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restart:

with(LinearAlgebra):

1. gl_2 case: Loading the general spectral curve. The times are (s12, s22,

s11,s21, X1) and monodromies are (s10,s20, sX10, sX20).

CoherenceEquation:=sX10+sX20+s10+s20;

sX20:=-(sX10+s10+s20);

R1:=unapply((-s10-s20)/(xi-X1)-s11-s21+(-s12-s22)*xi,xi):

R2:=unapply(sX10*(-s10-s20-sX10)/(xi-X1)^2+s10*s22+s11*s21+s12*

s20+(s11*s22+s12*s21)*xi+s12*s22*xi^2,xi);

SpectralCurveGl2 := unapply(((-s12*s22*lambda^2+((-s21-y)*s12-

s22*(s11+y))*lambda+s12*s22*q^2+((s21+p)*s12+s22*(p+s11))*q+(p-y)

*(p+s21+s11+y))*X1^3+(2*s22*lambda^3*s12+(q*s12*s22+(2*s21+2*y)*

s12+2*s22*(s11+y))*lambda^2+(-s12*s22*q^2-(s12+s22)*(p-y)*q+s12*

s20+s10*s22-p^2+(-s11-s21)*p+2*y^2+(2*s11+2*s21)*y+s11*s21)*

lambda-2*s12*s22*q^3+((-2*s21-2*p)*s12-2*s22*(p+s11))*q^2+(-s12*

s20-s10*s22-2*p^2+(-2*s11-2*s21)*p+y^2+(s21+s11)*y-s11*s21)*q+

(sX10+sX20)*(p-y))*X1^2+(-s12*s22*lambda^4+(-2*q*s12*s22+(-s21-y)

*s12-s22*(s11+y))*lambda^3+(((-2*s21-2*y)*s12-2*s22*(s11+y))*q-

s12*s20-s10*s22-(s11+y)*(s21+y))*lambda^2+(2*s12*s22*q^3+((2*

s21+2*p)*s12+2*s22*(p+s11))*q^2+(2*(p-y))*(p+s21+s11+y)*q-(sX10+

sX20)*(p-y))*lambda+q*(s12*s22*q^3+((s21+p)*s12+s22*(p+s11))*q^2+

(s12*s20+s10*s22+(p+s11)*(s21+p))*q-(sX10+sX20)*(p-y)))*X1+

lambda^4*q*s12*s22+q*((s21+y)*s12+s22*(s11+y))*lambda^3+q*(s12*

s20+s10*s22+(s11+y)*(s21+y))*lambda^2+(-q^4*s12*s22+((-s21-p)*s12

-s22*(p+s11))*q^3+(-s12*s20-s10*s22-(p+s11)*(s21+p))*q^2+(sX10+

sX20)*(p-y)*q-sX10*sX20)*lambda+q*sX10*sX20)/((lambda-X1)^2*(q-

X1)),

lambda,y,q,p,s12,s22,s11,s21,X1,s10,s20,sX10);

CoherenceEquation d sX10CsX20Cs10Cs20
sX20 d KsX10Ks10Ks20

R2 d ξ/
sX10 KsX10Ks10Ks20

ξKX1
2

Cs10 s22Cs11 s21Cs12 s20C s11 s22Cs12 s21  ξ

Cs12 s22 ξ
2

SpectralCurveGl2 d λ, y, q, p, s12, s22, s11, s21, X1, s10, s20, sX10

/
1

λKX1
2
 qKX1

Ks12 s22 λ
2
C Ks21Ky  s12Ks22 s11Cy  λ

Cs12 s22 q
2
C s21Cp  s12Cs22 pCs11  qC pKy  pCs21Cs11Cy  X1

3

C 2 s22 λ
3
 s12C q s12 s22C 2 s21C2 y  s12C2 s22 s11Cy  λ

2
C Ks12 s22 q

2
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K s12Cs22  pKy  qCs12 s20Cs10 s22Kp
2
C Ks11Ks21  pC2 y

2
C 2 s11

C2 s21  yCs11 s21  λK2 s12 s22 q
3
C K2 s21K2 p  s12K2 s22 pCs11  q

2
C

Ks12 s20Ks10 s22K2 p
2
C K2 s11K2 s21  pCy

2
C s21Cs11  yKs11 s21  qC

Ks10Ks20  pKy  X1
2
C Ks12 s22 λ

4
C K2 q s12 s22C Ks21Ky  s12Ks22 s11

Cy  λ
3
C K2 s21K2 y  s12K2 s22 s11Cy  qKs12 s20Ks10 s22K s11

Cy  s21Cy  λ
2
C 2 s12 s22 q

3
C 2 s21C2 p  s12C2 s22 pCs11  q

2
C2 p

Ky  pCs21Cs11Cy  qK Ks10Ks20  pKy  λCq s12 s22 q
3
C s21

Cp  s12Cs22 pCs11  q
2
C s12 s20Cs10 s22C pCs11  s21Cp  qK Ks10

Ks20  pKy  X1Cλ
4
 q s12 s22Cq s21Cy  s12Cs22 s11Cy  λ

3
Cq s12 s20

Cs10 s22C s11Cy  s21Cy  λ
2
C Kq

4
 s12 s22C Ks21Kp  s12Ks22 p

Cs11  q
3
C Ks12 s20Ks10 s22K pCs11  s21Cp  q

2
C Ks10Ks20  pKy  q

KsX10 KsX10Ks10Ks20  λCq sX10 KsX10Ks10Ks20

simplify(SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,

sX10)-(Y^2-R1(xi)*Y+R2(xi)-(Q-X1)/(xi-X1)*(P^2-R1(Q)*P+R2(Q)) ));

simplify(residue(simplify((xi-X1)^2*SpectralCurveGl2(xi,Y,Q,P,

s12,s22,s11,s21,X1,s10,s20,sX10)   ),xi=X1));

Coeffpolytopexi2Y2:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^3,Y=

0)/xi^3,xi=infinity));

Coeffpolytopexi1Y2:=simplify(-residue(residue((xi-X1)

^2*SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)

/Y^3,Y=0)/xi^2,xi=infinity));

Coeffpolytopexi0Y2:=simplify(-residue(residue((xi-X1)

^2*SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)

/Y^3,Y=0)/xi^1,xi=infinity));

Coeffpolytopexi4Y1:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^5,xi=infinity));

Coeffpolytopexi3Y1:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^4,xi=infinity));

Coeffpolytopexi2Y1:=simplify(-residue(residue((xi-X1)

^2*SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)

/Y^2,Y=0)/xi^3,xi=infinity));

Coeffpolytopexi1Y1:=simplify(-residue(residue((xi-X1)

