In this Maple file, we compute the evolution equations for the Painlevé 24equation using the
compatibility equation of the Lax system. We also obtain the expression of the Lax matrices in the
geometric gauge without apparent singularities.

The deformation operator is h*(alphal2 \partial {t {\infty"{(1)},2} }+ alpha22\partial {t {\infty"{(2)}
,2} }+alphal \partial {t {\infty~{(1)},1}}+ alpha21l\partial {t {\infty"{(2)},1}} +Lt *partial t))

For convenience the irregular times and monodromies are denoted t_{i,j} at lambda=infinity and
| s {i,j} at lambda=t

Summary of previous files: We have the expression for some coefficients of the Lax matrix L and of
A.

> restart:
with (LinearAlgebra) :
P011:=s10+s20;
P022:=s10*s20;
Pinftyll:=-t12-t22;
Pinfty0l:=-t11-t21;
Pinfty22:=t12*t22;
Pinftyl2:=t11*t22+t12*t21;
Pinfty02:=t12*t20+t10*t22+t11*t21;
CoherenceEquation:=t10+t20+s10+s20;

Pl:=x-> P011/(x-t)+Pinfty01l+Pinftyll*x;
P2:=x-> P022/ (x-t)*2+P012/ (x-t) +Pinfty02+Pinftyl2*x+Pinfty22*x*2;
tdP2 :=unapply (P2 (lambda) -P012/ (lambda-t) , lambda) ;

c2bis:=(alphal2*t22-alpha22*t12)/(2* (t12-t22));

clbis:=(1/2)* (t12*t21-t11*t22)/(t1l2-t22)~2* (alphal2-alpha22)+
(alphall*t22-alpha2l1*tl12)/(t1l2-t22);

mubis:=(1/2)* (t* (t1l2-t22)-t11+t21) *(g-t)/ (-t22+t12)*2* (alphal2-
alpha22)+ (alphall-alpha2l) * (q-t) / (t12-t22)+(g-t) *Lt/h;
nuMinuslbis:=(alphal2-alpha22)/ (2* (-t22+t12)) ;

nuObis:=(1/2)* (t21-t11)/(t1l2-t22)*2* (alphal2-alpha22)+ (alphall-
alpha2l) / (t12-t22) ;

dPldlambda:=unapply (diff (P1l (lambda) ,lambda) ,lambda) :
dP2dlambda:=unapply (diff (P2 (lambda) ,lambda) ,lambda) :
L:=Matrix(2,2,0):

L[1,1]:=0:
L[1,2]:=1:
L[2,1] :=-P2(lambda)+P012/ (lambda-t) +C/(lambda-t) -h*tl2 -h*p/
(lambda-q) :

L[2,2]:= P1l(lambda)-h/(lambda-t)+h/ (lambda-q) :

C0l1l:=C:



A:=Matrix(2,2,0):

A[l,1]:= c2*lambda”“2+ cl*lambda +cO+rho/ (lambda-q) :

A[l,2] :=nuMinusl*lambda+nu0+mu/ (lambda-q) :

A[2,1]:= AA2]l (lambda) :

A[2,2]:= AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff (A
[1,J],1lambda): od: od:

L;

A;

Q2 :=unapply (-p* (g-t) ,lambda) :
J:=Matrix(2,2,0):

J[1,1]:=1:

J[1,2]:=0:

J[2,1] :=Q2 (lambda) / (lambda-q) :
J[2,2] :=(lambda-t) *1/ (lambda-q) :
J;

dJdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dddlambda[i,j]:=diff (J
[1i,J],1lambda) : od: od:

J:

LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2] :=diff(J[2,2],q) *Lg+diff(J[2,2],p) *Lp+h*diff (J[2,2],t) *Lt:
LJ[2,1]:=diff(J[2,1],q)*Lg+diff(J[2,1],p) *Lp+h*diff (J[2,1],t) *Lt:
LJ:

checkL:=simplify (Multiply (Multiply(J,L) ,J*(-1))+h*Multiply
(dJdlambda,J”* (-1))):
checkA:=simplify (Multiply (Multiply(J,A) ,J*(-1))+Multiply(LJ,J*
(-1))):

PO11 = 510+ 520 1)
P022 = 510520

Pinftyll :== -t12 — 122

PinftyOl := -tl1l — 121

Pinfty22 := t12 122
Pinftyl2 := t11 122 + 112121
Pinfty02 := t10t22 +t11 121 + 112 120
CoherenceEquation := t10 + 120 + s10 + s20
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V¥ Solving the compatibility equations to obtain the Hamiltonian
evolutions.

