Y Method 1: Comparing the JMU differentials using their
reduced forms.

;Loading the gl 2 side results

> restart:
checkQfunction:=S2*Q+S1;
checkPfunction=1/S2* (P-1/2*R1(Q)) ;

So0lQ:=-(Sl-checkQ)/S2;
SolP:=checkP*S2+(1/2) *R1 (- (S1-checkQ) /S2) ;
simplify (checkQ- (S2*S0l1Q+S1)) ;

simplify (checkP-(1/S2* (SolP-1/2*R1(S0lQ)))) ;
Sinfty2function:=s12+s22;

Sinftylfunction:=sl1ll1+s21;

S2function:=sqrt(sl2-s22) /sqrt(2);
Slfunction:=(sll-s21)/sqrt(2) /sqrt(sl2-s22);
tdX1lfunction:=X1*S2function+S1lfunction;

solve( {sl2+s22=Sinfty2,sll+s21=Sinftyl, S2=sqrt(sl2-s22)/sqrt
(2),

S1l=(sll-s21) /sqrt(2) /sqrt(sl2-s22),
tdX1=X1*S2function+S1lfunction}, {sl2,s22,s11,s21,X1});
X1lfunction := unapply( -(S1-tdX1l)/S2 ,Sinftyl,Sinfty2,S1,S2,

tdx1);

sllfunction:= unapply( S2*S1+(1/2)*Sinftyl, Sinftyl,Sinfty2,S1,
S2,tdX1);

sl2function:= unapply( S272+(1/2)*Sinfty2, Sinftyl,Sinfty2,S1,
S2,tdX1);

s21function:= unapply( -S2*S1+(1/2)*Sinftyl, Sinftyl,Sinfty2,

S1,S2,tdX1);

s22function:= unapply( -S272+(1/2)*Sinfty2, Sinftyl,Sinfty2,S1,
S2,tdX1 );

simplify (X1function (Sinftylfunction,Sinfty2function,Sl1function,
S2function, tdX1lfunction)) ;
simplify(sllfunction(Sinftylfunction,Sinfty2function,
Slfunction,S2function, tdXlfunction)) ;
simplify(sl2function(Sinftylfunction,Sinfty2function,
Slfunction,S2function, tdX1lfunction)) ;

simplify (s21function(Sinftylfunction,Sinfty2function,
Slfunction,S2function, tdX1lfunction)) ;

simplify (s22function(Sinftylfunction,Sinfty2function,
Slfunction,S2function, tdXlfunction)) ;




partialtdXlfunction:=simplify(diff (sllfunction(Sinftyl,Sinfty2,
S1,S2,tdX1) ,tdX1l)) *partialsll+

simplify (diff (s21function(Sinftyl,Sinfty2,S1,S2,tdX1),tdX1))*
partials2l

+simplify (diff (sl2function(Sinftyl,Sinfty2,S1,S2,tdX1l) ,6tdX1))*
partialsl2

+simplify (diff (s22function(Sinftyl,Sinfty2,S1,S2,tdX1) ,tdX1))*
partials22

+simplify (diff (X1function (Sinftyl,Sinfty2,S1,S2,tdX1) ,6tdX1))*
partialXl;

K0OldCoordinates := unapply( (1/2)*(sX10+s20) * (sX10+s10) *1n(
(s12-522)/2)+(1/2) *X1* ((X1*sl1l2+2*sll) *s10+s20* (X1*s22+2*s21)),
sll,s21,s12,s22,X1);

KONewCoordinates2:=unapply ( (sX10+s20) * (sX10+s10) *1n(S2)-(1/2) *
(S1-tdX1) * (s10+s20) *Sinftyl/S2

+(1/4) *(S1-tdX1) ~2* (s10+s20) *Sinfty2/S272-(1/2) * (S1-tdX1l) * (s10-
s20) * (S1+tdx1)

,Sinftyl,Sinfty2,S1,S2,tdX1) ;

dtdX1lfunction:=diff (tdXlfunction,sll) *dsll+diff (tdX1lfunction,
s21) *ds21+diff (tdXlfunction,sl2) *dsl2+diff (tdX1lfunction,b s22)*
ds22+diff (tdX1lfunction,h X1l) *dX1;

Checkaunction = QSZ +S7 (1.1)
P—— RI(Q)
heckPfunction =
checkPfunction ©
S1 — checkQ
SolO i= - ———="%
ole S2
SolP = checkP §2 + - R](_ M)
2 S2
0
0

Sinfty2function = s12 + s22
Sinfty Ifunction == sl1 + s21

S2function = % VsI2—s22 2
1 (sl —s21)2

Slfunction =
V s12 — 522
tdXIfunction = L x1 52 =522 J2 + 1 (sll—s21) 2
’ 2 [si2—s22
{X] = ;thxz_’ sI1=S1S82 + % Sinftyl, s12=52° + % Sinfty2, s21 = -S1 S2



+ % Sinfiyl, s22 = -§2° + % Sinfzyz}

Xlfunction := (Sinftyl, Sinfty2, S1, S2, tdX1) — - S];—thX]
s1Ifunction == (Sinftyl, Sinfty2, S1, S2, tdX1) —SI1 S2 + % Sinftyl

s12function == (Sinftyl, Sinfty2, S1, S2, tdX1) —52% + % Sinfty2
s2lIfunction == (Sinftyl, Sinfty2, S1, S2, tdX1) — -S1 S2 + % Sinftyl

s22function = (Sinftyl, Sinfty2, S1, S2, tdX1) — -82% + % Sinfty2

X1

s11
s12
s21
s22

partialtdXIfunction := %alx}

KO0OIldCoordinates = (sl1, s21, s12, s22, X1) —>% (sX10 + s20) (sX10 + s510) ln(% s12

—%SZZ) —I—%XI ((XIs12+2s11)s10+ 520 (X1 s22+2s21))

KONewCoordinates2 = (Sinftyl, Sinfty2, S1, 82, tdX1) — (sX10 + s20) (sX10

+510) In(S2) — 1 (81 —1dX1) (510 + s20) Sinftyl
2 52
2

(51 — 1aX1) ”;2“20) Sinfty2 —% (S —tdX1) (s10 — 520) (SI + tdX1)
S

didX fumction = L —NZdstl_ 1 Jrds2l [L _XIJZ
4 [s12—s22

_+_

-J>|>—‘

2 [si2—s22 2 [si2—s22
X1J2 s (s11—s21) 2

1
4 [si2—s22 4 (si2—s22)

(s11=521) V2. ] dsi2 + | - ds22

1
4 (512 —s22)%"?
+ % V512 —s22 \[2 dXi

;Loading the gl 3 side results
> £10:=-t20-t30;

Pl:=unapply( (tl12+t22+t32)*lambda+tll+t21+t31,lambda) ;
P2:=unapply( (tl2*t22+t12*t32+t22*t32) *lambda”2+ ((t21+t31)*tl1l2+
(t11+t31) *t22+t32* (t11+t21) ) *lambda-t1l0*t12-t20*t22-t30*t32+
t21*t1ll +t31*t1l1+t21*t31,lambda) ;