^2*SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)

/Y^2,Y=0)/xi^2,xi=infinity));

Coeffpolytopexi0Y1:=simplify(-residue(residue((xi-X1)

^2*SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)
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/Y^2,Y=0)/xi^1,xi=infinity));

Coeffpolytopexi0Y0:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^1,xi=infinity));

Coeffpolytopexi1Y0:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^2,xi=infinity));

Coeffpolytopexi2Y0:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^3,xi=infinity));

Coeffpolytopexi3Y0:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^4,xi=infinity));

Coeffpolytopexi4Y0:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^5,xi=infinity));

Coeffpolytopexi5Y0:=simplify(-residue(residue((xi-X1)^2*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^6,xi=infinity));

0

0

Coeffpolytopexi2Y2 d 1

Coeffpolytopexi1Y2 d K2 X1

Coeffpolytopexi0Y2 d X1
2

Coeffpolytopexi4Y1 d 0

Coeffpolytopexi3Y1 d s12Cs22
Coeffpolytopexi2Y1 d K2 s12K2 s22  X1Cs11Cs21

Coeffpolytopexi1Y1 d s12Cs22  X1
2
C K2 s11K2 s21  X1Cs10Cs20

Coeffpolytopexi0Y1 d X1 s21Cs11  X1Ks10Ks20

Coeffpolytopexi0Y0 d 
1

QKX1
s12 s22 Q

2
C s12Cs22  PCs22 s11Cs12 s21  Q

CP PCs11Cs21  X1
3
C K2 s12 s22 Q

3
C K2 s12K2 s22  PK2 s22 s11

K2 s12 s21  Q
2
C K2 P

2
C K2 s11K2 s21  PKs10 s22Ks11 s21Ks12 s20  Q

KP s10Cs20  X1
2
CQ s12 s22 Q

3
C s12Cs22  PCs22 s11Cs12 s21  Q

2
C P

2

C s21Cs11  PCs10 s22Cs11 s21Cs12 s20  QCP s10Cs20  X1KsX10 Q sX10

Cs10Cs20

Coeffpolytopexi1Y0 d 
1

QKX1
KQ

4
 s12 s22C 2 s12 s22 X1C Ks12Ks22  PKs22 s11

Ks12 s21  Q
3
C KX1

2
 s12 s22C 2 s12C2 s22  PC2 s22 s11C2 s12 s21  X1KP

2

C Ks11Ks21  PKs10 s22Ks11 s21Ks12 s20  Q
2
C2 K

1

2
 s12K

1

2
 s22  X1

2

C PCs11Cs21  X1K
1

2
 s10K

1

2
 s20  P QC Ks11 s22Ks12 s21  X1

3
C KP

2
C
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Ks11Ks21  PCs10 s22Cs11 s21Cs12 s20  X1
2
CP s10Cs20  X1CsX10 sX10

Cs10Cs20

Coeffpolytopexi2Y0 d X1
2
 s22K2 X1 s21Cs20  s12C K2 X1 s11Cs10  s22Cs11 s21

Coeffpolytopexi3Y0 d K2 X1 s22Cs21  s12Cs22 s11
Coeffpolytopexi4Y0 d s12 s22

Coeffpolytopexi5Y0 d 0

sX10:=0:

simplify(residue(simplify((xi-X1)^2*SpectralCurveGl2(xi,Y,Q,P,

s12,s22,s11,s21,X1,s10,s20,sX10)   ),xi=X1));

Coeffpolytopexi2Y2:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^3,Y=

0)/xi^3,xi=infinity));

Coeffpolytopexi1Y2:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^3,Y=

0)/xi^2,xi=infinity));

Coeffpolytopexi0Y2:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^3,Y=

0)/xi^1,xi=infinity));

Coeffpolytopexi4Y1:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^5,xi=infinity));

Coeffpolytopexi3Y1:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^4,xi=infinity));

Coeffpolytopexi2Y1:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^3,xi=infinity));

Coeffpolytopexi1Y1:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^2,xi=infinity));

Coeffpolytopexi0Y1:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y^2,Y=

0)/xi^1,xi=infinity));

Coeffpolytopexi0Y0:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^1,xi=infinity));

Coeffpolytopexi1Y0:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^2,xi=infinity));

Coeffpolytopexi2Y0:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)
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/xi^3,xi=infinity));

Coeffpolytopexi3Y0:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^4,xi=infinity));

Coeffpolytopexi4Y0:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^5,xi=infinity));

Coeffpolytopexi5Y0:=simplify(-residue(residue((xi-X1)*

SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,s20,sX10)/Y,Y=0)

/xi^6,xi=infinity));

0

Coeffpolytopexi2Y2 d 0

Coeffpolytopexi1Y2 d 1

Coeffpolytopexi0Y2 d KX1
Coeffpolytopexi4Y1 d 0

Coeffpolytopexi3Y1 d 0

Coeffpolytopexi2Y1 d s12Cs22
Coeffpolytopexi1Y1 d Ks12Ks22  X1Cs11Cs21
Coeffpolytopexi0Y1 d Ks11Ks21  X1Cs10Cs20

Coeffpolytopexi0Y0 d Ks12 s22 Q
3
C Ks12Ks22  PCs12 s22 X1Ks22 s11Ks12 s21  Q

2

C KP
2
C s12Cs22  X1Ks11Ks21  PC s11 s22Cs12 s21  X1Ks10 s22Ks11 s21

Ks12 s20  QCP X1 PC s21Cs11  X1Ks10Ks20
Coeffpolytopexi1Y0 d KX1 s22Cs21  s11C KX1 s21Cs20  s12Cs10 s22

Coeffpolytopexi2Y0 d KX1 s22Cs21  s12Cs22 s11
Coeffpolytopexi3Y0 d s12 s22

Coeffpolytopexi4Y0 d 0

Coeffpolytopexi5Y0 d 0

R1(xi);

R2(xi);

simplify(series(SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,

s20,sX10),Y=0));

simplify(series(SpectralCurveGl2(xi,Y,Q,P,s12,s22,s11,s21,X1,s10,

s20,sX10),Y=0));

RHSReduced:=-simplify(SpectralCurveGl2(xi,tdY+1/2*R1(xi),Q,P,s12,

s22,s11,s21,X1,s10,s20,sX10) -tdY^2):

RHSReduced2:=simplify(1/4*R1(xi)^2-R2(xi)):

simplify(RHSReduced-RHSReduced2-(Q-X1)*(P^2-R1(Q)*P+R2(Q))/(xi-

X1));