[ The compatibility equation is \mathcal {L}L=h\partial \lambda A+[A,L]
Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression
| for A

> LL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)) :

Entryll:=LL[1,1]:
Entryl2:=LL[1,2]:

AA2]1 :=unapply (solve (Entryl1=0,AA21 (lambda) ) ,lambda) :



AA2l1bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:

simplify (AA21 (lambda) -AA21bis) ;
AA22:=unapply (solve (Entryl2=0,AA22 (lambda) ) , lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]+A[1,2]*L[2,2]:

simplify (AA22 (lambda) -AA22bis) ;

simplify (Entryll) ;
simplify (Entryl2) ;
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| Evolution of entry L_{2,2}

> Entry22:=simplify (LL[2,2])
Entry22TermLambdaMinusqCube:=factor (residue (Entry22* (lambda-q)
A2 ,lambda=q)) ;
Entry22TermLambdaMinusgSquare:=factor (residue (Entry22* (lambda-
q) ,lambda=q)) ;
Entry22TermLambdaMinusq:=factor (residue (Entry22,lambda=q)) ;

Entry22TermLambdaInfty4:=factor (-residue (Entry22/lambda’5,
lambda=infinity)) ;
Entry22TermLambdaInfty3:=factor (-residue (Entry22/lambda*4,
lambda=infinity)) ;
Entry22TermLambdaInfty2:=factor (-residue (Entry22/lambda’3,
lambda=infinity)) ;
Entry22TermLambdaInftyl:=factor (-residue (Entry22/lambda’2,
lambda=infinity)) ;
Entry22TermLambdaInfty0:=factor (-residue (Entry22/lambda, lambda=
infinity)) ;
Entry22TermLambdaInftyMinusl:=factor (-residue (Entry22/lambda”2,
lambda=infinity)) ;
Entry22TermLambdaInftyMinus2:=factor (-residue (Entry22/lambda”3,
lambda=infinity)) ;
Entry22TermLambdaTMinusl:=factor (residue (Entry22,lambda=t)) ;
Entry22TermLambdaTMinus2:=factor (residue (Entry22* (lambda-t),
lambda=t)) ;

simplify( Entry22- (Entry22TermLambdaMinusqSquare/ (lambda-q) ~2+




Entry22TermLambdaMinusq/ (lambda-q)
+Entry22TermLambdaInftyO0+Entry22TermLambdaInftyl*lambda+
Entry22TermLambdaInfty2*lambda*2+Entry22TermLambdaInfty3¥*
lambda”*3+Entry22TermLambdaInfty4*
lambda*4+Entry22TermLambdaTMinusl/ (lambda-t)
+Entry22TermLambdaTMinus2/ (lambda-t) *2) );

L[2,2];

1
(h=a)" (n=1)
—4122) nuMinusl +8 c2) t + ((-4t12 — 4 122) nuMinusl + 8 c2) g + (121
+t11) nuMinusl + (t12 +122) v0 —2 cl) k4+ ( ((2t12 +2122) nuMinusl
—4c2) t2+ (((8 t12 + 8 122) nuMinusl — 16 c2) g + (-2 tl1 —2 t21) nuMinusl
+(-2112—=2122) W+4cl)t—2 (((-t12 —122) nuMinusl +2 c2) q + (121
+tll) nuMinusl + (t12 +t22) W0 —2c1) q) 73 + ((((—4t12 — 4 122) nuMinus1
+8¢2) g+ (121 +t11) nuMinusl + (t12 +122) v0 —2 cl) £+ (((—4t]2
— 4 122) nuMinusl + 8 c2) q2+ ((4t11 +4121) nuMinusl + (4 t12 + 4 122) V0
—8cl) q — nuMinusl (h —s20 —s10)) t + ( (121 + t11) nuMinusl + (t12 + 122) W0
—2c]) q2+ (h nuMinusl —u(t]2+t22)) q+ (s10+520) VO + (-tl]l —121) n

+2p) 7»2+ (-2 (((-t12 —122) nuMinusl +2 c2) q + (21 + t11) nuMinusl + (¢12
+122) w—2c¢1) g+ (((-2111 —2121) nuMinusl + (-2 112 — 2 122) W0
+4cl) ¢*+ ((-2520—2510) nuMinusl +2 1 (t12+122)) g —2h W + (2111
+2021)u—4p)t+2(vWqg—n) (h—s20—s10)) A+ (( (121 +t11) nuMinusI
+ (112 4+122) W —2cl) ¢* + (h nuMinusl —w (112 +122)) g +h VO + (111
—21)u+2p) £ — (¢* nuMinusl —p) (h —520—s10) t —q (V0 g —p) (h —s20
—510)) h)

Entry22 == - ((((2112 42 122) nuMinusl —4c2) X + (((-4112 (1.2)

2

Entry22TermLambdaMinusqCube := 0
((-h q2 nuMinusl + h g t nuMinus!

