In this Maple file, we compute the evolution equations for the Painlevé 2 equations using the
compatibility equation of the Lax system. We also obtain the expression of the Lax matrices in the
geometric gauge without apparent singularities.

The operator is \hbar (alphal11\partial {t {17{(1)},1} +alphal21\partial {t {1"{(2)},1}))

¥ Lax matrices in the oper gauge from previous Maple files

_Summary of previous files: We have the expression for some coefficients of the Lax matrix L and
| of A.

> restart:
with (LinearAlgebra) :
P01l := t010+t020;
P111 := t110+t120;
P121 := t111+tl121;
Pl142 t111*tl121;
P132 := t110*t121+t111*t120;
P022 := t010*t020;
CoherenceEquationl:=tinftyl0+tinfty20+t010+t020+t110+t120;
Pl := unapply(P011/x+P121/(x-1)*2+P111/ (x-1) ,x);
P2 := unapply(P022/x72+P012/x+P142/ (x-1)~4+P132/ (x-1)~3+P122/
(x-1)~2+P112/ (x-1) ,x) ;
tdP2:=unapply (P2 (lambda) -P012/lambda-P112/ (lambda-1) -P122/
(lambda-1) 2 ,lambda) ;

cl:=(alphalll*tl2l1-alphal21*t111)/(t111-t121);
mu:=(alphalll-alphal2l) *q* (g-1)*2/(t111-t121) ;
nul0:=(alphalll-alphal2l) *(g-1)72/(t111-t121);
nuMinusl:=(alphalll-alphal2l) *(g-1)/(t111-t121);

Cl2:=-a2:
Cll:=-al:
C0l:=-al:

cll:=(alphalll*tl21-alphal21*t111)/(t111-t121);

dPldlambda:=unapply (diff (P1 (lambda) ,lambda) ,lambda) :
dP2dlambda:=unapply (diff (P2 (lambda) ,1lambda) ,lambda) :
L:=Matrix(2,2,0):

L[1,1]:=0:

L[1,2]:=1:

L[2,1] :=-P2 (lambda)+ (P012-a0) /lambda+ (P122-a2) / (lambda-1) ~2+
(P112-al) / (lambda-1) -h*p/(lambda-q) :

L[2,2]:= Pl (lambda)-h/lambda-2*h/ (lambda-1)+h/ (lambda-q) :

Eql:=a0+al+h*p;



Eq2:= h*p*qg+t010*t020+al+a2- (h+tinfty20) *tinftyl0;

c0:=0:

A:=Matrix(2,2,0):

A[1,1]:= cl/(lambda-1) +cO+rho/ (lambda-q):

A[l1,2] := nuMinusl*lambda+nuO+mu/ (lambda-q) :

A[2,1]:= AA2]1 (lambda) :

A[2,2]:= AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff
(A[i,j],1lambda): od: od:

L;

A;

P012 := -P112;

P122 := -t010*t020+tinftylO*tinfty20-P112;

Q2 :=unapply (-p* (gq-0) * (g-1) 2, lambda) :

J:=Matrix(2,2,0):

J[1,1]:=1:

J[1l,2]:=0:

J[2,1] :=Q2 (lambda) / (lambda-q) :

J[2,2] :=(lambda-0) *1* (lambda-1) 2/ (lambda-q) :
dJddlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dJddlambdal[i,j]:=diff
(J[i,J],1lambda): od: od:

J:

LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2]:=diff(J[2,2],q) *Lg+diff(J[2,2],p) *Lp+h*alphalll*diff (J
[2,2],t111) +h*alphal21*diff (J[2,2],t121):
LJ[2,1]:=diff(J[2,1],q) *Lg+diff(J[2,1],p) *Lp+h*alphalll*diff (J
[2,1],t111)+h*alphal21*diff(J[2,1],t121):

LJ:

checkL:=simplify (Multiply (Multiply(J,L),J*(-1))+h*Multiply
(dddlambda,J* (-1))):
checkA:=simplify (Multiply (Multiply(J,Aa),J*(-1))+Multiply(LJ,J%
(-1))):



POI1 := 1010 + 1020 1.1)
Pl111:=1t110+1t120
P12] :=t111 +1t12]

P142 :=t1111t121
P132 :==t110¢12] +1t111¢120
P022 == 1010 1020
CoherenceEquationl = tinftyl0 + tinfty20 + t010 + t020 +t110 + t120
_, 1010 +1020 n tl1] +1tl21 n t110 + 1120

Pl :=x 5
X (x—1) x—1
P2 e v z010§020 L P12 | t]]]t]Zj L 11101121 +z1311z120 L, P12 :
X X (x—1) (x—1) (x—1)
L P12
x—1
_ 10101020 t111¢121 . 110121 + 111 t120
1dP2 = A— = + -+ 3
A (A—1) (h—1)
_ ~tlll ad2] +1121 adll
o= 1111 — 1121
(edll —ed21) q (g —1)*
B t111 —tI21
0. L1l —e12l) (q— 1)
' t111 —t121
. (adll —d21) (g —1)
M 1 =
e t11 — 1121
1) St ad2] +112] o111
o= 1111 — 1121

Eql == hp+a0+al
Eq2 == hp q + 10101020 + al + a2 — (h + tinfty20) tinftyl0

]

10101020  P0OI2  t11¢12]1 11101121 +t1111120  PI22  PlI2
2 o=t (A—1)° (A—1)>  A—1
L, P0I2—a0 P]22—a22 L PU2—al _ hp  1010+1020 | 1111 +t]22]
A (A—1) A—1 A—q A (A—1)
L 110+1120 b 2h  _h
A—1 A A—1  A—g
1111 @l2] +1121 ad11 p (adll—ai2l) (g—1) )\
+ :
(1111 —1121) (A—1)  A—g t111 — 1121
(adll —ad21) (g—1)°  (adll —al2l) q (g —1)*
t111 —t121 (t111 —t121) (A—q) |

[AA2](X),AA22(X) ”

P0I2 :== -PII2
PI122 :== -1010 1020 + tinfty10 tinfty20 — P112



V¥ Solving the compatibility equations to obtain the Hamiltonian
evolutions.

