In this Maple file, we compute the evolution equations for the Painlevé 3 equations using the
compatibility equation of the Lax system. We also obtain the expression of the Lax matrices in the
eometric gauge without apparent singularities.

¥ Lax matrices in the oper gauge from previous Maple files

_Summary of previous files: We have the expression for some coefficients of the Lax matrix L and
of A.

The deformation operator is \mathcal{L }=\hbar (alphainfl1\partial {t {\infty*{(1)},1} +
alphainf21\partial {t {\infty"{(2)},1}+alphaOl1\partial {t {0~{(1)},1} +alphaO21\partial {t {0"{
L(2)},1})))

> restart:

with (LinearAlgebra) :

P042 := t011*t021;

P032 := t010*t021+t011*t020;

P012 := -1/2*(t010+t020) * (tinftyll+tinfty21l)-1/2* (tinftyl0-

tinfty20)* (-tinfty2l+tinftyll) ;
P021 := t011+t021;
PO11 := t010+t020;

Pinfty0l := -tinftyll-tinfty2l;
Pinfty02 := tinftyll*tinfty2l;
CoherenceEquationl := tinftylO+tinfty20+t010+t020;

Pl:=lambda-> P021/lambda”2+P011/lambda+Pinfty01;
P2:=lambda-> P042/lambda”~4+P032/lambda”~3+P022/lambda*2+
P0l12/lambda+Pinfty02;
dPldlambda:=unapply (diff (P1l (lambda) ,1lambda) ,lambda) :
dP2dlambda:=unapply (diff (P2 (lambda) ,lambda) ,lambda) :

tdP2:=unapply (P2 (lambda) -P022/lambda*2-P012/lambda, lambda) ;

L:=Matrix(2,2,0):

L[1,1]:=0:

L[1,2]:=1:

L[2,1] :=-t011*t021/lambda”~4 - (t010*t021+t020*t011)/lambda”3-
H/lambda”2- tinftyll*tinfty2l - (tinftyll*tinfty20+tinfty2l%*
tinftylO+h*tinftyll-h*p) /lambda- p*h/(lambda-q) :

L[2,2]:= (t011+t021)/lambda”2+ (t010+t020-2*h)/lambda -
(tinftyll+tinfty21) +h/ (lambda-q) :

COl:=residue(L[2,1],lambda=0) ;
C02:=residue (L[2,1] *1lambda, lambda=0) ;

A:=Matrix(2,2,0):




A[l,1]:=(alphainfll*tinfty2l-alphainf21*tinftyll)/(tinftyll-
tinfty21l) *lambda+ C+rho/ (lambda-q)-(t0ll*alpha021-
t021*alpha011) / (t011-t021) /lambda:
A[l1,2]:=(alphainfll-alphainf21)/(tinftyll-tinfty21l) *lambda+nu+
mu/ (lambda-q) :

A[2,1] :=AA21 (lambda) :

A[2,2] :=AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff
(A[i,j],1lambda): od: od:

L;
A;

nuMinusl:=factor (-residue (A[1,2]/lambda”*2,lambda=infinity)) ;
nu0:=factor (-residue (A[1l,2]/lambda,lambda=infinity)) ;
cinftyl:=factor (-residue (A[1l,1]/lambda”*2,lambda=infinity)) ;
c0l:=factor (residue(A[l,1],lambda=0)) ;

Q2 :=unapply (-p* (g-0) *2,lambda) :

J:=Matrix(2,2,0):

J[1,1]:=1:

J[1l,2]:=0:

J[2,1] :=Q2 (lambda) / (lambda-q) :

J[2,2] :=(lambda-0) *2/ (lambda-q) :

dJddlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dJddlambdal[i,j]:=diff
(J[i,J],1lambda): od: od:

J:

LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2]:=diff(J[2,2],q) *Lg+diff(J[2,2],p) *Lp+h*diff (J[2,2],t):
LJ[2,1]:=diff(J[2,1],q) *Lg+diff(J[2,1],p) *Lp+h*diff (J[2,1],t):
LJ:

checkL:=simplify (Multiply (Multiply(J,L) ,J*(-1))+h*Multiply
(dddlambda,J”* (-1))):
checkA:=simplify (Multiply (Multiply(J,Aa),J*(-1))+Multiply(LJ,J%
(-1))):
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Solving the compatibility equations to obtain the Hamiltonian
evolutions.



The compatibility equation is \mathcal {L.} L=h\partial \lambda A+[A,L]
Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression
| for A

> LL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)):
Entryll:=LL[1,1]:
Entryl2:=LL[1,2]:

AA21 :=unapply (solve (Entryl1=0,AA21 (lambda) ) ,lambda) :
AA2l1bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:

simplify (AA21 (lambda) -AA21bis) ;
AA22:=unapply (solve (Entryl2=0,AA22 (lambda) ) ,lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]+A[1,2]*L[2,2]:

simplify (AA22 (lambda) -AA22bis) ;

simplify (Entryll) ;

simplify (Entryl2) ;
LL:=h*dAdlambda+ (Multiply (A,L) -Multiply(L,A)):
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| Evolution of entry L_{2,2}

