[ In this Maple sheet, we compute the Lax matrices using the asymptotics of the wave

functions and the local diagonalization for the Painlevé 4 equation.
For convenience the irregular times and monodromies are denoted t {i,j} at lambda=infinity and s _{i,j}
| at lambda=t

We first use the expression of the coefficients of the spectral curve in terms of the irregular times and
| monodromies.

> restart:
P2 :=unapply (s10*s20/ (lambda-t) “2+P012/ (lambda-t) -t12*s10-t12*s20-
t12*t10+t10*t22+t11*t21+ (t11*t22+t12*t21) *lambda+tl2*t22%*
lambda”2,lambda) ;
tdP2:=unapply (s1l0*s20/ (lambda-t) *2-t12*s10-t12*s20-t12*t10+t10*
t22+t11*t21+(t11*t22+t12*t21) *lambda+tl2*t22*1lambda”2,lambda) ;
Pl:=unapply((s10+s20)/ (lambda-t)-t11-t21+(-t12-t22) *lambda,
lambda) ;
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V¥ Expression of the Lax matrix L

| Study at infinity

> logPsilInfty:=-t12/2/h*lambda”2-tl1l/h*lambda-t10/h*1n (lambda)+
A10-A12/ (2-1) /lambda” (2-1) -A13/ (3-1) /lambda“ (3-1) -Al4/ (4-1)
/lambda* (4-1) -A15/(5-1) /lambda” (5-1) -A16/ (6-1) /lambda” (6-1) -
Al7/(7-1) /lambda”* (7-1) ;
logPsi2Infty:=-t22/2/h*lambda*2-t21*lambda/h-t20/h*1n (lambda)
-1*1n(lambda)+A20-A22/(2-1) /lambda” (2-1)-A23/(3-1) /lambda”* (3-1)
-A24/(4-1) /lambda”* (4-1) -A25/ (5-1) /lambda” (5-1) -A26/ (6-1)
/lambda”* (6-1) -A27/(7-1) /lambda”* (7-1) ;
LlogpsilInfty:=-Ltl2/2/h*lambda*2-Ltll/h*lambda-Lt10/h*1n
(lambda) +LA10-LAl12/ (2-1) /lambda” (2-1) -LA13/(3-1) /lambda” (3-1) -
LAl4/(4-1) /lambda”~ (4-1)-LA15/ (5-1) /lambda”~ (5-1) -LAl6/ (6-1)
/lambda” (6-1) -LAl17/(7-1) /lambda” (7-1) ;
Llogpsi2Infty:=-Lt22/2/h*lambda*2-Lt21*lambda/h-Lt20/h*1n
(lambda) +LA20-LA22/ (2-1) /lambda” (2-1) -LA23/(3-1) /lambda* (3-1) -
LA24/(4-1) /lambda” (4-1) -LA25/ (5-1) /lambda” (5-1) -LA26/ (6-1)
/lambda” (6-1) -LA27/(7-1) /lambda” (7-1) ;




LpsilInfty := exp(l/h*(-1/2*tl2*lambda”2-tll*lambda-t10*1ln
(lambda) +h*A10-h*Al2/lambda-1/2*h*Al13/lambda*2-1/3*h¥*
Al4/lambda”*3-1/4*h*Al5/lambda*4-1/5*h*A16/lambda”~5-1/6*h*
Al7/lambda”6))*1/h* (-1/2*Ltl2*lambda”“2-Ltll*lambda-Lt10*1n
(lambda) +h*LA10-h*LAl12/lambda-1/2*h*LA13/lambda*2-1/3*h*
LAl4/lambda”*3-1/4*h*LAl15/lambda”*4-1/5*h*LA16/lambda”~5-1/6*h*
LA17/lambda”6) ;

