-2s11 —2s21) P+ (-2 520 — 2 h) 512

— 2510522 —2511521) XI — (sX10 +sX20 —h) P) Q+ ( (520 + h) s12 + P*

-+(sZ]-%s]])P-+s]0s22-ks]]s2])X324—(&X]0-+SX20——h)1?X]-%sXJOsX?O)

+ UXI(sll,s21,s12,s22, X1) + % (X1s12+2s11)s10+ % §20 (X1 522 +2 s21)

-+-%—X7(s]0512-%520522)

HamX1 = (Qfs]ZsZZ%—(—ZXYsIZsZZ-%(le—FsZZ)P-+sIIs22

SO OO o

> Ull := unapply( ((X1*s22+s21)*sl10+(X1*sl2+sl1ll)*s20)/(sl2-s22)
+s22*X1/ (s1l2-s22) *h,sll,s21,s12,s22,X1);
U21 := unapply (- ((X1*s22+s21)*s1l0+(X1*sl2+sll)*s20)/(sl2-s22) -
sl2*X1/(sl1l2-s22)*h,sll,s21,s12,s22,X1) ;
Ul2 := unapply( (X1*(sl1l2-s22)-s11+s21)*((s1l0*s22+s12*s20) *X1+
s21*s10+s11*s20)/(2* (s12-s22) *2)
+(-52272*X1+ (X1*s1l2-s11) *s22+s12*s21) *X1/ (2* (s12-s22) *2) *h
,s811,s21,s12,s22,X1) ;
U22 := unapply (- (X1* (s12-s22)-s11+s21)*((s1l0*s22+s12*s20) *X1+
s21*s10+s11*s20)/(2* (s12-s22) *2)




-h* (X1*s1272+ (-X1*s22+s21) *s12-s11*s22) *X1/ (2* (s1l2-522) *2)
,s811,s21,s12,s22,X1);
UX1 := unapply( (X1*s22+s21)*sl10+(X1*sl1l2+s11)*s20,sl11l,s21,s12,

s22,X1);
_, (522 X] +521) s10+ (s12 X1 +s11) 520 §s22X1 h

Ull == (sl1,s21, 512,522, X1) 17— 20 + 12— 22 (2.15)
U21 = (511,521, s12, 22, X1) — - (s22X1 +s21) s10+ (sI2XI +s11) s20
s12 —s22
_ sI2X1h
s12 —s22

Ul2 == (sl1, 521,512,522, X1)
_9}_ (X1 (512 —522) —sl1+s21) ((s10522 + 512 520) X1 + 510521 + 511 s20)
2 (512 — 522)*
1 (-s22° X1+ (s12X1 —s11) s22 +512521) X1 h
2 (512 — 522)°
(s11,s21, 512, 522, X1) —

+

U22 =
1 (X1 (512 —522) — 11 +s21) ((s10522 + 512 520) X1 + 510521 + 511 520)
2 (s12 —s22)°
1 h(XIsI2?+ (-s22 X1 +s21) s12 — s11522) X1

2 (s12 —522)*

L UXI = (sl1, 521,512,522, X1)— (s22 X1 +521) s10+ (sI12XI +s11) 520
| JMU differential

| First part: Contributions at xi=X_1

> ExpMonodromiesX1l:=Matrix(2,2,0):
ExpMonodromiesX1[1l,1] :=exp (sX10*1ln(xi-X1) /h):
ExpMonodromiesX1[2,2] :=exp (sX20*1n (xi-X1) /h) :
ExpMonodromiesX1;

MonodromiesXl:=Matrix(2,2,0):
MonodromiesX1[1l,1] :=sX10/ (xi-X1):
MonodromiesX1[2,2] :=sX20/ (xi-X1) :
MonodromiesX1:

LambdaXl:=Matrix(2,2,0):
LambdaX1[1,1] :=sX10*1n(xi-X1) :
LambdaX1[2,2] :=sX20*1n (xi-X1) :
LambdaX1:

NO:=Matrix(2,2,0):
Nl:=Matrix(2,2,0):
N2:=Matrix(2,2,0):
N3:=Matrix(2,2,0):
N4 :=Matrix(2,2,0):




for i from 1 to 2 do for j from 1 to 2 do
NO[i,j]l:=nO[i,3]:

N1[i,j]l:=nl[i,3]:

N2[i,j]l:=n2[i,3]:

N3[i,j]:=n3[1i,3]:

N4[i,j]l:=nd[i,3]:

od: od:

HatPsiRegX1l:=IdentityMatrix (2)+N1* (xi-X1)+N2* (xi-X1)*2+N3* (xi-
X1) ~*3+N4* (xi-X1)"*4:
tdPsiX1l:=Multiply (NO,Multiply (HatPsiRegX1l A ExpMonodromiesXl)) :

dHatPsiRegdxiX1l:=Matrix (2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dHatPsiRegdxiX1[i, j]
:=diff (HatPsiRegX1l[i,j],xi): od: od:

dtdPsidxiX1l:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dtdPsidxiX1[i,j]:
diff (tdPsiX1[i,j],xi): od: od:

dLambdaXldt:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dLambdaXldt[i,j]:
simplify (diff (LambdaX1[i,j] ,X1)*dX1l): od: od:

dLambdaX1dt;

omegaJMUPartXl:=simplify (-h*residue (Trace (Multiply (Multiply
(HatPsiRegX1l” (-1) ,dHatPsiRegdxiX1l) , dLambdaX1ldt)) ,xi=X1));

ToCancelX1l:=simplify (h*dtdPsidxiX1-Multiply (tdL, tdPsiX1l)):

sX10In(E — X1)
e h 0
(2.16)
sX20 In(§ — X1)
0 e h
[ sX10 dxI
-4 X1
sX20 dX1
~E+ X1

omegaJMUPariX1 = h dX1 (sX10nl| | +sX20nl, ,)

> SingularParttdLxiX1l:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do SingularParttdLxiX1l
[1,]] :=simplify(residue (tdL[i,j],xi=X1)): od: od:




MatrixEigenvectorsSingularPartXl:=Matrix(2,2,0):
MatrixEigenvectorsSingularPartX1[1,1] :=Q-X1:
MatrixEigenvectorsSingularPartX1[1,2] :=Q-X1:
MatrixEigenvectorsSingularPartX1[2,1] :=Q*2*s12-Q*X1*s12+P*Q-P*
X14+Q*s11-X1*sl1l1-sX10:

MatrixEigenvectorsSingularPartX1[2,2] :=Q*2*s12-Q*X1*s12+P*Q-P¥*
X14+Q*s1l1-X1*sl1l1-sX20:

simplify (Multiply (Multiply (MatrixEigenvectorsSingularPartX14
(-1) ,SingularParttdLxiX1l) ,MatrixEigenvectorsSingularPartX1l)) ;
GX10:=MatrixEigenvectorsSingularPartXl;

n0O[1,1]:=0-X1;
n0[1l,2] :=0-X1;

sXI10 O

2.17
0 sX20 ( )

[[o—x1,0-x1]

[Q*s12—QX1sI24+PQ—PXI+Qsll—XIsll—sX10,0*s12—QXIsI2+PQ
—PXI1+Qsll—XIsll—sX20]]

nOL1 = Q0 —XI

nOL2 = Q0 —XI

> ToCancelXlEntryll:=simplify (series(simplify (ToCancelX1[1,1]*

(xi-X1)* (- (sX10) /h)) ,xi=X1)):

ToCancelX1lEntryl2:=simplify (series (simplify (ToCancelX1[1,2]*

(xi-X1)* (- (sX20) /h)) ,xi=X1)):

ToCancelX1lEntry2l:=simplify (series (simplify (ToCancelX1[2,1]*

(xi-X1)* (- (sX10) /h)) ,xi=X1)):

ToCancelX1lEntry22:=simplify (series (simplify (ToCancelX1[2,2]*

(xi-X1)* (- (sX20) /h)) ,xi=X1)):

n0[2,1] :=simplify(solve (residue( ToCancelX1lEntryll,xi=X1) ,n0[2,

11));

n0[2,2] :=simplify(solve (residue( ToCancelX1lEntryl2,xi=X1) ,n0[2,

21));

simplify (residue (ToCancelX1lEntry21,xi=X1));

simplify (residue (ToCancelXlEntry22,xi=X1));

n021:=P* (Q-X1)+s1l2*Q*2+ (s11-X1*sl1l2) *Q-X1*s1l1l-sX10;

n022:=pP* (Q-X1)+s1l2*Q*2+ (s11-X1*sl1l2) *Q-X1*sl1l1l-sX20;

simplify(n0[2,1]-n021) ;

simplify(n0[2,2]-n022) ;
nOZl=::Qfle%—(—XJle%—P-+sll)QZ+—(—P-—sII)XU-—sX70 (2.18)

n0225::QFS]24-(—XJS]24-P'+S]])Q'F(—P'—S]])Xj-—SXZO



0
0

n021 =P (Q—XI1) +Q*sI2+ (-X1 sI12+s11) Q — X1 s11 — sX10

n022 :=P (Q—XI) +Q*sI2+ (-XI sI12+s11) Q — X1 s11 — sX20
0
0

> nl[l,1]:=(Q"4*s12*s22+ (-2*X1*s1l2*s22+ (s12+s22) *P+sll*s22+sl12*
s21) *Q 3+ (X142*s12*s522+ ( (-2*s1l2-2*s22) *P-2*sll*s22-2*sl12*s21) *
X14+P*2+ (s21+s1ll) *P+s10*s22+s11*s21+s12*s20) *Q*2+(( (s1l2+s22) *P+
s11*s22+s12*s21) *X172+ (-2*P*2+ (-2*s1l1-2*s21) *P+ (-sX10-2*s20) *
s12+ (-sX10-2*s10) *s22-2*sl11l*s21) *X1+ (-sX10-sX20) *P-sX10* (s21+
sll)) *Q+ (P*2+ (s21+sl1ll) *P+ (sX10+s20) *s1l2+s22* (sX10+s10)+sl1ll*s21)
*X142+ (P* (sX10+sX20) +sX10* (s21+s1l) ) *X1+sX10*sX20) / ( (Q-X1) *h*
(sX10-sX20)) :