Entry22TermLambdaMinusqSquare = p l—t

+uq2t12 +uq2t22 —ngttl2—pqt22—hvqg+hvwt+pngtll +nqgr2l
—wttll —pt2l +hu—usl0—ps20—2gp+2pt) h)
Entry22TermLambdaMinusq = 0
Entry22TermLambdalnfty4 == 0
Entry22TermLambdalnfty3 == 0
Entry22TermLambdalnfty2 := 0
Entry22TermLambdalnftyl := 2 (-t12 nuMinusl — 122 nuMinusl +?2 c2) h
Entry22TermLambdalnfty0 = h (-0 t12 — 0 122 — t11 nuMinus1 — t21 nuMinus1

+2cl)
Entry22TermLambdalnftyMinusl := 2 ( -t12 nuMinusl — t22 nuMinusl +2 c2) h
Entry22TermLambdalnftyMinus2 := 0



Entry22TermLambdaTMinusl = 0
Entry22TermLambdaTMinus2 =
h (-q t nuMinusl + 7 nuMinusl — V0 g+ vit+u) (h—s20—s10)
q—t
0
S104520 1y ppp 4 (112 —22) A — —D 4
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Since the deformation operator is \hbar (alphal2\partial {t {\infty~{(1)},2} +alpha22\partial {t
{\infty"{(2)},2}+alphal I\partial {t {\infty"{(1)},1} +alpha2l\partial {t {\infty*{(2)},1})) we can
| obtain L[q]
> nuO:=solve (Entry22TermLambdaTMinus2=(s10+s20-h) *Lt,nu0) ;
mh__hqﬂmMMml—hanﬁmwﬁ+Uq—Lm—hu
_ (g—1t)h
> L220rderLambda2:=-residue (L[2,2]/lambda*3,lambda=infinity) ;
L220rderLambdal :=-residue (L[2,2] /lambda”*2,lambda=infinity) ;
L220rderLambda0l:=-residue (L[2,2]/lambda”*l,lambda=infinity) ;
L220rderLambdaMinusl:=-residue (L[2,2] /lambda”*2,lambda=infinity)

1.3)

L220rderTl:=residue(L[2,2],lambda=t) :

factor (simplify (h* (alphal2*diff (L220rderLambda2,tl12)+alpha22%*
diff (L220rderLambda2, t22)

+alphall*diff (L220rderLambda2, tll)+alpha2l*diff
(L220rderLambda2,t21) +Lt*diff (L220rderLambda2,t) )

- Entry22TermLambdaInfty2)) ;

Equationl:=factor (simplify (h* (alphal2*diff (L220rderLambdal, t12)
+alpha22*diff (L220rderLambdal, t22)

+alphall*diff (L220rderLambdal, tll)+alpha2l*diff
(L220rderLambdal,6 t21) +Lt*diff (L220rderLambdal, t))

- Entry22TermLambdaInftyl)) ;

Equation2:=factor (simplify (h* (alphal2*diff (L220rderLambdal, t12)
+alpha22*diff (L220rderLambdal, t22)

+alphall*diff (L220rderLambdal, tll)+alpha2l1*diff
(L220rderLambdal,t21) +Lt*diff (L220rderLambdal, t))

- Entry22TermLambdaInfty0)) ;

Equation3:=factor (simplify (h* (alphal2*diff
(L220rderLambdaMinusl, tl2) +alpha22*diff (L220rderLambdaMinusl,
t22)

+alphall*diff (L220rderLambdaMinusl, tll)+alpha2l1*diff
(L220rderLambdaMinusl, t21) +Lt*diff (L220rderLambdaMinusl,K t))

- Entry22TermLambdaInftyMinusl));




Equation3bis:=factor (simplify (h* (alphal2*diff (L220rderT1,t12)+
alpha22*diff (L220rderT1, t22)

+alphall*diff (L220rderT1, tll)+alpha2l*diff (L220rderT1, t21) +
Lt*diff (L220rderTl1l,t))

— Entry22TermLambdaTMinusl)) ;

L220rderLambda?2 = 0 1.4)
L220rderLambdal == -t12 — 122
L220rderLambda0 == -t11 — 121
L220rderLambdaMinusl = -t12 — 22
0

Equationl == -h ( -2 t12 nuMinusl — 2 122 nuMinusl + o12 + 022 + 4 c2)
Equation2 := - % (h q t t12 nuMinusl + h q t 22 nuMinusl — h £ t12 nuMinus1
q—

— £ 122 nuMinus1 — h q t11 nuMinusl — h q 121 nuMinusl + h t t11 nuMinusl
+htt2] nuMinusl + Lt qt12 + Lt q122 — Lt tt12 —Ltt 222 +all hg —oll ht
+2Ihg— 21 ht+2clhg—2clht—hputl2—hpr22)

Equation3 = -h ( -2 t12 nuMinusl — 2 122 nuMinusl + ad2 + 022 + 4 c2)
L Equation3bis := 0
> Lg:=factor (Entry22TermLambdaMinusqSquare/h) :
Lgbis:=-2*rho-mu*q*P1l (q)-(1/2) *h*q/ (t12-t22) * (alphal2-alpha22):

;We now look at \mathcal {L}[L[2,1]]