Lpsi2Infty := exp(l/h*(-1/2*t22*lambda”2-t21*lambda-t20*1n
(lambda) -h*1n (lambda) +h*A20-h*A22/lambda-1/2*h*A23/lambda”2
-1/3*h*A24/lambda*~3-1/4*h*A25/lambda*4-1/5*h*A26/1lambda*5-1/6%*
h*A27/lambda”6) ) *1/h* (-1/2*Lt22*1lambda*2-Lt21*lambda-Lt20*1n
(lambda) +h*LA20-h*LA22/lambda-1/2*h*LA23/lambda*2-1/3*h*
LA24/lambda”3-1/4*h*LA25/1lambda*4-1/5*h*LA26/lambda”*5-1/6*h*
LA27/lambda”6) ;

psilInfty:=exp (logPsilInfty) ;

psi2Infty:=exp (logPsi2Infty) ;

dpsildlambdaInfty:=diff (psilInfty,lambda) :
dpsi2dlambdaInfty:=diff (psi2Infty,lambda) :
d2psildlambda2Infty:=diff (psilInfty,lambda$2) :
d2psi2dlambda2Infty:=diff (psi2Infty,lambda$2) :
Vinftyl:=-t12/2/lambda”2-tl11/lambda+t10*1ln (lambda) ;
Vinfty2:=-t22/2/lambda”2-t21/lambda+t20*1n (lambda) ;

WronskianLambdaInfty:=h*factor (psilInfty*dpsi2dlambdaInfty-
psi2Infty*dpsildlambdaInfty) :
WronskianLambdabisInfty:=h*simplify (factor( (diff (logPsi2Infty,
lambda) -diff (logPsilInfty,lambda) ) *exp (logPsilInfty+
logPsi2Infty))):

WronskianTildeLambdaInfty:=h*3*factor (dpsi2dlambdaInfty*
d2psildlambda2Infty-dpsildlambdaInfty*d2psi2dlambda2Infty) :
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> L21Infty:=factor(simplify
(WronskianTildeLambdaInfty/WronskianLambdabisInfty)) :
L21InftyOrderlambda3:=factor (-residue (L21Infty/lambda*4,lambda=
infinity))
L21InftyOrderlambda2:=factor (-residue (L21Infty/lambda”*3,lambda=
infinity))
L21InftyOrderlambdal:=factor (-residue (L21Infty/lambda”*2,lambda=
infinity)) ;
L21InftyOrderlambda0:=factor (-residue (L21Infty/lambda*1l,lambda=
infinity))
L21InftyOrderlambdaMinusl:=factor (-residue (L21Infty/lambda”0,
lambda=infinity)):
factor (series (L21InftyOrderlambdaMinusl, h=0)) ;
L21InftyOrderlambda3 == 0 (1.2)
L21InftyOrderlambda? == -t22 t12
L21InftyOrderlambdal == -t111t22 —t12 121

L21InftyOrderlambda0 :== -ht12 —t10 22 —t11 121 — t12 120

— 110121 —tl1 120
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[ We get that L {2,1} behaves at infinity like -t22*t11*lambda”2-(t21*t12+t22*t11)*lambda-(t12*
| t20+t22%t10+t11*t21+h*t12) +O(1/lambda)

> L22Infty:=factor (h*simplify (diff (WronskianLambdabisInfty,
lambda) /WronskianLambdabisInfty)) :
L22InftyOrderlambda3:=factor (-residue (L22Infty/lambda*4,lambda=
infinity)) ;
L22InftyOrderlambda2:=factor (-residue (L22Infty/lambda”*3,lambda=
infinity)) ;
L22InftyOrderlambdal:=factor (-residue (L22Infty/lambda*2,lambda=
infinity)) ;
L22InftyOrderlambda0:=factor (-residue (L22Infty/lambda”*1l,lambda=
infinity)) ;
L22InftyOrderlambdaMinusl:=factor (-residue (L22Infty/lambda”0,
lambda=infinity)) ;
L22InftyOrderlambdaMinus2:=factor (-residue (L22Infty/lambda”*
(-1) ,1ambda=infinity)) ;
L22InftyOrderlambdaMinus3:=factor (-residue (L22Infty/lambda”*
(-2) ,1lambda=infinity)) :

