[ In this Maple sheet, we compute the Lax matrices using the asymptotics of the wave
| functions and the local diagonalization for the Painlevé S equation.

We first use the expression of the coefficients of the spectral curve in terms of the irregular times and
| monodromies.

> restart:
P01l := t010+t020;
P111 := t110+t120;
P121 := t111+t121;
P142 := t111*t121;
P132 := t110*t121+t111*t120;
P022 := t010*t020;
CoherenceEquationl:=tinftyl0+tinfty20+t010+t020+t110+t120;
CoherenceEquation2:=P012+P112;
CoherenceEquation3:=t010*t020-tinftylO*tinfty20+P112+P122;
Pl:=x-> P011/x+P121/ (x-1)~2+P111/ (x-1) ;
P2:=x-> P022/x72+P012/x+P142/ (x-1) ~4+P132/ (x-1) *3+P122/ (x-1) *2+
P112/ (x-1) ;

P0l12:=solve (CoherenceEquation2,P012) ;
P122:=solve (CoherenceEquation3,P122) ;

PO11 == 1010 + 1020 1)

PI111 :=1t110+1t120

PI2] :==tl1]l +1t12]

P142 == t111t121

P132 :==¢t110t12]1 +1t111t120

P022 = 1010 1020

CoherenceEquationl = tinftyl0 + tinfty20 + t010 + 1020 + ¢t110 + t120
CoherenceEquation2 :== P012 + P112
CoherenceEquation3 = t010 t020 — tinfty10 tinfty20 + P112 + P122

_, Poii Pi2] n Plil

Pl :=x + 5
X (x—1) x—1
P2 s P0§2 L po1z 101424 L _PI32 - P22 - P12
X X (x—1) (x—1) (x—1)° x—1
P0I2 := -P]12

P122 := -1010 1020 + tinfty10 tinfty20 — P112

V¥ Expression of the Lax matrix L

| Study of the asymptotics at infinity

> logPsilInfty:=-tinftyl0/h*1n (lambda)+A10-A12/(2-1) /lambda”* (2-1)
-Al13/(3-1) /lambda” (3-1) -Al4/ (4-1) /lambda” (4-1) -A15/ (5-1)
/lambda” (5-1) -A16/ (6-1) /lambda” (6-1) -A17/(7-1) /lambda” (7-1) ;
logPsi2Infty:=-tinfty20/h*1n(lambda)-1*1n(lambda)+A20-A22/(2-1)




/lambda”* (2-1) -A23/(3-1) /lambda” (3-1) -A24/ (4-1) /lambda” (4-1) -
A25/(5-1) /lambda* (5-1) -A26/ (6-1) /lambda” (6-1) -A27/ (7-1) /1lambda”*
(7-1) ;
LlogpsilInfty:=-Ltinftyl0/h*1ln(lambda)+LA10-LAl2/(2-1) /lambda”*
(2-1) -LA13/(3-1) /lambda” (3-1) -LA14/ (4-1) /lambda” (4-1) -LA15/ (5
-1) /lambda” (5-1) -LA16/ (6-1) /lambda”* (6-1) -LA17/(7-1) /1lambda”* (7
-1) ;
Llogpsi2Infty:=-Ltinfty20/h*1n(lambda)+LA20-LA22/(2-1) /lambda”*
(2-1)-LA23/(3-1) /lambda”* (3-1) -LA24/ (4-1) /lambda“* (4-1) -LA25/ (5
-1) /lambda”* (5-1) -LA26/ (6-1) /1lambda” (6-1) -LA27/ (7-1) /1lambda”* (7
-1)

LpsilInfty := exp(l/h*(-tinftyl0*1ln(lambda)+h*Al10-h*
Al2/lambda-1/2*h*Al13/lambda*~2-1/3*h*Al14/lambda*3-1/4*h*
Al5/lambda”4-1/5*h*Al16/lambda”5-1/6*h*A17/lambda”6)) *1/h* (-
LtinftylO*1ln(lambda)+h*LA10-h*LAl12/lambda-1/2*h*LA13/lambda”2
-1/3*h*LAl4/lambda*3-1/4*h*LAl5/lambda*4-1/5*h*LAl16/1lambda”5
-1/6*h*LA17/lambda”6) ;

Lpsi2Infty := exp(l/h*(-tinfty20*1n(lambda)-h*1ln(lambda)+h*A20-
h*A22/lambda-1/2*h*A23/lambda*2-1/3*h*A24/lambda*3-1/4*h*
A25/lambda”4-1/5*h*A26/lambda”5-1/6*h*A27/1lambda”6)) *1/h* (-
Ltinfty20*1ln(lambda)+h*LA20-h*LA22/lambda-1/2*h*LA23/lambda”2
-1/3*h*LA24/lambda*3-1/4*h*LA25/1lambda*4-1/5*h*LA26/1lambda’5
-1/6*h*LA27/lambda”6) ;

psilInfty:=exp (logPsilInfty) ;

psi2Infty:=exp (logPsi2Infty) ;

dpsildlambdaInfty:=diff (psilInfty,lambda) :
dpsi2dlambdaInfty:=diff (psi2Infty,lambda) :
d2psildlambda2Infty:=diff (psilInfty,lambda$2) :
d2psi2dlambda2Infty:=diff (psi2Infty,lambda$2) :
Vinftyl:=tinftyl0*1ln (lambda) ;

Vinfty2:=tinfty20*1ln (lambda) ;

WronskianLambdaInfty:=h*factor (psilInfty*dpsi2dlambdaInfty-
psi2Infty*dpsildlambdaInfty) :
WronskianLambdabisInfty:=h*simplify (factor( (diff (logPsi2Infty,
lambda) -diff (logPsilInfty,lambda) ) *exp (logPsilInfty+
logPsi2Infty))):