> Entry22:=simplify (LL[2,2]):
Entry22TermLambdaMinusqCube:=factor (residue (Entry22* (lambda-q)
~2,lambda=q)) ;
Entry22TermLambdaMinusgSquare:=factor (residue (Entry22* (lambda-
q) ,lambda=q)) ;
Entry22TermLambdaMinusq:=factor (residue (Entry22,lambda=q)) ;
Entry22TermLambdaZeroMinus4:=factor (residue (Entry22*lambda“”3,
lambda=0)) ;
Entry22TermLambdaZeroMinus3:=factor (residue (Entry22*lambda*2,
lambda=0)) ;
Entry22TermLambdaZeroMinus2:=factor (residue (Entry22*lambda,
lambda=0)) ;
Entry22TermLambdaZeroMinusl:=factor (residue (Entry22,lambda=0)) ;
Entry22TermLambdaInfty2:=factor (-residue (Entry22/lambda“’3,
lambda=infinity)) ;
Entry22TermLambdaInftyl:=factor (-residue (Entry22/lambda”2,
lambda=infinity)) ;




Entry22TermLambdaInfty0:=factor (-residue (Entry22/lambda, lambda=
infinity)) ;

simplify( Entry22- (Entry22TermLambdaMinusgSquare/ (lambda-q) *2+
Entry22TermLambdaMinusq/ (lambda-q)
+Entry22TermLambdaZeroMinus4/lambda*4+
Entry22TermLambdaZeroMinus3/lambda*3+
Entry22TermLambdaZeroMinus2/lambda*2+
Entry22TermLambdaZeroMinusl/lambda
+Entry22TermLambdaInftyO0+Entry22TermLambdaInftyl*lambda+
Entry22TermLambdaInfty2*lambda”2) );

L[2,2];

Entry22TermLambdaMinusqCube := 0 2.2)

Entry22TermLambdaMinusqSquare = I ((-hv q2 tinftyll
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+hv q2 tinfty2l — h q3 alphainfll + h q3 alphainf21 + 1 q2 tinftyl = 1 q2 tinﬁy2]2
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Entry22TermLambdaZeroMinusl = 0

Entry22TermLambdalnfty? == 0
Entry22TermLambdalnftyl == 0

Entry22TermLambdaZeroMinus3 =




Entry22TermLambdalnfty( := -h (alphainfl 1 + alphainf21)
0
1011 + 1021 1010 + 1020 —2 h h

73 + N — tinftyll — tinfty21 + E
[ Since the deformation operator is mathcal {L}=\hbar (alphainflI\partial {t {\infty"{(1)},1} +
alphainf21\partial {t {\infty~{(2)},1}+alphaOl1\partial {t {0~{(1)},1} +alphaO21\partial {t {0"{
| (2)},1})) ), the double pole at lambda=0 is h*(alpha011+alpha021)
> solve ({Entry22TermLambdaZeroMinus3,Entry22TermLambdaZeroMinus2-
h* (alphaOll+alpha021) }, {nu,mu}) ;
mu := g*2*(t0ll*alphainfll-t0ll*alphainf2l1-t021l*alphainfll+
t02l1*alphainf2l+alphaOll*tinftyll-alphaOll*tinfty2l1-alpha021%*
tinftyll+alpha021*tinfty21)/(t011*tinftyll-t011*tinfty21-t021*
tinftyll+t021*tinfty21) ;

nu := gq*(tO0ll*alphainfll-tOll*alphainf2l1-t021l*alphainfl1+t021%*
alphainf2l+alpha0ll*tinftyll-alphaOll*tinfty2l-alpha021%*
tinftyll+alpha021*tinfty21)/(t011*tinftyll-t011l*tinfty21-t021*
tinftyll+t021*tinfty21l) ;

simplify (Entry22TermLambdaZeroMinus3) ;

simplify (Entry22TermLambdaZeroMinus2-h* (alpha0Oll+alpha021));

{u: ( (011 alphainfll — t011 alphainf21 — 1021 alphainfl11 + t021 alphainf21 2.3)

+ 0011 tinftyl1 — 0011 tinfiy21 — 0021 tinfiy11 + 0021 tinfiy21) ¢°) | (1011 tinfiy11

— 1011 tinfty21 — 1021 tinftyl1 + 1021 tinfty21), v = ( (1011 alphainf11
— 1011 alphainf21 — t021 alphainfl1 + t021 alphainf21 + o011 tinftyll
— o011 tinfty21 — o021 tinftyl 1 + 0021 tinfty21) q) / (1011 tinftyll — t011 tinfty21
— 1021 tinftyl1 + 1021 tinfty21) }

W= ( (011 alphainfll — t011 alphainf21 — t021 alphainfl11 + t021 alphainf21
+ o011 tinftyl1 — o011 tinfty21 — o021 tinftyll + o021 tinfty21) qz)/(tOI] tinftyll
— 1011 tinfty21 — 1021 tinftyl I + t021 tinfty21)
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+—aO[Iﬁnﬁy]]—-aOIIﬁnﬁyZ]——aOZIﬁnﬁy]]4—002]ﬁnﬁy21)q)/(tO]]ﬁnﬁy]]
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0

_ 0

> Lqg:=factor (Entry22TermLambdaMinusqSquare/h) :
Lgbis:=-2*rho-((alphainfll-alphainf2l)/ (tinftyll-tinfty21)+
(alpha0ll-alpha021)/(t011-t021)) *gq~2*P1(q)+ (alpha0ll-alpha021) *
g/ (t011-t021) *h;
factor (simplify (series (Lg-Lgbis,g=0)));