L22InftyOrderlambda3 == 0 (1.3)




L22InftyOrderlambda?2 := 0
L22InftyOrderlambdal == -t12 — 122
L22InftyOrderlambda0 == -t11 — 121
L22InftyOrderlambdaMinus := -t10 — t20
L22InfiyOrderlambdaMinus?2 - h (AI2t12 —AI2122 + A22¢112 —A22122 —tl] +121)

-122 +t12
We get that L {2,2} behaves at infinity like -(t12+t22)*lambda-(t11+t21)-(t10+t20)/lambda+h*O
| (1/lambda”2)

| Study at lambda=t

> logPsilT:=s10/h*1n(lambda-t)+B10+B12/(2-1) * (lambda-t) *~ (2-1) +
B13/(3-1) * (lambda-t) ~ (3-1)+B14/(4-1) * (lLambda-t) * (4-1) +B15/ (5-1)
* (Lambda-t) ~ (5-1)+B16/ (6-1) * (lambda-t) ~ (6-1)+B17/ (7-1) * (Lambda-
)~ (7-1) ;
logPsi2T:=s20/h*1n(lambda-t)+B20+B22/ (2-1) * (lambda-t) ~ (2-1) +
B23/(3-1) * (lambda-t) * (3-1) +B24/ (4-1) * (lambda-t) ~ (4-1) +B25/ (5-1)
* (Lambda-t) * (5-1) +B26/ (6-1) * (lambda-t) ~ (6-1) +B27/ (7-1) * (Lambda-
t)~(7-1) ;
LlogpsilT:=Lsl0/h*1n (lambda-t)+LB10+LB12/(2-1) * (lambda-t) *~ (2-1)
+LB13/(3-1) * (lambda-t) * (3-1) +LB14/ (4-1) * (lambda-t) ~ (4-1) +LB15/
(5-1) * (lambda-t )~ (5-1)+LB16* (6-1) / (lambda-t) ~ (6-1)+LB17/(7-1)
* (lambda-t) * (7-1)
-s10/h/ (lambda-t) *Lt-B12* (lambda-t) ~ (2-1-1) *Lt-B13* (lambda-t) *
(3-1-1) *Lt-B14* (lambda-t) ~ (4-1-1) *Lt ;
Llogpsi2T:=Ls20/h*1n (lambda-t)+LB20+LB22/ (2-1) * (lambda-t) *~ (2-1)
+LB23/ (3-1) * (lambda-t) * (3-1) +LB24/ (4-1) * (lambda-t) ~ (4-1) +LB25/
(5-1) * (lambda-t) ~ (5-1)+LB26/ (6-1) * (lambda-t) ~ (6-1)+LB27/ (7-1)
* (lambda-t) * (7-1)
-s20/h/ (lambda-t) *Lt-B22* (lambda-t) ~ (2-1-1) *Lt-B23* (lambda-t) *
(3-1-1) *Lt-B24* (lambda-t)* (4-1-1)*Lt ; ;
LpsilT := exp((sl0/h*1n(lambda-t)+B10+B12/(2-1)* (lambda-t)~ (2
-1)+B13/(3-1) *(lambda-t) ~ (3-1)+B14/ (4-1) * (lambda-t) ~ (4-1) +B15/
(5-1) * (lambda-t) ~ (5-1)+B16/ (6-1) * (lambda-t) ~ (6-1)+B17/(7-1)
* (lambda-t)* (7-1)))
* (Lsl0/h*1n (lambda-t)+LB10+LB12/ (2-1) * (lambda-t) ~ (2-1)+LB13/ (3
-1) *(lambda-t) ~ (3-1)+LB14/ (4-1) * (lambda-t) ~ (4-1) +LB15/ (5-1)
* (Lambda-t) ~ (5-1) +LB16/ (6-1) * (Lambda-t) * (6-1) +LB17/ (7-1)
* (Lambda-t) ~ (7-1)-s10/h/ (lambda-t) *Lt-B12* (lambda-t) * (2-1-1) *
Lt-B1l3* (lambda-t)* (3-1-1) *Lt-Bl4* (lambda-t)* (4-1-1) *Lt) ;
Lpsi2T := exp((s20/h*1n(lambda-t)+B20+B22/(2-1) * (lambda-t) ~ (2
-1)+B23/(3-1) *(lambda-t) * (3-1) +B24/ (4-1) * (lambda-t) ~ (4-1) +B25/
(5-1) * (lambda-t) ~ (5-1)+B26/ (6-1) * (lambda-t) ~ (6-1) +B27/ (7-1)
* (lambda-t)* (7-1)))
* (Ls20/h*1n (lambda-t)+LB20+LB22/ (2-1) * (lambda-t) ~ (2-1) +LB23/ (3