P3:=unapply (t1l2*t22*t32*1lambda”3+ (t12*t22*t31+t12*t32*t21+t22%*
t32*t11l) *lambda”2+ (t12*t22*t30+t12*t32*t20+t22*t32*t10 +tl2%*
t21*t31+t22*t11*t31+t32*t11*t21) *1lambda, lambda) ;




taufunction:=unapply ( ((t21-t31)*t12+ (£31-t11)*t22+ (t11l-t21)*
£32) / (sqrt ((£22-t12) * (£12-t32) * (£32-t22))) ,tll,t21,t31,t12,

t22,t32);

checkgfunction:=unapply( sqrt((tl2-t32)/((t22-t12)*(t32-t22)))*
(-pt+t22*q+t21) ,q,p) ;

checkpfunction:=unapply( sqrt((t32-t22)/((tl2-t32)*(t22-t12)))*
(p-tl2*q-tl1) ,q,p);

TT1:=unapply (tl12+t22+t32,t11,t21,t31,t12,t22,t32);

TT2:=unapply (t11+t21+t31,t11,t21,t31,t12,t22,t32);
TT3:=unapply(t22,tl11,t21,t31,t12,t22,t32);

TT4 :=unapply (t11,tl11,t21,t31,tl12,t22,t32);
TT5:=unapply(t32,tl11,t21,t31,t12,t22,t32);

solve ({TT1(tll,t21,t31,t12,t22,t32)=T1,TT2 (t11,t21,t31,tl2,t22,
£32)=T2,TT3(t11,t21,t31,tl2,t22,t32)=T3,TT4 (t11,t21,t31,t12,
£22,£32)=T4,TT5(t1l,t21,t31,t12,t22,t32)=T5, taufunction (t11,
£21,€31,t12,t22,t32)=tau },{tll,t21,t31,t12,t22,t32});

tllfunction
tl2function
t21function

1= T4;
:= -T3-T5+4+T1;
:= (tau*sqrt((-2*T3-T5+T1) * (-T3-2*T5+T1) * (T3-T5) )+

T1*T2-T1*T4-2*T3*T2-T5*T2+3*T4*T3) / (2*T1-3*T3-3*T5) ;

t22function
t31lfunction

= T3;
:= - (tau*sqrt((-2*T3-T5+T1) * (-T3-2*T5+T1) * (T3-T5) ) -

T1*T2+4+T1*T44+T3*T2+2*T5*T2-3*T4*T5) / (2*T1-3*T3-3*T5) ;

t32function

= T5;

simplify (TT1 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (TT2 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (TT3 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (TT4 (tllfunction, t2lfunction, t31function, tl2function,
t22function,t32function)) ;

simplify (TT5 (tllfunction, t2lfunction, t31function,tl2function,
t22function,t32function)) ;

simplify (taufunction(tllfunction, t21function, t31function,
tl2function,t22function,t32function)) ;

SOLL:=solve ({checkgfunction (q,p) =checkq, checkpfunction(q,p)=
checkpl, {q,p}):



Solp:=simplify (rhs (SOLL[1])) :
Solq:=simplify (rhs (SOLL[2])) :
simplify (checkgfunction (Solq, Solp) -checkq) ;
simplify (checkpfunction (Solq, Solp) -checkp) ;

HamtaucheckCoordinatesTheo:=unapply (- (checkg*checkp”*2+checkg”2*
checkp-tau*checkg*checkp-t20*checkp+ (t10+h) *checkq) ,checkq,
checkp) ;

GSolOldCoordinatesbis:= 1/2* (t30*tl0*1ln(-t12+t32) +t10*t20*1n
(t22-t12) +1n (-t32+t22) *t20*t30)

-t10*t11+2/2/ (t12-t32)-t20*t21+2/2/ (t22-t32)
+t30*t3142/2/(t12-t32)

-(1/2) * (t12-t22) *t3142*t20/ ((t22-t32) * (t12-t32))

+t31*t11*t10/ (t12-t32)+t20*t31*t21/(t22-t32) ;

GSolbis:=1/2* (- (t20+t30) * (£t20*1n (2*T3+T5-T1) +t30*1n (T3+2*T5-T1)
) +t20*t30*1n (T3-T5))

+ (T2-3*T4) *2* ((T1-2*T3-T5) *t20+t30* (T1-T3-2*T5) )/ (2* (2*T1-3*T3
—=3*T5) ~2)

+sqrt (T1-T3-2*T5) *sqrt (T1-2*T3-T5) *sqrt (T3-T5) * (T2-3*T4) * (t20-
t30) *tau/ (2*T1-3*T3-3*T5) ~2
-(((4*T1-5*T3-7*T5) *t20-t30* (T3-T5))) *(T1l-2*T3-T5) *tau*2/2/ (2*
T1-3*T3-3*T5) *2;

t10 == -120 — 130 (1.2)
Pl == A= (t12+ 122 4+132) A +tl1]l + 121 + 131

P2 = A— (112122 + 112132 + 122 132) 7\.2+ ((£21 +131) t12 + (11 +131) 122 + 132 (111
+121)) A— (-120 —130) t12 — 120122 — 130132 + 121 t11 + 131 t11 + 121 131

P3 == A—1t12122132 7»3 + (111122132 + 112121 132 + 112122 131) 7»2 + ((-120

—130) 22132 +132t11 121 + 122 t11 31 + 112132120 +t12 121 t31 +t12 122 t30) A
taufunction == (tl11,121, 131,112,122, t32)
N (21 —131) t12 4+ (31 —t11) 122 + (t1] —1t21) 132

V(822 —t12) (112 —132) (132 —122)

112 — 132
heck tion == (q,
checkgfunction = (q P)_’/ (122 —t12) (132 — 122)

. 132 — 122
checkpfunction : (q,p)—>/ (122 —112) (112 —132) (-qti2+p—tll)
TT1 = (t11,121,131,112,122,132) —>t12 + 122 + 132
TT2 = (t11,121,131,t12, 122, t32) —>tll + 121 + 131
TT3 := (tl11,121,131,112,122,132) =122
TT4 := (tl11,121,131,112,122,132) —>tl1
TTS5 = (t11,121,131,112,122,132) =132

(q122 —p +121)




t11=T4,t12=-T3 —T5+TI, 21
B 1
T 2TI—3T3—3T5
+TIT2—TI T4—2T3T2—T5T2+3T3T4),t22:T3,t3]:

1
2T1—3T3—-3T5

—T]T2+T]T4+T3T2+2T5T2—3T5T4),t32=T5}

t1lfunction := T4
t12function == -T3 —T5+TI

Lo 1
2 Ifunction := Tl —3T3—37T5 (17

V(2T3—T5+7T1) (-13—2T5+1T1) (-T5+13) +TIT2—TIT4—2T3T2
—T5T2+3T3T4)

(T\/(—2T3—T5+T1) (=13 —=2T5+TI) (-T5+T3)

(tV(2T3—T5+TI1) (-T3—2T5+TI) (-T5+13)

t22function == T3
t3lfunction =
1
S 2TI—3T3—-3T5

~TIT2+TIT4+T3T2+2T5T2 —3 T5T4)
t32function == T5
Tl
T2
T3
T4
T5
T
0
0

HamtaucheckCoordinatesTheo = (checkq, checkp) — -checkq checkp2 — checkq2 checkp
+ T checkq checkp + t20 checkp — (-120 — t30 + h) checkq