WronskianTildeLambdaInfty:=h*3*factor (dpsi2dlambdaInfty*
d2psildlambda2Infty-dpsildlambdaInfty*d2psi2dlambda2Infty) :
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LH20m() oy A2 LA 1 A4 1A 1A 1 AY
. h A 2 kZ 3 7»3 4 7»4 5 kS 6 7»6
psi2lnfty := e
Vinftyl = tinftyl01n ()
_ Vinfty2 = tinfty201In( )
> L21Infty:=factor(simplify
(WronskianTildeLambdaInfty/WronskianLambdabisInfty)) :
L21InftyOrderlambdal:=factor (-residue (L21Infty/lambda*2,lambda=
infinity)) ;
L21InftyOrderlambdal:=factor (-residue (L21Infty/lambda”*l, lambda=
infinity)) ;
L21InftyOrderlambdaMinusl:=factor (-residue (L21Infty/lambda”0,
lambda=infinity)) ;
L21InftyOrderlambdaMinus2:=factor (-residue (L21Infty/lambda”*
(-1) ,1ambda=infinity)) ;
L21InftyOrderlambdaMinus3:=factor (-residue (L21Infty/lambda”*
(-2) ,1ambda=infinity)) ;
L21InftyOrderlambdal == 0 (1.2)
L21InftyOrderlambda0 := O

L2 1InftyOrderlambdaMinusl = 0
L21InftyOrderlambdaMinus?2 = - (h + tinfty20) tinftyl0

1
] = - h \AI2 h tinftyl10
L21InftyOrderlambdaMinus3 I — tinftyl0 + tinfiy20 (h( tinfty

— AI2 h tinfty20 + A12 tinfty10 tinfty20 — A2 tinftyZO2 — 2 A22 h tinftyl0
|+ A22tinfiyl0° — A22 tinfty10 tinfty20) )
| We get that L_{2,1} behaves at infinity like - (& + tinfty20) tinftyl0/lambda”2+O(1/lambda”3)
> L22Infty:=factor (h*simplify (diff (WronskianLambdabisInfty,
lambda) /WronskianLambdabisInfty)) :
L22InftyOrderlambdal :=factor (-residue (L22Infty/lambda”*2, lambda=
infinity)) ;
L22InftyOrderlambda0:=factor (-residue (L22Infty/lambda”*1l,lambda=
infinity)) ;
L22InftyOrderlambdaMinusl:=factor (-residue (L22Infty/lambda”0,
lambda=infinity)) ;
L22InftyOrderlambdaMinus2:=factor (-residue (L22Infty/lambda”*
(-1) ,1lambda=infinity)) ;
L22InftyOrderlambdaMinus3:=factor (-residue (L22Infty/lambda”*
(-2) ,1ambda=infinity)) :
L22InftyOrderlambdal == 0 1.3)
L22InftyOrderlambda0 == 0
L22InftyOrderlambdaMinusl = -2 h — tinfty10 — tinfty20

L22InftyOrderlambdaMinus2 :=
h (A2 tinftyl0 — AI2 tinfty20 — 2 A22 h + A22 tinftyl0 — A22 tinfty20)

L h — tinfty10 + tinfty20
| We get that L {2,2} behaves at infinity like (-2 & — tinftyl0 — tinfty20)/lambda+h*O(1/lambda”2)




| Study of the asymptotics at lambda= 0

> logPsilZero:=t010/h*1n (lambda)+B10+B12/ (2-1) *1lambda” (2-1)+B13/
(3-1) *1lambda” (3-1)+B14/ (4-1) *1lambda” (4-1) +B15/ (5-1) *1ambda” (5
-1)+B16* (6-1) *lambda” (6-1)+B17* (7-1) *1lambda” (7-1) ;
logPsi2Zero:=t020/h*1n (lambda)+B20+B22/ (2-1) *1lambda” (2-1) +B23/
(3-1) *1lambda” (3-1) +B24/ (4-1) *1lambda” (4-1) +B25/ (5-1) *1ambda” (5
-1)+B26* (6-1) *1lambda” (6-1)+B27* (7-1) *1lambda” (7-1) ;
LlogpsilZero:=Lt010/h*1n(lambda)+LB10+LB12/ (2-1) *1ambda” (2-1) +
LB13/(3-1) *lambda”~ (3-1)+LB14/ (4-1) *1lambda” (4-1) +LB15/ (5-1) *
lambda” (5-1)+LB16* (6-1) *1lambda” (6-1)+LB17* (7-1) *1lambda” (7-1) ;
Llogpsi2Zero:=Lt020/h*1n (lambda)+LB20+LB22/ (2-1) *1ambda” (2-1) +
LB23/(3-1) *1lambda” (3-1) +LB24/ (4-1) *1lambda” (4-1) +LB25/ (5-1) *
lambda” (5-1) +LB26* (6-1) *1lambda” (6-1) +LB27* (7-1) *1lambda” (7-1) ;
LpsilZero := exp((t010/h*1ln(lambda)+B10+B12/(2-1) *lambda” (2-1)+
B13/(3-1) *1lambda” (3-1)+B14/ (4-1) *1lambda” (4-1) +B15/ (5-1) *1lambda*
(5-1)+B16* (6-1) *1lambda” (6-1)+B17* (7-1) *1ambda” (7-1)))
* (Lt010/h*1n (lambda) +LB10+LB12/ (2-1) *1lambda” (2-1) +LB13/ (3-1) *
lambda” (3-1)+LB14/ (4-1) *lambda” (4-1) +LB15/ (5-1) *1lambda” (5-1) +
LB16* (6-1) *1lambda” (6-1)+LB17* (7-1) *1ambda” (7-1)) ;
Lpsi2Zero := exp((t020/h*1ln(lambda)+B20+B22/(2-1) *lambda” (2-1)+
B23/(3-1) *1lambda” (3-1)+B24/ (4-1) *1ambda” (4-1) +B25/ (5-1) *1lambda*
(5-1)+B26* (6-1) *1lambda” (6-1)+B27* (7-1) *1ambda” (7-1)))
* (Lt020/h*1n (lambda) +LB20+LB22/ (2-1) *1lambda” (2-1) +LB23/ (3-1) *
lambda” (3-1) +LB24/ (4-1) *lambda” (4-1) +LB25/ (5-1) *1lambda” (5-1) +
LB26* (6-1) *1lambda” (6-1)+LB27* (7-1) *1ambda” (7-1)) ;
psilZero:=exp (logPsilZero) ;
psi2Zero:=exp (logPsi2Zero) ;
dpsildlambdaZero:=diff (psilZero,lambda) :
dpsi2dlambdaZero:=diff (psi2Zero,lambda) :
d2psildlambda2Zero:=diff (psilZero,lambda$2) :
d2psi2dlambda2Zero:=diff (psi2Zero,lambda$2) :
VZerol:=t010*1n (lambda) ;
VZero2:=t020*1n (lambda) ;

