In this Maple file, we compute the evolution equations for the Painlevé 6 equations using the

compatibility equation of the Lax system. We also obtain the expression of the Lax matrices in the

geometric gauge without apparent singularities.

The auxiliary operator is \hbar*\partial t where t is the position of one pole.

The symplectic reduction has already been done: the simple poles are located at \lambda= 0,1,
_infinity, t

¥ Lax matrices in the oper gauge from previous Maple files

_Summary of previous files: We have the expression for some coefficients of the Lax matrix L and
| of A.

> restart:

with (LinearAlgebra) :
P01l := t010+t020;
P111 := t110+t120;
Ptll := ttl10+tt20;

P022 := t010*t020;
P122 := t120*t1l10;

Pt22 := tt20*ttl0;

CoherenceEquationl := tinftylO+ttl0+tt20+t010+t020+tinfty20+
£110+t120;

CoherenceEquation2 := Ptl2+P012+P112;

CoherenceEquation3 := -tinftylO*tinfty20+tt20*ttl10+Pt12*t+t010*
t020+P112+t120*t110;

CoherenceEquation4 := a0O+al+at+ h*p;

CoherenceEquation5 := al+t*at+t010*t020+t110*t120+tt10*tt20-
tinftylO*tinfty20+h*p*q -h*tinftylO;

Pl:=lambda->P011/lambda+P111/ (lambda-1)+Ptll/ (lambda-t) ;
dPldlambda:=unapply (diff (P1l (lambda) ,lambda) ,lambda) :
P2:=lambda->P022/lambda”2+P012/lambda+P122/ (lambda-1) *2+P112/
(lambda-1) +Pt22/ (lambda-t) *2+Pt12/ (lambda-t) ;
dP2dlambda:=unapply (diff (P2 (lambda) ,1lambda) ,lambda) :

tdP2:=unapply (P2 (lambda) -P012/lambda-P112/ (lambda-1)-Pt12/
(lambda-t), lambda) ;
dtdP2dlambda:=unapply (diff (tdP2 (lambda) ,lambda) , lambda) :

mubis:=qg* (q-1)*(g-t)/t/ (t-1);

nuMinuslbis:=mubis/q/ (q-1) ;
nuObis:=mubis/q;

L:=Matrix(2,2,0):




L[1,1]:=0:

L[1,2]:=1:

L[2,1]:=-t110*t120/ (lambda-1)"2 -al/(lambda-1) -t010%*
t020/lambda”2 -a0/lambda -ttl1l0*tt20/(lambda-t)*2 -at/(lambda-t)
- p*h/ (lambda-q) :

L[2,2]:=(t110+t120-h)/(lambda-1)+ (t010+t020-h)/lambda+ (ttl0+
tt20-h) / (lambda-t) +h/ (lambda-q) :

Pl (lambda) -h/lambda-h/ (lambda-1) -h/ (lambda-t)+ h/ (lambda-q) ;
-P2 (lambda) -p*h/(lambda-q) ;

C0l:=-al:
Cll:=-al:
Ctl:=-at:

rho:=g*p* (q-1) * (q-t) /t/ (t-1) ;

A:=Matrix(2,2,0):

A[l1,1]:=C-rho/ (lambda-q) :

A[l,2]:=(a* (lambda-t) ~“2+b* (lambda-t)+g-t) / (lambda-q) :

A[2,1] :=AA21 (lambda) :

A[2,2] :=AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff
(A[i,j],1lambda): od: od:

L;
A;

nuMinusl:=factor (-residue (A[1,2]/lambda”*2,lambda=infinity)) ;
nu0:=factor (-residue (A[1l,2]/lambda,lambda=infinity)) ;
mu:=factor (residue (A[1l,2],lambda=q)) ;

Q2:=unapply (-p* (q-0) * (g-1) * (g-t) , lambda) :

J:=Matrix(2,2,0):

J[1,1]:=1:

J[1,2]:=0:

J[2,1] :=Q2 (lambda) / (lambda-q) :

J[2,2] :=(lambda-0) *1* (lambda-1) “1* (lambda-t) *1/ (lambda-q) :
dJddlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dddlambdal[i,j]:=diff
(J[i,J],1lambda): od: od:

J:



LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2]:=diff(J[2,2],q) *Lg+diff(J[2,2],p) *Lp+h*diff (J[2,2],t):
LJ[2,1]:=diff(J[2,1],q) *Lg+diff(J[2,1],p) *Lp+h*diff (J[2,1],t):
LJ:

checkL:=simplify (Multiply (Multiply(J,L),J*(-1))+h*Multiply
(dddlambda,J”* (-1))):
checkA:=simplify (Multiply (Multiply(J,A4) ,J*(-1))+Multiply(LJ,J*
(-1))):

V:=Matrix(3,3,0):

VI[1i,1]:=1:
VI[l,2]:=1:
VI[1,3]:=1:
vV[2,1]:=0:
vV[2,2]:=1:
VI[2,3]:=t:
V[3,1]:=1/q:

V[3,2]:=1/(g-1):
V[3,3]:=1/(qg-t):
v;

B:=Matrix(3,1,0):

B[1,1] :=h*p:

B[2,1] :=h*p*qg+tl+t2+t3-tinftyl0* (h+tinfty20) :
B[3,1] :=p*2 -p* ((T1-h)/q+(T2-h)/(q-1)+(T3-h)/(q-t))+tl/q 2+t2/
(g-1) *2+t3/ (g-t) *2:

B;

t1:=t010*t020;

t2:=t110*t120;

t3:=tt10*tt20;

T1l:=t010+t020;

T2:=t110+t120;

T3:=tt1l0+tt20;

CMatrix:=Multiply(V*(-1) ,B):
COlbis:=CMatrix[1l,1]:



Cllbis:=CMatrix[2,1]:
Ctlbis:=CMatrix[3,1]:

POI1 == 1010 + t020
Pl111 :=1t110+1t120
Ptll :== 110 + 1120
P022 = 1010 1020
P122 = ¢t120t110
P122 := 1120 1t10
CoherenceEquationl = tinftyl0 + 1110 + 1120 + t010 + t020 + tinfty20 + t110 + t120
CoherenceEquation2 :== Pti2 + POI2 + P112
CoherenceEquation3 := Pt12t + 10101020 + t110 120 + tt10 1120 — tinfty10 tinfty20
+Pl12
CoherenceEquation4d == h p + a0 + al + at
CoherenceEquation5 == h p q + att — h tinftyl10 + t010 t020 + t110 t120 + tt10 1120

— tinftyl0 tinfty20 + al
Pl = W PO11 i Plll1 n Ptl]
A A—1 A—t
P2 = s P0§2 I PO12 i P1222 n Pl12 i Pt222 n Ptl2
) A (A—1)" A=l  (A—¢)" A—t
(P2 =\ t0]0§020 n t120t112 i tt20tt102
A (A—1) (A—1)
t(t—1)
nuMinus1bis = —g=r
t(t—1)
. (g=1)(g—1)
nuObis : =1
1010+1020  t110+1120  wl0+u20 _h _ _h__ _h_ _h
A A—1 A—t A A—1 A—t A—gq
10101020 POI2 11201110 P112  w20ul0  Ptl2  ph
2 A A—1)° r=1  (a—=1)> ArA—t Ar—g
D= gqp (g —1) (g —1)
t(t—1)
I
C120t110  al 10101020 a0  w20ml0  _at  ph
(A—1)" A-—l 2 Ao (v=1)® A—t  A—g

_|_

t110+1t120 —h n t010 41020 — h 110+ 1120 — h n h
A—1 A A—1 A—gq

1.1



o aplg=1)(g—1) a(h=1)"+b(h=1) +q—1
t(t—=1) (A—gq) A—q
AA21(R) AA22(})
nuMinusl = a
W:=aq—2at+b
L= 1(g—t) (ag—at+b+1)

hp q+tl + 12+ 13 — tinftyl0 (h + tinfty20)

pz_p(T]—h+T2—h+T3—h)_|_t_]2+ £ - 13
q q—1 q—t ¢  (g—1) (q—1)

2

t1 == 10101020

12 :=1120t110

13 == 1120110
T1 = 1010 + 1020
T2 :=¢t110 ++¢120
T3 = tt10 + 120

¥ Solving the compatibility equations to obtain the Hamiltonian
evolutions.

[ The compatibility equation is \mathcal {L.} L=h\partial \lambda A+[A,L]
Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression
| for A

> LL:=h*dAdlambda+ (Multiply (A,L) -Multiply(L,A)):

Entryll:=LL[1,1]:

Entryl2:=LL[1,2]:

AA2]1 :=unapply (solve (Entryl1=0,AA21 (lambda) ) ,lambda) :
AA21bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:
simplify (AA21 (lambda) -AA21bis) ;

AA22:=unapply (solve (Entryl2=0,AA22 (lambda) ) ,lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]+A[1,2]*L[2,2]:
simplify (AA22 (lambda) -AA22bis) ;

simplify (Entryll) ;

simplify (Entryl2) ;
LL:=h*dAdlambda+ (Multiply (A,L) -Multiply (L,A)):

0 2.1



(> NeNen)

;We now compute the action of \mathcal{L} o

| Evolution of entry L_{2,2}

> Entry22:=simplify (LL[2,2]):
Entry22TermLambdaMinusgSquare:=factor (residue (Entry22* (lambda-
q) ,lambda=q)) :
Entry22TermLambdaMinusq:=factor (residue (Entry22,lambda=q)) ;
Entry22TermLambdaZeroMinus4:=factor (residue (Entry22*lambda“”3,
lambda=0)) ;
Entry22TermLambdaZeroMinus3:=factor (residue (Entry22*lambda”2,
lambda=0)) ;
Entry22TermLambdaZeroMinus2:=factor (residue (Entry22*lambda,
lambda=0)) ;
Entry22TermLambdaZeroMinusl:=factor (residue (Entry22,lambda=0)) ;
Entry22TermLambdaInfty2:=factor (-residue (Entry22/lambda*3,
lambda=infinity)) ;
Entry22TermLambdaInftyl:=factor (-residue (Entry22/lambda”2,
lambda=infinity)) ;
Entry22TermLambdaInfty0:=factor (-residue (Entry22/lambda, lambda=
infinity)) ;
Entry22TermLambdaOneMinus4:=factor (residue (Entry22* (lambda-1)
~3,lambda=1)) ;
Entry22TermLambdaOneMinus3:=factor (residue (Entry22* (lambda-1)
~2,lambda=1)) ;
Entry22TermLambdaOneMinus2:=factor (residue (Entry22* (lambda-1) ,
lambda=1)) ;
Entry22TermLambdaOneMinusl:=factor (residue (Entry22,lambda=1)) ;
Entry22TermLambdaTMinus4:=factor (residue (Entry22* (lambda-t) 3,
lambda=t)) ;
Entry22TermLambdaTMinus3:=factor (residue (Entry22* (lambda-t) *2,
lambda=t)) ;
Entry22TermLambdaTMinus2:=factor (residue (Entry22* (lambda-t),
lambda=t)) ;
Entry22TermLambdaTMinusl:=factor (residue (Entry22,lambda=t)) ;