GSolOldCoordinatesbis = % t30 (-t20 —t30) In(-t12 +132) + % (-120

(T\/(—2T3—T5+T]) (=73 —=2T5+TI) (-T5+T13)

1 (-120—130) t11*
2 t12 —132
1 ol 1 30831° (-122 +112) 1317 120
(

1
2 -132+122 2 t12—132 2 (-132+122) (t12 —132)
t31t11 (-120 —t30) 120131 121

t12 —1t32 -132 + 122
GSolbis = —% (20 +130) (20In(2T3+T5—TI1) +t30In(T3+2T5—TI))

+ % 20130 In(-T5 + 73)

—130) 120 1In(£22 —t12) + % In(-132 +122) 120 130 —

1 (T2=3TH>((-2T3—=T5+T1)120+130 (-T3—2T5+T1))
2 (2TI —3T3—3T5)>

_+_



n V-T3—=2T5+TI -2T3—T5+TI] \ -T5+ T3 (T2—3T4) (120 —130) ©
(2T1 —3T3—3T5)?°
1 ((ATI—=5T3—7T5)120—130 (-T5+7T3)) (—2T3—T5+T1)1:2

2 (2TI—3T3—3T5)>

;Loading the spectral duality correspondence

> tllfunctionduality:=-s21/s22;
t21functionduality:=X1;
t31functionduality:=-s11/s12;
tl2functionduality:=t22-1/s22;
t22functionduality:=t22;
t32functionduality:=t22-1/s12;
t20functionduality:=-s10-s20;
t30functionduality:=s10;
dtllduality:=diff (tllfunctionduality,sll) *dsll+diff
(tllfunctionduality,s21) *ds21+diff (tllfunctionduality,sl2)*
dsl2+diff (tllfunctionduality,s22) *ds22+diff (tllfunctionduality,
X1) *dX1+diff (tllfunctionduality, t22) *dt22;
dt2lduality:=diff (t21functionduality,sll) *dsll+diff
(t21functionduality,s21) *ds21+diff (t21functionduality,sl2)*
dsl1l2+diff (t21functionduality,s22) *ds22+diff (t21functionduality,
X1) *dX1+diff (t21functionduality, t22) *dt22;
dt3lduality:=diff (t31functionduality,sll) *dsll+diff
(t31functionduality,s21) *ds21+diff (t31functionduality,sl2)*
dsl2+diff (t31functionduality,s22) *ds22+diff (t31functionduality,
X1) *dX1+diff (t31functionduality, t22) *dt22;
dtl2duality:=diff (tl2functionduality,sll) *dsll+diff
(tl2functionduality,s21) *ds21+diff (tl12functionduality,sl2)*
dsl1l2+diff (tl2functionduality,s22) *ds22+diff (t12functionduality,
X1) *dX1+diff (t12functionduality, t22) *dt22;
dt22duality:=diff (t22functionduality,sll) *dsll+diff
(t22functionduality,s21) *ds21+diff (t22functionduality,sl2)*
dsl12+diff (t22functionduality,s22) *ds22+diff (t22functionduality,
X1) *dX1+diff (t22functionduality, t22) *dt22;
dt32duality:=diff (t32functionduality,sll) *dsll+diff
(t32functionduality,s21) *ds21+diff (t32functionduality,sl2)*
dsl2+diff (t32functionduality,s22) *ds22+diff (t32functionduality,
X1) *dX1+diff (t32functionduality, t22) *dt22;

521

§22
t2 lfunctionduality = X1

t1 lfunctionduality == - (1.3)




t3 functionduality == - %

t12functionduality == 122 — L
§22

t22functionduality == 122

t32functionduality == 122 — L
s12

t20functionduality == -s10 — 520
t30functionduality == s10

dtl lduality = - d82221 L 521 d;zz
> 522

dt2lduality == dX1
dsll sl1dsl2

dt31lduality NE + s
dt12duality = ds22 +dt22
5227
dt22duality = dt22
. dsl?
dt32duality = +di22
s12°

;Decomposing the dG_0 term in the dual coordinates

> dGO:=unapply( diff (GSolOldCoordinatesbis, tll)*dtll+diff
(GSolOldCoordinatesbis, t21) *dt21+diff (GSolOldCoordinatesbis,
t31) *dt31+
diff (GSolOldCoordinatesbis,tl2) *dtl2+diff
(GSolOldCoordinatesbis, t22) *dt22+diff (GSolOldCoordinatesbis,
t32) *dt32,
t11,t21,t31,t12,t22,t32,dt11,dt21,dt31,dt12,dt22,dt32,t20,t30);

dGOIntermediate:=unapply (simplify (dGO (tllfunctionduality,
t21functionduality, t31functionduality, tl2functionduality,
t22functionduality, t32functionduality,dtllduality,dt2lduality,
dt3lduality,dtl2duality,dt22duality,dt32duality,
t20functionduality, t30functionduality ))

,s811,s21,s12,s22,X1) :
dGOTermdsll:=simplify (residue (dGOIntermediate (sl1ll,s21,s12,s22,
X1) /dsl1l1+2,dsl1l1l=0)) ;
dGOTermds21:=simplify (residue (dGOIntermediate (sll,s21,s12,s22,
X1) /ds21+2,ds21=0)) ;
dGOTermds12:=simplify (residue (dGOIntermediate (sl1ll,s21,s12,s22,
X1) /dsl1l272,dsl12=0)) ;

dGO0Termds22 :=simplify (residue (dGOIntermediate (sl1ll,s21,s12,s22,
X1) /ds2272,ds22=0)) ;
dGO0TermdX1:=simplify (residue (dGOIntermediate (sll,s21,s12,s22,
X1) /dX1+2,dxX1=0)) ;




dGO0Termdt22 :=simplify (residue (dGOIntermediate (sll,s21,s12,s22,
X1) /dt2272,dt22=0)) ;

dGO := (11,121, 131, t12, 122, 132, dt11, di21, d131, dt12, di22, dt32, 120, t30) — ( (1.4)
(-120 —130) t11 t31 (-120 —t30) j ( 120121
— II =7 7=
02—m2 T 2—m2 R e Y
120131 ) Il + ( 130131 (~122+112) 131 120
-132 + 122 t12 —1t32 (-132 +122) (t12 —132)
(-120 — 130) t11 120121 1130 (-120 — 130)
=3 ~132 + 122 ) i3l + ( 2 -t12+132
1 (-120—130)120 1 (-120—130)t1I* 1 130131
2 122 — 112 2 (112 —-132)? 2 (112 —132)?
1 131° 120 1 (122 +112) 131° 120

2 (-t32+122) (t12 —132) 2 (-132 +122) (tIZ—t32)2
13111 (-120 —130) Jdt12+[1 (-120—130) 20 | 1 120130

(t]2—t32)2 2 122 —t12 2 -1324122
L1 120 121° 1 1317 120
2 (-t32+t22)2 2 (-t32+122) (t12 —132)
2
L t22+t]§)t3] 20 120131 tZIszt22+[i 130 (-120 — 130)
2 (-1324122)7 (112 —132)  (-132 +122) 2 ~t2 +132
112030 1 (-20—30)tll* 1 20820 L1 130 131°
2 1324122 2 (412 —132)? 2 (-132+4122) 2 (112—132)7
1 (m24u2) 317120 1 (-122+112) 1317120
2 (-132+022)2 (112 —132) 2 (-132 +122) (112 —132)?
I t31tll (-120 —2t30) n 120131121 : J di32
(t12 —132) (-132 +122)
dGOTermdsl1 = 1 (X] (s10 + s20) 512> + ((-X1s22+sl1l)s10

s12 (s12 —s22)