-1) *(lambda-t) ~ (3-1) +LB24/ (4-1) * (lambda-t) * (4-1) +LB25/ (5-1)
* (lambda-t) * (5-1) +LB26/ (6-1) * (Lambda-t) ~ (6-1) +LB27/ (7-1)

* (lambda-t) ~ (7-1) -s20/h/ (lambda-t) *Lt-B22* (lambda-t) ~ (2-1-1) *
Lt-B23* (lambda-t) * (3-1-1) *Lt-B24* (lambda-t) * (4-1-1) *Lt) ;
psilT:=exp (logPsilT) ;

psi2T:=exp (logPsi2T) ;

dpsildlambdaT:=diff (psilT,lambda) :

dpsi2dlambdaT:=diff (psi2T,lambda) :

d2psildlambda2T:=diff (psilT,lambda$2) :
d2psi2dlambda2T:=diff (psi2T,lambda$2) :

VT1l:=s10*1n (lambda-t) ;

VT2 :=s20*1n (lambda-t) ;

WronskianLambdaT:=h*factor (psilT*dpsi2dlambdaT-psi2T*
dpsildlambdaT) :

WronskianLambdabisT:=h*simplify (factor( (diff (logPsi2T,lambda) -
diff (logPsilT,lambda) ) *exp (logPsilT+1logPsi2T))) :

WronskianTildeLambdaT:=h*3*factor (dpsi2dlambdaT¥*
d2psildlambda2T-dpsildlambdaT*d2psi2dlambdaZ2T) :
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> L22T:=factor (h*simplify (diff (WronskianLambdabisT, lambda)
/WronskianLambdabisT)) :
L22TOrderlambdaMinus3:=factor (residue (L22T* (lambda-t) 2, lambda=
t));
L22TOrderlambdaMinus2:=factor (residue (L22T* (lambda-t) ~1, lambda=
t));
L22TOrderlambdaMinusl :=factor (residue (L22T* (lambda-t) ~0, lambda=
t));
L22TOrderlambdal:=factor (residue (L22T* (lambda-t) * (-1) , lambda=t)
)
L22TOrderlambdal :=factor (residue (L22T* (lambda-t) * (-2) , lambda=t)




) :
L22TOrderlambda2:=factor (residue (L22T* (lambda-t) * (-3) , lambda=t)
) :
L22TOrderlambdaMinus3 == 0 (1.5)
L22TOrderlambdaMinus2 = 0
L22TOrderlambdaMinusl == s10 — h + s20
122TOrderlambdal) — h (BI2h+Bi2s10—BI12s20 —B22 h + B22 s10 — B22 520)
_ s10 — 520
We get that L {2,2} behaves at lambda=t like (s20+s10-h)/(lambda-t) +O(1)
| Combining with the asympotics at infinity and the apparent singularity we get that
L {2,2}=(s20+s10-h)/(lambda-t) -(t12+t22)*lambda-(t11+t21) +(h-s20-s10-t10-t20)/(lambda-q)
1.e.