> Entry2l:=simplify (LL[2,1]):
Entry2l1TermLambdaMinusqCube:=factor (residue (Entry21* (lambda-q)
A2 ,lambda=q)) ;
Entry2lTermLambdaMinusqSquare:=factor (residue (Entry2l1l* (lambda-
q) ,lambda=q) ) ;
Entry2lTermLambdaMinusq:=factor (residue (Entry21,lambda=q)) ;
Entry2l1TermLambdaInfty2:=factor (-residue (Entry21l/lambda“’3,
lambda=infinity)) ;
Entry2l1TermLambdaInftyl:=factor (-residue (Entry21l/lambda’2,
lambda=infinity)) ;
Entry2l1TermLambdaInfty0:=factor (-residue (Entry21l/lambda, lambda=
infinity))
Entry2lTermLambdaTl:=factor (residue (Entry21,lambda=t)) ;
Entry2l1TermLambdaT2:=factor (residue (Entry21* (lambda-t) , lambda=
t));

simplify( Entry21l- (Entry2lTermLambdaMinusqCube/ (lambda-q) ~3+
Entry21TermLambdaMinusqgSquare/ (lambda-q) *2+
Entry2l1TermLambdaMinusq/ (lambda-q)
+Entry2l1TermLambdaInftyO0+Entry21TermLambdaInftyl*




lambda+Entry2l1TermLambdaInfty2*lambda”2
+Entry2l1TermLambdaTl/ (lambda-t)

) )
L[2,1];

Entry21TermLambdaMinusqCube =3 (up +p) h*
Entry21TermLambdaMinusqSquare := - # ((-2 uq4 112122 +4 uq3 tt12 122
g —

-2 uqz £ 112 122 —hp q3 nuMinusl +3 hp qztnuMinus] —3hpgq £ nuMinus1

+hp £ nuMinusl —2Wq t11122 —2uq t1212] +4 g 111122+ 4 ug* t112 21

—2uqftllR2—2uqg 22 —2hug ti2+4hpqttl2 —2hui tl2

—2ugt 10122 —2ug 11 21 —2 g 12120 + 4 nq 110122 + 4 wq 11 121

FApg 12120 =20 t10122 =20 11 221 —2 WP t12120 + g ptI2 4+ ¢° p 122

— 2 pttI2 =24 pt22+qprfti2+qpr22+Lipg —2Ltpgt+Lipf

—hupq+hupt+q ptll+¢*p2l —2qpttll —2qpt2l +prtll +pr 2l

+2Cug—2Cut+hgp—hpt—2usl0s20—qpsi0O—qps20+psiOt

+ps20t) h)

Entry21TermLambdaMinusq = % (h(2pqg*t1222 —6pug 1112122
( )

+6ug A tI2122 —2uqg P 2122 —2c2hg ' +6c2hqg t—6c2hg*F+2c2hqt
—hp q3 nuMinusl +3 hp qztnuMinusl —3hpg £ nuMinus1 +hp £ nuMinus1
Fug I 224+ 0g 12121 =3 ug 11122 =3 ug 12121 +3wqtll 122
+3uqg 2] —uL 122 —ufti22l —clhg +3clhg t—3clhqt
telhf =@ ptI2—q pt22+3¢ ptt12+3¢ pt122—3qprtl2—3qpr22
+pt3t]2+pt3t22—I—Cuq—Cut—l—hqp—hpt—ZulesZO—qps]0—qps20
+psl0t+ps20t))

Entry21TermLambdalnfty? := 2 (-2 t12 122 nuMinusl + c2 t12 +c2122) h

Entry21TermLambdalnftyl = % (2 hqttl2 22 nuMinusl —2 h £ 112 122 nuMinus1
q—

—3 hqtll 22 nuMinusl — 3 h q t12 121 nuMinusl + 3 ht t11 122 nuMinus]
+3htti2 2] nuMinusl +2 Lt qt12122 =2 Lt tt12122 +cl hqti2 +cl hq 22
—clhttl2—clht22+2c2hqtll +2c2hqt2l —2c2httll —2c2htt2l
—2hutl2122)

Entry2 1 TermLambdalnfty( = % (h q tt11 122 nuMinusl + h q t t12 121 nuMinusl
q—

— h 111 122 nuMinus1 — h £ t12 £21 nuMinusl — 2 h* q t12 nuMinus1

+2 1 t 12 nuMinusl —2 h q t10 122 nuMinusl —2 h g t11 t21 nuMinusl

—2hqtl2 20 nuMinusl +2 h tt10 122 nuMinusl +2 h tt11 121 nuMinus1

+2htti2 120 nuMinusl + Lt g t11 22 + Lt qt1212] — Lt tt11 122 — Lt tt12 121
+elhgtll +clhq2]l —clhttll —clht2l +2c2h*q—2c2h*t—2c2hqsl0

1.5)



510520

—2c2hqs20+2c2hs10t+2c2hs20t—hut]]t22—hut]2t2])

Entry21TermLambdaTl = —%((—2c2hq3z+6c2hq2t2 —6c2hqt +2c2ht

(g —1)
+2¢2¢s10t4+2c2¢ 520t —6c2¢*s10f —6¢2 ¢ s20 +6c2 qs10F
+6c2qs20 £ —2c2s101 —2¢2520f — Cq3 nuMinusl + 3 qutnuMinusl
-3 thznuMinusl + C £ nuMinus1 —clhq3+3clhqzt—3clhqt2+clht3
+el g s10+clqs20—3 ¢l q*s10t—3 ¢l q*s20t+3 cl gsl0OF +3 ¢l gs20f
—clsI0F —cl1s20P +Cpug—Cut+hgp—hpt—2usl0s20—qpsl0—qps20