— 520 (X1 522 —sl11+s21)) s12—s10s11 522)

. _ (s11s522 —512521) 520
dGOTermds21 : 522 (512 —522)
1 1

dGOTermds12 = — 5 (XJ2 (s10+520) s12* —2 (XJ2 522
2 512 (s12—522)

— % 510) (510 + 520) s12° + (-2 522 510> + (X1% 522> — 511> — 520 522) 510

+ 520 (X1 522 —s11 +s21) (X1 5224 s11 —s21)) s12> + (510 s22°

+2510s11%522) s12 — 510 511> s22%)

dGO0Termds22 = - L I

2 §22% (512 — 522

— 511 (s11 —2s21)) s22% + (-512> 520 — 2 512 521%) 522 + s21° s12%))
dGOTermdX1 = (s10+s20) (X1 512+ s11)
dGOTermdt22 == 0

jComputing the dKO0 differential

(520 ((-510 — 520) s22° + ((s10 + 2 520) 512
2
)




> dKO:=unapply( simplify(diff (KOOldCoordinates(sll,s21,s12,s22,
X1) ,s11) *dsll+ diff (KOOldCoordinates(sll,s21,s12,s22,X1),s21)*
ds21+diff (KOOldCoordinates(sll,s21,s12,s22,X1l) ,s1l2)*dsl2+diff
(KOOldCoordinates (sll,s21,s12,s22,X1) ,s22) *ds22+diff
(K0OOldCoordinates (sll,s21,s12,s22,X1) ,X1)*dX1l,sl1ll,s21,sl12,s22,
X1)):
dKOTermdsll:=simplify (residue (dKO (sl1l,s21,s12,s22,X1) /dsll*2,
ds1l1=0));
dKOTermds21:=simplify (residue (dKO (sl1ll,s21,s12,s22,X1) /ds21*2,
ds21=0));
dKOTermdsl2:=simplify (residue (dKO (sl1l,s21,s12,s22,X1) /dsl2*2,
ds12=0));
dKO0Termds22:=simplify (residue (dKO (sl11l,s21,s12,s22,X1) /ds22*2,
ds22=0));
dKOTermdX1:=simplify (residue (dKO (sll,s21,s12,s22,X1)/dX1+2,dX1=
0));
dKOTermdt22:=simplify (residue (dKO (sl11l,s21,s12,s22,X1) /dt22*2,
dt22=0));

dKO0Termds11 = s10 X1 (1.5)
dKO0Termds21 = s20 X1

dKO0Termds12 = (X1* 512 — XI* 522 + 520 + sX10) 510 + sX10 (sX10 + s20)

2512 —2522
TKOTermds22 s \XI512 = XI% 522 = 510 — sX10) 520 — sX10 (sX10 + 510)
2512 —2 522

dKOTermdX1 = (X1 512+ s11) s10 + s20 (X1 s22 + s21)
dKOTermdt22 := 0

| Comparing the difference of the JMU differentials on both sides

> dGOMinusdK0:=dGOIntermediate(sll,s21,s12,s22,X1)-dKO0(sl1l1l, s21,
sl2,s22,X1):
omegaJMUMinusomegaJMUP4 : =dGOMinusdK0-2*s20*tdX1function¥
dtdX1lfunction:
omegaJMUMinusomegaJMUP4Termds1l :=simplify (residue
(omegaJMUMinusomegaJMUP4/ds1142,ds11=0)) ;
omegaJMUMinusomegaJMUP4Termds21 :=simplify (residue
(omegaJMUMinusomegaJMUP4/ds2142,ds21=0)) ;
omegaJMUMinusomegaJMUP4Termdsl2 :=simplify (residue
(omegaJMUMinusomegaJMUP4/ds1242,ds12=0)) ;
omegaJMUMinusomegaJMUP4Termds22 :=simplify (residue
(omegaJMUMinusomegaJMUP4/ds2242,ds22=0)) ;
omegaJMUMinusomegaJMUP4TermdX1 :=simplify (residue
(omegaJMUMinusomegaJMUP4/dX1+2,dX1=0)) ;
omegaJMUMinusomegaJMUP4Termdt22 :=simplify (residue
(omegaJMUMinusomegaJMUP4/dt2242,dt22=0)) ;




omegaJMUMinusomegaJMUP4Termds11 = SISOISZI ! (1.6)

s20s21
s22

((s10° —sX10 510

omegaJMUMinusomegaJMUP4Termds21 :=

omegaJMUMinusomegaJMUP4Termds12 := L 1

2 (512 —+s22) 512
— sX10 (sX10 +520)) 5122 + (-s10° 522 — 510 s11°) s12 + 510 s11* 522)

omegaJMUMinusomegaJMUP4Termds22 := 1 I ((- 520" 4 520 sX10

2 (512 —s22) 5227

+5X10 (sX10 +510)) s22° + (512 520° + 520 521%) 522 — 512 520 521°)
omegaJMUMinusomegaJMUP4TermdX1 == 0
omegaJMUMinusomegaJMUP4Termdt22 == O

Imposmg $sX20=0 and obtaining the differential df

> sX20:=-sX10-s20-s10:
sX10:=-s10-s20:

pdsolve ({diff (££f (sl1l1l,s21,s12,s22,X1),s1l)=
omegaJMUMinusomegaJMUP4Termds11,

diff (£ff(sll,s21,s12,s22,X1),s21)=
omegaJMUMinusomegaJMUP4Termds21,

diff (£ff(sll1l,s21,s12,s22,X1),s12)=
omegaJMUMinusomegaJMUP4Termds12,

diff (£f£f(sll1l,s21,s12,s22,X1),s22)=
omegaJMUMinusomegaJMUP4Termds22,

diff (££f(sl1l1l,s21,s12,s22,X1) ,X1)=omegadMUMinusomegaJMUP4TermdX1
}, {f£f(sl1ll,s21,s12,s22,X1)});

f:=unapply(s1l0*sl11+2/(2*s12) +s20*s21*2/ (2*s22)+(1/2) *s1072*1n
(s12)+(1/2) *s20~2*1n(s22) ,sll,s21,s12,s22,X1);

df :=unapply ( diff (£ (sll,s21,s12,s22,X1),s11)*ds1l+ diff (£ (sll,
s21,s12,s22,X1) ,s21) *ds21+diff (£ (s11,s21,s12,s22,X1) ,s12) *ds12+
diff(£f(sll,s21,s12,s22,X1) ,s22)*ds22+diff(£(sll,s21,s12,s22,
X1) ,X1) *dx1,s11,s21,s12,s22,X1) ;

2 2
1 s10siI 1 520521 1
{ﬁ‘(sll, $21,512,522,X1) = o === 4 o S0 4 s10% In(s12) (1.7)
+%wﬂhmgm+;a}
1 slosil> 1 s20s21° 1
= (s11, 21, 512, 522, X1) —> — ~=oc L 4~ SeUsed
f= (sll,s21,s12,522,X1)— > 12 + > B3 + ) s]Ozln(sIZ)