[ The compatibility equation is \mathcal {L} L=h\partial \lambda A+[A,L]
Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression
| for A

> LL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)) :

Entryll:=LL[1,1]:
Entryl2:=LL[1,2]:

AA21 :=unapply (solve (Entryl1=0,AA21 (lambda) ) ,lambda) :
AA2l1bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:
simplify (AA21 (lambda) -AA21bis) ;

AA22:=unapply (solve (Entryl2=0,AA22 (lambda) ) ,lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]+A[1,2]*L[2,2]:
simplify (AA22 (lambda) -AA22bis) ;

simplify (Entryll) ;

simplify (Entryl2) ;
LL:=h*dAdlambda+ (Multiply (A,L) -Multiply(L,A)):

2.1)

SO OO

;We now compute the action of \mathcal{L} o
| Evolution of entry L_{2,2}

> Entry22:=simplify (LL[2,2])
Entry22TermLambdaMinusqCube :=factor (residue (Entry22* (lambda-q)
~2,lambda=q)) ;
Entry22TermLambdaMinusqSquare:=factor (residue (Entry22* (lambda-
q) ,lambda=q) ) ;
Entry22TermLambdaMinusqg:=factor (residue (Entry22,lambda=q)) ;

=]

L[2,2] et L[2,1] to obtain the evolution equations

Entry22TermLambdaInftyl:=factor (-residue (Entry22/lambda”2,
lambda=infinity)) ;
Entry22TermLambdaInfty0:=factor (-residue (Entry22/lambda, lambda=
infinity)) ;




Entry22TermLambdalOrderMinusl:=factor (residue (Entry22/
(lambda-1) #0,lambda=1)) ;
Entry22TermLambdalOrderMinus2:=factor (residue
(Entry22*(lambda-1) ,lambda=1)) ;
Entry22TermLambdalOrderMinus3:=factor (residue (Entry22%*
(lambda-1) 2, lambda=1)) ;

Entry22TermLambda0OrderMinusl:=factor (residue (Entry22/ (lambda)

~0,lambda=0)) ;

Entry22TermLambda0OrderMinus2:=factor (residue (Entry22* (lambda) ,

lambda=0)) ;

Entry22TermLambda0OrderMinus3:=factor (residue (Entry22* (lambda)

~2,lambda=0)) ;

simplify( Entry22- (Entry22TermLambdaMinusgSquare/ (lambda-q) *2+

Entry22TermLambdaMinusq/ (lambda-q)
+Entry22TermLambdaInfty0+Entry22TermLambdalOrderMinus2/
(lambda-1)*2) );

L[2,2];

1

(A—1)" (A—q)* (1111 —1121)
— 1110 —1120) X' —2 (ad 11 — ad21) (h — 1010 — 1020 — t110 — t120) % + (h

— 1010 — 1020 — t110 + 1111 — 1120 — 1121) ed 11 — ed21 (h — 1010 — 1020 — 1110
— 111 — 1120+ 1121)) ¢ + (- (ad 11 — 2d21) (h —2 1010 — 2 1020 — 1110 + 111
— 1120+ 1121) X + ((2h — 4 1010 — 4 1020 — 2 t110 — 2 1120 + 4 t121) od 11

—2 @121 (h—21010 — 21020 — 110 +2 1111 —1120)) A — (ad11 — ad21) (h

—21010 —21020 —t110 +t111 —t120 +t121)) q + ( (-t010 — 1020 + t111

—t121) ad 11 + (1010 + 1020 +t111 —ti121) ed21 —2 p (t111 —ti21)) 7»2

+ ((210104+21020) ad 11 + (-2 1010 —21020) 21 +4p (t111 —t121)) L+ (
-1010 — 1020) ad 11 + (1010 +1020) cd21 —2p (t111 —tI21)))
Entry22TermLambdaMinusqCube := 0

1 2 02
I ((hq”adll —hq a2l

—¢* 1010 e 11 + ¢* 1010 ed21 — g% 1020 ed 11 + ¢* 1020 ed21 — ¢* 110 ol 11

+ > 1110 121 — > 1120 el 11 + ¢* 120 0121 —hq el 11 +hq od21 +2 q 010 el 11
—2q 1010 a2] +2 q1020 ed11 —2 q 1020 od2] +q t110 ad 11 — g t110 ed2]
—qtll] a1l +qtl1] ed2] +qt120 ad11 — q t120 ed21 — q 1121 ad 11

Entry22 = (n (((aa11 —a121) (h— 1010 — 1020

Entry22TermLambdaMinusqSquare :=

(2.2)



+qti2]l od2] —2ptil] +2pti2]1 —1010 a1l +1010 al2] — 1020 ol 11

+ 1020 ad21) h)

Entry22TermLambdaMinusq = 0
Entry22TermLambdalnftyl == 0
Entry22TermLambdalnfty( := 0

Entry22TermLambdal OrderMinusl := 0
Entry22TermLambdal OrderMinus2 :== (od11 + ad21) h
Entry22TermLambdal OrderMinus3 := 0

Entry22TermLambda0OrderMinusl := 0
Entry22TermLambda0OrderMinus2 := 0
Entry22TermLambda0OrderMinus3 := 0
0
1010 + 1020 t1ll +1ti21 t110 + 1120 h 2h h
+ >t - = +
A (A—1) A—1 A A1 A—gq

[ Since the deformation operator is \hbar (alphall1\partial {t {1"{(1)},1} +alphal21\partial {t {I1"{
(2)},1}) it acts on the double pole and gives h*(alphalll+alphal2l).
On the simple pole at lambda=q we find h*L[q] that should correspond to the double pole of the
| compatibility equation.
> Equationl:=Entry22TermLambdalOrderMinus2- h* (alphalll+alphal2l)
L Equationl := 0 2.3)
> Lqg:=factor (Entry22TermLambdaMinusqSquare/h) :
Lgbis:=-2*rho+mu/q/ (g-1) *2*( (h-t120-t010-t020-t110) *g*2-g*
(h-2*t010-2*t020-t110+t111-t120+t121)-(t010+t020)) ;
factor (simplify (Lg-Lgbis)) ;

Lgbis == -2p + ((adll —ead21) ((h — 1010 — 1020 — 1110 — t120) ¢ (2.4)

1
tl1l —1ti21
—q (h—21010 — 21020 — t110 + t111 — 1120 + t121) — 1010 — 1020) )
0
;Evolution of \mathcal{L}[L[2,1]]
> Entry2l:=simplify (LL[2,1]):
Entry2l1TermLambdaMinusqCube:=factor (residue (Entry21* (lambda-q)
~2,lambda=q)) ;
Entry2l1TermLambdaMinusqSquare:=factor (residue (Entry2l1* (lambda-
q) ,lambda=q)) ;
Entry2l1TermLambdaMinusqg:=factor (residue (Entry21,lambda=q)) ;

Entry2lTermLambdaInftyl:=factor (-residue (Entry21l/lambda”2,
lambda=infinity)) ;
Entry2lTermLambdaInfty0:=factor (-residue (Entry21l/lambda, lambda=
infinity)) ;

Entry2l1TermLambdaZero2:=factor (residue (Entry21* (lambda) , lambda=
0));




Entry2l1TermLambdaZerol:=factor (residue (Entry21,lambda=0)) ;

Entry21TermLambdaUn5:=factor (residue (Entry21* (lambda-1) *4,
lambda=1)) ;
Entry21TermLambdaUn4 :=factor (residue (Entry21* (lambda-1) "3,
lambda=1)) ;
Entry21TermLambdaUn3:=factor (residue (Entry21* (lambda-1) "2,
lambda=1)) ;
Entry2l1TermLambdaUn2:=factor (residue (Entry21* (lambda-1) ,lambda=
1)),