2.4
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[ Evolution of \mathcal {L}[L[2,1]]

> Entry2l:=simplify (LL[2,1]):
Entry2lTermLambdaMinusqCube:=factor (residue (Entry21* (lambda-q)
A2 ,lambda=q)) ;
Entry2lTermLambdaMinusgSquare:=factor (residue (Entry21* (lambda-
q) ,lambda=q)) ;
Entry2lTermLambdaMinusq:=factor (residue (Entry21l,lambda=q)) ;
Entry2l1TermLambdaZeroMinus5:=factor (residue (Entry2l*lambda*4,
lambda=0)) ;
Entry2l1TermLambdaZeroMinus4:=factor (residue (Entry2l*lambda“”3,
lambda=0)) ;
Entry2l1TermLambdaZeroMinus3:=factor (residue (Entry2l*lambda”2,
lambda=0)) ;
Entry2l1TermLambdaZeroMinus2:=factor (residue (Entry2l*lambda,
lambda=0)) ;
Entry2lTermLambdaZeroMinusl:=factor (residue (Entry21,lambda=0)) ;
Entry2lTermLambdaInfty3:=factor (-residue (Entry21l/lambda*4,
lambda=infinity)) ;
Entry2l1TermLambdaInfty2:=factor (-residue (Entry21l/lambda“’3,
lambda=infinity)) ;
Entry2l1TermLambdaInftyl:=factor (-residue (Entry21l/lambda’2,
lambda=infinity)) ;
Entry2l1TermLambdaInfty0:=factor (-residue (Entry21l/lambda, lambda=
infinity))

simplify( Entry21l- (Entry2lTermLambdaMinusqCube/ (lambda-q) ~3+
Entry21TermLambdaMinusqgSquare/ (lambda-q) 2+
Entry2l1TermLambdaMinusq/ (lambda-q)
+Entry2lTermLambdaZeroMinus5/lambda”5+
Entry2l1TermLambdaZeroMinus4/lambda*4+
Entry2lTermLambdaZeroMinus3/lambda”3+
Entry2lTermLambdaZeroMinus2/lambda*2+
Entry2lTermLambdaZeroMinusl/lambda
+Entry2lTermLambdaInfty0O+Entry2lTermLambdaInftyl*lambda+
Entry2lTermLambdaInfty2*lambda*2+Entry21TermLambdaInfty3*
lambda“3) );

L[2,1];




1 2 2
(-tinfty21 + tinftyl1) (1011 — 1021) (317 (pq 25)
1011 alphainfll — p g t011 alphainf21 — p ¢* t021 alphainf11 + p ¢* 1021 alphainf21
+p ¢* 0011 tinftyll — p g* 0011 tinfty2] — p ¢ 021 tinfryl1 +p g° 0021 tinfty21
+ p 1011 tinftyll — p 1011 tinfty2] — p t021 tinftyl1 + p t021 tinfty21))
1

Entry21TermLambdaMinusqCube :=

4

Entry2 1 TermLambdaMinusqSquare = ((2¢

¢* (-tinfty21 + tinfiyl1) (1011 — 1021)
t011 alphainfl1 tinftyll tinfty21 — 2 q4 t011 alphainf21 tinftyl1 tinfty21
— 2 ¢* 1021 alphainfl1 tinftyl1 tinfty21 + 2 g* 1021 alphainf21 tinftyl1 tinfty21

+2 ¢* o011 tinfryl I tinfty21 — 2 ¢* 0011 tinfryl1 tinfry21*

— 24" o021 tinfiyl I tinfty21 + 2 ¢* 0021 tinfiyl1 tinfty21* — h p ¢° 0011 tinftyl ]
+hpq o011 tinfiy21 +hp g° 0021 tinfryll —h p ¢° 0021 tinfty21

+2h q3 1011 alphainfl1 tinftyll —2 h q3 1011 alphainf21 tinftyl 1

—2 h g 1021 alphainfl1 tinftyll + 2 h ¢° 1021 alphainf21 tinfryl1

+2hq o011 tinftyl I* —2 h ¢ 0011 tinfryll tinfty21 —2 h ¢° o021 tinftyl I*

+2 h g 0021 tinftyl1 tinfty2] + 2 ¢ 1011 alphainfl1 tinfty10 tinfty21

+2 q3 1011 alphainfl1 tinftyl1 tinfty20 — 2 q3 1011 alphainf?1 tinfty10 tinfty21

-2 q3 1011 alphainf21 tinftyl1 tinfty20 — 2 q3 1021 alphainfl1 tinfty10 tinfty21

— 2 ¢° 1021 alphainfl1 tinftyl1 tinfty20 + 2 g 1021 alphainf21 tinfty10 tinfty21

+2 ¢ 1021 alphainf21 tinftyl1 tinfty20 + 2 > 0011 tinfty10 tinftyl 1 tinfty21

—2.¢° 011 tinftyl0 tinfty2 1> +2 ¢° 0011 tinftyl 1> tinfty20

—2.q° o011 tinfryl1 tinfty20 tinfty21 —2 > 0021 tinftyl0 tinftyl1 tinfty21

+2 ¢ 0021 tinftyl0 tinfty2I* — 2 ¢° 0021 tinftyl I* tinfty20

+2 ¢ o021 tinftyl1 tinfty20 tinfty21 — g* p 1011 tinftyl I* + ¢* p 1011 tinfty2I*