+%ﬂ&mgm

s10sll dsll s20 521 ds21 1 sIO2
= (511,21, 512, s22, X1) — -
df = (s11, 521, 512, 522, XT) s12 + 522 + 2 sI2




2 2
1 s]Osé] s (L 200 1 2052\ )
i 2 s12 2 s22 2 S222

| Rewriting f and df in terms of the gl_3 coordinates

> solve({tllfunctionduality=tll, t21functionduality=
t21, t31functionduality=t31,tl2functionduality=
t12,t32functionduality=t32},{sll,s21,s12,s22,X1});
Xlduality := t21;
sllduality:= -t31/ (t22-t32);
sl2duality:= 1/ (t22-t32);
s2lduality:= t11/(t12-t22);
s22duality:= -1/ (t12-t22);
t22duality:= t22;
solve ({t20functionduality=t20,t30functionduality=t30}, {s10,s20}
);
sl1l0duality:= t30;
s20duality:= t10;

ftCoordinates:=f(sllduality,s2lduality,sl2duality,s22duality,
Xlduality,sl1l0duality,s20duality) ;

ftCoordinatesbis:=1/2* (s10*t3142/(t22-t32)-s20*t112/ (t1l2-t22) -
s10%2*1n(t22-t32)-s20%2*1n(t1l2-t22)) ;

{X]=t2],s]]=— 131 J7 YR Sy — D

—t32+t22’s “132 +122° _t22+t]2,522= (1.8)
1
122 +112 }
Xlduality = 121
131
-132 +122
1
-132 +122
111
122 +112
1
122 +1t12
122duality = 122
{s10=130, s20 = -120 — t30}
s10duality :== 130
s20duality := -120 — 130

2 2
1 510131 1 s20t11 -I—%s]OZln( 1 )

sl lduality == -
s12duality ==
s21duality =

s22duality == -

iCoordinates = — ——_—"— — —
JiCoordinates =~ — L T D T2 +112 132 4+ 122

1 1
) SZOZI“( —r22+r12)

2 2
1 510131 1 s20tl1 1
iCoordinatesbis = — ——-1 — . SHL 0107 1n( -
ftCoordinatesbis Y 132 +122 Y 24112 ) s n(-132 +122)




L —~%g&me}HU)

Y Method 2: Direct verifications from the full JMU differentials

> omegaJMUdt1l:=1/ ((t12-t22)* (-t12+t32))* (-p~3+ (t11+t21+t31+ (t12+
£22+£32) *q) *pA2+ ( ( (-t22-t32) *t12-£22*£32) *q*2+ ( (-t31-t21) *t12+
(-t11-t31) *£22-£32*% (£11+t21) ) *q+t12* (-£20-£30) +£22*£20+£30*£32+
(-£31-t21) *£11-t21*t31) *p+q 3*t12*£22*£32+ ( (£21*£32+t22*t31) *
£12+£22%£32%£11) *qA2+ ( (£20*£32+£21*£31+t22*£30) *£12+ ( (-t20-t30)
*£32+t11%£31) *£22+£32%t11*£21) *q+ (£20+£30) * (£31-t11+t21) *t12+
(t11*£30-£31% (£20+t30)) *£22+ (t11*t20-£21* (£20+t30) ) *£32+t11*
£t21*t31) :

omegadMUdt21:=1/((t1l2-t22) * (-t22+t32) ) * (p*3+((-t1l2-t22-t32) *g-
t31-t11-t21) *p”2+(((t12+t32) *t22+t12*t32) *g"2+ (t1l2* (t21+t31)+
t22* (t11+t31)+t32* (t11+t21)) *q-t22*t20-t30*t32+ (t20+t30) *t12+
(t11+t31) *£21+t11*t31) *p-g*3*t12*t22*t32+ ((-t1l1*t32-t12*t31) *
t22-t32*t12*t21) *q*2+ (( (t20+t30) *t32-t11*t31-t12*t30) *t22+ (-
t11*t21-t12*t20) *£32-t12*t21*t31) *q+t20* (£31+t11-t21) *t22+ (t21*
(t20+t30) -t11*t20) *t32+ (-t20*t31-t21*t30) *t12-t11*t21*t31):

omegadMUdt31:=1/((-t22+t32) * (-t12+t32) ) * (p*3+((-t12-t22-t32) *g-
t31-t11-t21) *p 2+ (((t12+t22) *£32+t12*t22) *gq*2+ (t12* (t21+t31) +
t22* (£11+t31)+t32* (£11+t21) ) *q-t30*t32-t22*t20+ (t20+t30) *t1l2+
t31* (t11+t21)+tl11*t21) *p-g*3*t12*t22*t32+((-tll*t22-t12*t21) *
t32-t31*t12*t22) *q*2+ (((t20+t30) *t22-t11*t21-t12*t20) *t32+ (-
t11*t31-t12*t30) *t22-t12*t21*t31) *q-t30* (£31-t11-t21) *t32+ (-
t11*t30+t31* (£t20+t30) ) *t22+ (-t20*t31-t21*t30) *t12-t11*t21*t31):

omegaJMUdt12:=1/ (2% (£12-£22) A2*% (-£12+t32) A2) * (- (£20+t30) ~2*
£12434 ((-g~3* (£31-2*t11+t21) *£32+2*q* ( (-p+t31) *q+t30) *£11- (£21+
£31) * (-p+t31) *q*2-t30* (£21+t31) *q+ (£20+2*£30) * (£20+£30) ) *£22+
(-2*q* ((p-t21) *q-t20) *£11+ (p-t21) * (£21+t31) *q*2-£20* (£21+t31) *
q+2*£20°243%£30%£20+t3072) *£32+ (-t20-£30) *£1142+ (- (2* (p-t21) ) *
(-p+t31) *q+ (2* (t20+£30) ) * (£31-p+t21) ) *£11+ (p-t21) * (£21+t31) * (-
p+t31) *q- (£20+t30) * ( (-t31-£21) *p+t3122+£21*t31+£2142) ) *£12~2+ (
(@*3* (-t11+t31) *£32-g* ( (-p+t31) *q+t30) *t11+t31* (-p+t31) *q 2+
£31%£30%q-t30% (£20+£30) ) ¥£22~2+ (-g~3* (£11-t21) *£3242+ (2*%q 2*
£1142-2%q* ((£21+t31) *q+3*£20% (1/2) +3*t30% (1/2) ) *t11+2*gqr2*t21*
£31+ ( (£20+2*£30) *£21+2*£31* (£20+ (1/2) *£30) ) *q-2* (£20+t30) A2) *