Entry21TermLambdaUnl :=factor (residue (Entry21,lambda=1)) ;

simplify( Entry21l- (Entry2l1TermLambdaMinusqCube/ (lambda-q) ~3+
Entry2lTermLambdaMinusqSquare/ (lambda-q) *2+
Entry2l1TermLambdaMinusq/ (lambda-q)
+Entry2lTermLambdaInftyO+Entry2l1TermLambdaInftyl*lambda
+Entry2lTermLambdaZerol/lambda+Entry2lTermLambdaUnl/ (lambda-1)

) )
L[2,1];

1
t111 — 1121
—2pqalll +2pq°ed2l +pqadll —pqal2l +ptll] —pti2]) h?)
—1 (h(2hpq alll
(q—1)* (1111 —1121) ¢
—2hpq a2l +2a0q’ adll —2a0q’ ed21 +2al ¢ ed1] —2al ¢ ed21
—Thpqtedll +Thpq*ed21 +2¢" 10101020 al11 —2 ¢* 1010 1020 c121
—8a0q cdll +8a0q* 121 —6al ¢* cll1 +6al ¢* 121 +2 a2 ¢* a1
—2a2q¢*cd21 +9hpg edll —9hp g ad2] —8 ¢ 10101020 ol 11
+8 ¢ 10101020 21 +2 ¢ t110t121 ed11 —2 ¢ t110121 ¢d21
+2¢° t1111120 od11 —2 ¢ 1111120 0121 + 12 a0 ¢ el 11 — 12 a0 ¢ 21
+6alqg alll —6al ¢ cd2] —4a2q edll +4a2q ed2] —5hpq° alll
+5hpqtad2l —3hqg*ptlll +3hqg pti2] +¢*pt010t111 —g* p 1010 1121
+ ¢ p 10201111 —g* p 10201121 +¢* pt110t111 — ¢* p 110121 + ¢* p t111 1120
— ¢ pt1201121 + 12 ¢* 10101020 ad 11 — 12 ¢* 1010 1020 21 —2 ¢* 1110 t121 o 11
+24° 1101121 ed21 —2 ¢*t111t120 111 +2 ¢* t111 t120 ¢d 21
+2g° 11111121 ad11 —2 ¢*t111t121 121 — 8 a0 g* ed 11 + 8 a0 g° e 21
—2alq*elll +2al ¢ ed21 +2a2q* edll —2 a2 ¢* ed21 +hp g odl]
—hpqal2l +4hqptlll —4hqptl2] —2qpt0I0t11] +2 g pt010t12]
—2gpt020t111 +2qpt020t12] —qpt110t11] +qpt110t12] +qp i1l
—qptl11t120 +qpt120t121 —q p t121* — 8 ¢ 1010 1020 ad 11 + 8 q 1010 1020 i 21

Entry21TermLambdaMinusqCube := (3 (p q3 alll —p q3 al2l] 2.5)

Entry21TermLambdaMinusqSquare :=



+2a0q adll —2a0q ed2] —hptl11+hpt12] +p 1010111 — p 1010121
+p 1020111 — p 1020 t121 + 2 1010 1020 o 11 — 2 1010 1020 cd21) )

; I s ((hpqedll —hpq° ed21
(g—1)° (t111 —t121) g
+a0q® edll —a0q® ed2] +al ¢® adll —al ¢® 121 —4hp g odll
+4hpq a2l +2 ¢ 10101020 ed11 —2 ¢° 10101020 21 —5 a0 ¢° d 11
+5a0q a2l —3al ¢ adll +3al ¢ ed2] +2a2q edll —2a2 ¢ al2l
+6hpqtadll —6hpq* a2l —10¢" 10101020 111 + 10 ¢* 1010 1020 021
+34¢* 1101121 od11 —3 ¢* 1101121 0121 +3 ¢* 1111120 od 11
—34¢* 1111120 0121 +10a0 ¢* 111 —10a0 ¢* 121 +3 al ¢* 111 —3 al ¢* 121
—4a2qtalll +4a2q  cl2l —4hpg edll +4hpq a2l —3hq ptlll
+3hq pti2l +hq t11] ai2] —hq t121 ed11 + ¢’ p 10101111 — ¢ p 1010 t121
+ @ pt020t11] — g p1020112]1 + ¢ pt110t111 — ¢’ pt110t121 + ¢ p 1111 1120
— ¢ pt1201121 +20 ¢° 10101020 ad 11 — 20 ¢ 1010 1020 21 — 3 ¢° 1110 t121 o 11
+3¢ 1101121 ed21 —3 ¢ t1111120 111 +3 ¢° t111 1120 d21
+4gt1111121 od11 —4 ¢ t111¢121 121 —10a0 ¢ el 11 + 10 a0 ¢° d21
—al g dll +al g ed21 +2a2q edll —2a2q ed21 +hp g olll
—hpqtal2l +5hq* ptlll —5hqg* pti2] —hq t11] ai2] +hq 121 ed11
—34¢*pt010t111 +3 ¢*pt010t121 —3 ¢* p 1020111 43 ¢ p 1020 1121
— G ptl10t11] + ¢ pt110t12] +2 ¢* pt111* — g* pt111t120 4 ¢* p 1120 1121
—24°ptI21* =20 ¢* 10101020 ad 11 + 20 ¢* 1010 1020 21 + 5 a0 ¢ e 11
—5a0q” al21 =3 hqptll1+3hqptl2] +3qpt010t11]1 —3 qp 1010121
+3gpt020t111 —3 qp 1020121 + 10 g 1010 1020 od 11 — 10 ¢ 1010 1020 ¢d21
—a0q adll +a0q ad2] +hptlll —hptl2] —pt010¢111 + p 1010 t121

—p1020t111 + p 10201121 —2 1010 1020 ed 11 + 2 t010 1020 0d21) h)
Entry21TermLambdalnftyl := 0
Entry21TermLambdalnfty( == 0
Entry21TermLambdaZero2 = 0

Entry21TermLambdaZerol == - — I (h (-hq*t111 cd21 + h g* 1121 ad11
q* (1111 —t121)

— 24710101020 od 11 +2 ¢* 1010 1020 cd21 + ¢> 1010111 ed21 — ¢* 1010121 e 11
+¢* 10201111 ed21 — ¢* 1020 1121 ed 11 + a0 ¢* el 11 — a0 q° ed21

+4 ¢ 10101020 o111 —4 q 1010 1020 @121 —a0 q ad11 + a0 q ad21 +hp 111
—hptI2] —p 1010111 + p 1010 t121 — p 1020 t111 + p 1020 t121 — 2 1010 1020 ¢ 11
+2 10101020 0d21) )