WronskianLambdaZero:=h*factor (psilZero*dpsi2dlambdaZero-
psi2Zero*dpsildlambdaZero) :
WronskianLambdabisZero:=h*simplify (factor( (diff (logPsi2Zero,
lambda) -diff (logPsilZero,lambda) ) *exp (logPsilZero+logPsi2Zero))

) :

WronskianTildeLambdaZero:=h*3*factor (dpsi2dlambdaZero*



d2psildlambda2Zero-dpsildlambdaZero*d2psi2dlambda2Zero) :

logPsilZero = % +BIO+BI2 )+ % BI3N + % BI4N + % BIsA' (1.4)
+5BI6N +6BI7)

logPsi2Zero = % +B20+B22 A+ % B23N + % B24 )\ + % B25 )
+5B261 +6B27)°
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|
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|
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| VZero2 := 1020 In( )

> L22Zero:=factor (h*simplify (diff (WronskianLambdabisZero,lambda)
/WronskianLambdabisZero)) :
L22ZeroOrderlambdaMinus3:=factor (residue (L22Zero*lambda”2,
lambda=0)) ;
L22ZeroOrderlambdaMinus2:=factor (residue (L22Zero*lambda”l,
lambda=0)) ;
L22ZeroOrderlambdaMinusl :=factor (residue (L22Zero*lambda”o0,
lambda=0)) ;
L22ZeroOrderlambdal:=factor (residue (L22Zero*lambda” (-1) , lambda=

psi2Zero == ¢




0));
L22ZeroOrderlambdal :=factor (residue (L22Zero*lambda” (-2) ,lambda=
0)):
L22ZeroOrderlambda?2:=factor (residue (L22Zero*lambda” (-3) , lambda=
0)):
L22ZeroOrderlambdaMinus3 = 0 (1.5)
L227ZeroOrderlambdaMinus?2 = 0

L22ZeroOrderlambdaMinusl = t010 — h + 1020

1
L22ZeroOrderlambda(0 := 010 — 1020 (h (BI2Zh+ BI12t010 —BI12 1020 — B22 h

| + B22 t010 — B22 t020))
| We get that L_{2,2} behaves at lambda=0 like (t010+t020-h)/lambda +O(1)
> L2l1Zero:=factor(simplify
(WronskianTildeLambdaZero/WronskianLambdabisZero)) :
L21ZeroOrderlambdaMinus5:=factor (residue (L21Zero*lambda”*4,
lambda=0)) ;
L21ZeroOrderlambdaMinus4 :=factor (residue (L21Zero*lambda*3,
lambda=0)) ;
L21ZeroOrderlambdaMinus3:=factor (residue (L21Zero*lambda”2,
lambda=0)) ;
L21ZeroOrderlambdaMinus2:=factor (residue (L21Zero*lambda”l,
lambda=0)) ;
L21ZeroOrderlambdaMinusl :=factor (residue (L21Zero*lambda”o,
lambda=0)) ;
L21ZeroOrderlambdal:=factor (residue (L21Zero*lambda” (-1) , lambda=
0));
L21ZeroOrderlambdal:=factor (residue (L21Zero*lambda” (-2) ,lambda=
0)):
L21ZeroOrderlambda2:=factor (residue (L21Zero*lambda” (-3) , lambda=
0)):
L21ZeroOrderlambdaMinus5 == 0 (1.6)
L21ZeroOrderlambdaMinus4 == 0
L21ZeroOrderlambdaMinus3 == 0

L21ZeroOrderlambdaMinus?2 == -1010 t020
L21ZeroOrderlambdaMinusl =

1
" 1010 — 1020 (h (BI2 h 1020 + B12 1010 1020 — BI2 1020° — B22 h t010

+ B22 1010 — B22 1010 t020) )