+pslOt+ps20t) h)
Entry21TermLambdaT?2 = C Lt
((r—A) C+2510520) Lt

3
(r=2)
— 110122 —t11 121 — 12120 — (11122 +t12121) A — 112 122 7»2—|-

C
A—t

(h—1)"

—hi2——hp
A—gq

> rho:=factor (solve (Entry2lTermLambdaMinusqCube, rho)) ;

simplify (rho- (-p*g*mu)) ;
simplify (Entry2lTermLambdaMinusqCube) ;

pi=-pH (1.6)

pu(g—1)
0

L210rderLambda3:=-residue (L[2,1] /lambda”“4,lambda=infinity) ;
L210rderLambda2:=-residue (L[2,1] /lambda”3,lambda=infinity) ;
L210rderLambdal :=-residue (L[2,1] /lambda”*2,lambda=infinity) ;
L210rderLambda0l:=-residue (L[2,1] /lambda”*l,lambda=infinity) ;
L210rderLambdaMinusl:=-residue (L[2,1]/lambda”*2,lambda=infinity)
L210rderLambdaMinus2:=-residue (L[2,1]/lambda”3,lambda=infinity)
L21TOrder2:=factor (residue (L[2,1]* (lambda-t) ,lambda=t)) ;
L21TOrderl :=residue (L[2,1], lambda=t) ;
Equation4d:=simplify (h* (alphal2*diff (L210rderLambda2, tl2)+
alpha22*diff (L210rderLambda2, t22)+alphall*diff (L210rderLambda2,
tll) +alpha2l1*diff (L210rderLambda2, t21)+Lt*diff (L210rderLambda2,
t)) - Entry2lTermLambdaInfty2) ;
Equation5:=simplify (h* (alphal2*diff (L210rderLambdal, t12)+
alpha22*diff (L210rderLambdal, t22)+alphall*diff (L210rderLambdal,
tll) +alpha2l1*diff (L210rderLambdal, t21)+Lt*diff (L210rderLambdal,
t))- Entry2lTermLambdaInftyl);
Equation6:=simplify (h* (alphal2*diff (L21TOrder2,tl2)+alpha22*



diff (L21TOrder2,t22)+alphall*diff (L21TOrder2,tll)+alpha2l1*diff
(L21TOrder2,t21) +Lt*diff (L21TOrder2,t)) - Entry21TermLambdaT2) ;

L210rderLambda3 =0 1.7)
L210rderLambda2 = -t12t22
L210rderLambdal = -t11 22 —t12 21
L210rderLambda0 == -htl2 —t10122 —t11 121 —t12 120
L210vderLambdaMinusl == -t11 122 —t12 121
L210rderLambdaMinus?2 == -t12 122
L21TOrder2 == -s10s20

L21TOrder] = — 4L
~q

Equationd := -2 ((—2 122 nuMinusl + c2 + % 0’22) t12 +122 (CZ + % 0{12)) h

Equation5 = ﬁ ((2 122 nuMinusI t12 £+ (-2 t12 122 nuMinusl q + (

-3 221 nuMinusl + 021 +cl) t12 + (-3 t11 nuMinusl + od 1 +cl) 22 + (022

+2c2) tll +121 (0(]2 +2c2)) t+((3t2] nuMinusl — 021 —c]) ti2

+ (3 t11 nuMinusl —adl —cl) 22+ (-022 —2¢2) t1l — 121 (ad2 +2¢2)) q

+2¢121220) h—21tI12122 Lt (¢ —1))

_ Equation6 := -C Lt

> c2:=factor(solve (Equationl,kc2)) ;
mu:=factor (solve (Equation2 ,mu)) ;
nuMinusl:=factor (solve (Equation4,nuMinusl)) ;
cl:=factor (solve (Equation5,cl)) ;
c2:=simplify(c2);

mu:=factor (mu) ;

c2 = % t12 nuMinusl + % 122 nuMinusl — % ol2 — % 22 (1.8)

1 . . .
W= I (112 + 122) ((htt12 nuMinusl + h t 122 nuMinus1 — h t11 nuMinus1
—h 2] nuMinusl + Lt t12 + Lt 122+ odl h+ 21 h+2clh) (¢ —1))
1 a2 —a22

nuMinusl = 5 12— 122

LoV Qaiu202—2011 22— ad2 111122 + ad2 112 121
2 (112 —122)°
—2 21 t12* +2 21112122 + 022 111 122 — 022 112 121)
ad2 122 — 022 t12
2112 —2122
=1 ! ((g—1) (d2h1t12— 12 ht122 — 22 h 1112 + 622 h 1122
2 n(t12 —122)?
2 LttI2* —ALttI2122+2 Lt 22° +2 cdl htl2 —2 od 1 h 122 — cd2 h tl]
+a2ht2]l —2 21 htl2+2 021 h122+ 22 htl]l — 022 h121))

cl =




> simplify (Equationl) ;

simplify (Equation2) ;

simplify (Equation3) ;

simplify (Equationd4) ;

simplify (Equationb) ;

simplify (cl-clbis) ;

simplify (c2-c2bis) ;

simplify (mu-mubis) ;

simplify (nu0-nulbis) ;

simplify (nuMinusl-nuMinuslbis) ;
1.9)