nl[1,2]:=(-Q*4*s12*%s22+ (2*X1*s12*s22+ (-s21-P) *s12-522* (P+sll)) *
Q73+ (-X122*%s12*%522+ ( (2*%s2142%P) *s12+42%s22* (P+s11)) *X1+ (-sX10+
SX20-520) *s12-P*2+ (-s11-521) *P-s10*s22-s11%s21) *Q*2+ (( (-s21-P) *
s12-522% (P+s11)) *X142+ ( (2*sX10-sX20+2*%s20) *s12+2*P 2+ (2*s11+2%*
$21) *P+ (sX2042%s10) *s22+2*s11%s21) *X1+2*sX20* (P+ (1/2) *s11+(1/2)
*521) ) *Q+ ( (-sX10-520) *s12-P*2+ (-s11-521) *P+ (-sX20-s10) *s22-s11*
$21) *X142-2%sX20* (P+ (1/2) *s11+(1/2) *s21) *X1-sX20~2) / ( (sX10-
$X20) * (-h+sX10-sX20) * (Q-X1) ) :

nl[2,1] :=(-Q*4*s12%s22+ (2*X1*s12*s22+ (-s21-P) *s12-522% (P+sll)) *
QA3+ (-X122*%s12*%522+ ( (2*%s2142%P) *s1242%522* (P+s1l)) *X1+ (sX10-
SX20-520) *s12-P*2+ (-s11-521) *P-s10*s22-s11%s21) *Q*2+ (( (-s21-P) *
s12-522% (P+s11)) *X172+ ( (-sX1042*sX20+2%s20) *s12+2*PA2+ (2*s11+2%
$21) *P+ (SX10+42%s10) *s22+2*s11%s21) *X1+ (2% (P+(1/2) *s11+ (1/2) *
$21)) *sX10) *Q+ ( (-sX20-520) *s12-PA2+ (-s11-521) *P+ (-sX10-s10) *s22
-s11%s21) *X142- (2* (P+(1/2) *s11l+(1/2) *s21)) *sX10*X1-sX10~2) / ( (h+
sX10-sX20) * (sX10-sX20) * (Q-X1) ) :

nl[2,2] :=-(Q*4*s12*s22-2*Q*3*X1*s12*s22+Q*2*X1"2*s12*s22+P*Q"3*
S12+4P*QA3*522-2*P*QA2*X]1*s12-2*P*Qr2*X1*s22+P*Q*X1*2*s12+P*Q%*
X172*s224Q73*%s11*s22+Q"3*s12*s21-2*Q"2*X1*s11*s22-2*Q*2*X]1*s12%
s214+Q*X112*s11*s22+Q*X1"2*s12*s21+P 2*Q"2-2*PA2*Q*X1+P" 2*X1*2+
P*Q"2*s11+P*Q" 2*s21-2*P*Q*X1*s11-2*P*Q*X1*s21+P*X142*s11+P*
X172*s214Q72*s10*s22+Q"2*s11*s21+Q*2*s12*s20-2*Q*X1*s10*s22-2*
Q*X1*s11*s21-2*Q*X1*s12*s20-Q*X1*s12*sX20-Q*X1*s22*sX20+X1*2*
s10*s22+X172*s11*s21+X1"2*s12*s20+X172*s12*sX20+X1*2*s22*sX20-
P*Q*sX10-P*Q*sX20+P*X1*sX10+P*X1*sX20-Q*s1l1l*sX20-Q*s21*sX20+X1*
s11*sX20+X1*s21*sX20+sX10*sX20) / ((Q-X1) *h* (sX10-sX20)) :




simplify (residue( ToCancelXlEntryll/ (xi-X1) ,xi=X1));
simplify (residue( ToCancelXlEntryl2/ (xi-X1) ,xi=X1));
simplify (residue( ToCancelXlEntry21l/ (xi-X1) ,xi=X1));
simplify (residue( ToCancelXlEntry22/ (xi-X1) ,xi=X1));
0 2.19)
0
0
_ 0
| > omegaJMUPartXl:=simplify (omegaJMUPartXl) :
|_Second part: Contributions at infinity
> ExpXiInfinity:=Matrix(2,2,0):
ExpXiInfinity[1l,1] :=exp (- (sll*xi+s12*xi*2/2) /h):
ExpXiInfinity[2,2] :=exp (- (s21*xi+s22*xi*2/2) /h):
ExpXiInfinity;

XiInfinity:=Matrix(2,2,0):

XiInfinity[1l,1] :=-(s1l0*1n(xi)+sll*xi+sl12*xi*2/2):
XiInfinity[2,2] :=-(s20*1n(xi)+s21*xi+s22*xi*2/2):
XiInfinity:

dXiInfinitydxi:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dXiInfinitydxi[i,j]:=
diff (XiInfinity[i,j],xi): od: od:

dXiInfinitydxi:

ExpMonodromiesInf:=Matrix(2,2,0):
ExpMonodromiesInf[1l,1] :=exp(-s10*1n(xi) /h) :
ExpMonodromiesInf[2,2] :=exp (-s20*1n(xi) /h) :
ExpMonodromiesInf;

MonodromiesInf:=Matrix(2,2,0):
MonodromiesInf[1l,1]:=-s10/xi:
MonodromiesInf[2,2] :=-s20/xi:
MonodromiesInf:

Jl:=Matrix(2,2,0):
J2:=Matrix(2,2,0):
J3:=Matrix(2,2,0):
J4:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do J1[i,j]:=j1[i,]]:
J2[i,jl:=j2[1i,3]:
J3[1i,3]1:=33[1i,3]:
J4[i,3]:=34[1,3]:




od: od:

HatPsiRegInf:=IdentityMatrix (2)+J1/xi+J2/xi*2+J3/xi*3+J4/xi*4:
tdPsiInf:=Multiply (Multiply (HatPsiRegInf , ExpXiInfinity),
ExpMonodromiesInf) :

dHatPsiRegdxiInf:=Matrix (2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dHatPsiRegdxiInf[i, j]
:=diff (HatPsiRegInf[i,j],xi): od: od:

dtdPsidxiInf:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dtdPsidxiInf[i,j]:=
diff (tdPsiInf[i,j],xi): od: od:

dXiInfinitydt:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dXiInfinitydt[i,j]:=
simplify (diff (XiInfinity[i,j],sll)*dsll+diff(XiInfinityl[i,j],
s21) *ds21+diff (XiInfinity[i,j],s12) *dsl2+diff (XiInfinity[i,j],
s22) *ds22) od: od:

dXiInfinitydt:

omegadJMUPartInfinity:=-h*residue (Trace (Multiply (Multiply
(HatPsiRegInf” (-1) ,dHatPsiRegdxiInf), dXiInfinitydt)) h xi=
infinity);

ToCancelInf:=simplify (h*dtdPsidxiInf-Multiply (tdL, tdPsiInf)):

1
su§+3§%u

e h 0

(2.20)
s21E + %-&2522
0 e h
_s10In(g)
e h 0
_ 5201n(g)
0 e h

. . 1 /.2 . . .
omegaJMUPartInfinity := -h (_111, ydsll + ) (JII, 1 +]IL 2]12’ 1~ 2]21’ 1) dsl2

. | . .2 )
._]122632]-+'§'(J1L2]121-+]122-—2]222)4322)

> series(simplify (ToCancelInf[l,1]*exp((xi*2*s12+2*s10*1n(xi)+2*




sll*xi)/(2*h))) ,xi=infinity) :
J1[2,1] :=simplify(solve (residue( simplify (ToCancelInf[1l,1]*exp (
(xi*2*s12+42*s10*1n(xi)+2*sl1l*xi)/(2*h)))
,Xi=infinity) ,j1[2,1]))
j2[2,1] :=simplify (solve (residue( simplify (ToCancelInf[1l,1]*exp (
(xi*2*%s124+42*s10*1n(xi)+2*sl1ll*xi)/ (2*h))) *xi
,Xi=infinity) ,j2[2,1]))
j3[2,1] :=simplify (solve (residue( simplify (ToCancelInf[1l,1]*exp (
(xi*2*s12+42*s10*1n(xi)+2*sl1l*xi) / (2*h))) *xi*2
,Xi=infinity) ,j3[2,1])):
jlz’1 = —Q2S12+ (XIsI2—P—sll) Q+ (P+sll) X1 —slI0 (2.21)

2y = =s12Q’ + (XI 512 =512jl, | =P —s11) Q"+ ((XIs12 =P —sI1)jl, |+ (P
+511) X1 —510) Q+ (P +s11) XI —h —s10) jI, | +XI s10