Entry21TermLambdaMinusq = -

Entry21TermLambdaUn5 = 0
Entry21TermLambdaUn4 = - (t111 od21 +t121 ad11) h
Entry21TermLambdaUn3 = - (1110 od21 + 1120 cd11) h
Entry21TermLambdaUn2 = . I ((hq*t111 ad21 —h g*t121 ed11
(q—1)* (t111 —1121)
—¢* 10101111 121 + ¢* 10101121 ed 11 — ¢* 1020 t111 el 21 + ¢* 1020 1121 ¢ 11




+ > 11101121 ed11 — g* 110121 ed21 + g* t111 120 ad 11 — g t111 1120 ¢d 21
—hqtlll ed2] +hqtl2] alll +2 q1010t111 ad21 —2 q 010121 od 11

+2q 1020111 21 —2 q 1020121 ad11 —q 110121 ad11 + q t110¢121 cd?2]
—qt111t120 ad11 4 q 1111120 0121 +2 qt111t121 ad11 —2 g t111 121 ed2]
+ptl11* —ptI21* — 1010111 0d21 + 1010121 od 11 — 1020 t111 ¢d21

+ 10201121 0d11) h)

Entry21TermLambdaUnl = 1

(g—1)° (t111 —1121)
+ ¢ 10101111 d21 — ¢ 1010¢121 ed 11 + ¢° 1020111 ad21 — q° 1020 1121 ¢ 11
+al @ alll —al ¢ ed21 +2a2q edll —2a2q ed21 +3 hq*t11] ad2]
—3hq*t12] adl] —3 ¢* 1010111 ed21 +3 ¢* 1010121 o111 —3 ¢* 1020 1111 ¢d21
+3¢710201121 ad11 +3 ¢* 1110121 ed11 —3 ¢* t110 121 21

+3¢° 1111120 11 —3 ¢* 11111120 2121 —3 al ¢* el 11 + 3 al ¢ ed21
—4a2qtadll +4a2q* d2] —2hqptlll +2hqptl2] —2hqtll] od2]
+2hqtI2l edl] +qptl110t11] —qptl10t12]1 +qpt111t120 —q p t120 t121
+3q 1010111 ai2] —3 1010121 ad11 +3 q 1020111 ed21 —3 q 1020121 od 11
—3qt110t121 d11 +3 qt110t121 ad21 —3 g t111t120 ed11 +3 g 111 t120 21
+4q 1111121 odl] —4 1111121 ed21 +3 al g ed11 —3 al g ad21
+2a2qalll —2a2qed2] +2hptlll —2hpti2] —pt110t111 +p t110 1121
+2p 1P —ptll] 120+ p 120121 —2 p t121* — 1010111 ed21 + 1010121 el 11

— 1020111 0d21 +1020t12]1 a1l —al alll +al a]21) h)

- ! 2 (h ((((—ﬂzo alll —ol2] (h—1t010 — 1020
) (A—1)

(g — 1) (t111 — 1121
—1120)) t111 + ((h — 1010 — 1020 — 1110) ad 11 + 1110 0d21) 1121) %’

+ ((3t]20 alll +2 (h—tO]O—tOZO-I— % t]]O—t]20) 0(]2]) t111 —21121 ((h

— 1010 — 1020 — 1110 + % IIZO) all + % 1110 a]Z]) ) ot od21 t111%+ ((ad11

((-hq’t111 ai2] +hq’ 1121 ed11

—al21) 1121 —21120 @l 11 — ed21 (h — 1010 — 1020 + 1110 — 1120) ) t111 + (
1121 ed11 + (h — 1010 — 1020 — 1110 +t120) ad 11 +2 1110 0d21) t121) ¢* + ( ( ({
2011 +2 ad21) t121 + 1120 e 11 + a2 (h — 21010 — 2 1020 — t120)) t111

— ((h=21010 =2 1020 — 1110) ed11 +1110 cd21) 1121) X+ (((4 ed 11

— 4 @I21) t12] —41120 ad 11 —2 ad2]1 (h — 21010 — 2 1020 + 1110 — 1120) ) t111
+21121 ((h— 21010 —2 1020 — t110 + t120) ed11 +2 1110 ai21)) A

—2 02l t]]]2+((—4 alll +4 od21) t121 +3 1120 ad 11 + ad21 (h —2 010



— 21020421110 — t120)) t111 — 1121 (-2 ¢121 @l 11 + (h —2 1010 — 2 1020 — t110
+21120) ed11 +31110 i21)) q + (-p t111* + ed21 (1010 + 1020) 1111 — (

-pti2] + ad 11 (1010 + 1020) ) t]2]) 7»2+ (2pt1112+ (t]20 alll —2 al?] (tO]O

+ 1020 — % t110)j tl11] +2 (—ptlZ] + (t010+t020— % tIZO) alll

- % 1110 a]2]) t]2]) M+ (121 —p) t111* + ((ed 1] — @i21) 1121 — 1120 od11

+ 221 (1010 + 1020 — t110)) 1111 — ((ed 11 — p) t121 + (1010 + 1020
—1120) ed11 —t110 a121) t121))
_ 10101020  P112 _ 1111121 _ 11101121 + 11111120

2 Ao =1t (A—1)°
_ -10101020 + tinfiyl0tinfy20 — P112_ P112 , -P112 —a0
(A—1)° A—1 A
| ~10101020 + tinfiyl0tinfy20 — P112 —a2 | P112—al _ _hp
i (h=1)° Al g

> rho:=factor (solve (Entry21TermLambdaMinusqCube, rho)) ;
simplify (rho- (-p*mu)) ;
simplify (Entry2l1TermLambdaMinusqCube) ;
Lgter:=2*mu* (p-P1(q) /2+h/2/g+2*h/2/ (g-1) ) -h*nu0 -h*nuMinusl*q;
factor (simplify (Lgbis-Lgter)) ;

pq(qg—1)7 (adll —al2l)

P=r 1111 — 1121 (2.6)
0
0
1 2 1 1010 + 1020
Lgter :== ————— — — - =
qter 111 —1121 (2(0{]11 al2l) q (g —1) (p ) 7
1 tlll +1ti21 1 t110+1t120 1 h h
T2 2 a1 Tagte—1
2 (¢g-1) q q9 q
_ h(edll —oad21) (g—1)°  h(odlll—ai21) (¢—1)¢q
t111 —1121 t111 —1121
= 0
> Lp:=simplify (-Entry21TermLambdaMinusq/h) :
Eg5:=simplify (Entry21TermLambdaMinusqSquare- (-p*h*Lq)) ;
Eq5 = ! (6h(a]ll—a]21) (ip2q6+(—ip2+(h @.7)
(g—1)"(t111 —1tI121) q 3 3