L21ZeroOrderlambdal) = I (n (B12* W* 1020 — B12 B22 h* 1010

(1010 — 1020)>
— BI2 B22 h* 1020 — BI2 B22 h t010° + 2 B12 B22 h t010 t020 — B12 B22 h 1020°
+ B22> 1?1010 — 2 B13 h 1010 t020 + 2 B13 h t020° — B13 010" 1020
+2 BI3 1010 1020> — B13 1020° + 2 B23 h t010° — 2 B23 h 1010 1020 — B23 t010°
| +2B231010° 1020 — B23 1010 1020°) )
| We get that L {2,1} behaves at lambda=0 like -t010*t020/lambda”2+ O(1/lambda)




| Study of the asymptotics at lambda=1

> logPsilUn:=-t111/h/ (lambda-1)+t110/h*1n (lambda-1)+C10+C12/ (2-1)
* (lambda-1) ~ (2-1)+C13/(3-1) * (lambda-1) ~ (3-1)+C14/ (4-1) *
(lambda-1)~ (4-1)+C15/ (5-1) * (lambda-1) ~ (5-1) +C16* (6-1) *
(lambda-1) * (6-1)+C17* (7-1) * (lambda-1) ~ (7-1) ;
logPsi2Un:=-t121/h/ (lambda-1)+t120/h*1n (lambda-1) +C20+C22/ (2-1)
* (lambda-1) ~ (2-1)+C23/ (3-1) * (lambda-1) ~ (3-1) +C24/ (4-1) *
(lambda-1)~ (4-1)+C25/ (5-1) * (lambda-1) ~ (5-1) +C26* (6-1) *
(lambda-1) ~ (6-1) +C27* (7-1) * (lambda-1) ~ (7-1) ;
LlogpsilUn:=-Ltl11l1/h/ (lambda-1)+Lt110/h*1n (lambda-1)+LC10+LC12/
(2-1) * (lambda-1) ~ (2-1)+LC13/(3-1) * (lambda-1) ~ (3-1)+LC14/ (4-1) *
(lambda-1)~ (4-1)+LC15/ (5-1) * (lambda-1) ~ (5-1) +LC16* (6-1) *
(lambda-1) ~ (6-1) +LC17* (7-1) * (lambda-1) ~ (7-1) ;
Llogpsi2Un:=-Ltl121/h/ (lambda-1)+Lt120/h*1n (lambda-1)+LC20+LC22/
(2-1) * (lambda-1) ~ (2-1) +LC23/ (3-1) * (lambda-1) ~ (3-1) +LC24/ (4-1) *
(lambda-1) ~ (4-1)+LC25/ (5-1) * (lambda-1) ~ (5-1) +LC26* (6-1) *
(lambda-1) ~ (6-1) +LC27* (7-1) * (lambda-1)~ (7-1) ;
LpsilUn := exp((-tlll/h/(lambda-1)+t110/h*1n(lambda-1)+C10+C12/
(2-1) * (lambda-1) ~ (2-1)+C13/ (3-1) * (lambda-1) ~ (3-1)+C14/ (4-1) *
(lambda-1)~ (4-1)+C15/ (5-1) * (lambda-1) ~ (5-1) +Cl6* (6-1) *
(lambda-1) * (6-1)+C17* (7-1) * (lambda-1) ~ (7-1)))
* (-Ltlll/h/ (lambda-1)+Lt110/h*1n (lambda-1)+LC10+LC12/ (2-1) *
(lambda-1)~ (2-1)+LC13/(3-1) * (lambda-1) ~ (3-1)+LC14/ (4-1) *
(lambda-1)~ (4-1)+LC15/ (5-1) * (lambda-1) ~ (5-1) +LC16* (6-1) *
(lambda-1)* (6-1) +LC17* (7-1) * (lambda-1)~ (7-1)) ;
Lpsi2Un := exp((-tl21/h/(lambda-1)+t120/h*1n (lambda-1)+C20+C22/
(2-1) * (lambda-1) ~ (2-1)+C23/ (3-1) * (lambda-1) ~ (3-1) +C24/ (4-1) *
(lambda-1) ~ (4-1)+C25/ (5-1) * (lambda-1) ~ (5-1) +C26* (6-1) *
(lambda-1) * (6-1) +C27* (7-1) * (lambda-1) ~ (7-1)))
* (-Ltl121/h/ (lambda-1)+Lt120/h*1n (lambda-1)+LC20+LC22/ (2-1) *
(lambda-1) ~ (2-1)+LC23/ (3-1) * (lambda-1) ~ (3-1) +LC24/ (4-1) *
(lambda-1)~ (4-1)+LC25/ (5-1) * (lambda-1) ~ (5-1) +LC26* (6-1) *
(lambda-1)~ (6-1)+LC27* (7-1) * (lambda-1) ~ (7-1)) ;
psilUn:=exp (logPsilUn) ;
psi2Un:=exp (logPsi2Un) ;
dpsildlambdaUn:=diff (psilUn, lambda) :
dpsi2dlambdaUn:=diff (psi2Un,lambda) :
d2psildlambda2Un:=diff (psilUn,lambda$2) :
d2psi2dlambda2Un:=diff (psi2Un,lambda$2) :

WronskianLambdaUn:=h*factor (psilUn*dpsi2dlambdaUn-psi2Un¥*




dpsildlambdaUn) :
WronskianLambdabisUn:=h*simplify (factor( (diff (logPsi2Un,
lambda) -diff (logPsilUn,lambda) ) *exp (logPsilUn+logPsi2Un))) :

WronskianTildeLambdaUn:=h*3*factor (dpsi2dlambdaUn*
d2psildlambda2Un-dpsildlambdaUn*d2psi2dlambda2Un) :

1
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: L2 Wi20W(=1) e
h(A—1) h

+LC22 (A—1) +%Lc23(x—1)2+%ch4(x—1)3+%ch5(x—1)4



+50026 (A—1)" +6Lc27 (A —1)°

psilUn =
1111 t1101n(A—1) 1 1 3
- + +CIO+CI2(A—=1)+ - CI3(A=1)"+ = Cl4(A—1
h—1) W ( )+ 5 ( )"+ 3 ( )

€

+ % cis A —D*%sci6 (L —1)>+6c17(A—1)°

psi2Un =
1121 1120In(A — 1) 1 o1 3
- + +C20+C22(A—1)+ - C23(A—=1)"+ = C24(A—1
n—1) W ( )+ 3 ( )"+ 3 ( )