> series(simplify (ToCancelInf[l,2]*exp((xi*2*s22+2*s20*1n(xi)+2*
s21*xi)/(2*h))) ,xi=infinity) :
J1[1,2] :=simplify(solve (residue( simplify (ToCancelInf[1l,2]*exp (
(xi”2*%s522+42*s20*1n(xi)+2*s21*xi)/(2*h))) /xi
,Xi=infinity) ,j1[1,2]));
j2[1,2] :=simplify (solve (residue( simplify (ToCancelInf[1l,2]*exp (
(xi*2*s2242*s20*1n (xi)+2*s21*xi) / (2*h)))
,xXi=infinity) ,j2[1,2]));
j3[1,2] :=simplify (solve (residue( simplify (ToCancelInf[1l,2]*exp (
(xi*2*%s5224+2*s20*1n(xi)+2*s21*xi) / (2*h))) *xi
,Xi=infinity) ,j3[1,2])):
1

il = 2.22
L R Y (2.22)
i (jly,—Q+XI)sI2+ (Q—XI —jl, ,) 522 — 511 + 521
2 5=
i b2 (s12 —s22)°

> sX20:=-s10-s20-sX10:
series (simplify (ToCancelInf[2,1] *exp((xi*2*s12+2*s10*1n(xi)+2*
sll*xi)/(2*h))) -s1l2*(s10+s20+sX10+sX20) ,xi=infinity):
J1[1,1] :=simplify(solve (residue( simplify (ToCancelInf[2,1]*exp (
(xi*2*s1242*s10*1n(xi)+2*sl1l*xi)/ (2*h)))
,xi=infinity) ,j1[1,1]))
j2[1,1] :=simplify (solve (residue( simplify (ToCancelInf[2,1]*exp (
(xi*2*%s124+42*s10*1n(xi)+2*sl1ll*xi)/ (2*h))) *xi
,xi=infinity) ,j2[1,1])):

1
(Q—XI) (-s12+522) h
— 511522 —512521) @ + (-X1*512522 + ((2 51242 522) P +2 511522
4—2s12s2])XU-—}ﬂ—%(—s]]——s2])P-—s10s22——s]]s2]-—s]2s20)Qf—%(((—s]Z
-—s22)P——lesZI——s]]sZZ)XYZ%—(ZIQ—F(2s]]4—2s21)P-+(—s]0—Fs20)s]2

jl, | = (—Q4s]2s22+(2X] §s12522 4 (-s12 —s22) P (2.23)




+251052242511521) XI + P (-510 — 520) — 21 510 — 511 520) Q + (510512

——fﬂ-+-(—sll——sZI)1’——slls21——s10s22)4XJ2—F((SIO-FSZO)I’%—SZISIO

| -+s]]s20)XJ-%sXJO(sXYO-+s]0-%s20))

> series(simplify (ToCancelInf[2,2]*exp((xi*2*s22+2*s20*1n(xi)+2*

s21*xi)/(2*h))) ,xi=infinity) :

j1[2,2] :=simplify(solve (residue( simplify (ToCancelInf[2,2]*exp (
(xi*2*%s522+42*s20*1n(xi)+2*s21*xi) / (2*h))) *xi

,xi=infinity) ,j1[2,2])):

j2[2,2] :=simplify (solve (residue( simplify (ToCancelInf[2,2]*exp (
(xi*2*s2242*s20*1n (xi)+2*s21*xi) / (2*h)) ) *xi*2

,xi=infinity) ,j2[2,2])):

]’]2’2 = (—s]2—|—s221) O—XI) i (Q4s]2s22+ (-2 X1 512522+ (s12+522) P (2.24)
+511522+512521) @ + (X1* 512522+ ((-2 512 —2522) P —2 511522
—-2s12s2])XU-+}ﬂ-+(s2]—%s]])P-+s]0s22—%s]]s2]—%s]2s20)Qf—+(((s]2
-+s22)P-+sIIs22—Fs]2s2])X12+-(—ZIQ—F(—ZSII——ZSZI)P-+(—s10
+520) 22 —2 511521 —2 512 s20) X1+ (s10+s20) P+ s21s10+ 511 s20) 0
4—(Iﬂ-+(s2]—%s]])P-—s20s22—%s]]s2]—%s]2s20)ij—%(l’(—SIO——SZO)
—ﬂlﬂO—ﬂ]QmXY—QHOmﬂ0+ﬂ0+ﬂm)

> omegaJMUPartInfinity:=simplify (omegadJMUPartInfinity):

> omegaJMUP4:=omegaJMUPartXl+omegaJMUPartInfinity:

> omegaJMUP4dsll:=simplify (residue (omegadMUP4/dsl11%2,ds11=0)) :

omegaJMUP4ds21 :=simplify (residue (omegadMUP4/ds2172,ds21=0)) :

omegaJMUP4ds12:=simplify (residue (omegadMUP4/ds12”2,ds12=0)) :
omegaJMUP4ds22 :=simplify (residue (omegadMUP4/ds22”2,ds22=0)) :
omegaJMUP4dX1 :=simplify (residue (omegaJMUP4/dX1+2,dX1=0)) :

> simplify (omegaJMUP4dsll-residue (Hamsll/h, h=0));

simplify (omegaJMUP4ds21-residue (Hams21/h,h=0)) ;

simplify (omegadJMUP4dsl2-residue (Hams1l2/h,h=0)) ;

simplify (omegaJMUP4ds22-residue (Hams22/h,h=0)) ;

simplify (omegaJMUP4dX1l -residue (HamX1l/h,h=0)) ;
0 (2.25)
0
0

0
0

> omegaJMUP4:=simplify (omegaJMUP4) :
omegadJMUP4formula:= ((2*(-(1/2)* (dsl2-ds22)* (-s1l2+s22) *X1+dX1*
s12722+4+ (-2*dX1*s22+dsll-ds21) *s12+dX1*s22*2+ (-dsll+ds2l) *s22-
(1/2)* (-s21+sl1ll) * (dsl2-ds22)) ) *s22*s12*Q*4+ (2* (- (1/2) * (dsl2-
ds22) * (-s12+s22) *X1+dX1*s12”2+ (-2*dX1*s22+dsll-ds21) *s12+dX1*
2272+ (-dsll+ds2l) *s22-(1/2) * (-s21+s1l) * (ds1l2-ds22)) ) * (-2*X1*
s1l2*s22+ (s21+P) *s12+s22* (P+sl1l) ) *Q*3+ (2* (- (1/2) * (dsl1l2-ds22) * (-




$12+4522) *X1+dX1*s1242+ (-2*dX1*s22+ds11-ds21) *s12+dX1*s22~2+ (-
dsl11+ds21) *s22- (1/2)* (-s21+s1l)* (dsl2-ds22))) * (X122%s12*s22+ (
(-2%P-2%521) *s12-2%522% (P+s11) ) *X1+s12*s20+s10%s22+ (P+s1l) *
(S21+P) ) *Q*2+ (- (-s12+822) * ( (s21+P) *s12+s22* (P+sll)) * (ds12-ds22)
*X1A3+ (2*dX1* (s21+P) *s1243+ (-2*dX1* (P-s11+2*%s21) *s22+ (2*dsll-2%
ds21) *P+ (2*ds11-2*ds21) *s21+ (s10-s20) *ds12+2*ds22*s20) *s12~2+
(-2%dX1* (P+2%s11-521) *s2242+ ( (2*ds11-2*ds21) *s1l+ (-2*dsll+2%*
ds21) *s21+ (-3*s10+s20) *ds12+ds22* (s10-3*s20) ) *s22- (2% (P+3*s11l*
(1/2)-(1/2) *s21) ) * (ds1l2-ds22) * (s21+P) ) *s12+2%s22% (dX1* (P+sl11) *
$2272+ ( (-ds1l+ds21) *P+ (-dsll+ds21) *s11l+ds12*s10- (1/2) *ds22* (s10
-520) ) *s22+ (P- (1/2) *s11+3*s21* (1/2) ) * (ds12-ds22) * (P+s11))) *
X142+ (2*dX1* (s10-520) *s123+ (-6*dX1* (s10-520) *s22-4*PA2*dX1-4*
dX1* (s21+4s11) *P-4*dX1*s11*s21+2*ds11*s10-2*s20* (dsll-2*ds21))*
S1242+4 (6*dX1* (s10-520) 52242+ (8*PA2*dX1+8*dX1* (s21+s11) *P+8*
dX1*s11*s21+ (-6*ds11+2*ds21) *s104+2%s20* (ds1l-3*ds21)) *s22+ (-4*
ds11+4*ds21) *PA2+ ( (-4*ds11+4*ds21) *s1l+ (-4*dsll+4*ds21) *s21+
(s10+s20) * (ds12-ds22) ) *P+ ( (-4*ds11+4*ds21) *s21+2*s20* (dsl2-
ds22)) *s11l+s21* (s10-s20) * (ds12-ds22) ) *s12-2*dX1* (s10-s20) *
$2273+4 (-4*PA2*dX1-4*dX1* (s21+s11) *P-4*dX1*s11*s21+ (4*dsll-2*
ds21) *s10+2*ds21*s20) *s2242+ ( (4*ds11l-4*ds21) *PA2+ ( (4*dsll-4*
ds21) *s11+ (4*dsl1l-4*ds21) *s21- (s10+s20) * (ds12-ds22) ) *P+ ( (4*dsll
-4*ds21) *s21+ (s10-s20) * (ds12-ds22) ) *s11-2*s21*s10* (dsl2-ds22)) *
S22+ (2* (-s21+s11)) * (s21+P) * (P+s1l) * (ds1l2-ds22) ) *X1+2*dX1* (s10+
$20) * (P+s11+s21) *s1242+ (-4*dX1* (s10+s520) * (P+s11l+s21) *s22+ (2*
(s10+s20)) * (ds11l-ds21) *P+2*s20* (dsll-ds21) *s11+2*s10* (dsll-
ds21) *s21+ (sX10+s20) * (sX10+s10) * (ds12-ds22) ) *s12+2*dX1* (s10+
$20) * (P+s11+s21) *s2242+ (- (2* (s10+s20) ) * (ds11l-ds21) *P-2*s20*
(ds11-ds21) *s11-2*s10* (dsll-ds21) *s21- (sX10+s20) * (sX10+s10) *
(ds12-ds22)) *s22- (ds12-ds22) * ((s10+s20) *P+s21*s10+s11%*s20) * (-
s21+4s11)) *Q- (-s12+s22) * ( (-ds12*s10-ds22*s20) *s12+ (ds12*s10+
ds22%s20) *s22+ (s21+P) * (P+s11l) * (ds12-ds22) ) *X1~3+ (-2*dX1*s10*
S1243+ ( (4% (s10-(1/2) *s20) ) *dX1*s22+2*PA2*dX1+2*dX1* (s21+s11) *
P+2*dX1*s11*s21-2%ds1l*s10-2*ds21*%s20) *s1242+ (-2*dX1* (s10-2%*
$20) *s2272+ (-4*PA2*dX1-4*dX1* (s21+s11) *P-4*dX1*s1l*s21+4*dsll*
s1044*ds21*s20) *s22+ (2*ds11-2*ds21) *PA2+ ( (2*ds11l-2*ds21) *s11l+
(2*ds11-2*ds21) *s21- (s10+s20) * (ds12-ds22) ) *P+ ( (2*ds11-2*ds21) *
$21-520%* (ds12-ds22)) *s1l-s21*s10* (dsl2-ds22) ) *s12-2%s2223*dX1*
S20+4 (2*PA2*dX1+42*dX1* (s21+s11) *P+2*dX1*s11*s21-2*dsl1*s10-2*
ds21%s20) *s22~2+ ( (-2*ds11+2*ds21) *PA2+ ( (-2*ds11+2*ds21) *s11l+
(-2*ds11+2*ds21) *s21+ (s10+s20) * (ds1l2-ds22) ) *P+ ( (-2*ds11+2*ds21)
*521+520* (ds12-ds22) ) *s11+s21*s10* (ds12-ds22)) *s22- (-s21+s1l) *
(s21+P) * (P+s11) * (ds12-ds22) ) *X142+ (-2*dX1* (s10+s20) * (P+s1l+s21)