[N eNeNoNoNe ool la)

> simplify (Entry2lTermLambdaMinusgSquare- (-p*h*Lq)):

> Lpfunction:=unapply (-Entry2lTermLambdaMinusq/h,C) :

> Equation7:=unapply( simplify (Entry2lTermLambdaMinusqSquare- (-p*
h*Lqg)),C):

Cter:=(g*4*tl2*t22-2*gq"3*t*tl12*t22+gq*2*t 2*t12*t22+p*q*3*tl12+p*
ghr3*t22-2*p*qr2*t*tl2-2*prgqr2*t*t22+p*grtr2*tl2+prg¥tr2*t22+
gr3*tl1*t22+g3*t12*t21-2*qr2*t*t11*t22-2* g 2*t*tl12*t21+gq*t*2*
tll*t22+g*t*2*t12*t21+h*gq*2*t12-2*h*g*t*tl2+h*t*2*tl12+p*2*g*2
—2*pAr2*gq*t+p 2* N 24p*qr2*tll4+p*gh2*t21-2*p* ¥ trtll-2*p*g*t*t21+
P*t 2*tll+p*t 2*t21+q*2*t10*t22+q*2*t11*t21+q*2*t12*t20-2*g*t*
t10*t22-2*gq*t*t1l*t21-2*g*t*t12*t20+t*2*t10*t22+t*2*t11*t21+
t22*t12*t20+h*p*q-h*p*t-p*q*sl0-p*q*s20+p*sl0*t+p*s20*t+sl0*
s20) / (g-t) :

simplify (Equation7 (Cter)) ;

solve (Equation7(C) ,C):

Cbis:=(g-t) *p*2+h*p- (g-t) *P1 (q) *p+ (g-t) *P2 (q) -P012+h*t12* (g-t) ;
simplify (Equation7 (Cbis)) ;
simplify (series (Cter-Cbis,p)) ;
C:=Cbis:
0 (1.10)

510+ 520 _m—z21+(—tIZ—tZZ)QJP“q

Chs=(q—¢”f+hp—(q—ﬂ(



>+ ; + 110122 + 111121 + 112120 + (¢11 122 +112121) g
(g—1) q—

+ 112122 q2j —POI2+htl2 (g —1)

—1 ( 510520 P0OI2

0
0

> Lp:=factor(simplify (Lpfunction (Cbis))):

Lpbis:=mu* (p*diff (P1(q) ,q)+p*h*1/(g-t)*2-diff (tdP2(q) ,q)- CO1l/
(g-t) *2) +h*nuMinusl*p +h*cl+2*h*c2*q:

factor (series (Lp-Lpbis,P012=0)) ;

0 1.11)
> Lgter:=2*mu* (p-P1l(q)/2+1/2*h*1/(g-t))-h*nu0-h*nuMinusl*q:
simplify (Lg-Lgter) ;

_ 0 (1.12)
> nuMinusl:=nuMinusl;
nu0:=nul;
cl:=cl;
c2:=c2;
1 a2 — 22
Minusl = — ———— 1.1
ST Y T2 =2 (L13)
1 | hqt(a2—022) 1 hi(ad2—o022)
W= -—— | 4 - = Ltq—Ltt
(q—t)h(Z 12 — 122 > u2—p2 M
1 %((q—t)(0(]2htt]2—0(]2htt22—0Q2htt]2+0Q2htt22
2 (112 —122)

F 2Lt —ALttI2122 42 Lt 122" 42 ed ] ht12 —2 ed] h 122 — a2 ht1]

+ad2h2l —2 21 htl2+2 021 h122 + 022 htll — 022 h121)))

cl == 1 %(2 allt12122 —2 ol 122* — od2 t11 122 + el 2 t12 121

2 (112 —122)
—2021t12° +2 21112122 + 022 t11 122 — 022 112 121)
al2 122 — 22 t12
2112 —2122

c2 =

[ We thus get that
L[q]=2*mu*q*(p-P1(q)/2)-(1/2)*h*q/(t12-t22)*(alphal2-alpha22) -h*mu
L[p] = -mu*p"2+mu*diff(p*q*P1(q)-q*P2(q),q)-h*t12*mu +1/2*h*(alphal2-alpha22)/(t12-t22)*p+

h*c1+2*h*c2*q
with
. a2 — a22
nuMinusl = —2 (112 — 22)
hqt (a2 — 22 heé (a2 — 22
W = - I gt (a @22) _ (a a22) + Ltq — Ltt

(gq—1t)h 2 (t12 —122) 2 (12 —122)



\ 4

- 1 ~((g—0 (ad2httl2 — cI2ht122 — 022 htt12 + 022 ht122
)

2 (112 — 122
+ 2Lt —ALet12022 + 20228 Le+ 2 ad1 ht12 — 2 all h122 — od2 htll + al2 h 121