(&

+ % €25 (h—1) %5026 (A —1)° +6C27 (h—1)°

> L22Un:=factor (h*simplify (diff (WronskianLambdabisUn, lambda)
/WronskianLambdabisUn)) :
L22UnOrderlambdaMinus3:=factor (residue (L22Un* (lambda-1) *2,
lambda=1)) ;
L22UnOrderlambdaMinus2:=factor (residue (L22Un* (lambda-1) *1,
lambda=1)) ;
L22UnOrderlambdaMinusl :=factor (residue (L22Un* (lambda-1) ~0,
lambda=1)) ;
L22UnOrderlambda0:=factor (residue (L22Un* (lambda-1) * (-1) , lambda=
1));
L22UnOrderlambdal :=factor (residue (L22Un* (lambda-1) * (-2) , lambda=
1)):
L22UnOrderlambda2:=factor (residue (L22Un* (lambda-1) * (-3) , lambda=
1)):
L22UnOrderlambdaMinus3 := 0 (1.8)
L22UnOrderlambdaMinus?2 == t111 +t121

L22UnOrderlambdaMinusl == -2 h +t110 +t120
122UnOrderlambda0 i— h (CI2¢t11]1 —CI2¢t121 +C22¢t111 — C22¢121 + 1110 —t120)

t1l1l —1ti21

RNegdthaIth2}bdwveatbnﬂﬁa=lerUJII4—ﬂ21VOanbd&&YQ+(ﬂ10+ﬂ202hy

| (lambda-1) +O(1)

> L21Un:=factor (simplify
(WronskianTildeLambdaUn/WronskianLambdabisUn)) :
L21UnOrderlambdaMinus5:=factor (residue (L21Un* (lambda-1) 4,
lambda=1)) ;
L21UnOrderlambdaMinus4 :=factor (residue (L21Un* (lambda-1) *3,
lambda=1)) ;
L21UnOrderlambdaMinus3:=factor (residue (L21Un* (lambda-1) *2,
lambda=1)) ;
L21UnOrderlambdaMinus2:=factor (residue (L21Un* (lambda-1) *1,




lambda=1)) ;
L21UnOrderlambdaMinus5 == 0 (1.9)
L21UnOrderlambdaMinus4 == -t111t121
L21UnOrderlambdaMinus3 := -t110t12]1 —t111 t120
1

L21UnOrderlambdaMinus2 = - ————————(CI2 ht111t12]1 —CI2 h 1217
t111 —t121
+ C22htl11> — C22 htl11t121 +ht110¢121 — h t111¢120 + 110111 t120
—t110t1201121)

[ We get that L {2,1} behave at lambda=1 like -t/71¢121/(lambda-1)"4- (¢121t110 +t120¢111)/
| (lambda-1)"3+ O((lambda-1)"{-2})

> -residue( (t111+t121)/(lambda-1)“2+ (t110+t120-2*h)/

(lambda-1) + (t010+t020-h)/lambda +h/(lambda-q),lambda=infinity)-CoherenceEquationl;
-2 h — tinftyl10 — tinfty20 (1.10)

:Formulas for L _{2,2} and L_{2,1}

We have L {2,2} behaves at lambda=1 like (t111+t121)/(lambda-1)"2+ (t110+t120-2h)/(lambda-1)
+0(1)

L {2,2} behaves at lambda=0 like (t010+t020-h)/lambda +O(1)

L {2,2} behaves at lambda=infinity like-(tinfty10+tinfty20+2h)/lambda+ O(1/lambda”2)
Thus,
L_{2,2}=#111+t121)/(lambda-1)"2+ (t110+t120-2h)/(lambda-1)+ (t010+t020-h)/lambda
+h/(lambda-q)

=P1(lambda)+h/(lambda-q)-h/lambda-2*h/(lambda-1)
with the additional condition that t110+t120+t010+t020+tinfty 10+tinfty20=0 to get the correct
asymptotic behavior at infinity.

[ We have L {2,1} behaves at lambda=1 like -t111*t121/(lambda-1)"4-(t121*t110+t120*t111)/
(lambda-1)"3+ O((lambda-1)"{-2})
L {2,1} behaves at lambda=0 like -t010*t020/lambda”2+ O(1/lambda)
L {2,1} behaves at lambda=infinity like -tinfty 10*(tinfty20+h)/lambda”2+ O(1/lambda”3)
Thus,
L_{2,1}=t111*t121/(lambda-1)"4-(t121*t110+t120*t111)/(lambda-1)"3 -a_2/(lambda-1) ~2
-a_1/(lambda-1) -t010*t020/lambda”2 -a_0/lambda - p*h/(lambda-q)
=P2(lambda)+P012/lambda+P122/(lambda-1)"2+P112/(lambda-1)-a0/lambda -a2/
(lambda-1)”2 -al/(lambda-1) -h*p/(lambda-q)
with the additional relation a_0+a_1+h*p=0 to ensure the correct behavior at infinity

> Pl (lambda)+h/ (lambda-q) -h/lambda-2*h/ (lambda-1) ;

1010 + 1020 n t11]l +1t12] n t110 + 1120 n h h  2h (1.11)

| A (A—1)° A—1 A—q A A-—1
> -P2(lambda)+P012/lambda+P122/ (lambda-1)~2+P112/ (lambda-1) -

a0/lambda -a2/(lambda-1)*2 -al/(lambda-1) -h*p/(lambda-q) ;

10101020 t111¢121  t110¢121 +¢111¢120 a0 a2 al AL12)

) (A—1)" (A—1) Ao(a=1) A-—1




> EqCoefflLambdaMinuslInfinity:= residue (-P2 (lambda)+P012/lambda+
P122/ (lambda-1) *2+P112/ (lambda-1) -a0/lambda -a2/(lambda-1)*2 -
al/ (lambda-1) -h*p/(lambda-q) ,lambda=infinity) ;
EgCoefflambdaMinuslInfinity:=-residue ( (-P2 (lambda)+P012/lambda+
P122/ (lambda-1) *2+P112/ (lambda-1) -a0/lambda -a2/ (lambda-1)*2 -
al/ (lambda-1) -h*p/(lambda-q)) *lambda,lambda=infinity) - (-
tinftyl0* (tinfty20+h));