S Sy EUIPON Sp ey § 1 1 5 2
3 1110 — 5 1120 — — 1010 3t020)p+3a0+3a])q +(2p +(

10 1 1 4 4

1
-— h——tll] +t120 — — ti2]1 + — 1010 + — -
3 3 t1l1l +t 3 t12] + 3 1010 + 3 t020+t110)p+ 3 1010 1020




—%aO—alnL%aZjq4—l-(—%pz—l—(4h—|—%tlll—t120—l—%t121—2t0]0
21020 —t]]O) b+ % (111120 + % 11101121 — % 1010 1020 +2 a0 + al
2 s (L 2, (5, L 1 _ 1 4 4
3a2)q +(3p+(2h LI+ S 1120 = 5 1120+ 1010+ 5 1020
+ % t]]O) p 210101020 + (% 1120 + % zzzz) (11— % 1101121 — % a0
i I 2 1 I 4 !
S R Lo Lor0— L 1020) p — 2 0101020+ L a0
3“+3“)‘Z+((3 3 3 )p 3 +3“)q
+ % r010r020) )

> a0 := factor (- (p*2*g*6+h*p*q*5-4*p"*2*g*5-p*gq*5*t010-p*g*5*t020-
p*g*5*t110-p*gq*5*t120-4*h*p*q*4+h*gq*4*tinftyl0+6*p*2*gq*4+4*p*
gr4*t010+4*p*g*4*t020+3*p*q*4*t110-p*q*4*tl111+3*p*q*4*t120-p*
qgr4*t121+g*4*tinftyl0*tinfty20+6*h*p*q*3-2*h*g*3*tinftyl0-4*
pr2*gq*3-6*p*q*3*t010-6*p*q*3*t020-3*p*gq*3*t110+2*p*q*3*t111-3*
P*g*3*t120+2*p*gq*3*t121-2*gq”*3*t010*t020+g*3*t110*t121+g”3*tl1l1l1*
t120-2*g*3*tinftyl0*tinfty20-4*h*p*g*2+h*g*2*tinftyl0+p*2%*
gtr2+4*p*q*2*t010+4*p*q*2*t020+p*gq*2*t110-p*gq"*2*tlll+p*q*2*t120-
P*q*2*t121+5*q*2*t010*t020-g*2*t110*t121-g*2*t111*t120+g*2*
t111*t121+g*2*tinftylO0*tinfty20+h*p*gq-p*gq*t010-p*q*t020-4*g*
t010*t020+t010*t020) / (g* (g*2-2*g+1l))) ;
al :=factor( (p*2*gq*6+h*p*gq"5-4*p*2*g*"5-p*q*5*t010-p*gq*5*t020-
P*g*5*tl110-p*gq*5*t120-4*h*p*q*4+h*gq*4*tinftyl0+6*p*2*gr4+4*p*
gr4*t010+4*p*g*4*t020+3*p*g*4*t110-p*q*4*tl111+3*p*q*4*t120-p*
grt4*tl121+g*4*tinftyl0*tinfty20+5*h*p*gq*3-2*h*q*3*tinftyl0-4*
pr2*gq*3-6*p*q*3*t010-6*p*q*3*t020-3*p*gq*3*t110+2*p*g~3*t111-3*
P*g*3*t120+2*p*gq*3*t121-2*gq”*3*t010*t020+g*3*t110*t121+g*3*t1l1l1*
t120-2*g*3*tinftylO*tinfty20-2*h*p*g*2+h*qgq*2*tinftyl0+p*2*
g*r2+4*p*gq*2*t010+4*p*gq*2*t020+p*gq*2*t110-p*g*2*tlll+p*gq”*2*t120-
P*q*2*t121+5*q*2*t010*t020-g*2*t110*t121-gq*2*t111*t120+g*2*
t111*t121+g”*2*tinftylO*tinfty20-p*q*t010-p*q*t020-4*g*t010*
t020+t010*t020) / (g* (q*2-2*qg+1)))
a2:= factor (- (p*2*gq*6+h*p*gq"*5-4*p*2*g*"5-p*q*5*t010-p*gq*5*t020-
P*g*5*t110-p*gq*5*t120-3*h*p*q*4+h*q*4*tinftyl0+6*p*2*gr4+4*p*
gt4*t010+4*p*g*4*t020+3*p*g*4*t110-p*q*4*tl111+3*p*q*4*t120-p*
grt4*tl121+g*4*tinftyl0*tinfty20+3*h*p*gq*3-3*h*q*3*tinftyl0-4*
pr2*gq*3-6*p*q*3*t010-6*p*q*3*t020-3*p*q*3*t110+2*p*g*3*t111-3*
pP*g*3*t120+2*p*gq*3*t121-gq*3*t010*t020+g*3*t110*t121+g”3*tl11ll*
t120-3*g*3*tinftylO*tinfty20-h*p*g*2+3*h*gq*2*tinftyl0+p*2*
g*r2+4*p*gq*2*t010+4*p*gq*2*t020+p*gq*2*t110-p*g*2*tll1ll+p*gq”*2*t120-
P*q*2*t121+3*gq*2*t010*t020-g*2*t110*t121-gq*2*t111*t120+g*2*




