In this Maple file, we compute the Casimir coefficients of the Lax matrix L associated to the Painlevé 6
| equation in relation with the spectral curve

> restart:
Pl:=x-> P011/x+P111l/ (x-1)+Ptll/ (x-t);
P2:=x-> P022/x"*2+P012/x+P122/ (x-1) *2+P112/ (x-1) +Pt22/ (x-t) ~2+
Ptl2/ (x-t);
SpectralCurve:=unapply( y*2-P1l (x) *y+P2(x) ,y) ;
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> DiaginftySheetl:=-tinftyl0/x+Unknown/x"2;
DiaginftySheet2:=-tinfty20/x+Unknown2/x"2;
DiagOSheetl:=t010/x+Unknown3;
Diag0OSheet2:=t020/x+Unknown4;
DiaglSheetl:=t110/ (x-1)+Unknown5;
DiaglSheet2:=t120/ (x-1) +Unknown6;
DiagtSheetl:=ttl1l0/ (x-t)+Unknown5;
DiagtSheet2:=tt20/ (x-t) +Unknown6;

DiaginftySheetl = - tin{tcy 10 + Unknzown 2
X
DiaginftySheet2 := - tin]? 20 + UnkngwnZ
X
Diag0OSheet] := tO)fO + Unknown3
DiagOSheet?2 = t0§0 + Unknown4
DiaglSheetl = ;]iOI + Unknown5
DiaglSheet2 := ;1301 + Unknown6
DiagtSheet] = % + Unknown5
1120

DiagtSheet2 = 7 + Unknown6

;Expression of P_1 in terms of the diagonal expansion in both sheets

| Study at infinity

> series(DiaginftySheetl+DiaginftySheet2-P1 (x) ,x=infinity) ;
series (Diag0Sheetl+Diag0OSheet2-P1 (x) ,x=0,5) ;

series (DiaglSheetl+DiaglSheet2-P1 (x) ,x=1,5) ;




series (DiagtSheetl+DiagtSheet2-P1 (x) ,x=t,5) ;
P011:=t010+t020;
P111:=t110+t120;
Ptll:=ttl10+tt20;

CoherenceEquationl:=residue (DiaginftySheetl+DiaginftySheet2-P1

(x) ,x=infinity) ;
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PO11 = 1010 + 1020
PI111 :=1t110+t120
Ptll == 110 + 1120
CoherenceEquationl = tinftyl0 + tinfty20 + t010 + t020 + t110 + 120 + tt10 + 1120

Study at0

> factor (series (SpectralCurve (DiagOSheetl) ,x=0)) ;
factor (series (SpectralCurve (Diag0OSheet2) ,x=0)) ;
EQOl:=residue (x*3*SpectralCurve (Diag0Sheetl) ,x=0) ;
EQO02:=residue (x*3*SpectralCurve (Diag0Sheet2) ,x=0) ;
EQO03:=residue (x*2*SpectralCurve (Diag0Sheetl) ,x=0) ;
EQO04 :=residue (x*2*SpectralCurve (Diag0Sheet2) ,x=0) ;
EQO05:=residue (x*SpectralCurve (Diag0Sheetl) ,x=0) ;
EQO06:=residue (x*SpectralCurve (Diag0Sheet2) ,x=0) ;
EQO07:=residue (x*0*SpectralCurve (Diag0Sheetl) ,x=0) :
EQO08:=residue (x*0*SpectralCurve (Diag0Sheet2) ,x=0) :
P022:=solve (EQ05,P022) ;
simplify (EQO5) ;
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simplify (EQO06) ;
simplify (EQO07) ;
simplify (EQO08) ;

-1010 1020 + P022 1

5 + % . (tt010t110 + 11010120 + t t010 Unknown3 — t t020 Unknown3
X

+ POI2 t + 1010 1110 + t010 t120) — LZ (-21010t110 — £ 10101120

t
— t2 t110 Unknown3 — t2 t120 Unknown3 — t2 Unknown32 +PlI2 t2 —PI122 t2

— t 1t10 Unknown3 — t tt20 Unknown3 + Pt12 t — t010 tt10 — t010 1120 — Pt22)
_ L (-£1010t110 — £ 1010 t120 — £ t110 Unknown3 — £ t120 Unknown3 + P112 £

t3

—2PI22 t3 — t1t10 Unknown3 — t tt20 Unknown3 + Pt12 t — t010 tt10 — t010 1120

—2P22) x — % (-1010t110 — 1010 t120 — £* 1110 Unknown3
t

— 1120 Unknown3 + P112 i — 3 P122 i — t 1t10 Unknown3 — t 120 Unknown3 + Pt12 t

— 1010 110 — t010 1120 — 3 P122) x* — LS (-£ 10101110 — £ 1010 t120
13

— £ 110 Unknown3 — £ 1120 Unknown3 + P112 £ — 4 P122 £ — t 1t10 Unknown3

— £ 1120 Unknown3 + Pt12 t — t010 tt10 — t010 1120 — 4 P122) x> — iG (-£1w010t110
1
— 10101120 — £ 1110 Unknown3 — ©® t120 Unknown3 + P112 2 — 5 P122