=]

L[2,2] et L[2,1] to obtain the evolution equations

simplify( Entry22- (Entry22TermLambdaMinusqSquare/ (lambda-q) *2+
Entry22TermLambdaMinusq/ (lambda-q)
+Entry22TermLambdaZeroMinus4/lambda”*4+
Entry22TermLambdaZeroMinus3/lambda*3+
Entry22TermLambdaZeroMinus2/lambda*2+
Entry22TermLambdaZeroMinusl/lambda




+Entry22TermLambdaOneMinus4/ (lambda-1) *4+
Entry22TermLambdaOneMinus3/ (lambda-1) ~3+
Entry22TermLambdaOneMinus2/ (lambda-1) *2+
Entry22TermLambdaOneMinusl/ (lambda-1)
+Entry22TermLambdaTMinus4/ (lambda-t) ~4+
Entry22TermLambdaTMinus3/ (lambda-t) *3+Entry22TermLambdaTMinus2/
(lambda-t) *2+Entry22TermLambdaTMinusl/ (lambda-t)
+Entry22TermLambdaInftyO0+Entry22TermLambdaInftyl*lambda+
Entry22TermLambdaInfty2*lambda”2) );

L[2,2];

Entry22TermLambdaMinusq = 0 2.2)
Entry22TermLambdaZeroMinus4 == 0
Entry22TermLambdaZeroMinus3 := 0

(h—1010 —1020) (af —bt+q—1t) h

Entry22TermLambdaZeroMinus2 = -

q
Entry22TermLambdaZeroMinusl = 0
Entry22TermLambdalnfty2 == 0
Entry22TermLambdalnftyl == 0
Entry22TermLambdalnfty( == 0
Entry22TermLambdaOneMinus4 := 0
Entry22TermLambdaOneMinus3 = 0
Entry22TermLambdaOneMinus2 =

C(~t120+h—1110) (af —2at—bt+a+b+qg—1) h
qg—1
Entry22TermLambdaOneMinusl == 0
Entry22TermLambdaTMinus4 == 0
Entry22TermLambdaTMinus3 = 0

Entry22TermLambdaTMinus2 := - (-tt10 — 1120 +h) h
Entry22TermLambdaTMinus1 = 0
0
t110 +1t120 — h n t010 + 1020 — h n 110+ 1120 — h n h
A—1 A A—t A—gq

[ Since the deformation operator is \hbar*partial t we cannot have double poles at lambda=1 or
lambda=0 but only a double pole at lambda=t with a numerator equal to tt10+tt20-h which is indeed
|_the case.
> a:=(q-t)/t/(t-1);

b:=(q-t)*(2*t-1)/t/(t-1);

simplify (Entry22TermLambdaZeroMinus2) ;

simplify (Entry22TermLambdaOneMinus2) ;

factor (A[l1,2]);

factor (nuMinusl) ;

factor (nu0) ;

factor (mu) ;




simplify (mu-mubis) ;
simplify (nuMinusl-nuMinuslbis) ;
simplify (nu0-nuObis) ;
__g9—-r (2.3)

L 0

> Lqg:=factor (Entry22TermLambdaMinusqSquare/h) :
Lgbis:=2*g*p* (q-1) * (g-t) /t/ (t-1) -g* (g-1) * (g-t) /t/ (t-1) *P1 (q) +g*
(q-1) /t/ (t-1) *h;
simplify (Lg-Lgbis) ;

Labis = 242 ¢ =1) (g —1)

t(t—1)
(WHH%@O tH0+ﬂw_+ﬂM+ﬂw)

2.4

—1) (g —1t +
_q(q ) (g —1) ; J—1 g—t
t(t—1) t(t—1)
0

[ Let us look at \mathcal {L}[L[2,1]]

> Entry2l:=simplify (LL[2,1]):
Entry2l1TermLambdaMinusqCube:=factor (residue (Entry21* (lambda-q)
A2 ,lambda=q)) ;
Entry2lTermLambdaMinusqSquare:=factor (residue (Entry2l1l* (lambda-
q) ,lambda=q) ) ;
Entry2lTermLambdaMinusq:=factor (residue (Entry21,lambda=q)) ;
Entry2l1TermLambdaZeroMinus5:=factor (residue (Entry2l*lambda”4,
lambda=0)) ;
Entry2l1TermLambdaZeroMinus4:=factor (residue (Entry2l*lambda“”3,
lambda=0)) ;
Entry2lTermLambdaZeroMinus3:=factor (residue (Entry2l*lambda*2,
lambda=0)) ;
Entry2lTermLambdaZeroMinus2:=factor (residue (Entry2l*lambda,
lambda=0)) ;