t111*t121+3*q 2*tinftylO*tinfty20-h*q*tinftyl0-p*q*t010-p*q*
£020-3*q*t010*t020-q*tinftyl0*tinfty20+t010%t020) / (q* (q~2-2*
q+1)));
simplify (Eql) ;
simplify (Eq2) ;
simplify (Eqg5) ;
a0 = —;2(p2q6+hpq5—4p2q5—pq5t0]0—pq5t020—pq5t110
g (g—1)
—p g t120—4hpq +hq'tinfylo+6p* g +4 p gt 1010+ 4 p ¢* 1020
+3pqtt110—pgtti11 +3p gt t120 —p ¢* 1121 + ¢ tinfry 10 tinfty20 + 6 h p ¢°
—2hq tinftylo—4p* g —6p g 1010 —6p g 1020 —3p g t110+2p g t111
—3p G tI20+2p g t12] —2 ¢ 10101020 + ¢ t110 121 + ¢° t111 t120
—2 ¢ tinftyl0 tinfty20 — 4 h p ¢° + h ¢” tinftyl0 + p> ¢* + 4 p ¢° 1010 + 4 p ¢* 1020
+p g t110 —p g t111 +p g* 1120 — p ¢* 121 + 5 ¢* 1010 1020 — ¢* 1110 1121
— P 1111120 4 ¢ t111 t121 + ¢ tinfty10 tinfty20 + h p ¢ — p q t010 — p q 1020
— 4 ¢ 10101020 + 1010 t020)
( ! | p2q6+hpq5—4p2q5—pqStOIO—pqStOZO—pqStHO—pqStIZO
q(q—
—4hpq +hq tinfiylo+6p° g  +4p g 1010+4p g*1020+3p g*t110
—pq*t111 +3pq*t120—p g 1121 + ¢ tinfry 10 tinfty20 + 5 hp ¢ — 2 h ¢ tinfty10
—4p* G —6p g t010—6p g t020—3p g t110+2p g t111 —3p g 1120
+2pq 121 —2 ¢ 10101020 + ¢ t110 1121 + ¢° t111 t120 — 2 ¢ tinfty10 tinfty20
—2hpqt+hq tinfiylo+p* ¢ +4pg*t010+4p g* 1020+ p ¢* 1110 —p ¢ 1111
+p g t120 —p > t121 +5 g7 10101020 — g* t110 t121 — > t111 t120 + g* t111 t121
+ ¢ tinfty10 tinfty20 — p q 1010 — p q 1020 — 4 q t010 1020 + 1010 t020)
a2 = —;2(p2q6+hpq5—4p2q5—pq5t0]0—pq5t020—pq5t]]0
q(q—1)
—p @ t120—3hpq +hq'tinfylo+6p> g +4 p gt 1010 + 4 p ¢* 1020
+3pq t110—pg*t111 +3p g 120 —p g* 1121 + ¢ tinfry10 tinfry20 +3 h p ¢°
—3hq tinfiylo—4p* ¢ —6p g 1010 —6p g 1020 —3p g t110+2p g t111
—3p g t1204+2p ¢ t12] — g’ 10101020 + ¢° t110 t121 + ¢ t111 t120
— 3 ¢ tinftyl0 tinfty20 — h p > + 3 h ¢* tinftyl0 + p* ¢* + 4 p ¢* 1010 + 4 p ¢* 1020
+p g t110 —p g*t111 +p g* 1120 — p ¢* 121 + 3 ¢* 1010 1020 — ¢* 1110 t121
— q2 t111t120 + q2 t111¢t121 +3 q2 tinfty 10 tinfty20 — h q tinftyl0 — p q t010
—p q 1020 — 3 q 1010 1020 — q tinfty10 tinfty20 + 1010 020
0

al =

7
)

0
_ 0
> V:=Matrix(3,3,0):
V[1,1]:=1:
VI[l1,2]:=1:
VI[1,3]:=0:

V[2,1]:=0:

(2.8)



vV[i2,2]:=1:
vV[2,3]:=1:
V[3,1]:=1/q:
V[3,2]:=1/(g-1):
VI[3,3]:=1/(g-1)"2:

v;
B:=Matrix(3,1,0):
B[1,1] :=h*p:

B[2,1] :=h*p*q +t010*t020-tinftyl0* (tinfty20+h) :
B[3,1]:=p*2-(P1(q)-h*1/q-h*2/(q-1)) *p+tdP2(q) :
B;

VectorC:=simplify (Multiply (V*(-1),B)):

1 1 0

0 1 1
1 1 1

a9 9-1 (¢-1)

2.9

17}

[hpq+nuomﬂ%—m+ﬁmmamﬁmwu+

2 t010 + 1020 tlll +t]2] t110 +1120 h 2h t010 1020
p - + + - — Pt
q (g—1)* q—1 qg g—1 q

tl11t121 t]]0t121-+t]]]t120 ]]
+ 7 T
_ (g —1) (g—1)°
> factor(simplify (VectorC[1,1]-C01)) ;
factor (simplify (VectorC[2,1]-C1l1l)) ;
factor (simplify (VectorC[3,1]-C12)) ;
0 (2.10)

0
0

> Lp:=simplify (Lp) ;
Lpbis:=mu* (p*diff (P1l(q) ,q)+h*p*(1/9q*2+2/(gq-1)*2)-diff (tdP2(q),
q)-C01/g*2-Cl1l1/(q-1)*2-2*C12/ (g-1) *3)
+h*nuMinusl*p-h*cll/ (q-1)*2:
factor (simplify (Lp-Lpbis)) ;
Ip = 1 . (—3p2(05111—a]2])q7—2(h—l—;p—IOIO 2.11)
(q—1) (¢e111 —1tI21) q

—1020——ﬂ]0——ﬂ20)(ad]]——adZ])pq6——(ad]]——ad2])(22p2+—(—7h

+ 81010481020 +7 t110 — t111 4+ 7 t120 — t121) p + (h + tinfty20) tinfty10) ¢°

+3 (a1l —eid21) (6 p*+ (-3 h 4+ 41010 +4 1020 +3 t110 — t111 + 3 1120




\ 4

—t121) p + (h + tinfty20) tinfty10) q* + ((—7 alll +7 ai2l) p* +5 (h — % 1010
— % 1020 — 110 + % t111 —t120 + % t]2]) (edll —ad21) p+ ((-3 tinftyl0

—t121) h + (1120 +t121) t111 — 3 tinftyl0 tinfty20 + t010 t020 +t110t121) al 11

+3 a2l ( (tinﬁle + % zmj h+ ( L0 - % zm) t111 + tinfty10 tinfty20

3

— % 1010 1020 — % r110r121)) ¢+ (p* (a1l —cd2l) — (adll — ad21) (h
— 21010 =2 1020 — 110 + 1111 — 120 + t121) p + ((tinftyl0 + t121) h + (-1120
+1121) t111 + tinftyl0 tinfty20 — 3 1010 1020 — 1110 t121) o 11 — @21 ((tinftyl0
+t111) h+ (-1120 4 t121) t111 + tinfty10 tinfty20 — 3 1010 1020 — 1110 t121)) ¢°

+310101020 (ad11 — al21) g — 10101020 (ed11 — ed21))
0

[ We have obtained the evolution of the Darboux coordinates
L[q]=2*mu*(p-P1(q)/2+h/2/q+2*h/2/(q-1))-h*nu0 -h*nuMinus1*q
L[p] =mu*(p*diff(P1(q),q)+h*p*(1/q"2+2/(q-1)"2)-diff(tdP2(q),q)-C01/q"2-C11/(q-1)"2-2*C12/
-DH"3
=Sr(%1*1)1u1\3[inusl *p-h*cl1/(g-1)"2
> Hamiltonian:= mu* (p*2-P1l(q) *p+h*p* (1/9+2/(g-1)) +tdP2(q) )-h¥*
nu0*p-h*nuMinusl*q*p -h*cll/ (g-1)
-nuMinusl* (t010*t020-tinftyl0* (tinfty20+h))
factor (series (simplify (Lp- (-diff (Hamiltonian,q))) ,h h=0));
simplify (Lg- (diff (Hamiltonian,p)))
0 2.12)