|L_{2,2}=P_1(lambda)+h/(lambda-q)-h/(lambda-t)

> L22:=P1 (lambda)+h/ (lambda-q)-h/(lambda-t) ;

[22:= 310%20 0 ppy iz —py D (1.6)

A—t A—gq A—t

> L21T:=factor (simplify
(WronskianTildeLambdaT/WronskianLambdabisT)) :
L21TOrderlambdaMinus5:=factor (residue (L21T* (lambda-t) 4, lambda=
t));
L21TOrderlambdaMinus4 :=factor (residue (L21T* (lambda-t) ~3, lambda=
t));
L21TOrderlambdaMinus3:=factor (residue (L21T* (lambda-t) *2, lambda=
t));
L21TOrderlambdaMinus2:=factor (residue (L21T* (lambda-t) ~1, lambda=
t));
L21TOrderlambdaMinusl :=factor (residue (L21T* (lambda-t) ~0, lambda=
t));
L21TOrderlambdal:=factor (residue (L21T* (lambda-t) * (-1) , lambda=t)
)i
L21TOrderlambdal :=factor (residue (L21T* (lambda-t) * (-2) , lambda=t)
) :
L21TOrderlambda2:=factor (residue (L21T* (lambda-t) * (-3) , lambda=t)
) :

L21TOrderlambdaMinus

L21TOrderlambdaMinus

L21TOrderlambdaMinus3 == 0
L21TOrderlambdaMinus2 := -s10 s20

1.7

A

=0
=0

L21TOrvderlambdaMinusl :=
_ h (BI2 hs20+ BI2 510520 — BI2 s20° — B22 h s10 + B22 510" — B22 510 520)
s10 — s20
L21TOrderlambda0 = % (h (B12> h* 520 — B12 B22 h* s10 — B12 B22 h* 520
(s10 — 520)

—BI2B22 h s10P + 2 BI2 B22 h 510 s20 — BI2 B22 h s20° + B22* h* 510




\ 4
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| +2B23hsI0° —2B23 h 510520 — B23 s10° +2 B23 s10" 520 — B23 510 520°) )

We get that L {2,1} behaves at lambda=0 like -s10s20/(lambda-t)*2+ O(1/(lambda-t))
Combining with the asympotics at infinity and the apparent singularity we get that

L {2,1}=-t22*tl1*lambda”2-(t21*t12+t22*t11)*lambda-(t12*t20+t22*t10+t1 1 *t21+h*t12)-
s10s20/(lambda-t)*2 +C/(lambda-t) - p*h/(lambda-q)

ie.

L_{2,1}=-P_2(\lambda)+P012/(lambda-t) +C/(lambda-t) -h*t12 + -h*p/

| (lambda-q)
> L21:=-P2 (lambda)+P012/ (lambda—t) +H/(lambda—t) -h*tl2 —h*p/
(lambda-q) ;
L21:=-tdP2 (lambda)+H/ (lambda-t) -h*tl2 -h*p/(lambda-q) ;
121 = - stz 12510+ 112520 4 t12 110 — 110122 — t11 121 — (111 122 (1.8)
(A—1)
220 h— 1222 ) + p2— e
A—t A—gq
s10 s20
121 = - 0520 4112 610 + 112 520 + 112110 — 110122 — t11 121 — (111 122
(A—1)
S22 A —t12122 0 + A LY
| A—t A—gq