£32+ ((2*£31-2%p) *q+2*£30) *t11~2+ (- (-p+t31) * (£31+2*t21+p) *q+
(£3043%£20) *p-£21*£30- (3* (£20+4*£30* (1/3))) *t31) *t11+ (-pr2*t21+
£21%£3142) *q+ (-£21*%£20-2*%£31% (£20+ (1/2) *£30) ) *p+ (2* (£20+t30) ) *
£31% ((1/2) *£21+£31)) *£22+ (g* ( (p-t21) *q-£20) *t11- (p-t21) *£21*
gr2+t21%£20%q-£20% (£20+£30) ) *£3242+ ( ( (-2*p+2*t21) *q+2*£20) *
£11424 ( (2% (p-t21)) * ((1/2) *p+t31+ (1/2) *£21) *q+ (£20+3*£30) *p+ (-4*
£20-3%t30) *£21-£31*£20) *t11+ (-p 2*t31+t2122%t31) *q+ ( (-t20-2*
£30) *£21-£31*t30) *p+t21* (£20+t30) * (£31+2*£21) ) *£32- (p-t21) * (p-
£11) * (£31-2%t11+t21) * (-p+£31) ) *£12+ ( (-gr2*t1172+q* ( (£31+p) *q+
£20+t30) *£11-g*2*p*t31- (£20+t30) *£31*q+t30* (£20+t30) ) *£32- (-
£11+t31) * (( (p-t31) *q-t30) *t114+p* (-p+t31) *q-p*t20+t31* (£20+t30))
) *¥£2242+4 ( (-q 2% t1142+ ( (p+t21) *q+t20+£30) *q*t11-gr2*p*t21-£21*
(£20+t30) *q+t20* (£20+£30) ) *£3242+ (~g* (£31-2%p+t21) *£1142+ ( (-2*
PA2+2*£21%£31) *q+ (-£20-£30) *p+£31*£20+t21*£30) *£11+ ( (£21+t31) *
p-2%£21*t31) *p*q+ (£20*t21+£30*t31) *p-t31*£21* (£20+t30) ) *t32+ (p-
£11)* (—t11+£31) * (-p+t31) * (p-t21) ) *£22- ((( (-p+t21) *q+t20) *t11l+p*
(p-t21) *q+p*t30-t21* (£20+t30) ) *£32+ (p-t21) * (p-t11) * (-p+t31) ) *
(t11-t21) *£32) :

omegaJMUAdt22:=1/ (2% (£t12-£22) A2*% (~£22+£32) A2) * (-£2042*£2273+ ( (-
gr3% (£31+t11-2%£21) *£12-2%q* ((p-t11) *q+t20+t30) *£21+ (p-t11) *
(t114t31) *q 2+ (£20+£30) * (£11+t£31) *q+2*£20~2+t30%*£20) *£32+ (2*q* (
(-p+t31) *q+t30) *£21- (£11+t31) * (-p+t31) *q*2-£30* (£11+t31) *q+t20*
(£20-t30) ) *£12+t20*£2142+ (- (2* (p-t11)) * (-p+t31) *q-2*t20* (£31-p+
£11)) *£21+ (p-t11) * (£11+t31) * (-p+t31) *q+t20* ((-t11-t31) *p+t31~2+
£11*£314+£1142)) *£2242+4 ( (g 3* (t11-t21) *£12+q* ( (p-t1l) *q+t20+t30)
*£21- (p-t11) *t11*g 2-t11* (£20+t30) *q-t20* (£20+t30) ) *£3242+ (g~ 3*
(-t21+£31) *£1242+ (2*xqA2%£2142- (2% ( (£11+t31) *q-3*£20* (1/2))) *q*
£21+2%qA2*t11%£31+ (£11% (-£20+t30) -2*£31* (£20+ (1/2) *£30) ) *q-2*
£2042) *£12+4 ((-2*p+2*t11) *q-2*t20-2*£30) *£2142+ ((2* ((1/2) *p+t31+
(1/2) *t11) ) * (p-t11) *q+ (2*t30-t£20) *p+ (£30+4*£20) *£11+t31* (£t20+
£30) ) *£21+ (-pA2*t31+t1142*t31) *q+ ( (£20-£30) *£11-t31*£30) *p-t11*
£20% (£31+2%t11) ) *£32+ (-g* ( (-p+t31) *q+t30) *t21+t£31* (-p+t31) *q 2+
£31*£30*q+t30%£20) *£1242+ ( ( (2%£31-2%p) *q+2*£30) *£2142+ (- (-p+
£31) * (£31+2*t11+p) *q+ (~2*£30-3*£20) *p-t11*t30+3*t31* (£20- (1/3) *
£30) ) *t21+ (-pA2*t11+t11*£3142) *q+ ((£20+t30) *£11+2*t31* (£20+
(1/2) *£30) ) *p- (2* (£31+(1/2) *t11) ) *£31*£20) *t12- (p-t21) * (p-t1l) *
(£314+£11-2%£21) * (-p+t31) ) *£22+ ( (-qr2*t2142+ ( (p+tll) *q-£20) *q*
£21-q 2*p*t11+£20*t11*q+t20* (£20+£30) ) *t12+ (£11-t21) * (( (-p+tll)
*q-t20-t30) *£21+p* (p-t11) *q+p*t30+t11*£20) ) *£32~2+ ( (-q 2*£21~2+
g* ((t31+p) *q-£20) *£21-g*2*p*t31+t31*t20*q-£30*£20) *£1242+ (-g*
(-2*p+t31+t11) *£2142+ ((-2*pr2+2*t11*£31) *q+p*t20+t11*£30-£31*



(£20+t30) ) *£21+ ( (£11+t31) *p-2*t11*£31) *p*q+ ( (-t20-t30) *£11+t31*
£30) *p+t31*£11*£20) *t12+ (£11-£21) * (p-t21) * (p-t11) * (-p+t31)) *
£32+£12% (( ((-p+t31) *q+t30) *t21-p* (-p+t31) *q+ (-t20-£30) *p+t31*
£20) *t12+ (p-t21) * (p-t11) * (-p+t31) ) * (-t21+t31)) :

omegadMUdt32:=1/ (2% (-t12+£32) 2% (-t22+t£32) 22) * (-£3042*£32~3+ (
(2%qA3* (£31-(1/2) *t11- (1/2) *£21) *£12-2*q* ( (p-t1l) *q+t20+t£30) *
£31+ (t11+t21) * (p-t11) *q~2+ (£20+£30) * (t11+t21) *q+t30* (£20+2*£30)
) *£22+ (-2*q* ( (p-t21) *q-£20) *£31+ (t11+t21) * (p-t21) *qr2-t20* (t11+
£21) *q-t30* (£20-t30) ) *£12+t30*£3142+ ( (2* (p-t21) ) * (p-t1l) *q+2*
£30% (p-t11-t21)) *£31- (£11+t21) * (p-t21) * (p-t11) *q-£30* ( (t11+t21)
*p-t1142-t11%t21-£2142)) *£3242+ ( (-g*3* (-t11+t31) *t12+q* ( (p-t11)
*q+t20+t30) *£31- (p-t11) *t11*q*r2-t11* (£20+t30) *q-t30* (£20+t30) ) *
£22724 (-q 3% (~£21+t31) *£1242+ (2%q 2*£3142-2*g* ((t11+t21) *q-3*
£30% (1/2) ) *£31+2*qr2*t11*£21+ ( (£20-£30) *t11- (£20+2*£30) *£21) *
g-2*t3042) *£12+ ( (-2*p+2*t11) *q-2*t20-2*£30) *t3142+ ( (p-t1l) * (p+
£11+2%£21) *q+ (-£3042%£20) *p+t11* (4*£30+t20) +£21* (£20+t30)) *£31+
(-pr2*£21+t1142%£21) *q+ (£11*% (-£20+t30) -t21*%£20) *p- (2* (t11+(1/2)
*£21) ) *£11*£30) *£22+ (q* ( (p-t21) *q-t20) *£31- (p-t21) *t21*q 2+t21*
£20*q+E30%£20) *£1242+ ( ( (-2*p+2*t21) *q+2*£20) *£3142+ ( (p-t21) *
(Pp+2*t11+t21) *q+ (-2*t20-3*£30) *p-t11*£20-t21* (£20-3*t30) ) *£31+
(-pA2*t11+t11%£2142) *q+ ( (£20+t30) *t11+ (£2042*£30) *t21) *p-£30*
£21% (£11+2%£21) ) *£12+ (2% (£31- (1/2) *t11-(1/2) *t21)) * (-p+t31) * (p-
£21) * (p-t11)) *£32+ ( (-g*2*£31~2+g* ( (p+t1l) *q-£30) *£31-g 2*p*t1l+
£30*t11*q+t30* (£20+£30) ) *£12+ (-t11+t£31) * (( (p-t1ll) *q+t20+t30) *
£31-p* (p-tll) *q-p*t20-t11*t30)) *£2242+ ( (-qr2*t312+q* ( (p+t21) *
g-t30) *£31-gqr2*p*t21+£30*t21*q-t30*£20) *£1242+ (2*g* (p- (1/2) *t11
—(1/2) *£21) *£3172+ ( (-2*pA2+42*t11%£21) *q+p*t30+t11*£20-£21* (£20+
£30) ) *£31+ ((£11+t21) *p-2*£11*t21) *p*q+ ( (-£20-t30) *t11+£21*£20) *
p+t21*t11*£30) *£12- (p-t11) * (-t11+t31) * (-p+t31) * (p-t21) ) *t22-
£12% ((((-p+t21) *q+t20) *t31+p* (p-t21) *q+ (-£20-t30) *p+t21*£30) *
£12+ (p-t21) * (p-t11) * (-p+t31)) * (-t21+t31)) :