*s12724 (4*dX1* (s10+s20) * (P+sl1ll+s21) *s22-(2* (s10+s20) ) * (ds1ll-
ds21) *P-2*s20* (dsll-ds21) *s11-2*s10* (dsll-ds21) *s21- (2* ( (sX10+
(1/2)*s20) *s10+sX10* (sX10+s20))) * (ds1l2-ds22) ) *s1l2-2*dX1* (s10+
s20) * (P+sl11l+s21) *s22724+((2* (s10+s20) ) * (dsll-ds21) *P+2*s20* (dsll
-ds21) *s11+2*s10* (dsll-ds21) *s21+ (2* ( (sX10+(1/2) *s20) *s10+sX10*
(sX10+s20))) *(dsl2-ds22) ) *s22+(dsl2-ds22) * ((s10+s20) *P+s21*s10+
s11*s20) * (-s21+s11l) ) *X1-2*sX10* (sX10+s10+s20) * (dX1*s1l2"2+ (-2*
dX1*s22+dsll-ds21) *s12+dX1*s22*2+ (-dsll+ds21) *s22-(1/2) * (-s21+
sll) * (dsl1l2-ds22)))/ ((2* (Q-X1)) * (-s1l2+s22)*2):

simplify (omegaJMUP4-omegaJMUP4formula) ;

KO :=unapply (KOldCoordinates (sl1l1l,s21,s12,s22,X1) ,s11,s21,s12,
s22,X1);

dKO :=unapply( diff (KO0 (sl1ll,s21,s12,s22,X1),s1l)*dsll+ diff (KO
(sll,s21,s12,s22,X1) ,s21) *ds21+diff (KO (sll,s21,s12,s22,X1),s12)
*ds1l2+diff (KO (sll,s21,s12,s22,X1),s22)*ds22+diff (KO (sll,s21,
sl2,s22,X1) ,X1)*dX1l,sll,s21,s12,s22,X1);

simplify (omegaJMUP4- (residue (Hamsll/h,h=0) *dsll+residue
(Hams21/h,h=0) *ds21 +residue (Hamsl2/h,h=0) *dsl2+residue
(Hams22/h,h=0) *ds22+residue (HamX1l/h,h=0) *dX1) ) ;

0 (2.26)

KO == (s11, 521, 512, s22, X])—>% (sX10 + s20) (sX10 +510) ln(% s12 — % s22)

+ % X1 ((s12X1+2s11) s10+ 520 (s22X1 +25s21))

dKO = (sl11,521, 512,522, X1)—XI s10dsl] + X1 s20ds21
1 (sXI10 4+ 520) (sX10 +s10) 1 dsI2 4 [

1 1 2
+ 1 lez_iszz +2XI s10
2 2

1 (sX10 +520) (sX10 + 510) n 1 X12s20
4 1 s12 — 1 s22 2
2 2

+ % 520 (s22X1 +2s21) + % X1 (s10s12 +s20s22)) dX1
0

(s12X1+2s11) s10

1
ds22 —
s +—(2

;Deﬁnition of the shifted Darboux coordinates
> checkQfunction:=S2*Q+S1;
checkPfunction=1/S2* (P-1/2*R1(Q)) ;
So0lQ:=-(Sl-checkQ)/S2;
SolP:=checkP*S2+(1/2) *R1 (- (S1-checkQ) /S2) ;
simplify (checkQ- (S2*S0l1Q+S1)) ;
simplify (checkP- (1/S2* (SolP-1/2*R1(SolQ))));
checkQfunction == Q S2 + S1 2.27)




1 -s510—s20 1 1 1

P—— —————— 4+ —sll+ — 521 — — (-s12—522) Q
checkPfunction = 2 0-X 2 < 2 2
S1 — checkQ
SolQ = -———=
olQ S2
1 -510 — 520 1 1
P = PS2+ — — —sll— — 521
Sol checkP S2 + 2 SI—checkQ . ) s ) s
S2
1 (-512—1522) (SI — checkQ)
2 S2
0
0

> Sinfty2function:=s12+s22;
Sinftylfunction:=sl11+s21;
S2function:=sqrt(sl2-s22) /sqrt(2) ;
Slfunction:=(sll-s21)/sqrt(2)/sqrt(sl2-s22);
tdX1lfunction:=X1*S2function+S1lfunction;

solve( {sl2+s22=Sinfty2,sll+s21=Sinftyl, S2=sqrt(sl2-s22)/sqrt

(2),

S1=(sll-s21) /sqrt(2) /sqrt(sl2-s22),
tdX1=X1*S2function+Slfunction}, {sl2,s22,s11,s21,X1});

X1function
tdX1);
sllfunction:
S2,tdX1);
sl2function:
S2,tdX1);
s21function:
S1,S2,tdX1) ;
s22function:
S2,tdX1 );

unapply (

unapply (

unapply (

unapply (

unapply (

-(S1-tdxX1l)/sS2 ,Sinftyl,Sinfty2,S1,S2,
S2*S1+4+(1/2) *Sinftyl, Sinftyl,Sinfty2,S1,
S272+(1/2)*Sinfty2, Sinftyl,Sinfty2,S1,
-S2*S1+(1/2) *Sinftyl, Sinftyl,Sinfty2,

-S242+(1/2) *Sinfty2, Sinftyl,Sinfty2,Ss1,

simplify (X1function (Sinftylfunction, Sinfty2function, Slfunction,
S2function, tdXlfunction)) ;
simplify(sllfunction(Sinftylfunction, Sinfty2function,
Slfunction, S2function, tdX1lfunction)) ;
simplify(sl2function(Sinftylfunction, Sinfty2function,
Slfunction, S2function, tdXlfunction)) ;
simplify(s2lfunction(Sinftylfunction, Sinfty2function,
Slfunction, S2function, tdX1lfunction)) ;

simplify (s22function(Sinftylfunction, Sinfty2function,
Slfunction, S2function, tdX1lfunction)) ;

partialtdXlfunction:=simplify (diff (sllfunction(Sinftyl,Sinfty2,
S1,S2,tdX1) ,tdX1l) ) *partialsll+




simplify (diff (s21function(Sinftyl,Sinfty2,S1,S2,tdX1l) ,tdX1))
*partials2l

+simplify (diff (sl2function(Sinftyl,Sinfty2,S1,S2,tdX1l) ,tdX1l))
*partialsl2

+simplify (diff (s22function(Sinftyl,Sinfty2,S1,S2,tdX1l) ,tdX1))
*partials22

+simplify (diff (X1function(Sinftyl,Sinfty2,S1,S2,tdX1l) ,tdxX1l))*
partialXl;