Entry2lTermLambdaZeroMinusl:=factor (residue (Entry21,lambda=0)) ;
Entry2l1TermLambdaInfty3:=factor (-residue (Entry21l/lambda’4,
lambda=infinity)) ;
Entry2l1TermLambdaInfty2:=factor (-residue (Entry21l/lambda’3,
lambda=infinity)) ;
Entry2lTermLambdaInftyl:=factor (-residue (Entry21l/lambda”2,
lambda=infinity)) ;
Entry2l1TermLambdaInfty0:=factor (-residue (Entry21l/lambda, lambda=
infinity)) ;
Entry2lTermLambdaOneMinus5:=factor (residue (Entry21* (lambda-1)
~4,lambda=1)) ;
Entry2l1TermLambdaOneMinus4:=factor (residue (Entry21* (lambda-1)
~3,lambda=1)) ;
Entry2lTermLambdaOneMinus3:=factor (residue (Entry21* (lambda-1)
~2,lambda=1)) ;
Entry2lTermLambdaOneMinus2:=factor (residue (Entry21* (lambda-1),
lambda=1)) ;
Entry2l1TermLambdaOneMinusl:=factor (residue (Entry21,lambda=1)) ;
Entry21TermLambdaTMinus5:=factor (residue (Entry21* (lambda-t) *4,
lambda=t)) ;
Entry2l1TermLambdaTMinus4:=factor (residue (Entry21* (lambda-t) *3,
lambda=t)) ;
Entry2l1TermLambdaTMinus3:=factor (residue (Entry21* (lambda-t) "2,
lambda=t)) ;
Entry2lTermLambdaTMinus2:=factor (residue (Entry21* (lambda-t),
lambda=t)) ;
Entry2l1TermLambdaTMinusl:=factor (residue (Entry21,lambda=t)) ;

simplify( Entry2l- (Entry2lTermLambdaMinusqCube/ (lambda-q) ~3+
Entry2l1TermLambdaMinusqSquare/ (lambda-q) 2+
Entry2l1TermLambdaMinusq/ (lambda-q)
+Entry2lTermLambdaZeroMinus5/lambda”5+
Entry2lTermLambdaZeroMinus4/lambda*4+
Entry2lTermLambdaZeroMinus3/lambda”3+
Entry2l1TermLambdaZeroMinus2/lambda*2+
Entry2lTermLambdaZeroMinusl/lambda
+Entry2l1TermLambdaOneMinus5/ (lambda-1) ~5+
Entry21TermLambdaOneMinus4/ (lambda-1) ~4+
Entry21TermLambdaOneMinus3/ (lambda-1) *3+
Entry21TermLambdaOneMinus2/ (lambda-1) *2+
Entry2l1TermLambdaOneMinusl/ (lambda-1)
+Entry2lTermLambdaTMinus5/ (lambda-t) 5+



Entry2l1TermLambdaTMinus4/ (lambda-t) “4+Entry21TermLambdaTMinus3/
(lambda-t) *3+ Entry2lTermLambdaTMinus2/ (lambda-t)*2+
Entry2l1TermLambdaTMinusl/ (lambda-t)
+Entry2l1TermLambdaInftyO0+Entry2l1TermLambdaInftyl*lambda+
Entry2l1TermLambdaInfty2*lambda*2+Entry2lTermLambdaInfty3¥*
lambda*3) ) ;

L[2,1];

Entry21TermLambdaMinusqCube := 0 2.5)

1 5 4
(1) (q-nqlg_1) \Shpa —Ohpd
+4hp gt —pg 1010 —p g 1020 —p g t110 —p g t120 —p ¢ 1110 — p g° 1120
+2p g t1010+2p g 11020 +2p gt 11110 +2p ¢ 11120+ p ¢* 1110 + p ¢* 1 1120
—p g 1010 —p g P1020—p g Ft110—pq £1120+2a0q —4a0q’t
+2a0q%2+2alqi—4alff+2a]j%;+ZMq5—2auft—8hpq4
+14hpgt—6hpg £ +2pq 1010 +2pq 1020 +pq*t110+p q* 1120
+2pq ttl0+2p g 1120 —4p g t1010 —4p g t1020 —2p g t1110 —2 p ¢ £ 1120
—2p @ tttl0—2p g t1120+2p g* £ 1010 +2p g° £ 1020 +p * £ 1110 + p ¢* £ 1120
+24" 10101020 +2 ¢* 11101120 + 2 ¢* 11101120 — 4 ¢ 1 1010 1020 — 4 ¢ £ 1110 t120
+24° £ 10101020 +2 ¢* £ 11101120 —4 a0 ¢* +8a0 ¢’ t —4 a0 ¢* # —2 al ¢
+4alft—2a]4%1—4Mq4+4auft+3hpq3—5hpq2r+2hpq#