omegaJMU : =omegadMUdtll*dtll+omegadMUdt21*dt21+omegadMUdt31*
dt31l+omegadMUdtl2*dtl2+omegadMUdt22*dt22+omegadMUdtL32*dt32:
omegadMUP4:= ((2*(-(1/2)*(dsl2-ds22)* (-s1l2+s22) *X1+dX1*sl1l2"2+
(-2*dX1*s22+dsll-ds21) *s1l2+dX1*s22~2+ (-dsll+ds21) *s22-(1/2) * (-
s21+sll) * (dsl2-ds22))) *s22*s12*Q*4+ (2* (- (1/2) * (ds1l2-ds22) * (-
s12+s22) *X1+dX1*s1272+ (-2*dX1*s22+dsll-ds2l) *s12+dX1*s22*2+ (-
dsll+ds2l) *s22-(1/2) *(-s21+s1l) * (ds1l2-ds22))) * (-2*X1*s1l2*s22+
(s21+P) *s12+s22* (P+sl1l) ) *Q*3+ (2* (- (1/2) * (ds1l2-ds22) * (-s12+s22) *
X14+dX1*s1242+4+ (-2*dX1*s22+dsll-ds2l) *s12+dX1*s2272+ (-dsll+ds21) *



$22-(1/2) * (-s21+s11) * (ds12-ds22)) ) * (X1~2*s12%s22+ ( (-2*%P-2%s21) *
s12-2%522% (P+s1l)) *X1+s12*s20+s10%s22+ (P+s11) * (s21+P) ) *Q 2+ (- (-
s12+4522) * ((s214P) *s12+s22* (P+s11) ) * (ds12-ds22) *X1~3+ (2*dX1*
(S21+P) *s1273+ (-2*dX1* (P-s11+2*s21) *s22+ (2*ds11-2*ds21) *P+ (2*
ds11-2*ds21) *s21+(s10-520) *ds12+2*ds22%s20) *s12/2+4 (-2*dX1* (P+2*
s11-521) *s22~2+ ((2*ds11-2*ds21) *s11l+ (-2*ds11+2*ds21) *s21+ (-3*
s10+s20) *ds12+ds22* (s10-3*s20) ) *s22- (2* (P+3*s1l* (1/2) - (1/2) *
$21)) * (ds12-ds22) * (s214P) ) *s12+2*s22* (dX1* (P+sll) *s22~2+ ( (-
dsl11+ds21) *P+ (-dsll+ds21) *s11l+ds12*s10- (1/2) *ds22* (s10-s20)) *
S22+ (P- (1/2) *s1143%s21% (1/2)) * (ds12-ds22) * (P+s11))) *X1 2+ (2*
dX1* (s10-520) *s12~3+ (-6*dX1* (s10-520) *s22-4*PA2*dX1-4*dX1* (s21+
s11) *P-4*dX1*s11*s21+2*ds11*s10-2%s20* (dsll-2*ds21)) *s12~2+ (6*
dX1* (s10-520) *s22~2+ (8*PA2*dX1+8*dX1* (s21+s11) *P+8*dX1*s1l*s21+
(-6*%ds11+2*ds21) *s10+2*s20* (dsll-3*ds21) ) *s22+ (-4*ds11l+4*ds21) *
P2+ ((-4*ds11l+4*ds21) *s11l+ (-4*dsl1+4*ds21) *s21+ (s10+s20)* (dsl2-
ds22)) *P+ ( (-4*ds1l+4*ds21) *s2142*s20* (ds12-ds22)) *s1l+s21* (s10-
$20) * (ds12-ds22) ) *s12-2*dX1* (s10-520) *s2273+ (-4 *PA2*dX1-4*dX1*
(s21+s11) *P-4*dX1*s11*s21+ (4*ds1l-2*ds21) *s10+2*ds21*s20) *
$2272+ ( (4*ds11-4*ds21) *PA2+ ( (4*dsll-4*ds21) *s1l+ (4*dsll-4*ds21)
*521- (s10+s20) * (ds12-ds22) ) *P+ ( (4*dsll-4*ds21) *s21+ (s10-s20) *
(ds12-ds22)) *s11-2%s21*s10* (ds12-ds22)) *s22+ (2* (-s21+s11)) *
(s21+P) * (P+s11) * (ds12-ds22) ) *X1+2*dX1* (s10+s20) * (P+s11l+s21) *
S1242+4 (-4*dX1* (s10+s20) * (P+s1l+s21) *s22+ (2* (s10+s20) ) * (dsll-
ds21) *P+2*s20* (dsll-ds21) *s11+2*s10* (dsl1l-ds21) *s21+ (sX10+s20) *
(sX10+s10) * (ds12-ds22) ) *s12+2*dX1* (s10+s20) * (P+sll+s21) *s2242+
(- (2* (s10+s20) ) * (ds11l-ds21) *P-2*s20* (dsll-ds21) *s11-2*s10* (dsll
~ds21) *s21- (sX10+s20) * (sX10+s10) * (ds12-ds22) ) *s22- (ds12-ds22) * (
(s10+s20) *P+s21*s10+s11*s20) * (-s21+s11l)) *Q- (-s12+s22) * ( (-dsl2*
s10-ds22*s20) *s12+ (ds12*s10+ds22*s20) *s22+ (s21+P) * (P+s11) * (ds12
~ds22) ) *X1A3+ (-2*dX1*s10%*s1243+ ( (4* (s10- (1/2) *s20) ) *dX1*s22+2*
PA2*dX1+2*dX1* (s21+s11) *P+2*dX1*s11*s21-2*ds1l*s10-2*ds21*s20) *
S1242+4 (-2*dX1* (s10-2%s20) *s22~2+ (-4*PA2*dX1-4*dX1* (s21+s1l) *
P-4*dX1*s11*s21+4*ds1l*s10+4*ds21*s20) *s22+ (2*ds11l-2*ds21) *PA2+
((2*ds11-2*ds21) *s1l+ (2*dsll-2*ds21) *s21- (s10+s20) * (ds1l2-ds22))
*P+ ( (2*ds11-2*ds21) *s21-s20* (dsl2-ds22)) *s1l-s21*s10* (dsl2-
ds22)) *s12-2%522~3*dX1*s20+ (2*PA2*dX1+2*dX1* (s21+s11) *P+2*dX1*
s11%s21-2*%ds11*s10-2*ds21*s20) *s22°2+ ( (-2*ds11+2*ds21) *PA2+ (
(-2*ds11+2*ds21) *s1l+ (-2*ds11+2*ds21) *s21+ (s10+s20) * (ds12-ds22)
) *P+ ( (-2*ds1142*ds21) *s21+s20* (ds12-ds22) ) *s11+s21*s10* (dsl2-
ds22)) *s22- (-s21+s11) * (s21+P) * (P+s1l) * (dsl2-ds22) ) *X1 2+ (-2*
dX1* (s10+s20) * (P+s1l+s21) *s12°2+ (4*dX1* (s10+s20) * (P+s1l+s21) *
$22- (2* (s10+s20) ) * (ds11l-ds21) *P-2*s20* (ds1l-ds21) *s11-2*s10*