0

Computation of td{L} and verification of the gauge
transformation

> simplify(checkL[1l,1]);
checkLll:=-Q2 (lambda) / (lambda-0) / (lambda-1) *2;
simplify (checkL[1,1]-checkLll) ;
simplify (checkL[1,2]) ;
checkLl2:=(lambda-q) / (lambda-0) / (lambda-1)*2;
simplify (checkL[1,2]-checkL1l2) ;
checkL22bis:=P1 (lambda) +Q2 (lambda) / (lambda-0) / (lambda-1) ~2;
simplify (checkL[2,2]-checkL22bis) ;
checkL2lbis:=h*diff ( Q2 (lambda)/ (lambda-q) ,lambda) +
L[2,1]*(lambda-0) * (lambda-1) ~2/ (lambda-q) -P1 (lambda) *Q2 (1lambda)
/ (lambda-q) -Q2 (lambda) *2/ (lambda-q) / (lambda-0) / (lambda-1) *2:
simplify (checkL[2,1] -checkL21lbis) ;

3.1)




rg(g—1)" 3.1

2 (v—1)
12
checkLl] == ILQLLQ___l%_
A(A—1)
0
-9
r(v—1)
checkLl2 := L%
% (h—1)
0
Ry
checkL22bis = t010 + 1020 i ti11 +t]22] i t110+1t120  pq (g 1)2
A (A—1) A—1 A(A—1)
0
L 0
> Gl:=Matrix(2,2,0):
Gl[1l,1]:=1:
Gl[1l,2]:=0:
Gl[2,1] :=tinftylO*lambda+etal:
Gl[2,2]:=1:

dGldlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldlambdal[i,j]:=diff
(G1[i,]j],lambda): od: od:

Ltilde:=simplify (Multiply (Multiply (G1l,checkL) ,G1%(-1))+h*
Multiply (dGldlambda,G1*(-1))) :

series (Ltilde[1,1],lambda=infinity,2);
series(Ltilde[1,2],lambda=infinity, 2) ;
series(Ltilde[2,2],lambda=infinity, 2) ;

series (Ltilde[2,1],lambda=infinity,2);

tinftyl10+t010+t020+t110+t120-CoherenceEquationl;

factor (-residue (Ltilde[2,1]/lambda,lambda=infinity)+
CoherenceEquationl*tinftyl0) ;

etal:=factor (solve (factor (-residue (Ltilde[2,1],lambda=infinity)
) ,etal));

etaOtheo:=1/ (tinftyl0-tinfty20) * (

-(2*0*P022+1*P132) +(072*C01+172*C1l1+2*1*Cl2) -h*p*g*2 -
tinftyl0* ((t111+t121)+0* (t010+t020)+1*(t110+t120))

+tinftyl0* (tinftylO0-tinfty20-h)* (g-1*0-2*1)) :

factor (simplify (etaO-etaOtheo+1/ (t010+t020+t110+t120+2%*




\ 4

tinftyl0) *CoherenceEquationl*etaOtheo)) ;

simplify (-residue (Ltilde[2,1]/lambda,lambda=infinity)+tinftyl0*
CoherenceEquationl) ;

simplify (-residue (Ltilde[2,1],lambda=infinity)) ;

°(]
)
(4]

O(1)
~ tinfty20
0

1
— 3.2
Y (3.2)
1
2

no = (1)2q6—4192q5 —p qs 1010 —p q5t020—p q5 t110 —p qs t]20+6p2q4
+4pg 1010 +4p g 1020 +3p g 1110 —p g t111+3p g 1120 —p g* 1121
+ ¢ tinftyl0F —4p* ¢ —6p g 1010 —6p ¢ 1020 —3p ¢ t110 +2 p ¢ t111
—3pq t120+2p g t121 — ¢’ t110 tinftyl0 — g t111 tinftyl0 — g° t120 tinfty10
— ¢ t121 tinftyl0 — 4 ¢ tinftyl 0" + p* ¢* + 4 p > 1010 + 4 p ¢* 1020 + p ¢* 110
—p gt +p g*t120 —p ¢* t121 + ¢° 1010 1020 + ¢* t110 t121 + 2 ¢* t110 tinfty10
+ @111 1120 4+ ¢> t111 1121 + 2 g* t111 tinfty10 + 2 g* t120 tinfty10
+2 g* t121 tinftyl0 + 5 ¢ tinfty |0 — p q 1010 — p q 1020 — 2 q t010 1020 — q t110 t121
— g t110 tinftyl0 — q t111 t120 — g t111 tinfty10 — g t120 tinfty10 — g t121 tinfty10
— 2 q tinftyl0" + 1010 1020) / (g (g —1)* (1010 + 1020 + t110 + 120 + 2 tinfty10))

0
0
0

Expression of the Lax matrices in the geometric gauge after the
symplectic reduction and the Painlevé 2 equation

_Simpliﬁcation of the formulas after the reduction and expression of the Lax matrices in the
| geometric gauge after reduction. In this case, we have \check{q}=q and \check {p}=p=\td{p}.

> tl111:=1/2*t:
alphalll:=1/2:
alphal2l:=-1/2:
t121:=-t111:
t020:=-t010:
t120:=-t110:
tinfty20:=-tinftyl0:
q:=checkq:
P :=checkp:

simplify (CoherenceEquationl) ;



simplify (Trace (L)) ;
simplify (Trace (a)) ;
simplify (Trace (checkl)) ;
simplify (Trace (checkd)) ;
0 “.1)
_h <3 checkqg\ —2 2 — checkq)
A(A—1) (-\+ checkq)
(checkqg — 1) (2 checkp checkq2 — 2 checkp checkq + h K)
t (-A+ checkq)
0
_ h (checkq — 1)
t

> Ltildel2:=Ltilde[1,2];
factor (simplify(Ltilde[2,2]+Ltilde[1,1]));
etalObis:=-1/2/tinfty20* ( checkg* (checkg-1)~“2*checkp*2 -
t010~2/checkg-t*2/4/ (checkqg-1) *2-t/4* (4*t110+t) / (checkg-1) +
(checkg-2) *tinfty2042
);
factor (eta0-etalObis) ;

Liilde12 = = heckq 4.2)
A(A—1)
0
. 1 1 ) 10107 1 7
(aObis = — heckq (checkqg — 1)* checkp” — ——o— — —
erarvon 2 tinftyl0 checkq (checkq = 1)" checkp checkg 4 (checkq —1)*
1 (41110 +1) o
2 —checkq—l + (checkq 2)tlnfty102J