—pq 1010 —p g 1020 —p g 1110 —p ¢° 120+ 2 p ¢* 1 1010 +2 p ¢* £ 1020

+p g tttl0+p g 11120 —p g £ 1010 —p q £ 1020 — 4 ¢° 1010 1020 — 4 ¢° 110 1120
+8¢° 110101020 —4 g £ 10101020 +2a0 " —4 a0 "t +2a0 g £ +2 at q°
—2atq’ t+2 ¢ 10101020 + 2 ¢* 1t10 1120 — 4 q 1010 020 + 2 £ 1010 1020) h)

I . 5 (h(4hpqg —10hpq°t
t(t=1)(g—=1)"(g—1)"¢q
+9hpgd P —3hpg £t —pqg 1010—pq 1020 —pq t110—pq' t120 —p g 110
—pq 120+3pg°t1010+3p 11020 +3p 11110 +3p ¢ 11120+ p ¢° t 1110
+pt1t20—=3p g £1010—3p g £1020—3p g £1110 —3p g £ 1120
+p g P1010+pg L1020+ p gt P t110+pg* P 11204+a0¢ —3a04°t+3a04 7
—a0q4t3+a]q7—3a]q6t+3a]qStZ—a]q4t3+atq7—atq6t—9hpq6
+2lhp g t—18hpg P +6hpd £ +3pq°t010+3pq®1020+p °til0
+p®t120+3p 110 +3pg°1t20—9p g 11010 —9p ¢° 11020 —3 p ¢° 1110
—3pqtt20—3p g t1ttl0—3p g t1120+9p g #1010 +9 p ¢* £ 1020
+3pq PtII0+3p g Pt120-3p g £ 1010 —3p g £ 1020 —p g’ £ 1110
—p @ £ 1120 +2 ¢ 10101020 +2 ¢° 1110 1120 + 2 ¢° 1110 1120 — 6 ¢° £ 1010 1020
—6¢ 111101120 +6 ¢* £ 10101020 + 6 ¢* £ 11101120 — 2 ¢ £ 1010 1020
— 24P t110t120—3a0g° +9a04° t—9a0¢* P +3a0¢’ £ —al ¢® +3al ¢t
—3a]j%2+a]j%%—3Mq6+3anft+7hpq5—15hpj”+ﬂ2hpq3g
—4hpdf—3pqt010—3pg 1020—3pq t10—3p g t120+9 p g* 11010
+9pg*t1020+3pgttn10+3p g t1120—9p g £ 1010 —9 p ¢ £ 1020

Entry2 1 TermLambdaMinusqSquare =

Entry2 1 TermLambdaMinusq = -



+3p G L1010 +3p g* £ 1020 —6 ¢° 10101020 — 6 ¢ 1t10 1120 + 18 ¢ £ 1010 1020
—18¢° 10101020 +6 ¢* £ 10101020 +3a0 ¢> —9a0 g t +9a0 ¢ £ —3 a0 ¢*
+3atq5—3atq4t—2hpq4+4hpq3t—3hpq2t2+hpqt3+pq4t0]0
+p g 1020+p gt tt10+p ¢t 1120 -3 p ¢ 11010 — 3 p ¢ 11020 — p ¢ £ 110
—p @ tt20+3p g 1010 +3pg* £ 1020 —p g £ 1010 —p q £ 1020 + 6 g" 1010 1020
+64" 110120 — 18 ¢° 110101020 + 18 ¢* £ 1010 1020 — 6 g £ 1010 1020 — a0 ¢
+3a0¢° t—3a0q F+a0qf —atq' +atqg’ t—2 ¢ 10101020 — 2 ¢° 1110 1120
+6 g% 110101020 — 6 g £+ 1010 1020 + 2 £ 1010 1020) )
Entry21TermLambdaZeroMinus5 = 0
Entry21TermLambdaZeroMinus4 == 0
=0
0

Entry21TermLambdaZeroMinus3 :
Entry21TermLambdaZeroMinus?2 :=

Entry21TermLambdaZeroMinusl = - ﬁ (h(g—1t) (-hp 612 +p 612 1010
tq (t—
+p g t020+hpq—pqt0l0—p qt020 —2 g 1010 1020 + a0 g + 2 1010 t020) )
Entry21TermLambdalnfty3 == 0
Entry21TermLambdalnfty2 := 0
Entry21TermLambdalnftyl := 0
Entry21TermLambdalnfty( := 0
Entry21TermLambdaOneMinus5 == 0
Entry21TermLambdaOneMinus4 == (0
Entry21TermLambdaOneMinus3 == 0
Entry21TermLambdaOneMinus2 := 0

Entry21TermLambdaOneMinus1 = 21 ( (g —1) (hp q2 —p q2 t110
(=1 " (t—=1)¢t
—p g t120—hpg+pqtll0+pqti20+2qt110t120+al g —al) h)
Entry21TermLambdaTMinus5 = 0
Entry21TermLambdaTMinus4 = 0
Entry21TermLambdaTMinus3 := -2 h tt10tt20
Entry21TermLambdaTMinus2 == -at h

Entry21TermLambdaTMinusl = I 5 ((hp q3 —hp qzt—p q3 1t10
t(t—1) (¢ —1)
—pq3tt20+pqzttt10—|—pq2ttt20+2atqzt—Satqt2+att3—hpq2+hpqt
+p qztt]0+pq2tt20—pqttt]0—pqttt20—|—2q2tt]0tt20—atq2+atqt
—2q1t101120) h)