RHSReduced2bis:=1/4*(s12-s22)^2*xi^2+(1/2)*(s12-s22)*(s11-s21)*

xi+(s11-s21)^2/4+(1/2)*(s12-s22)*(s10-s20) +(1/4)*(s10+s20)^2/

(xi-X1)^2+(1/2)*(s10+s20)*((s12+s22)*X1+s11+s21)/(xi-X1):

simplify(series(simplify((xi-X1)^2*(RHSReduced2-RHSReduced2bis)),

xi=X1));

Ks10Ks20

ξKX1
Ks11Ks21C Ks12Ks22  ξ
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s10 s22Cs11 s21Cs12 s20C s11 s22Cs12 s21  ξCs12 s22 ξ
2

1

X1Kξ
s12 s22 Q

3
C KX1 s22CPCs21  s12Cs22 PCs11  Q

2
C Ks21KP  X1

Cs20  s12C KPKs11  X1Cs10  s22C PCs11  s21CP  QCξ ξ X1Kξ  s22

CX1 s21Ks21 ξKs20  s12Cξ X1 s11Ks11 ξKs10  s22KP PCs11Cs21  X1

CP s10Cs20 Ks11 s21 ξ

C
Ks12Ks22  ξ

2
C s12Cs22  X1Ks11Ks21  ξC s21Cs11  X1Ks10Ks20

X1Kξ
 Y

CY
2

1

X1Kξ
s12 s22 Q

3
C KX1 s22CPCs21  s12Cs22 PCs11  Q

2
C Ks21KP  X1

Cs20  s12C KPKs11  X1Cs10  s22C PCs11  s21CP  QCξ ξ X1Kξ  s22

CX1 s21Ks21 ξKs20  s12Cξ X1 s11Ks11 ξKs10  s22KP PCs11Cs21  X1

CP s10Cs20 Ks11 s21 ξ

C
Ks12Ks22  ξ

2
C s12Cs22  X1Ks11Ks21  ξC s21Cs11  X1Ks10Ks20

X1Kξ
 Y

CY
2

0

0

Identification with the one-matrix model

Vprime:=unapply(a*xi+b+c/(xi-X1),xi);

simplify(simplify((Vprime(x)-Vprime(ti))/(x-ti)));

RHSMatrixModel:=Vprime(xi)^2/4- (c0/(xi-X1)+a);

a:=-(s12-s22);

b:=-(s11-s21);

c:=-(s10+s20);

s20:=-1;

c0:=-(Q-X1)*(P^2-R1(Q)*P+R2(Q))-(s10+s20)*(X1*s22+s21);

simplify(series(simplify((RHSReduced-RHSMatrixModel)*(xi-X1)^2),

xi=X1));

Vprime(xi);

Vprime d ξ/a ξCbC
c

ξKX1

KX1
2
 aC xC ti  a X1Ka ti xCc

xKX1  KtiCX1

RHSMatrixModel d 
1

4
 a ξCbC

c

ξKX1

2

K
c0

ξKX1
Ka

a d s22Ks12
b d Ks11Cs21
c d Ks10Ks20

s20 d K1

c0 d KQKX1  P
2
K

Ks10C1

QKX1
Ks11Ks21C Ks12Ks22  Q  PCs10 s22Cs11 s21
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Ks12CQ s11 s22Cs12 s21 Cs12 s22 Q
2

K s10K1  X1 s22Cs21

0

s22Ks12  ξKs11Cs21C
Ks10C1

ξKX1

2. gl_3 case: Loading the spectral curve in terms of (Q,P) and the 

irregular times (t12,t22,t32,t11,t21,t31) and the monodromies (t10,t20,

t30)

P1:=unapply( (t12+t22+t32)*lambda+t11+t21+t31,lambda);

P2:=unapply( (t12*t22+t12*t32+t22*t32)*lambda^2+((t21+t31)*t12+

(t11+t31)*t22+t32*(t11+t21))*lambda-t10*t12-t20*t22-t30*t32+t21*

t11 +t31*t11+t21*t31,lambda);

P3:=unapply(t12*t22*t32*lambda^3+(t12*t22*t31+t12*t32*t21+t22*

t32*t11)*lambda^2+(t12*t22*t30+t12*t32*t20+t22*t32*t10  +t12*t21*

t31+t22*t11*t31+t32*t11*t21)*lambda,lambda);

CoherenceEquation2:=t10+t20+t30;

t10:=-(t20+t30);

SpectralCurveGl3:=unapply(

-p^3+(t11+t21+t31+(t12+t22+t32)*q)*p^2+(((-t12-t32)*t22-t12*t32)*

q^2+((-t11-t31)*t22+(-t11-t21)*t32-t12*(t21+t31))*q+t20*t22+t30*

t32+t12*(-t20-t30)+(-t31-t21)*t11-t21*t31)*p-(lambda-q)*(q^2*t12*

t22*t32+(((lambda*t12+t11)*t32+t12*t31)*t22+t32*t12*t21)*q+(

(lambda^2*t12+lambda*t11-t20-t30)*t32+(lambda*t31+t30)*t12+t11*

t31)*t22+((lambda*t21+t20)*t12+t11*t21)*t32+t12*t21*t31)+(((t22+

t32)*t12+t22*t32)*lambda^2+(t12*(t21+t31)+t22*(t11+t31)+t32*(t11+

t21))*lambda+(t20+t30)*t12-t20*t22-t30*t32+t11*(t21+t31)+t21*t31)

*y+((-t12-t22-t32)*lambda-t11-t21-t31)*y^2+y^3

,lambda,y,q,p,t12,t22,t32,t11,t21,t31,t20,t30);

P1 d λ/ t12C t22C t32  λC t11C t21C t31

P2 d λ/ t12 t22Ct12 t32Ct22 t32  λ
2
C t21Ct31  t12C t11Ct31  t22Ct32 t11

Ct21  λKt10 t12Kt20 t22Kt30 t32Ct21 t11Ct31 t11Ct21 t31

P3 d λ/t12 t22 t32 λ
3
C t11 t22 t32Ct12 t21 t32Ct12 t22 t31  λ

2
C t10 t22 t32

Ct11 t21 t32Ct11 t22 t31Ct12 t20 t32Ct12 t21 t31Ct12 t22 t30  λ
CoherenceEquation2 d t10C t20C t30

t10 d Kt20K t30

SpectralCurveGl3 d λ, y, q, p, t12, t22, t32, t11, t21, t31, t20, t30 /Kp
3
C t11Ct21Ct31

