[ In this Maple file, we compute the Casimir coefficients of the Lax matrix L associated to the Painlevé 2
| equation in relation with the spectral curve

> restart:
Pl:=x-> PinftyO0l+Pinftyll*x+Pinfty21*x"2;
P2:=x-> Pinfty02+Pinftyl2*x+Pinfty22*x*2+Pinfty32*x*3+Pinfty42*
x*4;
SpectralCurve:=unapply( y*2-P1l (x)*y+P2(x) ,vy) ;
PI = x—Pinfty0l + Pinftyl1 x + Pinfty21 x° 6))
P2 = x— Pinfty02 + Pinftyl2 x + Pinfty22 x* + Pinfty32 x° + Pinfty42 x*
SpectralCurve == y—y* — (x* Pinfty21 + x Pinftyl1 + Pinfty01) y + Pinfty42 x* + Pinfty32 x°
+ Pinfty22 x* + Pinftyl2 x + Pinfty02
> DiaginftySheetl:=-tinftyl3*x*2-tinftyl2*x-tinftyll-tinftyl0/x+

Unknown/x”*2;
DiaginftySheet2:=-tinfty23*x 2-tinfty22*x-tinfty2l-tinfty20/x+
Unknown2/x"2;
DiaginfiySheet] = ~tinfiy13 * — tinfiyl2 x — tinfiyl ] — ”"fj’cyl 0 Unknown 2)
X
DiaginfivSheet2 = - tinfiy23 * — tinfiy22 x — tinfty2] — ””{’CVZO 4 Unknown2
X

;Expression of P_1 in terms of the diagonal expansion in both sheets
> Pinfty0l:=-(tinftyll+tinfty2l);
Pinftyll:=-(tinftyl2+tinfty22);
Pinfty2l:=-(tinftyl3+tinfty23);
CoherenceEquationl:=residue (DiaginftySheetl+DiaginftySheet2-P1
(x) ,x=infinity) ;
tinfty20:=-tinftyl0;
Pinfty01 == -tinftyl1 — tinfty21 3
Pinftyll :== -tinftyl2 — tinfty22
Pinfty21 := -tinftyl3 — tinfty23
CoherenceEquationl = tinftyl0 + tinfty20
| tinfty20 := -tinftyl0
| Study at infinity
> series (SpectralCurve (DiaginftySheetl) ,x=infinity, 6) :
series (SpectralCurve (DiaginftySheet2) ,x=infinity,6) :
EQinftyl:=residue (x”* (-5) *SpectralCurve (DiaginftySheetl) ,h x=
infinity);
EQinfty2:=residue (x”* (-5) *SpectralCurve (DiaginftySheet2) , x=
infinity);
EQinfty3:=residue (x”* (-4) *SpectralCurve (DiaginftySheetl) ,h x=
infinity);
EQinfty4:=residue (x”* (-4) *SpectralCurve (DiaginftySheet2) ,x=
infinity);
EQinfty5:=residue (x”* (-3) *SpectralCurve (DiaginftySheetl) h x=




infinity);
EQinfty6:=residue (x”* (-3) *SpectralCurve (DiaginftySheet2) ,h x=
infinity);
EQinfty7:=residue (x”* (-2) *SpectralCurve (DiaginftySheetl) h x=
infinity);
EQinfty8:=residue (x”* (-2) *SpectralCurve (DiaginftySheet2) , x=
infinity);
EQinfty9:=residue (x”* (-1) *SpectralCurve (DiaginftySheetl) ,h x=
infinity);
EQinftyl0O:=residue (x”* (-1) *SpectralCurve (DiaginftySheet2) , x=
infinity);