0
1120110 al 10101020 a0 120110 at  ph

(A—1)" A-—l 2 Ao (v=1)® A—t  r—g
Choice of mu removes the cubic pole at lambda=q. Term in (lambda-t)*{-3} is coherent with the
deformation operator \hbar*\partial t. Term in (lambda-t)"{-2} is also coherent. Term (lambda)"

| {-1} at infinity should be -h*\partial ta 0 -h*\partial ta_1-h*\partial ta t- h"2\partial tp
> factor (simplify (-residue (Entry21l,lambda=infinity))) ;

CoherenceEquation4;

CoherenceEquation5;
(hp+a0+al +at) (g—1t)h
- 2.
t(t—1) 26)




hp +a0 +al +at
| hpgqtatt—htinftyl0+ 10101020 + t110 t120 + 1110 1120 — tinfty10 tinfty20 + al

> La0:=-factor (Entry2lTermLambdaZeroMinusl) :
Lal:=-factor (Entry2l1TermLambdaOneMinusl) :
Lat:=-factor (Entry2lTermLambdaTMinusl) :
LpFunction:=unapply (-Entry21TermLambdaMinusq/h,a0,al,at) :
> Equationl:=simplify (Entry2lTermLambdaMinusgSquare- (-p*h*Lq)):
Equationlbis:=2* (q-1) * (gq-t) *h*a0/ ( (t-1) *t) +2*qg* (g-t) *h*al/ (
(t-1) *t)+2*g* (g-1) *h*at/ ((t-1) *t) +2*g* (gq-1) * (g-t) *h*p*2/ ((t-1) *
t)
+2* ((h-t010-t020) *t+ (-2*h*t+t*t010+t*t020+t*t110+t*t120-2*h+
t010+t020+tt10+tt20) *g+ (3*h-t010-t020-t110-t120-tt10-tt20) *q*2)
*h*p/ ((t-1)*t)
+2*h/t/ (t-1)/q/ (gq-1)/ (g-t) * (£*2*£010*t020-2*t*t010*t020* (t+1) *
g+ (t*2*t010*t020+t"*2*t110*t120+4*t*t010*t020+t010*t020+tt10*
tt20) *g*2+ (-2*t*t010*t020-2*t*£110*t120-2*t010*t020-2*ttl10*
tt20) *g*3+ (t010*t020+t110*t120+tt10*tt20) *q*4) ;
factor (series (Equationl-Equationlbis,p)) ;
2(q—1)(q—ﬂha0_¥2q(q—ﬂha]_¥2q(q—1)hm
(t—1)¢ (t—1)¢ (t—1)¢t
L 2q(g=1) (g=nhp’ 1
(t—1)¢t (t—1)¢
+t1010 +11020 +tt110 +tt120 —2 h + 1010 + 1020 + tt10 + 1t20) g + (3 h — 1010
— 1020 — t110 — 120 — 1110 — 1120) ¢*) h p)

1 2
+ (2 h (£10101020 —2 10101020 (t +1)
t(t—1)q(qg—1) (qg—1) 1

+ (£ 10101020 + £ 110 t120 + 4 £ 1010 1020 + 1010 1020 + 1t10 1120) g* + (
=2 110101020 — 2 tt110 t120 — 2 1010 1020 — 2 1t10 1£20) ¢° + (1010 1020 + t110 t120
+1t101120) ¢*))

Equationlbis = 2.7)

(2 ((h—1010—1020) t+ (-2 ht

0

> Coeffp:=((2* ((h-t010-t020) *t+ (-2*h*t+t*t010+t*t020+t*t110+t*
t120-2*h+t010+t020+tt10+tt20) *q+ (3*h-t010-t020-t110-t120-tt1l0-
t£20) *q*2)) *h/ ((t-1) *t) ) / (2*q* (g-1) * (g-t) *h/t/ (t-1)) :
Coeffpbis:=-(t010+t020-h) /g- (t120-h+t110)/(g-1) - (tt1l0+tt20-h)/
(a-t);

factor (Coeffp-Coeffpbis) ;

Cooffpbis = - 101041020 —h _ 1110 +1120 —h _ 11104120 = h

q qg—1 q—t

_ 0

> CoeffConstant:=(2%h* (£*2*t010*t020-2*t*t010*t020* (t+1) *q+ (Lt 2*
£010*t020+tA2*£110*t120+4*t*t010*t020+t010*t020+tt10*tt20) *q 2+
(-2*£*£010*£020-2*t*£110*£120-2*£010*t020-2*tt10*tt20) *q* 3+
(£t010*t020+t110*t120+tt10*tt20) *q~4) / (t* (t-1) *q* (gq-1) * (g-t)) )/

(2.8)




(2*q* (q-1) * (g-t) *h/ ((t-1) *t)) ;
CoeffConstantbis:=(t010*t020/g9”*2+t110*t120/ (g-1) ~*2+tt1l0*tt20/
(q-t)*2);

simplify (CoeffConstant-CoeffConstantbis) ;

CoeffConstant := 5 12 5 (t2 10101020 —2tt010t020 (t+ 1) g 2.9)
(g—1)"q (¢ —1)