Sinfty2function = s12 + s22 (2.28)
Sinfty Ifunction = s21 + sl1

S2function = % JsI2—5s22 2

1 (-s21+si1)J2
\ 512 —s22
(dXIfunction = ~ X1 {512 =522 2 + L =52+ s1]) V2
2 2 [si2—s22
S1 —tdX1 1

o+ sl1= Sinfiyl +S12,512= % Sinfty2 4 §2°, 521 = -S1 52

+ % Sinftyl, s22 = -82% + % SinftyZ}

Slfunction =

{x1=-

S1 —tdX1
S2

s1Ifunction == (Sinftyl, Sinfty2, S1, S2, tdX1) —>% Sinftyl + S1 §2

Xlfunction := (Sinftyl, Sinfty2, S1, S2, tdX1) — -

s12function == (Sinftyl, Sinfty2, S1, S2, tdX1) —>% Sinfty2 + §2°
s21function :== (Sinftyl, Sinfty2, S1, S2, tdX1) — -S1 S2 + % Sinftyl

s22function = (Sinftyl, Sinfty2, S1, S2, tdX1) — -$2% + % Sinfty2

X1

s11
s12
s21
s22

partialtdXIfunction = %alx}

> dsllfunction:=diff (sllfunction(Sinftyl,Sinfty2,S1,S2,tdX1),
Sinftyl) *dSinftyl+ diff (sllfunction(Sinftyl,Sinfty2,S1,S2,
tdxX1) ,Sinfty2) *dSinfty2+diff (sllfunction(Sinftyl,Sinfty2,S1,S2,
tdxX1) ,S1) *dS1+ diff (sllfunction(Sinftyl,Sinfty2,S1,S2,tdX1l),S2)
*dS2 +diff (sllfunction(Sinftyl,Sinfty2,S1,S2,tdX1l) ,tdX1l) *dtdX1;
ds21lfunction:=diff (s21function( Sinftyl,Sinfty2,S1,S2,tdX1),
Sinftyl) *dSinftyl+ diff (s21function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,Sinfty2) *dSinfty2+diff (s21function( Sinftyl,Sinfty2,S1,




S2,tdX1) ,S1) *dS1+ diff (s2l1function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,S2) *dS2 +diff (s21function( Sinftyl,Sinfty2,S1,S2,tdX1),
tdX1) *dtdX1;

dsl2function:=diff (sl2function( Sinftyl,Sinfty2,S1,S2,tdX1),
Sinftyl) *dSinftyl+ diff (sl2function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,Sinfty2) *dSinfty2+diff (sl2function( Sinftyl,Sinfty2,S1,
S2,tdX1) ,S1) *dS1+ diff(sl2function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,S2) *dS2 +diff (sl2function( Sinftyl,Sinfty2,S1,S2,tdX1),
tdX1) *dtdX1;

ds22function:=diff (s22function( Sinftyl,Sinfty2,S1,S2,tdX1),
Sinftyl) *dSinftyl+ diff (s22function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,Sinfty2) *dSinfty2+diff (s22function( Sinftyl,Sinfty2,S1,
S2,tdX1) ,S1) *dS1+ diff (s22function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,S2) *dS2 +diff (s22function( Sinftyl,Sinfty2,S1,S2,tdX1),
tdX1) *dtdX1;

dXlfunction:=diff (X1function( Sinftyl,Sinfty2,S1,S2,tdX1),
Sinftyl) *dSinftyl+ diff (X1function( Sinftyl,Sinfty2,S1,S2,

tdX1) ,Sinfty2) *dSinfty2+diff (X1function( Sinftyl,Sinfty2,S1,S2,
tdX1) ,S1) *dS1+ diff (X1function( Sinftyl,Sinfty2,S1,S2,tdX1),S2)
*dS2 +diff (X1function( Sinftyl,Sinfty2,S1,S2,tdX1l),tdX1l) *dtdX1;

solve ({dsllfunction=dsll,ds21function=ds2l,dsl2function=

dsl2,ds22function=ds22,dX1function=dX1l,dsllfunction=dsll}, {dS1,

ds2,dSinftyl,dSinfty2,dtdX1}) ;

dSlfunction ((2*dsl1-2*ds21) *S2-S1* (dsl1l2-ds22) )/ (4*S2*2) ;
ds2function := (dsl2-ds22)/(4*S2);

dtdX1lfunction :=(4*S243*dX1+(2*dsll-2*ds21)*S2-(2*(S1-(1/2)*
tdX1)) * (ds12-ds22) )/ (4*S2*2) ;

dSinftylfunction := dsll+ds21;

dSinfty2function := dsl2+ds22;

dsl1function := % dSinftyl + 82 dS1 + S1 dS2
ds2 Ifunction := % dSinftyl — 82 dS1 — S1 dS2
ds12function := 1 dSinfty2 + 2 S2 dS2

2
ds22function = % dSinfty2 — 2 §2 dS2

dSI . (S1—1dX1)dS2 , didXI
2 §22 2

1 SIdsI2—SI1ds22—282dsl]+282ds2I 1 dsI2 —ds22
- ,dS2 = — BL 2
4 §2 4 2

dXlfunction = -

dSl = - ,dtdX1 =

(2.29)



L L(—4S23dXI +281dsl2—2S81ds22—282dsl]+2S52ds2]

4 §2?
— ds12tdX] +ds22 tdX1), dSinftyl =ds11 + ds21, dSinfty2 = ds12 + ds22}
1 (2dsl]—2ds21) S2 —SI (dsI2 — ds22)

dSlfunction = ) 7
.1 dsi2 —ds22
dS2function = i 9
ﬁﬁﬂﬁmMm=:%-i—PSZdﬂ+%2wH—QdQUS2—2(M—~%mWQ(wu
52°
—ds22) )

dSinfty Ifunction == dsl1 + ds21
dSinfty2function == ds12 + ds22

Rewrltlng the JIMU differential in terms of (\check{Q},\check{P},S 1,S 2,S {\infty,1},S {\infty,2}
| \d{X}_1)
> omegaJMUP4functionl :=unapply (omegadJMUP4,Q,P) :
omegaJMUP4function2:=unapply (simplify
(omegadMUP4functionl (SolQ, SolP)) ,sll,s21,s12,s22,X1,dsll,ds21,
dsl2,ds22,dX1l) :
omegaJMUP4function3:=simplify( omegadJMUP4function2 (sllfunction
(Sinftyl,Sinfty2,S1,S2,tdX1l),s21function(Sinftyl,Sinfty2,S1,S2,
tdxX1) ,sl2function(Sinftyl,Sinfty2,S1,S2,tdX1l),s22function
(Sinftyl,Sinfty2,S1,82,tdX1) ,X1function(Sinftyl,Sinfty2,S1,S2,
tdx1),
dsllfunction,ds2lfunction,dsl2function,ds22function,dX1function)
) :
> omegaJMUP4NewCoordinates:=simplify (omegadMUP4function3) :
CoeffdSl:=simplify (residue (omegaJMUP4NewCoordinates/dS1+2,dSl=
0));
CoeffdS2:=simplify (residue (omegaJMUP4NewCoordinates/dS2+2,dsS2=
0));
CoeffdSinftyl:=simplify (residue
(omegaJMUP4NewCoordinates/dSinftyl~2,dSinftyl=0)) ;
CoeffdSinfty2:=simplify (residue
(omegaJMUP4NewCoordinates/dSinfty242,dSinfty2=0)) ;
CoeffdtdX1l:=simplify (residue (omegadJMUP4NewCoordinates/dtdxX1+2,
dtdx1=0));

CoeffdS] = ; ;2 (=251 (510 — 520) S2% — Sinfiyl (s10+ s20) S2 + Sinfiy2 (s10  (2.30)
s
+520) (SI —tdX1))
CoeffdS2 = % #(2 (sX10 + 520) (sX10 + s10) S2° + Sinfiyl (510 + 520) (SI
s

—tdX1) S2 — Sinfty2 (S1 —tdX1)* (s10 + 520))



CoeffdSinftyl = -

1 (s10+520) (SI —tdX1)
2 S2

. 2
CoeffdSinfty2 = % (S — tdX1 )2 2(s10+s20)
S

CoeffdtdX1 = L 5 I ( ( ( ~4 checkP® + 4 checkQ2 +4 510
4 §2° (1dX1 — checkQ)

—4520) 1dX1* — 8 checkQ ( -checkP* + checkQ? + 510 — s20) tdX1 + 4 checkQ" + (
-4 checkP* + 4 510 — 4 520) checkQ” + (510 + 520 + 2 sX10)*) §2° + 2 Sinftyl (tdX1
| — checkQ) (510 + s20) S2 — 2 Sinfty2 (tdX1 — checkQ) (s10 + s20) (S1 — tdX1) )

> CoeffdtdXlbis:=(checkQ-tdX1l) *checkP*2-checkQ”3+tdX1l*checkQ”2-
(s1l0-s20) *checkQ

+ (- (sX10-sX20) ~2) /4/ (checkQ-tdX1) :
PartConstantCoefftdXlbis:=simplify (CoeffdtdX1-CoeffdtdXlbis) ;

PartConstantCoelfftdX1bis = % é (2 tdX1 (510 — s20) $2% + Sinftyl (s10 + s20) S2 (2.31)
— Sinfty2 (s10 + 520) (SI — tdX1))

> pdsolve ({CoeffdSl=diff (MM(Sinftyl,Sinfty2,S1,S2,tdX1),S1),
CoeffdsS2=diff (MM(Sinftyl,Sinfty2,S1,S2,tdX1),S2),
CoeffdSinftyl=diff (MM(Sinftyl,Sinfty2,S1,S2,tdX1l),Sinftyl),
CoeffdSinfty2=diff (MM(Sinftyl,Sinfty2,S1,S2,tdX1),Sinfty2),
PartConstantCoefftdXlbis=diff (MM (Sinftyl,Sinfty2,S1,S2,tdX1),
tdX1)
}, {MM(Sinftyl,Sinfty2,S1,82,tdxX1)}) ;