Auxiliary matrix A in the oper gauge

> WronskianLInfty:=factor (psilInfty*Lpsi2Infty-psi2Infty*
LpsilInfty):
WronskianLT:=factor (psilT*Lpsi2T-psi2T*LpsilT) :
Al2Infty:=factor (simplify (WronskianLInfty/WronskianLambdaInfty)
) :
Al2T:=factor (simplify (WronskianLT/WronskianLambdaT)) :
YlInfty:=h*factor (dpsildlambdaInfty/psilInfty) :
Y2Infty:=h*factor (dpsi2dlambdalInfty/psi2Infty) :
Y1T:=h*factor (dpsildlambdaT/psilT) :
Y2T:=h*factor (dpsi2dlambdaT/psi2T) :
Z1lInfty:=factor (LpsilInfty/psilInfty) :
Z2Infty:=factor (Lpsi2Infty/psi2Infty) :
Z1T:=factor (LpsilT/psilT) :
22T :=factor (Lpsi2T/psi2T) :
Al2bisInfty:=factor (simplify((Z22Infty-Z1Infty)/(¥Y2Infty-
Y1Infty))):
Al2bisT:=factor (simplify ((22T-Z1T)/ (Y2T-Y1T))):
AllInfty:=factor(simplify( (Y2Infty*ZlInfty-Y1Infty*Z2Infty)/
(Y2Infty-Y1Infty) )):

Al1T:=factor (simplify( (Y2T*Z1T-Y1T*Z2T)/(Y2T-Y1T) )):



factor (simplify (A1l2bisInfty-Al2Infty));
factor (simplify (A12bisT-A12T)) ;
factor (simplify (A12bisT-A1l2T)) ;

0 2.1)
0
0

[ The deformation operator is defined as h*(alphal2 \partial {t {\infty"{(1)},2}}+ alpha22 \partial _
{t {\infty"{(2)},2}}+alphall\partial {t {\infty”{(1)},1}}+ alpha2l\partial {t {\infty*{(2)},1}} +
| Lt *partial_t)
> Lt20:=0:

Ltl10:=0:

Ltl2:=h*alphal2:

Lt22:=h*alpha22:

Ltll:=h*alphall:

Lt21:=h*alpha2l:

Lsl10:=0:

Ls20:=0:

> Al2InftyLambda3:=factor (-residue (Al2Infty/lambda”4,lambda=
infinity)) ;
Al2InftyLambda2:=factor (-residue (Al2Infty/lambda*3,lambda=
infinity)) ;
Al2InftyLambdal:=factor (-residue (Al2Infty/lambda”2,lambda=
infinity)) ;
Al2InftyLambda0:=factor (-residue (A12Infty/lambda*1l, lambda=
infinity)) ;
Al2InftyLambdaMinusl:=factor (-residue (A1l2Infty/lambda”0,lambda=
infinity)):
AI2InftyLambda3 = 0 2.2)
AI2InftyLambda2 = 0
1 a2 —022
Al12InftyLambdal = DR T
1 1

A12InftyLambda( == — (2 ol t12 =2 all 122 — al2 tl] + al2 121
2 (-22+4112)°
_ —202]t]2+2a2]t22+0@2t1]—a22t21)
> Al2InftyLambdaObis:=(1/2)* (t21-tl1l)/(t12-t22)*2* (alphal2-
alpha22)+ (alphall-alpha2l) / (t12-t22) :
simplify (series (Al2InftyLambda0-Al2InftyLambdaObis,alpha)) ;
| 0 2.3)




> Al2TLambdaMinus3:=factor (residue (A1l2T* (lambda-t) *2, lambda=t)) ;
Al2TLambdaMinus2:=factor (residue (A1l2T* (lambda-t) *1, lambda=t)) ;
Al2TLambdaMinusl:=factor (residue (A1l2T* (lambda-t) *0, lambda=t)) ;
Al2TLambda0:=factor (residue (A12T* (lambda-t) * (-1) ,lambda=t)) ;

Al2ZeroLambdal:=factor (residue (Al2Zero*lambda” (-2) ,1lambda=0)) ;
AI12TLambdaMinus3 = 0 2.4)
AI12TLambdaMinus?2 = 0
AI12TLambdaMinusl = 0

AI2TLambda0 = - %
L Al2ZeroLambdal = 0
>A {1,2} behaves like - % at \lambda=t and A _{1,2}=(alpha-alpha22)/2/(tinfty12-tinfty22)*

lambda+(1/2)*(t21-t11)/(t12-t22)"2*(alphal2-alpha22)+(alphal 1-alpha21)/(t12-t22) + O
(1/lambda) at \lambda->\infty
Thus, we get that