+ ¢% p 1021 tinftyl I* — ¢* p 1021 tinfty2I* + 2 H ¢* 1011 alphainfl1

—2 Hq 1011 alphainf2] — 2 H g* 1021 alphainfl1 + 2 H ¢° t021 alphainf21

+2 Hq" 011 tinftyll —2 Hq” 0011 tinfry2] —2 Hq" 0021 tinftyll

+2 Hq” o021 tinfty21 —2 h q p t011 tinftyl1 +2 h q p 1011 tinfty21

+2h qpt021 tinftyl] —2 h q p 1021 tinfty2] + q p 1010 1011 tinftyl1

—q pt0101011 tinfty2] — q p t010 1021 tinftyl1l + q p 1010 t021 tinfty21

+ g p 10111020 tinftyl 1 — q p t011 1020 tinfty21 — q p 1020 t021 tinftyl 1

+ g p 1020 1021 tinfty21 + 2 q t010 t011 1021 alphainf! ]

—2q 10101011 t021 alphainf2l — 2 q t010 t021 2 alphainf11

+2 ¢ 1010 1021 alphainf21 + 2 q t010 1021 0011 tinftyl1 — 2 g t010 1021 0011 tinfty21
—2.q 10101021 0021 tinftyl1 + 2 q 1010 1021 021 tinfty21 + 2 q 1011 1020 alphainfl ]
—2 g t011° 1020 alphainf21 — 2 q t011 1020 1021 alphainfl ]

+2 ¢ 1011 1020 1021 alphainf21 + 2 q 1011 1020 0011 tinftyl1

—2.q 0111020 0011 tinfty2] — 2 q 1011 1020 021 tinftyll

+2 g 1011 1020 0021 tinfty21 + p 1011 tinftyl 1 — p t011° tinfty21 — p t021° tinftyl
+ p 1021 tinfty21 + 2 10117 1021 alphainfl1 — 2 t011° 1021 alphainf21



— 21011 10217 alphainfl1 + 2 1011 021> alphainf21 + 2 1011 t021 0011 tinftyl1
— 210111021 o011 tinfty21 — 2 1011 1021 021 tinftyl1 + 2 1011 1021 0021 tinfty21)
h)

Entry21TermLambdaMinusq = - 1

G (-tinfty21 + tinftyl1) (1011 — t021)

~hpq 01l tinftyll +hp ¢ 011 tinfty21 +hp g° 0021 tinftyl ]

—hpq 0021 tinfty21 + h ¢° 1011 alphainfl1 tinftyl1 + h ¢° 1011 alphainfl1 tinfty21
—2 h @ 011 alphainf21 tinftyl1 — h g° t021 alphainf11 tinftyl1

— h ¢ 1021 alphainfl1 tinfty21 +2 h ¢° 1021 alphainf21 tinftyl1 +h q° 0011 tinfty1*
—h g 011 tinfryll tinfty2] —h ¢ 0021 tinfryl I* + h ¢° 0021 tinfryl 1 tinfty21

+ ¢ 1011 alphainf11 tinfty10 tinfty21 + g 1011 alphainf11 tinftyl1 tinfty20

— q3 1011 alphainf21 tinfty10 tinfty21 — q3 t011 alphainf21 tinftyl1 tinfty20

— q3 1021 alphainfl1 tinfty10 tinfty21 — q3 1021 alphainfl1 tinftyl1 tinfty20

+ ¢ 1021 alphainf21 tinfty10 tinfty21 + ¢° 1021 alphainf21 tinftyl1 tinfty20

+ > 0011 tinfty10 tinftyl1 tinfty2] — q° 0011 tinftyl0 tinfty21*

+¢° 0011 tinftyl 1> tinfty20 — ¢° 0011 tinftyl1 tinfty20 tinfty21

— ¢ 0021 tinfty10 tinftyl1 tinfty21 + ¢° 0021 tinfty10 tinfty21*

— ¢ 0021 tinfiyl I* tinfty20 + ¢° 0021 tinfty11 tinfty20 tinfty21 + 2 H g* t011 alphainfl1
—2 Hg* 1011 alphainf2] — 2 H q* 1021 alphainfl1 +2 H g° 1021 alphainf21

+2 Hq" o011 tinftyll —2 Hq” 0011 tinfry2] —2 Hq" 0021 tinftyll

+2 Hq” o021 tinfty2l —2 h q p t011 tinfryl1 +2 h q p 1011 tinfty21

+2 h g pt02] tinftyl1 —2 h q p 1021 tinfty21 + h q t011 0021 tinftyl 1

—h q 1011 0021 tinfty2] —h q 1021 0011 tinftyl]l + h q t021 0011 tinfty21

+ g p 10101011 tinftyll — q p 0101011 tinfty21 — q p 1010 t021 tinftyl 1

+ g p 10101021 tinfty21 + q p t011 1020 tinftyl1 — q p 1011 020 tinfty21

— g p 1020 1021 tinftyl1 + q p 1020 t021 tinfty21 + 3 q 1010 1011 021 alphainf11
—3¢q 10101011 t021 alphainf2] — 3 q t010 t021 2 alphainf11

+3 ¢ 1010 1021 alphainf21 + 3 q 1010 1021 o011 tinftyl1 — 3 q t010 1021 0011 tinfty21
—3q 10101021 0021 tinftyl1 + 3 q 1010 1021 021 tinfty21 + 3 q 1011 1020 alphainfl ]
—3 g 1011”1020 alphainf21 — 3 q t011 1020 1021 alphainfl ]