M:=unapply ( (4*S242% (sX10+s20)* (sX10+s10)*1n (S2)+ ((-2*S172+2*
£dX172) *s10+ (2*S142-2%tdX1~2) *s20) *S242-2*Sinftyl* (s10+s20) * (S1
~tdX1) *S2+Sinfty2* (S1-tdX1) ~2* (s10+s20)) /4/S2~2,Sinftyl,
sinfty2,S1,82,tdx1) ;
simplify( CoeffdSl-diff (M(Sinftyl,Sinfty2,S1,S2,tdx1),S1));
simplify( CoeffdS2-diff (M(Sinftyl,Sinfty2,S1,S2,tdX1),S2));
simplify( CoeffdSinftyl-diff (M(Sinftyl,Sinfty2,S1,S2,tdx1),
Sinftyl));
simplify( CoeffdSinfty2-diff (M(Sinftyl,Sinfty2,S1,S2,tdX1),
Sinfty2));
simplify ( PartConstantCoefftdXlbis-diff (M(Sinftyl,Sinfty2,S1,
S2,tdx1),tdx1));

{MM(Sinfzyl, Sinfiy2, S1, $2, tdX1) = % é (4827 (sX10 + 520) (sX10 +s10) In(S2)  (2.32)

+ ((-28% +2tdX1?) s10+ (2 SI1* — 2 tdX1*) s20+4 _C1) S2* — 2 Sinftyl (s10
+520) (SI —tdX1) S2 + Sinfty2 (SI — tdX1)* (s10+ s20)) }

A4:=:(Shgbd,ShﬁbQ,S],SZ,nﬁ(l)—»%% —13-(4522(sX10-+s20)(&X10-+s10)1n(52)
S2



+ ((-28% +2tdX1?) s10 + (2 S1* — 2 tdX1*) 520) S2* —2 Sinftyl (510 + s20) (SI

— tdX1) S2 + Sinfty2 (SI — tdX1)? (s10 + s20))
0
0
0
0
0

> KNewCoordinates:=unapply( simplify (KOldCoordinates (sllfunction
(Sinftyl,Sinfty2,S1,S2,tdX1l) ,s21function(Sinftyl,Sinfty2,S1,S2,
tdX1) ,sl2function(Sinftyl,Sinfty2,S1,S2,tdX1l) ,s22function
(Sinftyl,Sinfty2,S1,S2,tdX1l) ,X1function(Sinftyl,Sinfty2,S1,S2,
tdxX1l) ), symbolic) ,Sinftyl,Sinfty2,S1,S2,tdX1);

simplify (KNewCoordinates (Sinftyl,Sinfty2,S1,S2,tdX1)-M(Sinftyl,
Sinfty2,S1,S2,tdX1)) ;
KNewCoordinates2:=unapply ( (sX10+s20) * (sX10+s10) *1n(S2)-(1/2) *
(S1-tdX1) * (s10+s20) *Sinftyl/S2

+(1/4)*(S1-tdX1) ~2* (s10+s20) *Sinfty2/S272-(1/2) * (S1-tdX1l) * (s10-
s20) * (S1+tdx1)

,Sinftyl,Sinfty2,S1,S2, tdX1);

simplify (KNewCoordinates (Sinftyl,Sinfty2,S1,S2, tdX1)
—-KNewCoordinates2 (Sinftyl,Sinfty2,S1,S2,tdX1l) ,symbolic) ;

KNewCoordinates = (Sinftyl, Sinfty2, S1, S2, tdX1) —>% % (4 52? (sX10 +s20) (sX10 (2.33)
S2

-+s10)ln(S2)——2(SI-—thJ)((le——sZO)(SI-+thI)S22%—ShUbJ(s10

+520) S§2 — % Sinfty2 (s10 + s20) (SI —tdX1) ) )

0
KNewCoordinates2 = (Sinftyl, Sinfty2, S1, S2, tdX1) — (sX10 + s20) (sX10 + s10) In(S2)
_j;(ﬂ0+ﬂm(Sﬁ—uﬂ)&m®I+”L WI—MWU2UM+wﬂD&mb2
S2 4 §22

= o

(SI —tdX1) (s10—5s20) (S1 + tdX1)

L 0

| Obtaining the only non-trivial Hamiltonians for (checkQ,checkP)

> assume (S2>0) :
hpartialtdXlfunctioncheckQfunction:= unapply (diff (S2*Q+S1,Q)*
hpartialtdX1lfunctionQ+diff (S2*Q+S1,P) *hpartialtdXlfunctionP
+h/S2* (diff (S2function*Q+Slfunction,X1)),Q,P):
hpartialtdXlfunctioncheckQfunction2:=unapply( simplify
(hpartialtdX1lfunctioncheckQfunction (SolQ,SolP)) ,sl2,s22,s11,
s21,X1):
hpartialtdXlfunctioncheckQ:=simplify
(hpartialtdXlfunctioncheckQfunction2 (sl2function (Sinftyl,




Sinfty2,S1,S2,tdX1) ,s22function(Sinftyl,Sinfty2,S1,S2,
tdX1l),sllfunction(Sinftyl,Sinfty2,S1,S2,tdX1l),s21function
(Sinftyl,Sinfty2,S1,S2,tdX1l) ,X1function(Sinftyl,Sinfty2,S1,S2,
tdX1l))):

hpartialtdXlfunctioncheckPfunction:= unapply (diff (1/S2* (P-1/2*
R1(Q)),Q) *hpartialtdXlfunctionQ+diff (1/S2* (P-1/2*R1(Q)),P)*
hpartialtdXlfunctionP

+h/S2* (diff (1/S2function* (P-1/2*R1(Q)),X1)),Q,P):
hpartialtdXlfunctioncheckPfunction2:=unapply( simplify
(hpartialtdXlfunctioncheckPfunction (SolQ,SolP)) ,sl2,s22,s11,
s21,X1):

hpartialtdXlfunctioncheckP:=simplify
(hpartialtdXlfunctioncheckPfunction2 (sl2function(Sinftyl,
Sinfty2,S1,S2,tdX1l) ,s22function(Sinftyl,Sinfty2,S1,S2,tdX1),
sllfunction(Sinftyl,Sinfty2,S1,S2,tdX1l) ,s2l1function(Sinftyl,
Sinfty2,S1,S2,tdX1) ,X1function(Sinftyl,Sinfty2,S1,S2,tdX1))
+1/ (4*S222* (tdX1-checkQ) *2) *2*Sinfty2* (tdX1l-checkQ) *2* (s10+s20+
sX10+sX20)

):
HamtdX1lcheckQcheckP:=unapply ( ( (checkQ-tdX1l) *checkP+h) *checkP
+ (4*checkQ”4-8*tdX1l*checkQ”3+ (4*tdX172-4*h+4*s10-4*s20) *
checkQ”2+4*tdX1* (h+s20-s10) *checkQ+sX1042+ (-2*sX20) *sX10-2*
sX20* (- (1/2) *sX20) ) /4/ (tdX1-checkQ)

,checkQ, checkP) :

simplify (hpartialtdXlfunctioncheckQ-diff (HamtdXlcheckQcheckP
(checkQ, checkP), checkP)) ;

simplify (series (simplify (hpartialtdXlfunctioncheckP+diff
(HamtdX1lcheckQcheckP (checkQ, checkP) ,checkQ)) ,h=0)) ;

HamtdXlcheckQcheckPbis:=unapply ( (checkQ-tdX1l) *checkP”*2+h*
checkP-checkQ”3+tdX1l*checkQ*2- (s10-s20-h) *checkQ

+ (- (sX10-sX20) ~2) /4/ (checkQ-tdX1l) ,checkQ, checkP) ;
simplify (HamtdXlcheckQcheckP (checkQ, checkP)

—HamtdX1lcheckQcheckPbis (checkQ, checkP)) ;
0 2.34)
0

HamtdX1checkQcheckPbis = (checkQ, checkP) — ( -tdX1 + checkQ) checkP” + h checkP

2
_ o o 1 (s10+s20+2 sX10)
checkQ3 + tdX1 checkQ2 (=h +s10— s20) checkQ 4 "X + checkO
N 0

> KONewCoordinates:=unapply (KNewCoordinates (Sinftyl, Sinfty2, S1,
S2, tdX1l) ,Sinftyl, Sinfty2, S1, S2, tdXl): dKONewCoordinates:=




unapply ( diff (KONewCoordinates(Sinftyl, Sinfty2, S1, S2, tdX1),
Sinftyl) *dSinftyl+ diff (KONewCoordinates (Sinftyl, Sinfty2, S1,
S2, tdX1l) ,Sinfty2)*dSinfty2+diff (KONewCoordinates (Sinftyl,
Sinfty2, S1, S2, tdX1l),S1)*dsl
+diff (KONewCoordinates (Sinftyl, Sinfty2, S1, S2, tdX1l),S2)*
ds2+diff (KONewCoordinates (Sinftyl, Sinfty2, S1, S2, tdX1l),tdX1l)
*dtdx1
,Sinftyl, Sinfty2, S1, S2, tdXl):
simplify (omegaJMUP4NewCoordinates— (residue
(HamtdX1lcheckQcheckPbis (checkQ, checkP) /h,h=0) *dtdX1
+dKONewCoordinates (Sinftyl, Sinfty2, S1, S2, tdX1l)));

0 (2.35)
> tdL:=tdL:
tdA:=simplify (tdA) :