A_{1,2}=(alphal2-alpha22)/2/(tinfty12-tinfty22)*lambda+nu0+q*
mu/(lambda-q)
nu0=(1/2)*(t21-t11)/(t12-t22)*2*(alphal2-alpha22)+(alphal1-alpha21)/(t12-t22)

avec mu=(1/2)*(t21-t11)/(t12-t22)"2*(alphal2-alpha22)+(alphall-
_ alpha21)/(t12-t22)

> nuMinusl:=(alphal2-alpha22)/(2* (-t22+t12)) ;

nu0:=(1/2)* (t21-t11)/ (t1l2-t22)~2* (alphal2-alpha22)+(alphall-
alpha2l)/ (t12-t22);
Al2Form:=lambda->nuMinusl*lambda+nu0O+mu/ (lambda-q) ;

ol2 — 022

nuMinusl = 2122 42112 (2.5)

1 (21 —tll) (a]2—0Q2) oll — o2l
2 (—t22+t]2)2 -122 +1t12

Al2Form := A—nuMinusl A+ V0 + B

| A—gq

> mu:=factor (solve (Al2Form(t)=-Lt/h,mu)) :
mubis:=(1/2)* (t* (t12-t22)-t11+t21) *(g-t)/ (-t22+t1l2)*2* (alphal2-
alpha22)+ (alphall-alpha2l) * (g-t)/ (t12-t22)+(g-t) *Lt/h;
factor (series (mu-mubis,alpha=0)) ;

10 =

1 (t(-12241t12) —tll +121) (-t+q) (cd2 — 022)

mubis := — 5 (2.6)
2 (-122 +112)
(adl —a21) (-t+q) n (-t+q) Lt
-122 +1t12 h
| 0

> Al2Form:=nuMinusl*lambda+nuO+mubis/ (lambda-q) :
series (simplify (series (Al2Form-Al2InftyLambdal*




lambda-Al12InftyLambda0O,lambda=infinity)) ,lambda=infinity, 2) ;
series (simplify (series (Al2Form,lambda=t,2)) ,hlambda=t,1) ;

o( 1 j @.7)

A

Lt om-)

L h

| Asymptotics of A_{1,1} at infinity and \lambda=t.

> AllInftyLambda3:=factor (-residue (AllInfty/lambda”*4,lambda=
infinity)) ;
AllInftyLambda2:=factor (-residue (AllInfty/lambda*3, lambda=
infinity)) ;
AllInftyLambdal:=factor (-residue (AllInfty/lambda”2,lambda=
infinity)) ;
AllInftyLambda0O:=factor (-residue (AllInfty/lambda”l,lambda=
infinity)) ;
AllInftyLambdaMinusl:=factor (-residue (AllInfty/lambda”0,lambda=
infinity)):

AllTLambdaMinus3:=factor (residue (Al1lT* (lambda-t)*2,lambda=t)) ;
AllTLambdaMinus2:=factor (residue (A1l1lT* (lambda-t)*1l,lambda=t)) ;
AllTLambdaMinusl :=factor (residue (A1l1lT* (lambda-t) ~0, lambda=t)) ;
AllTLambda0O:=factor (residue (A11lT* (lambda-t)* (-1) ,lambda=t)) ;
AllTLambdal:=factor (residue (A1l1T* (lambda-t) * (-2) ,lambda=t)) :

AlllnftyLambda3 = 0 2.8)
1 2122 — o221¢t12
AlllnftyLambda?2 = > 2112
AlllnftyLambdal = 1 I 5 (2001112122 -2 a1 122% — 012 t11 122
2 (-122+4112)

+ 2112121 —2 21 t12* 42 021 t12 122 + 022 111 122 — 022 112 t2])