+3 ¢ 1011 1020 1021 alphainf21 + 3 q 1011 1020 0011 tinftyl1

—3.q 10111020 0011 tinfty2] — 3 q 1011 1020 021 tinftyll

+3 g 10111020 0021 tinfty21 + 2 p 1011 tinftyl1 — 2 p t011° tinfry21

— 2 p t021° tinftyl1 + 2 p 10217 tinfty21 + 4 t011° 1021 alphainf! ]

— 410117 1021 alphainf21 — 4 1011 1021 alphainf11 + 4 1011 1021* alphainf21

+ 41011 1021 011 tinftyll — 4 1011 1021 a011 tinfty2] — 4 1011 1021 o021 tinftyl ]

+4 1011 1021 0021 tinfty21) h)
Entry21TermLambdaZeroMinus5 = 0
Entry21TermLambdaZeroMinus4 == - (1011 0021 + 1021 o011) h
Entry21TermLambdaZeroMinus3 = - (1010 0021 + 1020 o011) h




Entry21TermLambdaZeroMinus2 = ———— : 1 (h
q- (-tinfty2l + tinftyll) (1011 —t021)
- g 10117 alphainfl1 tinfty21 + ¢° t011° alphainf21 tinftyl1 + q° t011 0021 tinftyl I*
— ¢> 1011 0021 tinfty21* + ¢* 10217 alphainfl1 tinfty21 — g* 1021* alphainf21 tinftyl1
— 21021 0011 tinftyl I* + ¢* 1021 0011 tinfty21> + h q 1011 0021 tinftyl ]
—h q 011 o021 tinfty2] — h q 1021 0011 tinftyl1 + h q 1021 0011 tinfty21
+q 10101011 t021 alphainfll — q 1010 t011 t021 alphainf2l — q t010 1021 alphainf11
+ ¢ 1010 10217 alphainf21 + q 1010 1021 0011 tinftyl1 — q 1010 1021 0011 tinfty21
— ¢ 10101021 0021 tinfryll + q t010 1021 o021 tinfty21 + g t011° 1020 alphainf! ]
—qt0ll 21020 alphainf21 — q t011 1020 t021 alphainfl1 + q t011 1020 t021 alphainf21
+ q 1011 1020 0011 tinftyl1 — q t011 t020 0011 tinfty21 — g t011 1020 0021 tinftyl1
+ ¢ 1011 1020 0021 tinfty21 + p t011° tinftyl1 — p 1011 tinfty21 — p 1021 tinftyl1
+ p 1021 tinfty21 + 2 1011% 1021 alphainf11 — 2 1011* 1021 alphainf21
— 21011 10217 alphainf11 + 2 1011 t021* alphainf21 + 2 1011 t021 0011 tinftyl1
— 210111021 o011 tinfty2] — 2 1011 1021 o021 tinftyl1 + 2 1011 1021 0021 tinfty21))

Entry21TermLambdaZeroMinusl = — I ( (
q” (-tinfty2l + tinftyl1) (1011 —t021)

~hpq o011 tinfryll +hp ¢° 0011 tinfty2] +hp ¢° 021 tinfryll

—hp g 0021 tinfty2] +2 h q° 1011 alphainfl1 tinfty21

— 2 hq 1011 alphainf21 tinftyl1 — 2 h ¢ 1021 alphainfl1 tinfty21

+2 h ¢’ 1021 alphainf21 tinfiyl1 +h q° 0011 tinftyl1* — h ¢° 0011 tinftyl1 tinfty21
—h g 0021 tinftyl I* + h ¢° 0021 tinftyl1 tinfty2]1 — g° 1010 1011 alphainf11 tinfty21
+ ¢ 1010 1011 alphainf21 tinftyl1 + g t010 t021 alphainfl1 tinfty21

— ¢ 1010 1021 alphainf21 tinftyll — g° t011 1020 alphainfl1 tinfty21

+ ¢ 1011 1020 alphainf21 tinftyl1 + g 1020 t021 alphainfl1 tinfty21

— ¢ 1020 1021 alphainf21 tinftyl1 + ¢° 0011 tinfty10 tinfty11 tinfty21

— ¢ 0011 tinftyl0 tinfty21* + ¢° 0011 tinftyl I* tinfty20

— ¢ 0011 tinfiyl1 tinfty20 tinfty21 — q° 0021 tinfty10 tinftyl1 tinfty21

+ > 0021 tinftyl0 tinfty2I* — ¢° 0021 tinftyl 1> tinfty20

+ > 0021 tinftyl1 tinfty20 tinfty21 + 2 H g* 1011 alphainfl] — 2 H ¢” t011 alphainf21
—2 Hq" 1021 alphainfl] + 2 H g* 1021 alphainf21 +2 Hq" 0011 tinftyl1

—2 Hq* o011 tinfty2] — 2 Hq* 0021 tinftyl1 + 2 H g* 0021 tinfty21

—2hqpt011 tinftyl] +2 h q p 011 tinfty2] +2 h q p 1021 tinftyl]

—2 h g pt02] tinfty2] + h q 1011 0021 tinftyl1 — h q 1011 021 tinfty21

—h qt021 o011 tinftyl1 + h q 1021 0011 tinfty21 + q p t010 1011 tinftyl ]