EqCoeffLambdaMinusIInfinity := hp + a0 + al (1.13)

| EqCoeffLambdaMinus1Infinity := -hp q — t010 1020 — al — a2 + (h + tinfty20) tinftyl0

> L22:=P1 (lambda)+h/ (lambda-q) -h/lambda-2*h/ (lambda-1) ;
L21:=-P2 (lambda) +P012/lambda+P122/ (lambda-1) *2+P112/ (lambda-1) -
a0/lambda -a2/(lambda-1)“2 -al/(lambda-1) -h*p/(lambda-q) ;

27 1010+1020 1111 +z1221 L 104020 h_h _ _2h (114)
(A—1) A—1 A—qg A A-—1
10101020  t111¢121  t110t121 + 111120 a0 a2 al
L2] = - 5 — o 3 _ 4« _ -
A (A—1) (A—1) A (A—1) A—1
__hp_
A—gq

V¥ Auxiliary Matrix A.

 The deformation operator is
| \mathcal{L}=\hbar*(alphall1*\partial_{t {1"{(1)},1}}+ alphal21* \partial_{t_{1"{(2)},1}})

> WronskianLInfty:=factor (psilInfty*Lpsi2Infty-psi2Infty*
LpsilInfty):
WronskianlZero:=factor (psilZero*Lpsi2Zero-psi2Zero*LpsilZero) :
WronskianLUn:=factor (psilUn*Lpsi2Un-psi2Un*LpsilUn) :
Al2Infty:=factor (simplify (WronskianLInfty/WronskianLambdaInfty)
) :
Al2Zero:=factor (simplify (WronskianLZero/WronskianLambdaZero)) :
Al2Un:=factor (simplify (WronskianLUn/WronskianLambdaUn)) :
YlInfty:=h*factor (dpsildlambdaInfty/psilInfty) :
Y2Infty:=h*factor (dpsi2dlambdaInfty/psi2Infty) :
YlZero:=h*factor (dpsildlambdaZero/psilZero) :
Y2Zero:=h*factor (dpsi2dlambdaZero/psi2Zero) :
Y1Un:=h*factor (dpsildlambdaUn/psilUn) :
Y2Un:=h*factor (dpsi2dlambdaUn/psi2Un) :
ZlInfty:=factor (LpsilInfty/psilInfty) :
Z2Infty:=factor (Lpsi2Infty/psi2Infty) :
ZlZero:=factor (LpsilZero/psilZero) :
Z2Zero:=factor (Lpsi2Zero/psi2Zero) :
Z1Un:=factor (LpsilUn/psilUn) :
Z2Un:=factor (Lpsi2Un/psi2Un) :



Al2bisInfty:=factor (simplify ((22Infty-Z1Infty)/ (Y2Infty-
Y1lInfty))):
Al2bisZero:=factor (simplify ((Z22Zero-ZlZero) / (Y2Zero-YlZero))) :
Al2bisUn:=factor (simplify((Z2Un-21Un) / (Y2Un-Y1Un))) :
AllInfty:=factor(simplify( (Y2Infty*Z1lInfty-Y1lInfty*Z2Infty)/
(Y2Infty-Y1Infty) )):

AllZero:=factor (simplify( (Y2Zero*ZlZero-YlZero*Z2Zero) /
(Y2Zero-Y1lZero) )):

AllUn:=factor (simplify( (Y2Un*Z1lUn-Y1lUn*Z2Un)/(Y2Un-Y1Un) )):
factor (simplify (Al2bisInfty-Al2Infty));

factor (simplify (Al2bisZero-Al2Zero)) ;

factor (simplify (Al2bisZero-Al2Zero)) ;

0 2.1
0
| 0
> Lt020:=0:
Lt120:=0:
Lt010:=0:
Lt110:=0:

Ltinfty20:=0:

Ltinftyl0:=0:

Ltlll:=h*alphalll:

Ltl21:=h*alphal2l:

> Al2InftyLambda3:=factor (-residue (Al2Infty/lambda”4,lambda=
infinity))
Al2InftyLambda2:=factor (-residue (Al2Infty/lambda*3, lambda=
infinity)) ;
Al2InftyLambdal:=factor (-residue (Al2Infty/lambda*2, lambda=
infinity)) ;
Al2InftyLambda0:=factor (-residue (A12Infty/lambda*1l, lambda=
infinity));
Al2InftyLambdaMinusl:=factor (-residue (Al2Infty/lambda”0,lambda=
infinity)):

A12InftyLambda3 = 0 )
AIZ[nﬁyLambda2 =0
Al12InftyLambdal = LAIO — LA20

h — tinfty10 + tinfty20

! (AI2LAIOh —AI2 LA20 h

(h — tinfty10 + tinfty20)*
—A22LAI0 h +A22 LA20 h + LAI2 h — LAI2 tinftyl0 + LA12 tinfty20 — LA22 h
+ LA22 tinftyl0 — LA22 tinfty20)

> Al2ZeroLambdaMinus3:=factor (residue (Al2Zero*lambda”2, lambda=0))

Al12InftyLambda( == -

.
14



Al2ZeroLambdaMinus2:=factor (residue (Al2Zero*lambda”1l, lambda=0))
Al2ZeroLambdaMinusl :=factor (residue (Al2Zero*lambda”0,lambda=0))
Al2ZeroLambdal:=factor (residue (Al2Zero*lambda” (-1) ,1lambda=0)) ;
Al2ZeroLambdal:=factor (residue (Al2Zero*lambda” (-2) ,lambda=0)) ;