—2021htI2+2 21 ht22 + o22 htll — o22h21)))

cl = 1 (2 112 all 122 — 2122° ad1 — t11 ad2 122 + 21 ed2 t12 — 2 t12* 021

2 (112 — 122)°

+ 212 02122 +t1l 22 22 — 21 o022 t12)
al2 22 — 22 t12

L 2¢t12 —21¢22

> Hamiltonian:= mu* (p*2-P1l(q) *p+P2(q) )-1/2*h* (alphal2-alpha22)/
(t12-t22) *p*q+h*t12*mu -h*cl*g-h*c2*q 2+p* ( (2*Lt*t12-2*Lt*t22+
h*t* (alphal2-alpha22))/(2*t12-2*t22)):
simplify (Lp- (-diff (Hamiltonian,q)))

c2 =

simplify (Lg- (diff (Hamiltonian,p)))

Hamiltonianbis:= mu* (p*2-P1l(q) *p+h*p*1/(q-t) +tdP2(q)+h*tl2 )-
h*nuO*p-h*nuMinusl*g*p-h*cl*g-h*c2*gq”*2

factor (simplify (Lp- (-diff (Hamiltonianbis,q))))

simplify (Lg- (diff (Hamiltonianbis,p)))

(1.14)

[>Ne e Nen)

Expression of the Lax matrix in the geometric gauge and
normalisation at infinity

> simplify(checkL[1l,1]);
simplify (checkL[1,2]) ;
checkL22bis:=P1 (lambda) -p* (g-t) / (lambda-t) ;
simplify (checkL[2,2]-checkL22bis) ;
checklL2l:=factor (checkL[2,1]);
simplify (series (checkL[2,1],lambda=t)) :
checkL2lbis:=(p* (g-t)-s10) * (p* (g-t) -s20) / ((g-t) * (lambda-t) ) -
tl2*t22*lambda”2+ (( (-g+t) *t22-t21) *t12-t11*t22) *1lambda+ ( (-g*2+
g*t) *t22+ (-t21-p) *q+ (t21+p) *t-h-t20) *t12+ ( (-p-tll) *g+ (t1ll+p) *t-
t10) *t22-t11*t21:
simplify (checkL2l-checkL21bis) ;

pg—1) @.1)




s10+ 520 (g—1)

checkL22bis == 11 — 21 + (-t12 —122) A — 24 =10
A—t A—t
0
1 3 3 2 2
checkL2] == - (x qti2122 — N tt12122+ N ¢ 12122 —3 A qtti2 122

(A—1) (g—1)
FON P22 +NG 112122 =3 NG 112122 +3 Mg P 12122 — AP 112 122
— P I222 42 L2022 —q R 222+ N qill 22+ N qeI2 2] — X 1111 122
N 221 A Ap P2+ Ap P22 —2hpqitl2 —2\pqti22 +hp 12
AP P22+ NG 1] 122+ Mg t1212] —3Aqttll 122 —3hqtt12 121
FONAHI 2242012021 —p g tt12 —p g t122+2p g ti2+2pqfi22
—p P2 —pP 22 —qg 1111122 — g 1112121 +2q £ 11112242 g 112121
— P12 =P t1202] +hhqtl2 —hAtt]2 —hqtt]12+hEt12 +Aqt10122
+AgtI 21 +Nqt12120 —Nt110122 — httll 21 — htt12120 —p> ¢* +2 p* gt
—p P —qtt10122 —qtt11 121 —q 12120 + £ 10122 + £ t11 121 + £ 112 120
+pqs]O+pqs20—ps]0t—ps20t—s]0s20)

L 0
> Gl:=Matrix(2,2,0):
Gl[1l,1]:=1:
Gl[2,2]:=1:
G1l[1,2]:=0:
Gl[2,1]:=tl2*lambda+etal:
gl:=tl2:

etal:=(g-t) *tl2+tl1l;

dGldlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldlambda[i, j]:=diff
(G1[i,]j],1lambda): od: od:

tdL:=simplify (Multiply (Multiply (G1l,checkL) ,G1%(-1))+h*Multiply
(dGldlambda,G1*(-1))):

simplify (tdL) ;

series (tdL[1,1],lambda=infinity,1);
series(tdL[1,2],lambda=infinity,1);
series(tdL[2,1],lambda=infinity,1);

no = (q—1t)ti2 +tll 2.2)

N2+ (~t112+ 1) A—q (q—1) 112+ (-p—tl]) g +pt -A+g
r—A Y

b




1
(A—1) (g—1)

((—z12+z22) (qt12+p+t11) £+ ((3112° —2112122) ¢°

+ (Me122+ (-A122+4p+4111) 12 —2122 (t1] +p)) g+ ((t11 +p) A —s10
— 520 —120) t12 — 122 (111 +p) A4 p* +2p 111 — 110122 4+ 111%) 7 + (112 (122