C t12Ct22Ct32  q  p
2
C Kt12Kt32  t22Kt12 t32  q

2
C Kt11Kt31  t22C

Kt11K t21  t32K t21C t31  t12  qC t20 t22C t30 t32C t12 Kt20Kt30 C Kt31

Kt21  t11Kt21 t31  pK λKq  q
2
 t12 t22 t32C λ t12Ct11  t32C t12 t31  t22

Ct12 t32 t21  qC λ
2
 t12Cλ t11Kt20Kt30  t32C λ t31Ct30  t12Ct31 t11  t22
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(7)(7)

C λ t21C t20  t12Ct21 t11  t32Ct12 t21 t31 C t22Ct32  t12Ct22 t32  λ
2

C t21Ct31  t12C t11Ct31  t22Ct32 t11Ct21  λC t20Ct30  t12Kt20 t22

Kt30 t32Ct11 t21Ct31 Ct21 t31  yC Kt12Kt22Kt32  λKt11Kt21Kt31  y
2

Cy
3

series(residue(SpectralCurveGl3(lambda,y,q,p,t12,t22,t32,t11,t21,

t31,t20,t30)/y^2,y=0),lambda=0);

series(residue(SpectralCurveGl3(lambda,y,q,p,t12,t22,t32,t11,t21,

t31,t20,t30)/y^1,y=0),lambda=0);

t11 t21Ct11 t31Ct12 t20Ct12 t30Kt20 t22Ct21 t31Kt30 t32C t11 t22Ct11 t32

Ct12 t21Ct12 t31Ct21 t32Ct22 t31  λC t12 t22Ct12 t32Ct22 t32  λ
2

q
3
 t12 t22 t32Kp q

2
 t12 t22Kp q

2
 t12 t32Kp q

2
 t22 t32Cq

2
 t11 t22 t32Cq

2
 t12 t21 t32

Cq
2
 t12 t22 t31Cp

2
 q t12Cp

2
 q t22Cp

2
 q t32Kp q t11 t22Kp q t11 t32Kp q t12 t21

Kp q t12 t31Kp q t21 t32Kp q t22 t31Cq t11 t21 t32Cq t11 t22 t31Cq t12 t20 t32

Cq t12 t21 t31Cq t12 t22 t30Kq t20 t22 t32Kq t22 t30 t32Kp
3
Cp

2
 t11Cp

2
 t21

Cp
2
 t31Kp t11 t21Kp t11 t31Kp t12 t20Kp t12 t30Cp t20 t22Kp t21 t31Cp t30 t32

C Kt11 t21 t32K t11 t22 t31K t12 t20 t32K t12 t21 t31K t12 t22 t30C t20 t22 t32

Ct22 t30 t32  λC Kt11 t22 t32K t12 t21 t32K t12 t22 t31  λ
2
Kt12 t22 t32 λ

3

SpectralcurveGl3dual:=simplify(series( SpectralCurveGl3(y,lambda,

q,p,t12,t22,t32,t11,t21,t31,t20,t30),y=0));

Coeffy2:=series(simplify(residue(SpectralcurveGl3dual/y^3,y=0)),

lambda=0);

Coeffy1:=series(simplify(residue(SpectralcurveGl3dual/y^2,y=0)),

lambda=0);

Coeffy0:=series(simplify(residue(SpectralcurveGl3dual/y^1,y=0)),

lambda=0);

simplify(series(simplify(SpectralcurveGl3dual/(-t12*t22*t32)

-SpectralCurveGl3(lambda,y,p,q,1/t12,1/t22,1/t32,-t11/t12,-

t21/t22,-t31/t32,-t20,-t30)),lambda=0));

SpectralcurveGl3dual d Kp
3
C t11Ct21Ct31C t12Ct22Ct32  q  p

2
C Kt32

Kt22  t12Kt22 t32  q
2
C Kt31Kt21  t12C Kt11K t31  t22K t32 t11C t21  q

Ct12 Kt20K t30 C t20 t22C t30 t32C Kt31Kt21  t11Kt21 t31  pCq
3
 t12 t22 t32

C t21 t32Ct22 t31  t12Ct22 t32 t11  q
2
C t20 t32Ct21 t31Ct22 t30  t12C

Kt20K t30  t32C t31 t11  t22C t32 t11 t21  qKλ t12 Kt20K t30 C t20 t22C t30 t32

Kλ
2
C t11Ct21Ct31  λC Kt31Kt21  t11Kt21 t31 C Kt12Kt22Kt32  λ

2

C t21Ct31  t12C t11Ct31  t22Ct32 t11Ct21  λC t20Ct30  t32Kt31 t11

Kt12 t30  t22C Kt11 t21K t12 t20  t32K t12 t21 t31  yC Kt31Cλ  t22

Kt32 t21Kλ  t12Kt22 t32 t11Kλ  y
2
Kt12 t22 t32 y

3

Coeffy2 d Kt21 t32K t22 t31  t12K t22 t32 t11C t22C t32  t12C t22 t32  λ
Coeffy1 d t20Ct30  t32Kt31 t11Kt12 t30  t22C Kt11 t21Kt12 t20  t32Kt12 t21 t31

C t21Ct31  t12C t11Ct31  t22Ct32 t11Ct21  λC Kt12K t22K t32  λ
2

Coeffy0 d Kp
3
C t11C t21C t31C t12C t22C t32  q  p

2
C Kt32Kt22  t12
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Kt22 t32  q
2
C Kt31Kt21  t12C Kt11K t31  t22K t32 t11C t21  qC t12 Kt20

Kt30 Ct20 t22Ct30 t32C Kt31K t21  t11K t21 t31  pCq
3
 t12 t22 t32C t21 t32

Ct22 t31  t12Ct22 t32 t11  q
2
C t20 t32Ct21 t31Ct22 t30  t12C Kt20Kt30  t32

Ct31 t11  t22Ct32 t11 t21  qC Kt12 Kt20Kt30 Kt20 t22Kt30 t32K Kt31

Kt21  t11Ct21 t31  λC Kt11K t21K t31  λ
2
Cλ

3

0

SpectralCurveGl3Shifted:=unapply( simplify(series

(SpectralCurveGl3(lambda,y-(beta1*lambda),q,p,t12,t22,t32,t11,

t21,t31,t20,t30),lambda=0)),lambda,y,q,p,t12,t22,t32,t11,t21,t31,

t20,t30);

SpectralCurveGl3Shifted d λ, y, q, p, t12, t22, t32, t11, t21, t31, t20, t30 /Kp
3
C t11