0

> LtildelllOrder2:=factor (simplify (residue (Ltilde[1,1]*
(lambda-1) ,lambda=1))) :
Ltildell1lOrderl:=factor (simplify (residue (Ltilde[1,1],lambda=1))
):
Ltildell1l00rderl:=factor (simplify (residue (Ltilde[1,1],lambda=0))
) :
Ltilde[1,1]:
Ltildellbis:= LtildelllOrder2/ (lambda-1)*2+LtildelllOrderl/
(lambda-1)+Ltildel100rderl/lambda:
simplify (Ltilde[1l,1]-Ltildellbis);
Ltildell1lOrder2bis:=(checkg-1) *etalO+ (checkg-1) * (checkp*checkg”2
—checkp*checkg+tinftyl0) :
simplify (LtildelllOrder2-LtildelllOrder2bis) ;
LtildelllOrderlbis:=-checkg*etal -checkp*checkg* (checkg-1)*2-
tinftylO0:




simplify (LtildelllOrderl-LtildelllOrderlbis) ;
Ltildell00rderlbis:=checkg*etalO+checkp*checkqg* (checkqg-1)*2:

simplify (Ltildell100rderl-Ltildell00rderlbis) ;
0 4.3)
0
0
0

Ltilde2110rder2:=factor (simplify (residue (Ltilde[2,1]*
(lambda-1) ,lambda=1))):
Ltilde2110rderl:=factor (simplify (residue (Ltilde[2,1],lambda=1))
) :
Ltilde2100rderl:=factor (simplify (residue (Ltilde[2,1],lambda=0))
) :

Ltilde2lbis:= Ltilde2110rder2/ (lambda-1)*2+Ltilde2110rderl/
(lambda-1)+Ltilde2100rderl/lambda:

simplify (Ltilde[2,1]-Ltilde2lbis);

Ltilde2110rder2bis:=(checkg-1) * ( (etaO+checkp*checkqg* (checkg-1) +
tinftyl0)*2-(t11172) / (checkg-1) *2):

simplify (Ltilde2110rder2-Ltilde2110rder2bis) ;
Ltilde2110rderlbis:=-checkg* ( (etaO+checkp* (checkqg-1)*2)"2 -
t010”22/checkg”2)

simplify (Ltilde2110rderl-Ltilde2110rderlbis) ;
Ltilde2100rderlbis:=checkg*( (etaO+checkp* (checkg-1)“2)*2 -
t010”~2/checkg”2) :

simplify (Ltilde2100rderl-Ltilde2100rderlbis) ;

0 44
0
0
0
dgdt:=1/h*Lq:
dpdt:=simplify (1/h*Lp) :
dcheckqdt:=dqdt;
dcheckpdt : =dpdt;
dGldt:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldt[i,j]:=diff (Gl
[i,5],t)+diff (G1[i,j], checkq)*dcheckqdt+diff (G1[i,j],checkp)
*dcheckpdt: od: od:
Atilde:=simplify (Multiply (Multiply (G1,checka),G1* (-1))+h*
Multiply (dGldt,G1”(-1))):
deheckqdt = 2 checkp checkq (checkq —h 1t)2 +h checkq2 — h checkq 4.5)
dcheckpdt = 1 ! (-12 checkp2 checkq7 + (52 checkp2

4 p (checkq-—-1)3tcheckq2



— 8 checkp h) checkq6 +(-88 checkp2 + 28 h checkp — 4 (h

— tinfty10) tinfty10) checkq® + (72 checkp® — 36 h checkp + 12 (h

— tinfty10) tinftyl0) checkq4 +(-28 checkp2 + 20 checkp h — 12 h tinftyl0 — £

— 411110 — 4 t010° + 12 tinftyl0?) checkq’ + (4 checkp® — 4 checkp h + 4 h tinfty10
— A+ 411110 4 12 1010° — 4 tinftyl0°) checkg” — 12 checkq t010* + 4 1010%)

> Atildel2:=simplify (Atilde[1,2]);

simplify (Atilde[1,1]+Atilde[2,2]);

Atilde12 = <heckq =1 (4.6)
(A—1)1t
_ h (checkq — 1)

t
AtildelllOrder2:=factor(simplify (residue (Atilde[1,1]*
(lambda-1) ,1lambda=1))) ;
AtildelllOrderl:=factor (simplify (residue (Atilde[1,1],lambda=1))
) :
Atildell00rderl:=factor (simplify (residue (Atilde[1,1],lambda=0))
);

AtildellOrderConstant:=factor (-simplify (residue (Atilde[1,1]
/lambda, lambda=infinity))) ;

Atilde[1,1]:

Atildellbis:= AtildelllOrderl/ (lambda-1)+AtildellOrderConstant:
simplify (Atilde[1,1]-Atildellbis);
AtildellOrderConstantbis:=-tinftyl0* (checkqg-1) /t:

simplify (AtildellOrderConstant-AtildellOrderConstantbis):
AtildelllOrderlbis:=- (checkg-1) * (etaO+checkp*checkg”*2
—checkp*checkg+tinftyl0) /t:

simplify (Atildell1l1Orderl-AtildelllOrderlbis) ;

Atilde2210rder2:=factor (simplify (residue (Atilde[2,2]*
(lambda-1) ,lambda=1l))) ;
Atilde2210rderl:=factor (simplify (residue (Atilde[2,2],lambda=1))
) :
Atilde2200rderl:=factor(simplify (residue (Atilde[2,2],lambda=0))
) :

Atilde220rderConstant:=factor (-simplify (residue (Atilde[2,2]
/lambda, lambda=infinity))) ;

Atilde22bis:= Atilde2210rderl/ (lambda-1)+Atilde220rderConstant:
simplify (Atilde[2,2]-Atilde22bis) ;
Atilde220rderConstantbis:=(tinftyl0-h) * (checkg-1) /t:



simplify (Atilde220rderConstant-Atilde220rderConstantbis) ;
Atilde2210rderlbis:=(checkqg-1) * (eta0O+checkp*checkg”2
—checkp*checkg+tinftyl0) /t:

simplify (Atilde2210rderl-Atilde2210rderlbis) ;

Atildel110rder2 :== 0 4.7)
Atildel100rderl == 0
Atildel 1 OrderConstant ‘= - (checkq _tl) tinfty10
0
0

Atilde2210rder2 :== 0

Atilde220rderConstant == - (checkqg — 1)t(h — tinfty10)

0
0
0

Atilde2110rder2:=factor (simplify (residue (Atilde[2,1]*
(lambda-1) ,lambda=1l))) ;
Atilde2110rderl:=factor (simplify (residue (Atilde[2,1],lambda=1))
) :
Atilde2100rderl:=factor(simplify (residue (Atilde[2,1],lambda=0))
)i
Atilde2lOrderConstant:=factor (-simplify (residue (Atilde[2,1]
/lambda, lambda=infinity))) ;
Atilde[2,1]:
Atilde2lbis:= Atilde2l11l0Orderl/ (lambda-1):
simplify (Atilde[2,1]-Atilde2lbis);
Atilde2110rderlbis:=- (checkg-1) /t* ( (etaO+checkp*checkg*
(checkg-1)+tinftyl0) ~2-t*2/4) - (checkg-2) *checkg*t/ (4* (checkg-1)
) :
factor (series (simplify (Atilde2110rderl-Atilde2110rderlbis) ,p=0)
)i

Atilde2110rder2 := 0 4.8)

Atilde2100rderl == 0

Atilde210rderConstant == 0

0
0