— g p 10101011 tinfty21 — q p t010 t021 tinftyll + q p 1010 021 tinfty21

+ g p 1011 1020 tinftyl1 — q p t011 t020 tinfty21 — q p 1020 1021 tinftyl1

+ ¢ p 1020 1021 tinfty21 + 3 q 1010 t011 t021 alphainfl1

— 3¢ 10101011 1021 alphainf21 — 3 q 1010 021> alphainfl ]

+3 ¢ 1010 1021 alphainf21 + 3 q 1010 1021 o011 tinftyl1 — 3 q 1010 1021 0011 tinfty21




—3q 10101021 0021 tinftyl1 + 3 q 1010 1021 0021 tinfty21 + 3 q t011* 1020 alphainfl1
—3 g 1011”1020 alphainf21 — 3 q t011 1020 1021 alphainfl ]

+3 ¢ 1011 1020 1021 alphainf21 + 3 q 1011 1020 o011 tinfryll

—3.q 10111020 0011 tinfty2] — 3 q 1011 1020 021 tinftyl 1

+3 g 10111020 0021 tinfty21 + 2 p 1011 tinftyl1 — 2 p t011° tinfry21

— 2 p t021° tinftyl1 + 2 p 10217 tinfty21 + 4 1011° 1021 alphainf! ]

— 410117 1021 alphainf21 — 4 1011 1021* alphainfl1 + 4 1011 t021* alphainf21

+ 41011 1021 011 tinfryll — 4 1011 1021 a011 tinfty2] — 4 1011 1021 o021 tinftyl ]

+4 1011 1021 0021 tinfty21) h)
Entry21TermLambdalnfty3 == 0
Entry21TermLambdalnfty? == 0
Entry21TermLambdalnftyl == 0

Entry2 1 TermLambdalnfty( := - (alphainfl| tinfty21 + alphainf21 tinftyl1) h
0
10111021 10101021 41011 t020 H . .
- . — 3 — —5 —tinftyll tinfty21
A A A
_ —hp+htinftyll + tinfty10 tinfty21 + tinftyl ] tinfty20 ~ ph

A A—gq

> rho:=factor (solve (Entry2lTermLambdaMinusqCube, rho)) ;
simplify (rho+p*qg*nu) ;

simplify (Entry21TermLambdaMinusqCube) ;

LH:=simplify (-Entry2lTermLambdaZeroMinusl) :
EquationPoleSimple:=simplify (-h* (alphainfll*tinfty20+
alphainf2l*tinftylO+h*alphainfll-Lp) -
Entry2lTermLambdaZeroMinusl) :

1 2 . .
= - 1011 alphainfl1 — 1011 alphainf21 2.6
P (-tinfty21 + tinfryl1) (1011 — 1021) (p g (1011 alphainf alphainf2 2.6)
— 1021 alphainf11 + 1021 alphainf2] + 0011 tinfryl1 — 011 tinfty21 — 021 tinftyll

+ a021 tinfiy21))

0
0

> LpFunction:=unapply (-Entry2l1TermLambdaMinusq/h, H) :

> Equationl:=simplify (Entry2lTermLambdaMinusgSquare- (-p*h*Lq)) :
> Hsol:=solve (Equationl H) :
Hsolbis:=-gq*2*p*2+q*2*P1 (q) *p-q*2* (P2 (q) -P022/g*2) -p*g*h-
tinftyll*g*h;

factor (series (Hsol-Hsolbis+ (tinftyll+tinfty21)
/2*CoherenceEquationl*q,qg=0)) ;

Hsolbis = -¢*p* + ¢° ( WL 1021, tO]O;”mO —tinfiyl 1 —tinﬁyZ]) » @.7)

q




——q2 10111021 +_t0]0t02]+t0]]t020

4 3

q q
+—€;(-—%;(t0]0-+t020)(ﬁnﬁy114—ﬁnﬁy2])——é§ (tinftyl0 — tinfty20) (
- tinfty21 + tinftyl 1) ) + tinftyl 1 tinftyZ]) —hpq—tinftyll g h

B 0

> Lp:=factor (simplify (LpFunction (Hsol))):

Lpbis:=

((alphainfll-alphainf2l) /(tinftyll-tinfty21)+ (alpha0ll-
alpha021)/(t011-t021) )* (-2*g*p~2+diff (q*2*P1(q),q) *p-diff (g*2*
P2(q),q))

-alphainfll*h- (alpha0ll-alpha021)*h*p/(t011-t021)-h* (alpha0ll-
alpha021) *tinftyll/(t011-t021) - (t021*alpha0ll-t011*alpha021) *
h/gq*2/(t011-t021) :

Lpter:=((alphainfll-alphainf2l)/(tinftyll-tinfty21)+ (alpha0ll-
alpha021) /(t011-t021) ) *(

-2*q*p”*2+ ((t010+t020) -2* (tinftyll+tinfty2l) *q) *p+2*t011*
t021/g”3+(t010*t021+t011*t020) /g*2 +1/2* ((t010+t020) * (tinftyll+
tinfty21l)+ (tinftyl0-tinfty20) * (tinftyll-tinfty21))-2*tinftyll*
tinfty21*q)