Ct21Ct31C t12Ct22Ct32  q  p
2
C Kt32Kt22  t12Kt22 t32  q

2
C Kt31

Kt21  t12C Kt11K t31  t22K t32 t11C t21  qC t12 Kt20Kt30 Ct20 t22

Ct30 t32C Kt31K t21  t11K t21 t31  pCq
3
 t12 t22 t32C t21 t32Ct31 t22  t12

Ct22 t32 t11  q
2
C t20 t32Ct21 t31Ct22 t30  t12C Kt20Kt30  t32Ct31 t11  t22

Ct32 t11 t21  qK t12 Kt20K t30 C t20 t22C t30 t32C Kt31CyKt21  t11C y

Kt21  KyCt31  yC K3 β1Kt12Kt22Kt32  y
2
C 2 t11C2 t21C2 t31  β1

C t21Ct31  t12C t11Ct31  t22Ct32 t11Ct21  yC t12 Kt20K t30 C t20 t22

Ct30 t32C Kt31K t21  t11K t21 t31  β1C Kt20 t32Kt21 t31Kt22 t30  t12C t20

Ct30  t32Kt31 t11  t22Kt32 t11 t21  λC 3 yK t11K t21K t31  β1
2
C 2 yKt21

Kt31  t12C 2 yK t11K t31  t22C2 t32 yK
1

2
 t11K

1

2
 t21  β1C yKt31  t22

Ct32 yK t21  t12C t22 t32 yKt11  λ
2
K t32Cβ1  t22Cβ1  t12Cβ1  λ

3

beta1:=-t22;

SpectralCurveGl3Shiftedbis:=simplify(series

(SpectralCurveGl3Shifted(lambda,y,q,p,t12,t22,t32,t11,t21,t31,

t20,t30),y=0));

Termy2lambda2:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^3,y=0)/lambda^3,lambda=infinity));

Termy2lambda1:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^3,y=0)/lambda^2,lambda=infinity));

Termy2lambda0:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^3,y=0)/lambda^1,lambda=infinity));

Termy1lambda3:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^2,y=0)/lambda^4,lambda=infinity));

Termy1lambda2:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^2,y=0)/lambda^3,lambda=infinity));

Termy1lambda1:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^2,y=0)/lambda^2,lambda=infinity));

Termy1lambda0:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^2,y=0)/lambda^1,lambda=infinity));
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Termy0lambda3:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^1,y=0)/lambda^4,lambda=infinity));

Termy0lambda2:=simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^1,y=0)/lambda^3,lambda=infinity));

Termy0lambda1:=simplify(series(simplify(-residue(residue

(SpectralCurveGl3Shiftedbis/y^1,y=0)/lambda^2,lambda=infinity)),

t20));

β1 d Kt22

SpectralCurveGl3Shiftedbis d Kp
3
C t11Ct21Ct31C t12Ct22Ct32  q  p

2
C Kt12

Kt32  t22Kt12 t32  q
2
C Kt31Kt21  t12C Kt11K t31  t22K t32 t11C t21  q

Ct20 t22Ct12 Kt20K t30 C t30 t32C Kt11Kt31  t21Kt31 t11  pCq
3
 t12 t22 t32

C t11 t32Ct12 t31  t22Ct12 t32 t21  q
2
C Kt20Kt30  t32Ct12 t30

Ct31 t11  t22C t20 t32Ct21 t31  t12Ct32 t11 t21  qK λ t21C t20  t22
2
C

Kλ t21K t20  t12C Kλ t21Kt20  t32K t11Ct31  t21  t22C λ t21Ct20  t32

Ct21 t31  t12Ct32 t11 t21  λC K t22K t32  t12K t22  λ
2
C Kt11K2 t21

Kt31  t22Ct32 t11Ct21 C t21Ct31  t12  λKt20 t22C t20Ct30  t12C t11

Ct31  t21Ct31 t11Kt30 t32  yC Kt11Kt21Kt31C 2 t22Kt12Kt32  λ  y
2
Cy

3

Termy2lambda2 d 0

Termy2lambda1 d 2 t22Kt12Kt32
Termy2lambda0 d Kt11Kt21Kt31

Termy1lambda3 d 0

Termy1lambda2 d K t22Kt32  t12Kt22
Termy1lambda1 d K2 t22Ct12Ct32  t21C Kt11Kt31  t22Ct32 t11Ct12 t31
Termy1lambda0 d t20C t30  t12K t20 t22K t30 t32C t11 t21C t31 C t21 t31

Termy0lambda3 d 0

Termy0lambda2 d t21 t22K t32  t12K t22
Termy0lambda1 d t22K t32  t11K t31 t12K t22  t21C t22K t32  t12K t22  t20

Identification with the two-matrix model

V1prime:=unapply(a1*lambda+a2,lambda);

V2prime:=unapply(b0*y+b1+b2/(y-X1),y);

E0part1:=unapply(  (V1prime(lambda)-y)*(V2prime(y)-lambda),

lambda,y);

E0:=unapply(E0part1(lambda,y)+1 -a1*(b0-b2/(y-X1)*C0),lambda,y);

series(simplify(E0(lambda,y)-E0part1(lambda,y)),y=X1);

V1prime d λ/a1 λCa2

V2prime d y/b0 yCb1C
b2

yKX1

E0part1 d λ, y / a1 λCa2Ky  b0 yCb1C
b2

yKX1
Kλ

E0 d λ, y / a1 λCa2Ky  b0 yCb1C
b2

yKX1
Kλ C1Ka1 b0K

b2 C0

yKX1
C0 a1 b2

yKX1
Ka1 b0C1

simplify(series(residue(-1/b0*(y-X1)*E0(lambda,y)/y^4,y=0),

lambda=0));
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(13)(13)

(12)(12)

simplify(series(residue(-1/b0*(y-X1)*E0(lambda,y)/y^3,y=0),

lambda=0));

simplify(series(residue(-1/b0*(y-X1)*E0(lambda,y)/y^2,y=0),

lambda=0));

simplify(series(residue(-1/b0*(y-X1)*E0(lambda,y)/y^1,y=0),

lambda=0));

series((-a1*b0+a2*b1+1)*X1-b2*(C0*a1+a2),C0);