Y General expressions for reduction

> c0:=0:
tdLllfunction:=unapply(tdL[1,1],s12,s22,s11,s21,X1):
tdLl2function:=unapply(tdL[1l,2],s12,s22,s11,s21,X1):
tdL21function:=unapply(tdL[2,1],s12,s22,s11,s21,X1):
tdL22function:=unapply(tdL[2,2],s12,s22,s11,s21,X1):

tdAllfunction:=unapply(tdA[1l,1],s12,s22,s11,s21,X1,betal2,
beta22,betall ,beta2l,betaXl):
tdAl2function:=unapply(tdA[1l,2],s12,s22,s11,s21,X1,betal2,
beta22,betall ,beta2l,betaXl):

tdA21function:=unapply (tdA[2,1],s12,s22,s11,s21,X1,betal2,
beta22,betall ,beta2l,betaXl):
tdA22function:=unapply(tdA[2,2],s12,s22,s11,s21,X1,betal2,
beta22,betall ,beta2l,betaXl):
SolQfunction:=unapply (simplify (SolQ), sl1l2,s22,s11,s21,X1);
SolPfunction:=unapply (simplify (SolP), sl12,s22,s11,s21,X1);
tdX1lfunctionfunction:=unapply (tdXl1function,sl2,s22,s11,s21,X1);

Slfunction:=unapply(S1l,sl2,s22,s11,s21,X1);
S2function:=unapply(S2,sl12,s22,s11,s21,X1) ;
Rlfunction:=unapply (R1 (xi) ,xi,sl2,s22,s11,s21,X1);

LQofunction:=unapply (LQ,sl1l2,s22,s11,s21,X1 ,betal2,beta22,betall,
beta2l,betaXl):
LPfunction:=unapply (LP,sl2,s22,s11,s21,X1,betal2,beta22,betall,




beta2l,betaXl):
Hamiltonianfunction:=unapply (Hamiltonianbis,sl2,s22,s11,s21,X1,
betal2,beta22,betall,beta2l,betaXl) :

SolQfunction = (s12, 522, s11, 521, XI) — —>1. : ;heCkQ @3.1)
SolPfunction == (s12, s22, s11, s21, X1)
- 1 I (2 $2~3 X1 checkP + (-2 checkP checkQ

2 (82~XI1 + 81 — checkQ) S2~
+2 81 checkP + (-sl11 —s21) X1 + 510 + 520) §2-% + ((s224512) X1 —s11
—521) (81 — checkQ) S2~ + (S1 —checkQ)2 (s22 +s12))

wDﬂUbncﬁonfhncﬁ0n=::(s]2,s22,sll,s2],X7)-—>;L4XJ\/s12——s22 Jﬁf

2
L L (sl =s21) J2
2 [si2—=s22
Slfunction = (s12, s22, s11, s21, X1) —S1
S2function = (s12, s22, s11, s21, X1) —>S2~
Rlfunction = (&, s12, 522, s11, s21,X1) — L;jw — 11 —s21+ (-s12—s22) &

V¥ Jimbo-Miwa case: We take s12=1 and s22=-1 and X 1=0 and
s21=-s11. The time is sigma=s11. The direction is beta21=-1 and
betall=1.

> simplify(SolQfunction(l,-1,sigma,-sigma,0));
simplify (series (SolPfunction(l,-1,sigma,-sigma, 0) ,checkP)) ;
tdX1lfunctionfunction(1l,-1, sigma,—-sigma, 0);
Slfunction(1l,-1, sigma,-sigma, 0);
S2function (1, -1, sigma, -sigma, 0) ;
Rlfunction(xi,1,-1,sigma, -sigma, 0);
solve ({SolQfunction(1l,-1, sigma, —sigma, 0)=QQ, SolPfunction(1,
-1,sigma, -sigma, 0) =PP}, {checkQ, checkP}) ;
tdLReduced:=Matrix(2,2,0):
tdLllfunctionO:=unapply( tdLllfunction(l,-1,sigma,-sigma,0),Q,
P):
tdL12function0:=unapply( tdLl2function(l,-1, sigma,-sigma, 0),Q,
P):
tdL21functionO:=unapply( tdL21lfunction(l,-1, sigma,-sigma,0),Q,
P):
tdL22function0:=unapply( tdL22function(l,-1, sigma,-sigma,0),Q,
P):
tdLReduced|[1,1] :=simplify (tdLl1ll1function(1l,-1, sigma,-sigma,0) ):
tdLReduced[1,2] :=simplify(tdL12function(1l,-1, sigma, -sigma,0) ):
tdLReduced[2,1] :=simplify (tdL21function(1l,-1, sigma, -sigma,0) ):




tdLReduced[2,2] :=simplify (tdL22function(1,-1, sigma,-sigma,0) ):
tdLReduced:

tdLReduced2:=Matrix(2,2,0):
tdLReduced2[1,1] :=simplify (tdL1ll1functionO (SolQfunction(1,
-1,sigma, -sigma, 0) ,SolPfunction(1l,-1,sigma, -sigma,0)) ):
tdLReduced2[1,2] :=simplify (tdL12functionO (SolQfunction (1,
-1,sigma, -sigma, 0) ,SolPfunction(1l,-1,sigma, -sigma,0)) ):
tdLReduced2[2,1] :=simplify (tdL21functionO (SolQfunction(1,
-1,sigma,-sigma, 0) ,SolPfunction(l,-1,sigma, -sigma,0)) ):
tdLReduced2[2,2] :=simplify (tdL22function0 (SolQfunction(1,
-1,sigma, -sigma, 0) ,SolPfunction(1l,-1,sigma, -sigma,0)) ):
tdLReduced?2;

-S1 + checkQ
S2~
(s10 + s20) S2~
2 81 —2 checkQ
(0

S1
S2~

-s10 — 520

g

{checkP: 1 2PPQO +510+520 4. k0=00 S2~ +51}

2 Q0 S2~

H% : 12 - (-2 1 checkP + 2 checkP checkQ —2 6 £ —2 & — 510 — 520) 522
S2~

4.1)

+ S2~ checkP

24 ST —
_ZGQW_TMJQ%Q~+2bﬂ—fM%QﬂLS ) Mwuz}

£ S2~
1 1
4§22 & (SI — checkQ)

n % szo) (SZ checkP — checkP checkQ — sX10 — % $10 — % szo) $2-4_8 (51

( -4 (S] checkP — checkP checkQ + sX10 + % s10

— checkQ) (—checkP (& + o) checkQ + checkP (§+0) SI — % € (s10

— 520) ) $2-3 48 (SI — check()? ( _ checkP checkQ + S1 checkP — (g

+ % o) o) $2-2+8 (SI — checkQ)® (E+) $2~ —4 (SI —checkQ)4),

1 1 2 2

2 T52 ((2 81 checkP —2 checkP checkQ +2 6 & +2 & — 510 —520) S2~
S2~

+2 6 (S — checkQ) S2~—2 (SI — checkQ)z) ]




> series (tdLReduced2[1,1],xi=infinity);
series (tdLReduced2[1,2] ,xi=infinity) ;
series (tdLReduced2[2,2] ,xi=infinity) ;
series (tdLReduced2[2,1],xi=0) :

tdLReduced221bis:=( (checkP+checkQ) *2* (checkQ-sigma) - (sX10-sX20)

~2/4/ (checkQ-sigma)) /xi
+2* (checkQ-sigma) * (checkP+checkQ) +s10-s20 ;

simplify (series (tdLReduced2[2,1]-tdLReduced221bis,xi=0)) ;

-E—o+ % 212 ((—2 S1 checkP + 2 checkP checkQ — s10 — s20) S22 —2¢ (S1
S

— checkQ) S2~+2 (SI — checkQ)?)

n S1 — checkQ
S2~&
E+0+ % 12& ( (2 81 checkP — 2 checkP checkQ — s10 — s20) 224206 (S1
S2~

— checkQ) S2~—2 (SI — ChECkQ)Z)

2
(checkP + checkQ)2 (checkQ — o) — % (570 +hszi + 2 sX10)
tdLReduced221bis := e checkQ = o
+2 (checkQ — &) (checkP + checkQ) + s10 — s20
1l 13 (—4 (-checkQ + o) (SI checkP
E 4 (SI—checkQ) S2~ ( -checkQ + o)
— checkP checkQ — sX10 — % s10 — % 520) (S] checkP — checkP checkQ + sX10
+ % s10 + % s20) 52+ —8 (—% checkQ4 + (o — checkP) checkQ3 + (—% 02

+ 3 checkP 6 — % checkP* ) checsz — o checkP (S1 +2 6 — checkP) checkQ
+ checkP (S] — % checkP) G + % (510 + 520 +2 sX]O)Z) (S1 — checkQ) §2~°
+ 8 (-checkQ + o) (SI — checkQ)2 ( -checkP checkQ + S1 checkP — % 62) 522

+80 (81 —checkQ)3 (-checkQ+ o) S2~ —4 (SI —checkQ)4 ( —checkQ—I—G))

2

~

) + —L (-2 check@ +2 6 checkQ — 2 checkP (S1 — ) S22 =26 (SI
52

| —checkQ) S2~ +2 (SI — checkQ)?)
> tdAReduced:=Matrix(2,2,0):