-alphainfll*h- (alpha0ll-alpha021)*h*p/(t011-t021)-h* (alpha0ll-
alpha021) *tinftyl1l/(t011-t021)-(t021*alpha0ll-t01l*alpha021) *
h/q*2/(t011-t021) :

factor (series (Lp-Lpbis+1/2* (tinftyll+tinfty21) * (-alphainfll+
alphainf2l) /(tinfty2l-tinftyll) *CoherenceEquationl-1/2%
(tinftyll+tinfty21l) * (alpha0ll-alpha021)/(t021-t011) *
CoherenceEquationl ,p=0)) ;

factor (Lp-Lpter-1/2* (tinftyll+tinfty21l) * (alphainfll-alphainf21)
/ (tinfty21l-tinftyll) *CoherenceEquationl-1/2* (tinftyll+tinfty21)
* (alpha0ll-alpha021)/(t021-t011) *CoherenceEquationl) ;

0 (2.8)

0

> factor (Lgbis- ( ((alphainfll-alphainf2l) /(tinftyll-tinfty21)
+(alpha0ll-alpha021)/(t011-t021) )* (2*g*2*p-g*2*P1(q)) +
(alpha0ll-alpha021) *gq*h/ (t011-t021)) );

= 0 2.9)

We get that

L[q]= ((alphainfl1-alphainf21)/(tinfty11-tinfty21)+(alpha011-alpha021)/(t011-t021))*(2*q"2*




p-q*2*P1(q)) -(alpha011-alpha021)*q*h/(t011-t021)
L[p] = ((alphainf11-alphainf21)/(tinfty11-tinfty21)+(alpha011-alpha021)/(t011-t021) )*(-2*q*p"2+
diff(q"2*P1(q),q)*p-diff(q"*2*P2(q),q)) -alphainfl1*h - (alpha011-alpha021)*h*p/(t011-t021)-h*
| (alphaO11-alpha021)*tinfty11/(t011-t021)-(t021*alpha011-t011*alpha021)*h/q"2/(t011-t021)
> Hamiltonian:= ((alphainfll-alphainf2l)/(tinftyll-tinfty2l)+
(alpha0ll-alpha021)/(t011-t021)) * (g*2*p*2-gq*2*P1 (q) *p+g*2*P2 (q)
) +alphainfll*qg*h+(alpha0ll-alpha021) *p*q*h/ (£t011-t021) +h*
(alpha0ll-alpha021) *tinftyll/(t011-t021) *q- (t021*alpha0l11-t011*
alpha021) *h/q/ (t011-t021) ;
factor (simplify (diff (Hamiltonian,p)-Lq)) ;
factor (simplify (diff (Hamiltonian,q)+Lp+ (tinftyll+tinfty21) * (-
alphainfll+alphainf2l)/(tinfty2l-tinftyll)
/2*CoherenceEquationl)
-1/2* (tinftyll+tinfty21) * (alpha0ll-alpha021)/(t021-t011) *
CoherenceEquationl) ;

Hamiltonianbis:= mu* (p*2-P1l(q) *p+h*p* (2/q) +tdP2(q) )-h*nulO*p-
h*nuMinusl*qg*p -h*c0l/g- h*cinftyl*q
+nul* (tinftyll*tinfty20+tinfty2l*tinftylO+h*tinftyll)

factor (simplify (Lp- (-diff (Hamiltonianbis,q)))) ;s
simplify (Lg- (diff (Hamiltonianbis,p)))

Hamiltonian = .
amuitonian ( ~tinfty21 + tinftyl1 1011 — 1021 2 (2.10)

alphainfl 1 — alphainf2 1 cm1—wﬂj 22_&(@H+£ﬂ
q

n 1010 + 1020 —tinftyll—tinﬁyZ])p+q2 z011i021 n IOIOIOZI—I;IOII 1020
q q q
N P0§2
q

+L ( % (1010 + 1020) (tinftyll + tinfty21) — % (tinfty10 — tinfty20) (

q
11 — o021 h
- tinfty21 + tinftyl 1) ) + tinftyl 1 tinftyZI) ) + alphainfll g h + (o0 011 0_0t02)]p 1

h (0011 — a021) tinfiyllq  (-1011 0021 +1021 6011) h
1011 — 1021 q (1011 —1021)

[N e e Nen)

¥ Decomposition of the tangent space

{; tdp:=p-P1l(q)/2:




Ltdp:=Lp-1/2*diff (P1(q) ,q) *Lg-1/2* (h*alphainfll*diff (P1(q),
tinftyll)+h*alphainf21*diff (P1(q),tinfty2l)+h*alpha0ll*diff (P1
(gq) ,t011) +h*alpha021*diff (P1(q) ,t021)):
Ltdpbis:=-((alphainfll-alphainf2l)/(tinftyll-tinfty21)+
(alpha0ll-alpha021)/(t011-t021)) * (2*g*tdp”*2+diff (g*2* (P2 (q) -P1
(9)~2/4) ,9)

+h/2* (tinftyll-tinfty21)) - (alpha0ll-alpha021l) *h*tdp/ (t011-t021)

factor (series (factor (simplify (Ltdp-Ltdpbis+ (tinftyll+tinfty21l) *
(alphainfll-alphainf21l) /2/ (tinftyll-tinfty21)
*CoherenceEquationl)
+(tinftyll+tinfty21l) * (alpha0ll-alpha021)/2/(t011-t021) *
CoherenceEquationl) ,h=0)) ;