Al2ZeroLambdaMinus3 == 0 2.3)

Al2ZeroLambdaMinus2 = 0

Al2ZeroLambdaMinusl = 0

Al2ZeroLambda0 = 0

__ LBI0—LB20
Al2ZeroLambdal = —t010 1020

Al2UnLambdaMinus3:=factor (residue (A12Un* (lambda-1) 2, lambda=1))

Al2UnLambdaMinus2:=factor (residue (A12Un* (lambda-1) *1, lambda=1))

Al2UnLambdaMinusl :=factor (residue (A12Un* (lambda-1) ~0, lambda=1))

Al2UnLambda0:=factor (residue (A1l2Un* (lambda-1) * (-1) ,1lambda=1)) ;

Al2UnLambdal:=factor (residue (Al2Un* (lambda-1) * (-2) ,lambda=1l)) ;

Al2UnLambda2:=factor (residue (A1l2Un* (lambda-1) * (-3) ,lambda=1)) ;
AI12UnLambdaMinus3 == 0 2.4)
AI12UnLambdaMinus2 == 0

A12UnLambdaMinusl == 0
A12UnLambda0 = 0

olll — al2]
A12UnLambdal = - 11 —1121
Al12UnLambda?2 = I 5 (LC]O t11]1 —LC10¢t12]1 —LC20¢t111 +LC20¢t121
(¢111 —1t121)

+t110 od11 —t110 d21 —t120 od 11 + t120 ¢d21)

> AllInftyLambda3:=factor (-residue (AllInfty/lambda”4,lambda=

infinity)) ;
AllInftyLambda2:=factor (-residue (AllInfty/lambda*3, lambda=
infinity)) ;
AllInftyLambdal:=factor (-residue (AllInfty/lambda*2, lambda=
infinity)) ;
AllInftyLambdaO:=factor (-residue (AllInfty/lambda*1l, lambda=
infinity)) ;
AllInftyLambdaMinusl:=factor (-residue (AllInfty/lambda”0,lambda=
infinity)):

AllZeroLambdaMinus3:=factor (residue (AllZero*lambda”2,lambda=0))

AllZeroLambdaMinus2:=factor (residue (AllZero*lambda”1l,lambda=0))



AllZeroLambdaMinusl :=factor (residue (AllZero*lambda”0,lambda=0))
AllZeroLambdaO:=factor (residue (AllZero*lambda” (-1) ,1lambda=0)) ;
AllZeroLambdal:=factor (residue (AllZero*lambda” (-2) ,lambda=0)) :

AllUnLambdaMinus3:=factor (residue (A1l1lUn* (lambda-1)*2,lambda=1))

AllUnLambdaMinus2:=factor (residue (A11Un* (lambda-1)*1,lambda=1))

AllUnLambdaMinusl:=factor (residue (A1l1lUn* (lambda-1)~0,lambda=1))

AllUnLambdaO:=factor (residue (A1l1Un* (lambda-1)* (-1) ,lambda=1)) ;

AllUnLambdal:=factor (residue (A1l1Un* (lambda-1) * (-2) ,lambda=1l)) :
AllInftyLambda3 == 0 2.5)
AlllnftyLambda2 = 0

AlllnftyLambdal = 0
LAI0 h + LAIO tinfty20 — LA20 tinftyl0
AlllnftyLambda0 =
nfiyLambda h — tinfty10 + tinfty20

AllZeroLambdaMinus3 = 0

AllZeroLambdaMinus2 = 0

AllZeroLambdaMinusl = 0
A117eroLambdal — - LB10 t020 — LB20 t010

1010 — 1020
AllUnLambdaMinus3 = 0
AllUnLambdaMinus2 = 0

.  tlll al2] —t12] alll
AllUnLambdaMinusl = 111 — 1121
1

A11UnLambda0 = - - (LCI0t111 1121 — LC10t121* — LC20 11117
(t111 —1ti121)
+LC20¢t111¢t12]1 +t110t121 od11 —t110t121 21 — 1111120 ad 11
|+ 11111120 ad21)
> Al2Form:=nulO+nuMinusl*lambda+ mu/ (lambda-q) ;
EQl:=residue (Al2Form/ (lambda-1) ,lambda=1) ;
EQ2:=residue (Al2Form/ (lambda-1) *2 ,lambda=1l) -(-(alphalll-
alphal2l)/(t111-t121));
EQ3:=residue (Al2Form/lambda, lambda=0) ;
solve ({EQl,EQ2,EQ3}, {nu0,nuMinusl ,mu}) ;

AlI2Form := V0 + nuMinusl A + - (2.6)

A—q
- W q — g nuMinusl + L+ V0 + nuMinus1
-g+1

EQI =




-0 q — q nuMinusl 10 Minusl
-q nuMinusl + V0 + 2 nuMinusl + q — g nuMinusl + W+ V0 + nuMinus

— g—1
EQ2 :=
¢ -q+1
alll — ad21
t111 — 1121
EQ3 = —VOZ-Fu
{ _(g—1) (qadll —q ad2] —alll + al21) q
H= 11— 1121 :
_(q—1) (godll —q al2] —alll + al21) .
- (11 — 1121 s
_goalll—goal2l —oalll + a2l }
B t111 —1t121

> factor((alphalll*g-alphal2l*g-alphalll+alphal2l)/(t111-t121));
(ad]] —-ad2]) (g—1)

| tll1l —1ti21

> mu:=(alphalll-alphal2l) *qg* (q-1)*2/(t111-t121):
nul:=(alphalll-alphal2l) *(g-1)*2/(t111-t121) ;
nuMinusl:=(alphalll-alphal2l) *(g-1)/(t111-t121);
Al2Form:=nul0+nuMinusl*lambda+ mu/ (lambda-q);
simplify (series (Al2Form,lambda=1)) ;

simplify (series (Al1l2Form,lambda=0)) ;

series (Al2Form,lambda=infinity) ;

factor (A12Form) ;