+ (10101020 + £ t110 1120 + 4 £ 1010 1020 + 1010 1020 + 1110 120) ¢° + (
=2 110101020 — 2 tt110 1120 — 2 1010 1020 — 2 1t10 1120) ¢° + (1010 1020 + 110 t120
+1t101120) g*)

CoeffConstantbis :=

10101020 1120110 1120110

n n
q20 (g—1)°  (¢g—1)?°

> simplify (CoherenceEquation4) ;

simplify (CoherenceEquation5) ;
hp +a0 +al +at (2.10)
(-h —tinfty20) tinftylO +hp q + 11201110 + 1120 tt10 + at t + 010 t020 + al

> al:=factor((-g*4*tinftylO*tinfty20-g*4*h*tinftyl0+2*g*3*
tinftylO*tinfty20+2*g*3*h*tinftyl0-2*g*2*t*tinftylO0*tinfty20-2*
gr2*t*h*tinftylO+t*g*3*tinftylO0*tinfty20+t*g*3*h*tinftyl0+t*
t120*t110*g*3-2*t*q*4*p*t110-2*t*q*4*t120*p+t120*t110*gq*2+2*
tt20*ttl0*g*2*t-tt20*ttl0*g*3*t+2*g*5*pr2*t+2*g*5*pr2-gq*6*p*2-
gt4*p”r2-t010*t020*t 2*qr2-4*gr4*p 2*t+2*gr3*p”2*t-gq*2*tinftyl0*
tinfty20-g*2*h*tinftyl0-h*gq*5*p+p*t010*g*3-2*p*t010*g*4+p*t020*
gt3-2*p*t020*q*4+h*q*4*p-gqr4*p 2* £ 24+2*t*2*t010*t020*g+2*h*g"4*
p*t-t010*t020*t*2-2*q*2*p*t020*t"2-2*gq*2*p*t010*t*2-g*2*p"2*
t*2+g*p*t020*t*2+g*p*t010*t*2-g*3*p*h*t*2+gq*tinftylO0*tinfty20*
t+g*h*tinftylO0*t-tt20*ttl0*g*t-2*t120*t110*g*3-2*q*4*p*ttl1l0-2*
gt4*p*tt20-gq*4*p*tl110-gq*4*t120*p+g*5*p*t110+gq*5*t120*p+2*p*
t110*t*g”*3+p*t110*t*2*g"3+2*t120*p*t*gq"3+t120*p*t*2*g"*3+2*p*
ttl0*t*g*3+4*p*t020*t*g*3+p*t020*t*2*g*3+p*t010*gq*5+p*t020*g* 5+
gr5*p*ttl0+g”5*p*tt204+2*t£120*t110*t*gq*2-t120*t110*t 2*gr2-2*
t010*t020*t*g*2+t010*t020*t*g"3-2*q*4*p*t010*t-g*4*p*ttl0*t-
gqr4*p*tt20*t-2*g*r4*p*t020*t+p*ttl0*gq*3+t010*t020*t*gq+g*2*p*h*
tA2-2*qr3*p*h*t-2*q*2*p*t010*t-g*2*p*ttl0*t-gq*2*p*tt20*t-2*gqr2*
p*t020*t+p*tt20*g*3+2*p*tt20*t*g*3-gq*t120*t110*t-g*2*p*t110*t"2
-gq*2*t120*p*t*2+4*p*t010*t*g*3+p*t010*t 2*gr3+2*gq*3*pr2*t~2)/
(t*"2*g-t*2-g*2*t+t-g+g*2) /q) ;
al:=factor (- (-g*4*tinftylO0*tinfty20-g*4*h*tinftyl0+g*3*
tinftylO*tinfty20+g*3*h*tinftyl0-g*2*t*tinftyl0*tinfty20-g*2*t*
h*tinftylO+t*g*3*tinftylO*tinfty20+t*gq*3*h*tinftyl0+t*t120*
t110*g*3-2*t*gq*4*p*t110-2*t*q*4*t120*p+tt20*ttl0*gq*2*t-tt20*
ttl0*g*3*t-tt20*ttl0*gr2+2*g*5*pr2*t+2*gr5*pr2-gq*6*pr2-gr4*pr2-
t010*t020*tAr2*gq*2-4*qr4*pr2*t+2*g3*p 2*t-h*q*5*p+p*t010*g"3-2*