EQinftyl = —tinfzy132 — (- tinftyl3 — tinfty23) tinftyl3 — Pinfty42 4)
EQinfty2 = - tinﬁy232 — (- tinftyl3 — tinfty23) tinfty23 — Pinfty42
EQinfty3 == -2 tinftyl3 tinftyl2 — ( - tinftyl3 — tinfty23) tinftyl2 — ( - tinftyl2
— tinfty22) tinftyl3 — Pinfty32
EQinfty4 == -2 tinfty23 tinfty22 — ( - tinftyl3 — tinfty23) tinfty22 — ( - tinftyl2
— tinfty22) tinfty23 — Pinfty32
EQinfty5 == -2 tinftyl3 tinftyl 1 — tinftylz2 — (~tinftyl3 — tinfty23) tinftyl1 — ( - tinftyl2
— tinfty22) tinftyl2 — ( -tinftyll — tinfty21) tinftyl3 — Pinfty22
EQinfty6 := -2 tinfty23 tinfty21 — tinftyzz2 — (- tinftyl3 — tinfty23) tinfty21 — ( - tinftyl2
— tinfty22) tinfty22 — ( -tinftyll — tinfty21) tinfty23 — Pinfty22
EQinfty7 == -2 tinftyl3 tinftyl0 — 2 tinfty12 tinftyl I — ( -tinftyl3 — tinfty23) tinftyl0 — (
-tinftyl2 — tinfty22) tinftyl1 — ( -tinftyl 1 — tinfty21) tinftyl12 — Pinftyl2
EQinfty8 := 2 tinftyl0 tinfty23 — 2 tinfty22 tinfty21 + ( -tinftyl3 — tinfty23) tinftyl10 — (
-tinftyl2 — tinfty22) tinfty21 — ( - tinftyl 1 — tinfty21) tinfty22 — Pinftyl2
_EthbQ==:2tﬁ#@]3thnown-—Ztﬁ#@]Zﬁnﬁyﬂ)—tﬁﬁbJ]2+-(—ﬁnﬁy13
— tinfty23) Unknown — ( - tinftyl2 — tinfty22) tinftyl10 — ( -tinftyl 1 — tinfty21) tinftyl ]
— Pinfty02
EQinftyl0 := 2 tinfty23 Unknown2 + 2 tinfty10 tinfty22 — tinftyZ]2 + (-tinftyl3
— tinfty23) Unknown2 + ( -tinftyl2 — tinfty22) tinftyl10 — ( -tinftyl1 — tinfty21) tinfty21
— Pinfty02
> Pinfty42:=factor (solve (EQinftyl,Pinfty42)) ;
Pinfty32:=factor (solve (EQinfty3,Pinfty32)) ;
Pinfty22:=factor (solve (EQinfty5,Pinfty22)) ;
Pinftyl2:=factor (solve (EQinfty7,Pinftyl2)) ;
simplify (EQinftyS8) ;
simplify (EQinfty9) ;
Pinfty42 = tinfty13 tinfty23 5)
Pinfty32 = tinftyl2 tinfty23 + tinftyl3 tinfty22
Pinfty22 = tinftyl 1 tinfty23 + tinfty12 tinfty22 + tinfty13 tinfty21
Pinftyl2 := -tinftyl0 tinftyl3 + tinfty10 tinfty23 + tinftyl I tinfty22 + tinftyl2 tinfty21
0

| (-tinftyl2 + tinfty22) tinftyl0 + (tinftyl3 — tinfty23) Unknown + tinftyl1 tinfty21 — Pinfty02
| Summary of the coefficients




> Pinfty0l:=Pinfty01;
Pinftyll:=Pinftyll;
Pinfty2l:=Pinfty21;
Pinfty02:=Pinfty02;
Pinftyl2:=Pinftyl2;
Pinfty22:=Pinfty22;
Pinfty32:=Pinfty32;
Pinfty42:=Pinfty42;
CoherenceEquationl:=tinftyl0+tinfty20;

Pinfty0l = -tinftyll — tinfty21 (6)

Pinftyll == -tinftyl2 — tinfty22

Pinfty21 == -tinftyl3 — tinfty23

Pinfty02 := Pinfty02
Pinftyl2 := -tinftyl0 tinftyl3 + tinfty10 tinfty23 + tinftyl I tinfty22 + tinftyl2 tinfty21
Pinfty22 = tinftyl 1l tinfty23 + tinfty12 tinfty22 + tinfty13 tinfty21
Pinfty32 = tinftyl2 tinfty23 + tinftyl3 tinfty22
Pinfty42 = tinftyl3 tinfty23

L CoherenceEquationl = 0
We have one undetermined coefficient Pinfty02, all the other coefficients are expressed in terms of
| irregular times and monodromies.