— t 1t10 Unknown3 — t tt20 Unknown3 + Pt12 t — t010 tt10 — t010 1120 — 5 Pt22) x*

+ O(xs)
~10101020+ PO22 % % (~1010 Unknown4 + 11020 t110 + 1 1020 120
X
+ 11020 Unknownd + POI2 t + 1020 110 + 1020 1120) — - (- 10201110

t2

— 21020 120 — £ t110 Unknown4 — £ t120 Unknown4 — £ Unknown4 + P112 1

— P122  — t 1t10 Unknownd — t 1120 Unknown4 + Pt12 t — 1020 tt10 — 1020 120 — Pt22)
L (-£10201110 — £ 1020 1120 — £ t110 Unknown4 — £ t120 Unknown4 + P112 £

t3

—2 P22 zf3 — t1t10 Unknown4 — t tt20 Unknown4 + Pt12 t — t020 tt10 — t020 120
—2P122) x — % (-£*10201110 — * 1020 1120 — £* t110 Unknown4

t
— 1120 Unknown4 + P112 i* — 3 P122 {* — ¢ 1t10 Unknown4 — t 1120 Unknown4 + Pt12 t

— 1020 1t10 — 1020 1120 — 3 P122) x* — LS (-£ 1020110 — £ 1020 t120
f

— £ 1110 Unknown4 — £ 120 Unknownd + P112 £ — 4 P122 £ — ¢ 1t10 Unknown4

— £ 120 Unknownd + Pt12 t — 1020 tt10 — 1020 1120 — 4 P122) x° — % (-£1020¢110
t

C))



— 210201120 — £ 1110 Unknown4 — ©® t120 Unknown4 + P112 2 — 5 P122
— t 1t10 Unknown4 — t tt20 Unknown4 + Pt12 t — t020 tt10 — 1020 1120 — 5 Pt22) x*

+ O(xs)
EQO0I :=0
EQ02:=0
EQ03:=0
EQ04 =0
2 2
EQOS = t 1010 t0220 + P022 ¢
t
2 2
EQ06 = £ 1010 t0220 + P0O22 ¢
t
P022 := 1010 1020
0
0

((¢110 +t120 + Unknown3) t010 — t020 Unknown3 + P012) t +t010 (110 + 1120)

t
((#110 + t120 + Unknown4) 1020 — t010 Unknown4 + P012) t + 1020 (tt10 + 1120)

t

[ Studty at 1

> series (SpectralCurve (DiaglSheetl)  x=1,2);
series (SpectralCurve (DiaglSheet2) ,x=1,2) ;
EQll:=residue((x-1)* (2) *SpectralCurve (DiaglSheetl) ,x=1) ;
EQl2:=residue((x-1)* (2) *SpectralCurve (DiaglSheet2) ,x=1) ;
EQl3:=residue((x-1)* (1) *SpectralCurve (DiaglSheetl) ,x=1) ;
EQl4:=residue((x-1)* (1) *SpectralCurve (DiaglSheet2) ,x=1) ;
EQl5:=residue((x-1)* (0) *SpectralCurve (DiaglSheetl) ,x=1) :
EQl6:=residue((x-1)* (0) *SpectralCurve (DiaglSheet2) ,x=1):
EQl7:=residue((x-1)* (-1) *SpectralCurve (DiaglSheetl) ,x=1) :
EQl18:=residue((x-1)* (-1) *SpectralCurve (DiaglSheet2) ,x=1) :
P1l22:=solve (EQ13,P122) ;

simplify (EQ13) ;
simplify (EQ14) ;
simplify (EQ15) ;
simplify (EQ16) ;
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| Study at lambda=t

> series (SpectralCurve (DiagtSheetl) ,x=t, 3);
series (SpectralCurve (DiagtSheet2) ,x=t,3);
EQtl:=residue((x-t)* (2) *SpectralCurve (DiagtSheetl) ,x=t) ;
EQt2:=residue ( (x-t) * (2) *SpectralCurve (DiagtSheet2) ,x=t) ;
EQt3:=residue((x-t)* (1) *SpectralCurve (DiagtSheetl) ,x=t) ;
EQt4:=residue((x-t)* (1) *SpectralCurve (DiagtSheet2) ,x=t) ;
EQt5:=residue ( (x-t) * (0) *SpectralCurve (DiagtSheetl) ,x=t) :
EQt6:=residue ((x-t)* (0) *SpectralCurve (DiagtSheet2) ,x=t) :
EQt7:=residue( (x-t)* (-1) *SpectralCurve (DiagtSheetl) ,x=t):
EQt8:=residue ( (x-t)* (-1) *SpectralCurve (DiagtSheet2) ,x=t) :
Pt22:=factor (solve (EQt3,Pt22));
simplify (EQt3) ;
simplify (EQt4) ;
simplify (EQt5) ;
simplify (EQt6) ;
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| Study at infinity