1

KX1Ka2  b0Cb1

b0
C

Ka1 b0K1

b0
 λ

X1 a2Ca1  b0Kb1 X1Ka2 b1Cb2K1

b0
C

X1 b0Kb1  a1CX1Ca2

b0
 λC

a1

b0
 λ

2

Ka1 b0Ca2 b1C1  X1Kb2 C0 a1Ca2

b0
C

a1 b1Ka2  X1Ka1 b2

b0
 λK

X1 a1

b0
 λ

2

Ka1 b0Ca2 b1C1  X1Ka2 b2Ka1 b2 C0

SpectralCurveGl3(lambda,y,q,p,t12,t22,t32,t11,t21,t31,t20,t30):

simplify(series(residue((SpectralCurveGl3(lambda,y+t22*lambda,q,

p,t12,t22,t32,t11,t21,t31,t20,t30)+1/b0*(y-X1)* E0(lambda,

y))/y^4,y=0),lambda=0));

simplify(series(residue((SpectralCurveGl3(lambda,y+t22*lambda,q,

p,t12,t22,t32,t11,t21,t31,t20,t30)+1/b0*(y-X1)*E0(lambda,y))/y^3,

y=0),lambda=0));

simplify(series(residue((SpectralCurveGl3(lambda,y+t22*lambda,q,

p,t12,t22,t32,t11,t21,t31,t20,t30)+1/b0*(y-X1)*E0(lambda,y))/y^2,

y=0),lambda=0));

simplify(series(residue((SpectralCurveGl3(lambda,y+t22*lambda,q,

p,t12,t22,t32,t11,t21,t31,t20,t30)+1/b0*(y-X1)*E0(lambda,y))/y^1,

y=0),lambda=0));

0

X1Ca2K t11K t21K t31  b0Kb1

b0
C

1C a1Kt12C2 t22Kt32  b0

b0
 λ

1

b0
t11 t21Ct31 C t20Ct30  t12KX1 a2Ct21 t31Kt20 t22Kt30 t32Ka1  b0

Cb1 X1Ca2 b1Kb2C1 C
1

b0
K2 t22C t12C t32  t21C Kt11Kt31  t22

KX1 a1Ct12 t31Ct32 t11  b0Ca1 b1KX1Ka2  λ

C
K t12Kt22  t22Kt32  b0Ka1

b0
 λ

2

1

b0
Kp

3
C t11C t21C t31C t12C t22C t32  q  p

2
C Kt32Kt22  t12Kt22 t32  q

2

C Kt31K t21  t12C Kt11Kt31  t22Kt32 t11Ct21  qCt12 Kt20Kt30

Ct20 t22Ct30 t32C Kt31K t21  t11K t21 t31  pCq
3
 t12 t22 t32C t21 t32

Ct22 t31  t12Ct22 t32 t11  q
2
C t20 t32Ct21 t31Ct22 t30  t12C Kt20Kt30  t32

Ct31 t11  t22Ct32 t11 t21  qCX1 a1  b0C Ka2 b1K1  X1Cb2 C0 a1Ca2
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(14)(14)

C
1

b0
Kt20 t22

2
C t12Ct32  t20C t11Ct31  t21  t22Kt12 t32 t20Kt21 t11 t32

Ct12 t31  b0C Ka1 b1Ca2  X1Ca1 b2  λ

C
t21 t22Kt32  t12Kt22  b0CX1 a1

b0
 λ

2

simplify(series(residue(simplify(series

(SpectralCurveGl3Shiftedbis+1/b0*(y-X1)*E0(lambda,y),y=0))/y^4,y=

0),lambda=0));

simplify(series(residue(simplify(series

(SpectralCurveGl3Shiftedbis+1/b0*(y-X1)*E0(lambda,y),y=0))/y^3,y=

0),lambda=0));

simplify(series(residue(simplify(series

(SpectralCurveGl3Shiftedbis+1/b0*(y-X1)*E0(lambda,y),y=0))/y^2,y=

0),lambda=0));

simplify(series(residue(simplify(series

(SpectralCurveGl3Shiftedbis+1/b0*(y-X1)*E0(lambda,y),y=0))/y^1,y=

0),lambda=0));

0

X1Ca2K t11K t21K t31  b0Kb1

b0
C

1C a1Kt12C2 t22Kt32  b0

b0
 λ

1

b0
t11 t21Ct31 C t20Ct30  t12KX1 a2Ct21 t31Kt20 t22Kt30 t32Ka1  b0

Cb1 X1Ca2 b1Kb2C1 C
1

b0
K2 t22C t12C t32  t21C Kt11Kt31  t22

KX1 a1Ct12 t31Ct32 t11  b0Ca1 b1KX1Ka2  λ

C
K t12Kt22  t22Kt32  b0Ka1

b0
 λ

2

1

b0
Kp

3
C t11C t21C t31C t12C t22C t32  q  p

2
C Kt32Kt22  t12Kt22 t32  q

2

C Kt31K t21  t12C Kt11Kt31  t22Kt32 t11Ct21  qCt12 Kt20Kt30

Ct20 t22Ct30 t32C Kt31K t21  t11K t21 t31  pCq
3
 t12 t22 t32C t21 t32

Ct22 t31  t12Ct22 t32 t11  q
2
C t20 t32Ct21 t31Ct22 t30  t12C Kt20Kt30  t32

Ct31 t11  t22Ct32 t11 t21  qCX1 a1  b0C Ka2 b1K1  X1Cb2 C0 a1Ca2

C
1

b0
Kt20 t22

2
C t12Ct32  t20C t11Ct31  t21  t22Kt12 t32 t20Kt21 t11 t32

Ct12 t31  b0C Ka1 b1Ca2  X1Ca1 b2  λ

C
t21 t22Kt32  t12Kt22  b0CX1 a1

b0
 λ

2

EQ1:=simplify(residue(residue( 

(SpectralCurveGl3Shiftedbis+1/b0*(y-X1)*E0(lambda,y))/y^3,y=0)

/lambda^2,lambda=0));

EQ2:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*

(y-X1)*E0(lambda,y))/y^3,y=0)/lambda^1,lambda=0));

EQ3:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*
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(y-X1)*E0(lambda,y))/y^2,y=0)/lambda^3,lambda=0));

EQ4:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*

(y-X1)*E0(lambda,y))/y^2,y=0)/lambda^2,lambda=0));

EQ5:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*

(y-X1)*E0(lambda,y))/y^2,y=0)/lambda^1,lambda=0));

EQ6:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*

(y-X1)*E0(lambda,y))/y^1,y=0)/lambda^3,lambda=0));

EQ7:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*

(y-X1)*E0(lambda,y))/y^1,y=0)/lambda^2,lambda=0));

EQ8:=simplify(residue(residue( (SpectralCurveGl3Shiftedbis+1/b0*

(y-X1)*E0(lambda,y))/y^1,y=0)/lambda^1,lambda=0)):