AllInfivLambda0 == - - I (2 LA10 t12* 122 — 4 LA10 112 122°

2 (-1224112)}
+2LA10122° —2 LA20t12° + 4 LA20 t12* 122 — 2 LA20 t12 122° + 2 od I t11 t12 122
— 20l t11 122 =2 cd 1 t12* 21 +2 od 1 t12 121122 — d2 ht12> + cd2 h t12 122

+ o2 t10 12 122 — od2 t10 122> — cd2 t11° 122 + d2 t11 12 121 + ed2 t11 121 122
— a2 t12° 120 + ad2 112120 122 — 2 t12 21> — 2 021 t11 t12 122 +2 21 t11 122°
+2 21 t12° 121 —2 21 12121 122 + 22 h t12° — 22 h t12 122 — 22 t10 t12 122
+ 022110 122° + @22 t11° 122 — 022 t11 t12 121 — 22 t11 121 122 + 022 t12° 120

—022t12120122 + 022 12 t2]2)
AllTLambdaMinus3 = 0
AllTLambdaMinus?2 = 0
AllTLambdaMinusl = 0
A11TLambdal — - LBI10 s20 — LB20 s10

s10 — 520




> AllInftyLambdalbis:=(1/2)* (£t12*t21-t11*t22)/ (t12-t22)*2*
(alphal2-alpha22)+ (alphall*t22-alpha2l*tl2)/(t12-t22):
factor (simplify (series (AllInftyLambdal-AllInftyLambdalbis,
alpha22)));
| 0 2.9
A {1,1} behaves like O(1) en \lambda=t and A {1,1}=(alphal2*t22-alpha22*t12)/(2*(t12-t22))*
lambda™2+(1/2)*(t12*t21-t11*t22)/(t12-t22)"2*(alphal2-alpha22)+ (alphal1*t22-alpha21*t12)/(t12
-t22)*lambda+ O(1) quand \lambda->\infty
Thus,

A_{1,1}=c2*lambda”2 +c1*lambda+ c¢0+ rho/(lambda-q)
with ¢_2=(alphal12*t22-alpha22*t12)/(2*(t12-t22)) and
c1=(1/2)*(t12*t21-t11%¢22)/(t12-t22)*2*(alphal2-alpha22)+ (alphall*
| t22-alpha21*t12)/(t12-t22)
> c2:=(alphal2*t22-alpha22*t12)/ (2* (t12-t22));

cl:=(1/2)* (t12*t21-t11*t22)/ (t12-t22)~2* (alphal2-alpha22)+

(alphall*t22-alpha21*t12)/(t12-t22);

AllForm:=c2*lambda”*2+cl*lambda+rho/ (lambda-q) ;

al2 122 — 022 112
= T 212 (2.10)

1 (-t1122+112121) (ad2 — 022) L oll122— a2l 12

cl = —
2 (—t22+t]2)2 -122 4112

(0!]2t22—0Q2t]2) 7»2 n 1 (-t11122 +t12121) (0(]2—022)
-2122+21¢12 2 (—t22+t]2)2

11122 — o2l tl2

@ Jx+ P

i ~122 +112 A—g

> series(simplify(series (AllForm-AllInftyLambda2*lambda”2-
AllInftyLambdal*lambda,lambda=infinity)) ,lambda=infinity,2) ;
series (simplify (series (AllForm,lambda=t,1)) ,lambda=t,1) ;
o( 1 j @.11)

M
= 12 ((—t22+t12)(—a]2t22+0Q2t12)t3+((—0Q2q
2 (~224112)% (-t +q)

+221) t12* + (((22 + al2) g —2 21 —2 all) 122 + 121 (-2 + 22)) 112

AllForm :=

—122 ((ed2q—20all) 22 +1l1 (-ad2 +022))) F —2 (azz 12* + ((—az]

—all) t22+%t2] (—0(]2+0Q2)) t]2—%t22 (-2 001122 +111 (-ai2

+0422))) qt—2p(—t22+t]2)2) +0(r—1)