(ds1l-ds21) *s21- (2* ( (sX10+ (1/2) *s20) *s10+sX10* (sX10+s20))) *
(ds12-ds22)) *s12-2*dX1* (s10+s20) * (P+s1l+s21) *s2242+ ( (2* (s10+
$20)) * (ds11-ds21) *P+2*s20* (dsll-ds21) *s11+2*s10* (dsl1l-ds21) *
S21+ (2* ((sX10+(1/2) *s20) *s10+sX10* (sX10+s20))) * (ds12-ds22)) *
$22+ (ds12-ds22) * ( (s10+s20) *P+s21*s10+s11*s20) * (-s21+s1l)) *X1-2%
SX10* (sX10+s10+520) * (dX1*s1242+ (-2*dX1*s22+ds11-ds21) *s12+dX1*
$2272+ (-ds11l+ds21) *s22- (1/2) * (-s21+s11) * (ds12-ds22)))/ ( (2* (Q-
X1)) * (-s12+s22) ~2) :

> omegaJMUfunction:=unapply (omegadMU, q,p) :

omegadJMUfunction2:=unapply (simplify (omegadMUfunction (P,Q+t22*P)
) ,t11,t21,¢€31,¢t12,t22,t32,t20,t30,dt11,dt21,dt31,dt12,dt22,
dt32) :

omegadMUduality:=simplify (omegadJMUfunction2 (tllfunctionduality,
t21functionduality, t31functionduality, tl2functionduality,
t22functionduality, t32functionduality, t20functionduality,
t30functionduality,dtllduality,dt21lduality,dt31lduality,
dtl2duality,dt22duality,dt32duality)):

> DifferenceomegaJMU:=simplify (omegadMUduality-omegaJMUP4) :

DifferenceomegadMUdsll:=residue (DifferenceomegadMU/dsl11%2,dsll=
0);
DifferenceomegadMUds21 :=residue (DifferenceomegadMU/ds2142,ds21=
0);

DifferenceomegadMUdsl1l2:=simplify (residue
(DifferenceomegadMU/dsl1242,ds12=0)) ;
DifferenceomegadMUds22:=simplify (residue
(DifferenceomegadMU/ds22+2,ds22=0)) ;
DifferenceomegaJMUdX1 :=simplify (residue
(DifferenceomegadMU/dX1%2,dX1=0)) ;

simplify (DifferenceomegaJMU-omegaJMUMinusomegaJMUP4) ;

DifferenceomegaJMUds1 1 = SIOI;H 2.1)
s
DifferenceomegaJMUds21 = s2s02;21
2
DifferenceomegaJMUds12 = L 10 (SIOS]g s11°)
2 sI2
2
DifferenceomegaJMUds22 = % 20 (520 s2§ s21°)
§22
DifferenceomegaJMUdXI = 0
0

> pdsolve ({DifferenceomegadJMUdsll=diff (gg(sll,hs21,s12,s22,X1),

sll),
DifferenceomegadMUds21=diff (gg(sll,s21,s12,s22,X1) ,s21),



DifferenceomegaJMUdsl2=diff (gg(sll,s21,s12,s22,X1) ,sl2),
DifferenceomegadMUds22=diff (gg(sll,s21,s12,s22,X1) ,s22),
DifferenceomegadMUdX1=diff (gg(sll,s21,s12,s22,X1) ,X1)
},{gg(sll,s21,s12,s22,X1)});
g:=unapply (s10*s112/ (2*s12)+s20*s2172/ (2*s22)+(1/2) *s10”2*1n
(s12)+(1/2) *s20~2*1n(s22) ,s11,s21,s12,s22,X1,s10,s20);
dg:=unapply( diff(g(sll,s21,s12,s22,X1,s10,s20),s1ll)*dsll+ diff
(g(sl1l1,s21,s12,s22,X1,s10,s20) ,s21) *ds21+diff(g(sll,s21,s12,
s22,X1,s10,s20) ,s12) *ds12+diff(g(sll,s21,s12,s22,X1,s10,s20),
s22) *ds22+diff (g(sll,s21,s12,s22,X1,s10,s20) ,X1) *dX1,sll,s21,
sl2,s22,X1):
simplify (omegadMUduality-omegadJMUP4-dg(sll,s21,s12,s22,X1));
1 s10s1* | 1 s20s21*

1
{gg(s]], s21, 512,522, X1) = ) NE + ) ) + ) s]021n(s]2) 2.2)

+ % s20° In(s22) —i—_C]}

2 2
1 s10sll 1 s20s21 1
g = (sll,s21,s12,s522,X1, 510, s20) — ) NE + ) 0 + ) s]Ozln(SIZ)
+ % 520" In(522)
_ 0

> gtcoordinates:=g(sllduality,s2lduality,sl2duality,s22duality,
Xlduality,sl1l0duality,s20duality) ;

gtcoordinates:= 1/2* (t30*t3142/(t22-t32)-t10*t1l1+2/(t12-t22)-
t30%2*1n(t22-t32)-t10%2*1n(tl1l2-t22)) ;

2 _ . 2
1 130131 1 (2120 —130) tl1” Lﬁ()zln(;) 2.3)

gtcoordinates =

2 -132+122 2 ~122 4+ 112 2 -132 + 122
PN TN N S
+ - (120 = 130) ln( —t22+t]2)
2 2
. 1 130131 1 (-120—130) t1 1
tcoordinates = — ——tt — — — — = 1307 In(-132 + 122
SICOOTANAE ™= 5 324122~ 2 224112 g PO Intmz )

- % (-120 — 130)* In( - 122 + t12)

> simplify(g(sll, s21, sl2, s22, X1, s10, s20)-f(sll, s21, sl2,
s22, X1));
B 0 2.4)