EQ1 d 
1C a1Kt12C2 t22Kt32  b0

b0

EQ2 d 
X1Ca2Kt11Kt21Kt31  b0Kb1

b0

EQ3 d 
K t12K t22  t22K t32  b0Ka1

b0

EQ4 d 
1

b0
K2 t22Ct12Ct32  t21C Kt11Kt31  t22KX1 a1Ct12 t31Ct32 t11  b0

Ca1 b1KX1Ka2

EQ5 d 
1

b0
t11 t21C t31 C t20C t30  t12KX1 a2Ct21 t31Kt20 t22Kt30 t32

Ka1  b0Cb1 X1Ca2 b1Kb2C1

EQ6 d 
t21 t22K t32  t12K t22  b0CX1 a1

b0

EQ7 d 
1

b0
Kt20 t22

2
C t12Ct32  t20C t11Ct31  t21  t22Kt12 t32 t20

Kt21 t11 t32Ct12 t31  b0C Ka1 b1Ca2  X1Ca1 b2

a1:=-(t12-t22)*(t22-t32)*b0;

simplify(EQ3);

b0:=1/(t32-t22);

simplify(EQ1);

X1:=t21;

simplify(EQ6);

a2:=b1*(t32-t22)+t11+t31;

simplify(EQ2);

simplify(EQ4);

b1:=-t31/(t32-t22);

simplify(EQ4);

b2:=t20;

simplify(EQ7);

t30:=1-t20;

simplify(EQ5);
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a1:=simplify(a1);

a2:=simplify(a2);

b0:=simplify(b0);

b1:=simplify(b1);

b2:=simplify(b2);

X1:=simplify(X1);

a1 d K t12K t22  t22K t32  b0
0

b0 d 
1

t32K t22
0

X1 d t21
0

a2 d b1 t32Kt22 Ct11Ct31
0

KKt32C t12  b1 t22K t32 K t31

b1 d K
t31

t32Kt22
0

b2 d t20
0

t30 d 1K t20
0

a1 d t12K t22
a2 d t11

b0 d K
1

t22Kt32

b1 d 
t31

t22K t32
b2 d t20
X1 d t21

simplify(V1prime(lambda));

int(V1prime(lambda),lambda);

V2prime(y);

int(V2prime(y),y);

t12Kt22  λCt11

1

2
 t12K t22  λ

2
Cλ t11

K
y

t22K t32
C

t31

t22Kt32
C

t20

yK t21

t20 ln yK t21 C
t31 y

t22Kt32
K

1

2
 

y
2

t22Kt32
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C0:=1/(t20*(t12-t22)*(t32-t22))* (  (p^3-P1(q)*p^2+P2(q)*p-P3(q))

-t11*t21*t31+t11*t20*(t22-t32)-t21*(t12-t32));

simplify(EQ8);

C0 d 
1

t20 t12Kt22  t32Kt22
p

3
K t11Ct21Ct31C t12Ct22Ct32  q  p

2

C t12 t22Ct12 t32Ct22 t32  q
2
C t21C t31  t12C t11C t31  t22C t32 t11

Ct21  qCt12Kt20 t22K 1Kt20  t32Ct21 t11Ct31 t11Ct21 t31  p

Kq
3
 t12 t22 t32K t11 t22 t32Ct12 t21 t32Ct12 t22 t31  q

2
K Kt22 t32Ct32 t11 t21

Ct22 t11 t31Ct12 t32 t20Ct12 t21 t31Ct12 t22 1Kt20  qKt11 t21 t31

Ct11 t20 t22Kt32 Kt21 Kt32C t12
0

3. Dual spectral curve and dual spectral curve shifted

DualSpectralCurveShifted:=simplify(series

(SpectralCurveGl3Shifted(y,lambda,Q,P,t12,t22,t32,t11,t21,t31,

t20,t30),y=0)):

simplify(series(SpectralCurveGl2(lambda,y,q,p,s12,s22,s11,s21,X1,

s10,s20,sX10),y=0)):

ToCancelShifted:=simplify(series(DualSpectralCurveShifted-(t22-

t32)*(t12-t22)*(t21-lambda)*SpectralCurveGl2(lambda,y,q,p,s12,

s22,s11,s21,X1,s10,s20,sX10),y=0)):

ToCancelShiftedfunction:=unapply(ToCancelShifted,Q,P):

TermProportionalToySquareShifted:=series(simplify(series((lambda-

X1)*residue(ToCancelShifted/y^3,y=0),lambda=0)),lambda=0);

TermProportionalToyShifted:=series(simplify(series((lambda-X1)*

residue(ToCancelShifted/y^2,y=0),lambda=0)),lambda=0);

TermConstantShifted:=series(simplify(series((lambda-X1)^2*residue

(ToCancelShifted/y,y=0),lambda=0,10)),lambda=0,10):

simplify(residue(TermProportionalToyShifted/lambda^5,lambda=0));

EQ1:=simplify(residue(TermProportionalToyShifted/lambda^4,lambda=

0));

EQ2:=simplify(residue(TermProportionalToyShifted/lambda^3,lambda=

0)):

EQ3:=simplify(residue(TermProportionalToyShifted/lambda^2,lambda=

0)):

EQ4:=simplify(residue(TermProportionalToyShifted/lambda,lambda=0)

):

simplify(residue(TermConstantShifted/lambda^7,lambda=0));

EQ5:=simplify(residue(TermConstantShifted/lambda^6,lambda=0));

EQ6:=simplify(residue(TermConstantShifted/lambda^5,lambda=0)):

EQ7:=simplify(residue(TermConstantShifted/lambda^4,lambda=0)):



(1.1)(1.1)

(19)(19)

> > 

(20)(20)

> > 

> > 

EQ8:=simplify(residue(TermConstantShifted/lambda^3,lambda=0)):

EQ9:=simplify(residue(TermConstantShifted/lambda^2,lambda=0)):

EQ10:=simplify(residue(TermConstantShifted/lambda,lambda=0)):

TermProportionalToySquareShifted d 0

TermProportionalToyShifted d t21 Ks11Ks21  t21Cs10Ct20K1  t22
2
C s21

Cs11  t12C s21Cs11  t32Kt11Kt31  t21K t12Ct32  s10Ct20K1  t22C

Ks11Ks21  t32Ct31  t12Ct32 t11  t21Ct32 t12 s10C t20K1 C Ks12

Ks22  t21
2
C 2 s11C2 s21  t21Ks10K t20C1  t22

2
C s12Cs22  t12C2C s12

Cs22  t32  t21
2
C K2 s11K2 s21  t12C K2 s11K2 s21  t32C2 t31C2 t11  t21

C t12Ct32  s10Ct20K1  t22C K1C Ks12Ks22  t32  t12K t32  t21
2

C 2 s11C2 s21  t32K2 t31  t12K2 t32 t11  t21K t32 t12 s10Ct20K1  λ

C 2 s12C2 s22  t21Ks11Ks21  t22
2
C K2 s12K2 s22  t12K4C K2 s12

K2 s22  t32  t21C s21Cs11  t12C s21Cs11  t32K t11K t31  t22C 2C 2 s12

C2 s22  t32  t12C2 t32  t21C Ks11Ks21  t32C t31  t12C t32 t11  λ
2
C Ks12

Ks22  t22
2
C s12Cs22  t12C2C s12Cs22  t32  t22C K1C Ks12

Ks22  t32  t12Kt32  λ
3

0

EQ1 d Ks12Ks22  t22
2
C s12Cs22  t12C2C s12Cs22  t32  t22C K1C Ks12

Ks22  t32  t12Kt32
0

EQ5 d 1C t12Kt22  t22Kt32  s22 s12

solve({EQ1,EQ5},{t12,t32});

t12 =
s12 t22K1

s12
, t32 =

s22 t22K1

s22
, t12 =

s22 t22K1

s22
, t32 =

s12 t22K1

s12

First Solution

t12 := (t22*s12-1)/s12;

t32 := (t22*s22-1)/s22;

simplify(EQ1);

simplify(EQ5);