0 3.1)
Lpfunction:=unapply (simplify (Lp) ,
alphainfll,alphainf2l,alpha0ll,alpha021):
Ltdpfunction:=unapply (simplify (Ltdp) ,alphainfll,alphainf21l,
alpha0ll,alpha021):
Lgfunction:=unapply (simplify (Lq) ,alphainfll ,alphainf?l,
alpha0ll,alpha021):
cinftylfunction:=unapply (cinftyl,alphainfll,alphainf21,
alpha0ll,alpha021):
cOlfunction:=unapply(c0l,alphainfll,alphainf2l,alpha01l1,
alpha021) :
nuMinuslfunction:=unapply (nuMinusl,alphainfll,alphainf2l,
alpha0ll,alpha021):
factor (Ltdpfunction(1,1,0,0)) ;
factor (Lgfunction(1,1,0,0)) ;
factor (cinftylfunction(1,1,0,0));
factor (cOlfunction(1,1,0,0));

factor (nuMinuslfunction(1,1,0,0));
0 3.2)
0
-1
0
0

factor (Ltdpfunction(0,0,1,1)) ;
factor (Lgfunction(0,0,1,1));
factor (cinftylfunction(0,0,1,1));
factor (cOlfunction(0,0,1,1));

factor (nuMinuslfunction(0,0,1,1));
0 3.3)
0
0



I_ -1
_ 0
VY Expression of the Lax matrices in the geometric gauge after the

symplectic reduction and the Painlevé 3 equation

Expression of the geometric Lax matrix in the gauge without apparent singularities after symplectic
| reduction

> tinfty2l:=-tinftyll:
tinfty20:=-tinftyl0:
t021:=-t011:
t020:=-t010:
tinftyll:=1:
t01l1l:=t/2:
H:=Hsol:
C:=0:
q:=checkq:
P :=checkp:
dcheckqgdt:=Lg/h:
dcheckpdt:=Lp/h:

alphainfl1l:=0:
alphainf21:=0:
alpha0l11l:=1/2:
alpha021:=-1/2:
> Gl:=Matrix(2,2,0):

Gl[1l,1]:=1:
Gl[2,2]:=1:
Gl[1,2]:=0:

Gl[2,1] :=gl*lambda+g0:
gl:=tinftyll;
g0 :=checkg+tinftyl0;

dGldlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldlambda[i, j]:=diff
(G1[i,]j],lambda): od: od:

dGldtau:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dGldtau[i, j]:=diff (Gl
[1,3],t)+diff(G1[i,j], checkq) *dcheckqdt+diff (G1l[i, j], checkp)
*dcheckpdt : od: od:




tdL:=simplify (Multiply (Multiply (G1l,checklL) ,G1*(-1))+h*Multiply
(dGldlambda,Gl1*(-1))):

tdA:=simplify (Multiply (Multiply (G1l,checkd) ,G1*(-1))+h*Multiply
(dGldtau,G1*(-1))):

checkL:=simplify (checkL) ;
checkA:=simplify (check3) ;
tdL:=simplify (tdL) ;
tdA:=simplify (tdA) ;

gl =1 4.1)
g0 = checkq + tinftyl0
checkp checkq® N — checkq
2 ’ 2

A A
1
4 ) checkq2

b

(4 checkp* checkq5 + 4 checkp® checkq4 A4 checkq3

4 (h — X —2 tinfty10) checkq® + (-4 KttO]O—tZ) checkg —Ktz),

_ checkp checkq2
2 ]
checkp checkq2 checkq
[ [ ) At Y ]
1 -4 checkp2 checkq4 +8A checkq3 —4 A (h—\—2tinftyl0) checkq2 +7
[ A checkq t ’

checkp checkq ‘ ‘

(checkp +1) checkq + tinftyl0 checkq — A (A + tinftyl0) A — checkq
2 ’ 2 ’

A A

r_

(4 (checkp + l)zcheckq5 +4 ((checkp +1) A
4 52 2
A checkq

+ 2 tinfty10) (checkp + 1) checkq4 +4 tinﬁy]02 checkq3 — 4 Mtinftyl 0 checkq2 + (

~4X11010 — ) checkq —\1*),

(-checkp — 1) checkq2 — tinftyl0 checkq + A (A + tinfty10)

7\'2

[ [ ) (checkp checkq + checkq + \ + tinfty10) checkq  checkq l

b

At tA



1 1

_ ( ( (2 checkp +2) checkq2 + 2 tinftyl0 checkq + t) ( (-2 checkp
4 \checkqt

—2) checkq2 — 2 tinftyl0 checkq + t) ),

(checkp checkq + checkq + A + tinfty10) checkq
L At H
> series(tdL[1,1],lambda=infinity) ;
series (tdL[1,2],lambda=infinity) ;
residue(tdL[2,1]/lambda,lambda=infinity) ;

. 2, .
1 tinftyl0 I (checkp +1) checkg + tinfty10 checkq 4.2)
A )
1 checkg
A 22
L 0
| Reduced Hamiltonian evolutions
> simplify (series (dcheckgdt,checkp=0)) ;
simplify (series (dcheckpdt, checkp=0)) ;
checkq 2 checkq2
; + o checkp 4.3)
4 ~ . 3 )
1 4 checkq” + (-2 h + 4 tinftyl0) gheckq 2 checkqt010t—t 1 checkp
2 checkq’ th 4

_ 2checkq C?ZCk checkp2