> series (SpectralCurve (DiaginftySheetl) ,x=infinity,3);
series (SpectralCurve (DiaginftySheet2) ,x=infinity, 3);
EQinftDiaglSheetl:=residue (x* (-2) *SpectralCurve (DiaginftySheetl),
x=infinity) ;
EQinfty2:=residue (x”* (-2) *SpectralCurve (DiaginftySheet2) ,x=




infinity);
EQinfty3:=residue (x”* (-1) *SpectralCurve (DiaginftySheetl) ,x=
infinity);
EQinfty4d:=residue (x”* (-1) *SpectralCurve (DiaginftySheet2) ,x=
infinity);
EQinfty5:=residue (x”* (0) *SpectralCurve (DiaginftySheetl) ,x=
infinity);
EQinfty6:=residue (x”* (0) *SpectralCurve (DiaginftySheet2) ,x=
infinity);
EQinfty7:=residue (x”* (1) *SpectralCurve (DiaginftySheetl) ,x=
infinity);
EQinfty8:=residue (x”* (1) *SpectralCurve (DiaginftySheet2) ,x=
infinity);
EQinfty9:=residue (x” (2) *SpectralCurve (DiaginftySheetl) ,x=
infinity);
EQinftDiaglSheetlO:=residue (x” (2) *SpectralCurve (DiaginftySheet2),
x=infinity) ;
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EQinftDiagSheet] := 0

EQinfty2 == 0
EQinfty3 == 0
EQinfty4 == 0

EQinfty5 := -P0I12 — P112 — Pt12
EQinfty6 := -P012 — P112 — Pt12
EQinfty7 := -tinftyl 02 — (1010 + 1020 +t110 +t120 + 110 + 1t20) tinftyl10 — t010 t020
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> CoherenceEquation2:=simplify (-EQinfty5) ;
CoherenceEquationl :=CoherenceEquationl;



factor (simplify (EQinfty7-EQinfty8+ (tinftylO-tinfty20) *
CoherenceEquationl)) ;

CoherenceEquation2 == P012 + P112 + Pti2 t))
CoherenceEquationl = tinftyl0 + tinfty20 + t010 + t020 + t110 + 120 + 1110 + 1120
0

> CoherenceEquation3:=Pt1l2*t+t010*t020+t110*t120+tt10*tt20-
tinftylO*tinfty20+P112;

CoherenceEquation2 := P012+P112+Ptl2;
CoherenceEquationl := tinftylO+tinfty20+t010+t020+t110+t120+tt10+
tt20;

solve ({CoherenceEquationl,CoherenceEquation2}, {P012,P112}) ;

CoherenceEquation3 := Pt12t + 10101020 + t110 t120 + tt10 1120 — tinfty10 tinfty20 + P112 9
CoherenceEquation2 == P012 + P112 + Pti2
CoherenceEquationl = tinftyl0 + tinfty20 + t010 + t020 + t110 + 120 + tt10 + 1120

;Summary of coefficients and additional coherence relations
> P022:=P022;

P122:=P122;

Pt22:=Pt22;

P011:=P011;

P111:=P111;

Ptll:=Ptll;

CoherenceEquationl := tinftDiaglSheetl0+tt10+tt20+t010+t020+
tinfty20+t110+t120;

CoherenceEquation2 := Ptl1l2+P012+P112;

CoherenceEquation3 := -tinftDiaglSheetlO*tinfty20+tt20*ttl0+Ptl2*

t+t010*t020+P112+t120*t110;
CoherenceEquation3- (P112+t*Pt12+P022+P122+Pt22-tinftDiaglSheetl0*
tinfty20);
CoherenceEquationl- (P011+P111+Ptll+ tinftDiaglSheetlO+tinfty20) ;
P2 :=unapply( P2 (lambda) ,lambda) ;
Pl:=unapply( P1l(lambda) ,lambda) ;
P022 := 10101020 (10)
P122 :=¢t110t120
P122 := 1t10 1120
PO11 = 1010 + 1020
PI111 :=1t110+t120
Ptll == 110 + 1120
CoherenceEquationl = tinftDiaglSheet10 + tt10 + 1120 + t010 + t020 + tinfty20 + t110
+ 1120
CoherenceEquation2 :== P012 + P112 + Pti2
CoherenceEquation3 :== Pt12t + 10101020 + t110 t120 + tt10 1120 — tinfty20 tinftDiag1Sheet10
+ P12
0
0
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[ We have 3 undetermined coefficients: P012, P112 and Pt12 but they are related by 2 coherence
equations: sum of monodromies is null and
| P112+t*Pt12+P022+P122+Pt22-tinfty 1 0*tinfty20=0