EQ2:=simplify(EQ2);

EQ6:=simplify(EQ6);

t12 d 
t22 sinfty12K1

sinfty12

t32 d 
t22 sinfty22K1

sinfty22
0

0

EQ2 d 
Kt11 sinfty12Kt31 sinfty22Ksinfty11Ksinfty21

sinfty22 sinfty12

EQ6 d 
Kt11Kt31  sinfty22Ksinfty21  sinfty12Ksinfty11 sinfty22

sinfty12 sinfty22

solve({EQ2,EQ6},{t11,t31});



(1.3)(1.3)

(1.2)(1.2)

(1.4)(1.4)

> > 

> > 

> > 

> > 

(1.5)(1.5)

> > 

t11 := -s11/s12;

t31 := -s21/s22;

simplify(EQ2);

simplify(EQ6);

EQ3:=simplify(EQ3);

EQ7:=simplify(EQ7);

t11 =K
sinfty11

sinfty12
, t31 =K

sinfty21

sinfty22

t11 d K
sinfty11

sinfty12

t31 d K
sinfty21

sinfty22
0

0

EQ3 d 
Kt20Ksinfty10Ksinfty20

sinfty22 sinfty12

EQ7 d 
Kt20K t30Ksinfty10  sinfty22Csinfty12 t30Ksinfty20

sinfty12 sinfty22

solve({EQ3,EQ7},{t20,t30});

t20 := -s10-s20;

t30 := s20;

simplify(EQ3);

simplify(EQ7);

EQ4:=simplify(unapply(EQ4,Q,P)):

EQ8:=simplify(unapply(EQ8,Q,P)):

EQ9:=simplify(unapply(EQ9,Q,P)):

EQ10:=simplify(unapply(EQ10,Q,P)):

t20 =Ksinfty10Ksinfty20, t30 = sinfty20
t20 d Ksinfty10Ksinfty20

t30 d sinfty20
0

0

t21:=X1;

simplify(EQ4(p,q+t22*p));

series(simplify(EQ8(p,q+t22*p)),p=0);

t21 d X1
0

0

We find sX10*sX20=0

sX10:=0;

simplify(ToCancelShiftedfunction(p,q+t22*p));

sX10 d 0

0

t12:=t12;

t32:=t32;



> > 

(1.6)(1.6)

(2.2)(2.2)

> > 

(2.1)(2.1)

> > 

t22:=t22;

t11:=t11;

t21:=t21;

t31:=t31;

t20:=t20;

t30:=t30;

sX10:=sX10;

t12 d 
t22 sinfty12K1

sinfty12

t32 d 
t22 sinfty22K1

sinfty22
t22 d t22

t11 d K
sinfty11

sinfty12
t21 d X1

t31 d K
sinfty21

sinfty22
t20 d Ksinfty10Ksinfty20

t30 d sinfty20
sX10 d 0

Second Solution

t12 := (t22*s22-1)/s22;

t32 := (t22*s12-1)/s12;

t12 d 
t22 sinfty22K1

sinfty22

t32 d 
t22 sinfty12K1

sinfty12

simplify(EQ1);

simplify(EQ5);

EQ2:=simplify(EQ2);

EQ6:=simplify(EQ6);

0

0

EQ2 d 
Kt11 sinfty22Kt31 sinfty12Ksinfty11Ksinfty21

sinfty22 sinfty12

EQ6 d 
Kt11Kt31  sinfty22Ksinfty21  sinfty12Ksinfty22 sinfty11

sinfty12 sinfty22

solve({EQ2,EQ6},{t11,t31});

t11 := -s21/s22;

t31 := -s11/s12;

simplify(EQ2);

simplify(EQ6);

EQ3:=simplify(EQ3);

EQ7:=simplify(EQ7);



(2.5)(2.5)

> > 

(2.6)(2.6)

> > 

(2.4)(2.4)

> > 

(2.3)(2.3)

> > 

t11 =K
sinfty21

sinfty22
, t31 =K

sinfty11

sinfty12

t11 d K
sinfty21

sinfty22

t31 d K
sinfty11

sinfty12
0

0

EQ3 d 
Kt20Ksinfty10Ksinfty20

sinfty22 sinfty12

EQ7 d 
Kt20K t30Ksinfty20  sinfty12Csinfty22 t30Ksinfty10

sinfty12 sinfty22

solve({EQ3,EQ7},{t20,t30});

t20 := -s10-s20;

t30 := s10;

simplify(EQ3);

simplify(EQ7);

EQ4:=simplify(unapply(EQ4,Q,P)):

EQ8:=simplify(unapply(EQ8,Q,P)):

EQ9:=simplify(unapply(EQ9,Q,P)):

EQ10:=simplify(unapply(EQ10,Q,P)):

t20 =Ksinfty10Ksinfty20, t30 = sinfty10
t20 d Ksinfty10Ksinfty20

t30 d sinfty10
0

0

t21:=X1;

simplify(EQ4(p,q+t22*p));

series(simplify(EQ8(p,q+t22*p)),p=0);

t21 d X1
0

sX10 sX10Csinfty10Csinfty20

sinfty22 sinfty12 KqCX1

We find sX10*sX20=0

sX10:=0;

simplify(ToCancelShiftedfunction(p,q+t22*p));

sX10 d 0

0

t12:=t12;

t32:=t32;

t22:=t22;

t11:=t11;

t21:=t21;

t31:=t31;

t20:=t20;



(2.7)(2.7)

t30:=t30;

sX10:=sX10;

t12 d 
t22 sinfty22K1

sinfty22

t32 d 
t22 sinfty12K1

sinfty12
t22 d t22

t11 d K
sinfty21

sinfty22
t21 d X1

t31 d K
sinfty11

sinfty12
t20 d Ksinfty10Ksinfty20

t30 d sinfty10
sX10 d 0