2.7

(eadll —al21) (g —1)*
t111 — 1121
(edll —ai2l) (g —1)
t111 — 1121
(adll —ai2l) (q—1)*  (alll —al2]) (g—1) A
t111 — 1121 * t111 — 1121
(adll —ad21) q (g —1)*

(111 —1121) (A —q)

W =

(2.8)

nuMinusl =

Al2Form :=

calll a2l o (elll—ai2l)g
tll] —1ti21 (111 —1t121) (g — 1)
_ (0{]15—0{]21)41 (k—1)3— (a]]§—0d2])q (k—1)4
(gq—1)"(¢e111 —1t121) (gq—1) (¢e111 —1t121)

_ (alll—ai21) g
(g — 1)* (¢111 —1121)
(ed11—e121) (q=1) ,  (adll—ed2]) (g—1)
(1111 —1121) q (1111 —t121) ¢*
(i1 —o121) (¢—1)° 3 (alll—ed2) (g—1)
(1111 —1121) ¢° (1111 —1121) ¢

(A—1)"+0((r—1)°)

27\‘2

27\‘4




_ 132
(a1l —ad21) (q5 1) k5+0(k6)
(1111 —1121) g
(ed1l —e121) (g=1) A  (adll —ed2]) (q—1)* N (adll —al21) q (g —1)°

t111 —ti21 t111 —ti21 (¢111 —tI21) h
, (adll = ei21) g (g—1)* , (adll = ei21) g (g—1)°
(1111 —1121) % (t111 —1121) X
(adll —ead21) ¢* (q— 1) (adll —ad21) ¢ (g—1)* 1
+ y + 5 +0[ —¢
(t111 —t121) A (t111 —t121) X )

(adll —ed2l) (gq—1) A (A—1)
_ (t111 —t121) (A —q)
A {1,2} is O(\lambda) at lambda=0 and at lambda=infinity. It is of the form -(alphalll-alphal21)/

(t111-t121)(lambda-1) at lambda=1.
Thus we get that
A_{1,2}= (alphalll-alphal21)*(q-1)*lambda*(lambda-1)/((t111-t121)*(lambda-q))
=nu(+nuMinusl*lambda+ mu/(lambda-q)
with
mu:=(alphalll-alphal21)*q*(q-1)"2/(t111-t121):
nu(:=(alphalll-alphal21)*(q-1)"2/(t111-t121);
| nuMinus1:=(alphalll-alphal21)*(q-1)/(t111-t121);
> Al2:=(alphalll-alphal2l) *(g-1) *lambda* (lambda-1)/((t111-t121)*

(lambda-q)) ;

simplify (A1l2- ( nuO+nuMinusl*lambda+ mu/ (lambda-q)));
(edll —ad2l) (g—1)A(A—1)

(t111 —t121) (A —q)
0

Al2 =

2.9

1111121 — 21 t111
>A {1,1} is O(1) at lambda=0 an at \lambda=infinity. It behaves like & @ /

t111 —ti21

(lambda-1) at \lambda=1
Thus we get that
A_{1,1}=(alphal11*t121-alphal21*t111)/(t111-t121)/(lambda-1) +c_0+ rho/(lambda-q)
A_{1,1}=c1/(lambda-1) +c0+rho/(lambda-q)
| with ¢_1=(alphal11*t121-alphal21*t111)/(t111-t121)
>All:=cl/ (lambda-1) +cO+rho/ (lambda-q) ;

cl:=(alphalll*tl2l1-alphal21*t111)/(t111-t121);

series (All,lambda=1,2);

series (All,lambda=0,2) ;

series (All,lambda=infinity,2) ;

ol Lo+ P (2.10)
A—1 A—gq
1111 ed21 + 1121 ed 11

t11l —tl21

All =

cl =




-t111 ad21 +t121 ol11

111 — 1121 P P
0+ + A—1) +0((r
A—1 g1 " (g—=1)(-qg+1) ( ) +o((
2
~1))
111 ad2] + 1121 adl] o, (tllal2l —ti2lalll  p >
1111 — 1121 c0 ( 1111 — 1121 7 ] r+o(x)
111 ed2] + 1121 ad 11
04 1111 — 1121 ‘o %
A A

| Summary of the results (c_0 does not play any role)

>mu:=(alphalll-alphal2l) *g* (g-1)*2/(t111-t121):
nu0:=(alphalll-alphal2l) *(g-1)*2/(t111-t121);
nuMinusl:=(alphalll-alphal2l)*(g-1)/(t111-t121);
Al2:=(alphalll-alphal2l) * (g-1) *lambda* (lambda-1) / ((t111-t121)*
(lambda-q)) ;
simplify (Al1l2- ( nuO+nuMinusl*lambda+ mu/ (lambda-q)));
All:=cl/(lambda-1) +cO+rho/(lambda-q) ;
cl:=(alphalll*tl2l-alphal2l1*t111)/(t111-t121);
al0+al+h*p=0;
h*p*gq+t010*t020+al+a2- (h+tinfty20) *tinftyl1l0=0;

(ed11 —ai2l) (g —1)*

W= 111 — 1121 (2.11)
. (a1l —al21) (g —1)
nuMinusl = 11 —1121
App e LIl —ed2]) (g=1) A (A1)
(t111 —t121) (A —gq)
0
~t111 od2] + 1121 od 11
All = tilodll |y P
(1111 —1121) (L —1) L—gq
of e SH111 0121 + 1121 ad 1]

t111 —1ti21