4.2)

tdAllfunctionO:=unapply( tdAllfunction(l1,-1,sigma,-sigma,0,0,0,

11_110)IQIP):

tdAl2function0:=unapply( tdAl2function(l,-1,sigma,-sigma,0,0,0,

11-1IO)IQIP):

tdA21functionO:=unapply( tdA2lfunction(l1,-1,sigma,-sigma,0,0,0,




1,-1,0),90,P):

tdA22function0:=unapply( tdA22function(l,-1,sigma,-sigma,0,0,0,
1,-1,0),9,P):

tdAReduced[1,1] :=simplify (tdAllfunction(1l,-1, sigma, -sigma, 0,0,
0,1,-1,0) ):

tdAReduced[1,2] :=simplify (tdAl2function(1l,-1, sigma, -sigma, 0,0,
0,1,-1,0) ):

tdAReduced[2,1] :=simplify (tdA21function(1l,-1, sigma, -sigma, 0,0,
0,1,-1,0) ):

tdAReduced[2,2] :=simplify (tdA22function(1l,-1, sigma, -sigma, 0,0,
0,1,-1,0) ):

tdAReduced:

tdAReduced2:=Matrix(2,2,0):
tdAReduced2[1,1] :=factor (simplify (tdAllfunctionO (SolQfunction
(1,-1, sigma, -sigma, 0) ,SolPfunction(l,-1,sigma, -sigma,0)) )):
tdAReduced2[1,2] :=factor (simplify (tdAl2functionO (SolQfunction
(1,-1,sigma, -sigma, 0) ,SolPfunction(l,-1, sigma, -sigma,0)) )):
tdAReduced2[2,1] :=factor (simplify (tdA21functionO (SolQfunction
(1,-1,sigma, -sigma, 0) ,SolPfunction(l,-1, sigma, -sigma,0)) )):
tdAReduced2[2,2] :=factor (simplify (tdA22functionO (SolQfunction
(1,-1,sigma, -sigma, 0) ,SolPfunction(l,-1,sigma, -sigma,0)) )):
tdAReduced?;

factor (2*checkP*checkQ-2*checkP*sigma+2*checkQ”*2-2*checkQ¥*
sigma) ;

4.3)

H—52~o—52~§+51—checkg ]
S2~ L

[ L (<251 522 checkP +2 $2-2 checkP checkQ —2 SI $2~ G + 52~ 510
52~

— §2~% 520 + 2 S2~ checkQ & +2 S1* — 4 S1 checkQ + 2 check@?),

-82~0 — 82~ & + S1 — checkQ
i S2~ H
_ 2 (checkQ — o) (checkP + checkQ)

> tdR2function:=unapply (tdR2 (xi) ,sl12,s22,s11,s21,X1):
tdR2function(1,-1, sigma,-sigma,0) ;
Rlfunction:=unapply (Rl (xi),sl2,s22,s11,s21,X1):
Rlfunction(l,-1,sigma,-sigma,0) ;

L22function:=unapply (simplify(L[2,2]),s12,s22,s11,s21,X1):
simplify (L22function(1l,-1,sigma,-sigma,0)-h/(xi-Q));

Allfunction:=unapply( simplify(A[1,1]), sl1l2,s22,s11,s21,X1,



betal2,beta22,betall,beta2l,betaXl) :

Al2function:=unapply( simplify(A[1,2]), sl1l2,s22,s11,s21,X1,
betal2,beta22,betall,beta2l,betaXl) :

A21function:=unapply( simplify(A[2,1]), sl12,s22,s11,s21,X1,
betal2,beta22 ,betall,beta2l,betaXl) :

A22function:=unapply( simplify(A[2,2]), sl1l2,s22,s11,s21,X1,
betal2,beta22,betall,beta2l,betaXl):
Allfunction(l,-1,sigma,-sigma,0,0,0,1,-1,0);
Al2function(l1,-1,sigma,-sigma,0,0,0,1,-1,0);

simplify (A21function(l,-1,sigma,-sigma,0,0,0,1,-1,0)):
simplify (A22function(l,-1,sigma,-sigma,0,0,0,1,-1,0)):

factor (residue (simplify (A21function(l,-1,sigma,-sigma,0,0,0,1,
-1,0)) ,xi=0)) ;

A21bis:=P* (P*Q-sX10-sX20) / (x1i-Q) +sX10*sX20/Q/xi+xi 2+xi*Q+2*xi*
sigma+Q*2+2*Q*sigma+sigma*2-h+s10-s20;

factor (A21function(1,-1,sigma,-sigma,0,0,0,1,-1,0)-A21bis);

sX10 (-s10— 520 — sX10)
2

g

—510—G +520—2GE—E 4.9)

-510 — 520
g
-s10—s20—h
g
PO
-+ 0
&
-+ 0
sX10 (sX10 + 510 + s20)

0
P (PQ+s10+s20) n sX10 (-s10 — 520 — sX10

E—0 &
+206+0 —h+s10— 520

A21bis =

L 1P v e0+20E4 0

0
> simplify (LQfunction(l1,-1,X1,-X1,0,0,0,1,-1,0));
simplify (LPfunction(l1,-1,X1,-X1,0,0,0,1,-1,0));
simplify (Hamiltonianfunction(1,-1,¥X1,-X1,0,0,0,1,-1,0));
2PQ+s10+ 520 4.5)
30'4+40° X1+ (-PP+XI* —h + 510 — 520) O° — sX10 (sX10 + 510 + 520)

o’

(-0" =20 X1 + (PP —XI*+h — 510+ 520) Q* + (510 + s20) P Q — sX10 (sX10
+ 510 + 520))

1
0




VY Caseof t_{1,2}=1,t {2,2}=-1, t {1,1}=0,t {2,1}=0 and sigma=
X 1 position of the pole.

;VVetakesl2=1ands22=-landsll=0ands21=0

> SolQfunction(1,-1,0,0,sigma) ;
simplify (series (SolPfunction(1,-1,0,0,sigma) , checkP)) ;
tdX1lfunctionfunction(1,-1,0,0,sigma);
Slfunction(1,-1,0,0,sigma);
S2function(1,-1,0,0,sigma);
Rlfunction(xi,1,-1,0,0,sigma);
solve ({SolQfunction(1,-1,0,0,sigma)=0QQ,SolPfunction(1,-1,0,
0,sigma)=PP}, {checkQ, checkP}) ;
tdLReduced:=Matrix(2,2,0):
tdLllfunctionO:=unapply( tdLllfunction(1,-1,0,0,sigma),Q,P):
tdLl12functionO:=unapply( tdLl2function(1,-1,0,0,sigma),Q,P):
tdL21functionO:=unapply( tdL21lfunction(1,-1,0,0,sigma),Q,P):
tdL22function0:=unapply( tdL22function(1,-1,0,0,sigma),Q,P):
tdLReduced[1,1] :=simplify (tdL1l1function(1,-1,0,0,sigma) ):
tdLReduced[1,2] :=simplify(tdL12function(1,-1,0,0,sigma) ):
tdLReduced[2,1] :=simplify (tdL21function(1,-1,0,0,sigma) ):
tdLReduced[2,2] :=simplify (tdL22function(1,-1,0,0,sigma) ):
tdLReduced;
tdLReduced2:=Matrix(2,2,0):
tdLReduced2[1,1] :=simplify (tdL11lfunctionO (SolQfunction(1,-1,0,
0,sigma) ,SolPfunction(1,-1,0,0,sigma)) ):
tdLReduced2[1,2] :=simplify (tdL12functionO (SolQfunction(1,-1,0,
0,sigma) ,SolPfunction(1,-1,0,0,sigma)) ):
tdLReduced2[2,1] :=simplify (tdL21functionO (SolQfunction(1,-1,0,
0,sigma) ,SolPfunction(1,-1,0,0,sigma)) ):
tdLReduced2[2,2] :=simplify (tdL22functionO (SolQfunction(1,-1,0,
0,sigma) ,SolPfunction(1,-1,0,0,sigma)) ):
tdLReduced?2;
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> tdAReduced:=Matrix(2,2,0):
tdAllfunctionO:=unapply( tdAllfunction(l1,-1,0,0,sigma,0,0,0,0,
1),0,P):
tdAl2function0:=unapply( tdAl2function(l1,-1,0,0,sigma,0,0,0,0,
1),0,P):
tdA21functionO:=unapply( tdA21function(1,-1,0,0,sigma,0,0,0,0,
1),0,P):
tdA22function0:=unapply( tdA22function(1,-1,0,0,sigma,0,0,0,0,
1),0,P):
tdAReduced[1,1] :=simplify (tdAllfunction(1,-1,0,0,sigma,0,0,0,0,
1) ):
tdAReduced|[1,2] :=simplify (tdAl2function(1,-1,0,0,sigma,0,0,0,0,
1) ):
tdAReduced|[2,1] :=simplify (tdA21function(1,-1,0,0,sigma,0,0,0,0,
1) ):
tdAReduced[2,2] :=simplify (tdA22function(1,-1,0,0,sigma,0,0,0,0,
1) ):
tdAReduced;
tdAReduced2:=Matrix(2,2,0):
tdAReduced2[1,1] :=factor (simplify (tdAllfunctionO (SolQfunction
(1,-1,0,0,sigma) ,SolPfunction(1,-1,0,0,sigma)) )):
tdAReduced2[1,2] :=factor (simplify (tdAl2functionO (SolQfunction
(1,-1,0,0,sigma) ,SolPfunction(1,-1,0,0,sigma)) )):
tdAReduced2[2,1] :=factor (simplify (tdA21functionO (SolQfunction
(1,-1,0,0,sigma) ,SolPfunction(1,-1,0,0,sigma)) )):
tdAReduced2[2,2] :=factor (simplify (tdA22functionO (SolQfunction
(1,-1,0,0,sigma) ,SolPfunction(1,-1,0,0,sigma)) )):

— checkQ) 4 ) , (2 S2~> 6 checkP + (2 S1 checkP

tdAReduced?2;
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> simplify (LQfunction(1,-1,0,0,sigma,0,0,0,0,1));
simplify (LPfunction(1,-1,0,0,sigma,0,0,0,0,1));

simplify (Hamiltonianfunction(1,-1,0,0,sigma,0,0,0,0,1));
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