—312) @ 4+ (-2ht02+ (2A22—=5p —5111) t12 4122 (111 +p)) ¢* + (((

“2p—2t11) A +2510+25204120) t12 +2122 (111 +p) A—2p> —4p1ll

+110122 —2t11%) g + A (s10 4 520 + 120) t12 4 122 A t10 + (510 + 5s20) (t11 +p))

t+q* 12> +2 (—% 227»+%t]27u+p+t11j 112 + (((¢t11 +p) A —s10

—520) 12+ (111 +p) (-A22 +p +111)) ¢* + (- (s10 + 520 + 120) 112

— 1220110 — (5104 520) (111 +p)) q +510520),

1
A—t
—t]])q+s]0+520)H

((M22+qt12+p+t11 +121) t—k2t22—kt2]—q2t]2+ (-p

12—t +o(i)
N

ol

I (((t]ZZ—IIZ 122) g+ (t11 +p) t12 —122 (111 +p)) 7+ ((-2 112

q—t
+2ﬂ2Qﬂq2+u—2p—2dnﬂZ+2Q2UH+qu+(ﬂ0+Q0+Q@LU
+110122) t+2 (—% t22+%t]2) t12¢° + ((t11 +p) t12 —122 (11 +p)) ¢* + (

—(s]O-Fs20-+t20)t]2-—t]0t22)q)-+()(é%)

Y Expression of the Lax matrices after symplectic reduction

> s20:=-s10-t10-t20:
t21:=-t1l1l:
t22:=-t1l2:
t11:=0:




H

tl2:=1:

alphal2:=0:
alpha22:=0:
alphall:=0:
alpha2l:=-alphall:
Lt:=1:

mu:=mubis;
nuMinusl:=nuMinusl;
cl:=clbis;
c2:=c2bis;

c0:=0:

checkL:=simplify (checkL) :
tdL:=simplify (tdL) :

dGldt:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldt[i,j]:=diff (Gl
[i,3],t)+dif£(G1[i,]],q) *dgdt+diff(G1l[i,]j],p)*dpdt : od: od:

dgdt:=Lg/h:

dpdt :=Lp/h:

q:=checkq:

P :=checkp:

tdA:=simplify (Multiply (Multiply (G1l,checkd) ,Gl1%(-1))+h*Multiply
(dG1ldt,G17(-1))):

checkL:=simplify (checkL) ;
tdL:=simplify (tdL) ;
checkA:=simplify (checkAi) ;
tdA:=simplify (tdA) ;

W= gh;t 3.1)

nuMinus! = 0
cl =0
c2:=0

checkp (checkqg —t) -\ + checkq
A—t Y
( (-checkq —\) £+ (checkp2 +2 checkq” + 3 checkg A

9

1
[ (t—A) (-checkq +1)

4207 —h+110—120) 2 + (- checkq’ — 3 checkg® A+ (-2 checkp® =3 X" +h — 110




|

-+ t20) checkq — 7»3 + (20 +h —t10) A — (t10 + 120) checkp) t+ kcheckq3

+ (checkp2 + 7»2) checkq® + (7»3 + (-h+1t10 —120) L+ (¢t10 +120) checkp) checkq

— 510 (s10+ 110 + 120) ), <heckp (checkq — 1) + 110 + 120 H

t—A
(=X + checkp + checkq) t — checkp checkq — checkq2 + A+ checkq
r—A Coor=a |
1 4 3 2
checkq” + (2 checkp +2 N —4t) checkqg” + (5 +
[ (t—2A) (-checkq +1) ( s b ) @+ (

-6 checkp —4 \) t + checkp® + 2 checkp ).+ t10 + 120) checkq” + (-2 £+ (6 checkp
+22) £+ (-2 checkp® — 4 checkp . — 3 t10 — 120) t + (t10 + 120) checkp
+2At10) checkq — 2 checkp £+ (checkp2 + 2 checkp A+ 2 t10) £+ ((-t10

—120) checkp —2 \110) t — 510 (s10 4 110 + 120) ),

( -checkp — checkq + \) t + checkp checkq + checkq2 — N 4110+ 120
t—A

[ [ _ checkp (checkqg —t)  checkqg —t

h(A—1) " h(h—1) |

1 4 3 2 2
t + (-4 checkg—2 L) t + \ -checkp”™ + 5 check

[ (-checkq+1) h (t—1) ( ( 1 ) ( b 1

+ 6 checkq A + 7»2) £+ ( -2 checkq® — 6 checkq® A + (2 checkp® —2 7»2) checkq
- (h2 —h — 110 —120) checkp) t+2A checkq3 + < —checkp2 + kz) checkq2 + (h2

—h —1t10 —t20) checkp checkq + s10 (s10 +t10 + t20) ),

W—h+ (-checkg +t) checkp —t10 — 120
h(t—2)

H (-checkp — ) — checkq +1) (-checkq+1) checkqg —t ]

h(t—2) " h(A—1)

[ ( ! ( —checkq4 + (-2 checkp +2t) checkq3 + ( —checkp2

-checkq +1t) h (t—2)

+ 4 checkp t + W —f —h—1t10— 120) checkq2 — (-checkp +1t) (2 checkp t + W —h



—t]O—t20) checkq —checkp2 r— (hz—h —tl0 —t20) checkp t + 510 (s10 +t10

_
h(t—2)
— 1) checkg + K —h —tIO—tZO)”

+120)), ( -F+ (checkp + 2 checkq + \) t — checkq2 + ( -checkp