P*t010*q 4+p*£020*qr3-2*p*£020*qr4+2*h*q 4 *p-h*qAr3*p-qr4*pA2*
t22+2*%t72*t010*t020*g+2*h*gq*4*p*t-t010*t020*t*2-2*gq*2*p*t020*
tA2-2*gq*2*p*t010*t*2-g*2*pr2* £ 24+q*p*t020*t*2+q*p*t010*t*2-g~3*
p*h*t*2-t120*t110*g"*3+tt20*tt10*g*3+t010*t020*g*3-2*g*4*p*ttl0
—2%xqrA*p*tt20-qr4*prt110-qr4*£120*p+qA5*p*t110+qA5*t120*p+2*p*
t110*t*g*3+p*tl110*t*2*gqr3+2*t120*p*t*g*3+t120*p*tr2*g*3+2*p*
ttl0*t*g*3+4*p*t020*t*g*3+p*t020*t*2*gq*3+p*t010*gq*5+p*t020*gq*5+
g"5*p*ttl0+g”5*p*tt20+t120*t110*t*gq*2-t120*t110*t~2*g*2-3*t010*
t020*t*g*2+t010*t020*t*g*3-2*g*4*p*t010*t-gr4*p*ttl0*t-gqr4*p*
tt20*t-2*q*4*p*t020*t+p*ttl0*g*3+2*t010*t020*t*g-g*p*h*t*2+2*
qr2*p*h* t+2%qA2*prh*tA2-4%qA3*prh*t-2*qA2*p*t010* t-qr2*p*tt10*
t-g*2*p*tt20*t-2*g*2*p*t020*t+p*tt20*g*3+2*p*tt20*t*gr3-g*2*p*
t110*t*2-g*2*t120*p*t*2+4*p*t010*t*gq*3+p*t010*t*2*g*3+2*g"3*
pr2*t*2-t010*t020*g*2) /q/t/ (t*q-t+g-gq*2)) ;
at:=factor ((g*4*tinftylO*tinfty20+g*4*h*tinftyl0-g*3*tinftyl0*
tinfty20-g*3*h*tinftyl0+2*g*2*t*tinftylO0*tinfty20+2*g*2*t*h¥*
tinftyl0-2*%t*qr3*tinftylO*tinfty20-2*t*qr3*h*tinftyl0-t 2*q*
tinftylO*tinfty20-t*2*g*h*tinftyl0+g*2*t*2*tinftyl0*tinfty20+
qr2*EA2%h*tinftyl04+2%t*qr4*prt110+2%t*qra*t120*p-2*L£20*tt10%*
gh2*t+g*t120*t110*t*2-t"2*tt20*tt10*gq*2+2*tt20*ttl10*g*3*t+tt20*
ttl0*gr2-2*g*S5*pr2*t-2*gr5*pr2+g*6*pr2+gr4*pr2+4*qra*pr2Ft-2%
g*3*p”2*t+h*g*S5*p-p*t010*g*3+2*p*t010*gq*4-p*t020*g*3+2*p*t020*
qr4-2%h*qr4*p+h*qA3*p+qr4*pr2*£A2-£A2%£010*£020*q-h*q 4 *p* t+
t010*t020*t*2+4+2*g*2*p*t020*t~2+2*gq*2*p*t010*t*2+gqr2*pr2*tr2-g*
p*t020*t*2-gq*p*t010*t*2+t120*t110*g"3-tt20*tt10*gq*3-t010*t020*
qr3+2*%qrA*prtt10+2*%qr4*prtt20+qr4*p*t110+qr4*t120*p-qr5*p*£110-
g*"5*tl120*p-2*p*t110*t*g*3-p*t110*t*2*g*3-2*t120*p*t*g*3-t120*p*
tr2*gr3-2*p*ttl0*t*gq*3-4*p*t020*t*g"*3-p*t020*t*2*g*3-p*t010*g"5
-p*t020*g*5-g*5*p*ttl0-g"5*p*tt20-2*t120*t110*t*gq*2+2*t010*
t020*t*g*2+2*q*4*p*t010*t+gq*4*p*ttl0*t+gt4*p*tt20*t+2*gr4*p*
t020*t-p*ttl0*g"3-2*t010*t020*t*gq-g*2*p*h*t+2*g*3*p*h*t+2*gr2*
p*t010*t+g*2*p*ttl0*t+gr2*p*tt20*t+2*gq*2*p*t020*t+t*2*tt20%*
ttlOo*g-p*tt20*g"3-2*p*tt20*t*g*3+g*2*p*t110*t*2+qr2*t120*p*t~2
-4*p*t010*t*g*3-p*t010*t*2*g"3-2*g*3*p*2*t*2+t010*t020*g*2) /
(t*"2*g-t*2-g*2*t+t-g+g*2) /t/q) ;
al = (=1 (q—ll) G—14 (p2q6—2p2q5t+p2q4t2+hpq5—2hpq4t (2.11)

+hpf#—2p%f+4fqﬂ—2p%f#—pq%MO—pq%@O—pq%HO

—p g t120—p g tt10—p @ t120+2p g 11010 +2 p g* 11020 +2 p ¢ 11110

+2pq tt1204+p g t1t10+p gt 11120 —p ¢ £ 1010 —p ¢ £ 1020 — p ¢° £ 110

—pq3gﬂ20—hpq4+2hpq3r—hpq2#+Jufﬁﬁ@ﬂ%—hq3HMﬁﬂ0+p2f

2Pt P P+ 2p g 10104+2p ¢ 1020 +p gt 1110+ p gt 1120+ 2 p g 1110

+2pq 120 —4p @ t1010 —4p g t1020—2p g tt110 —2p g 11120 —2 p ¢ t 110




—2p @ t1120+2p g* £ 101042 p > £ 1020 +p ¢* £ 1110 + p ¢* £ 1120

+ ¢ tinfty10 tinfty20 — ¢ 1 1010 1020 — ¢° t 1110 t120 + ¢ £ 110 1120

— ¢ ttinftyl0 tinfty20 + g* £ 1010 1020 + ¢> £ t110t120 — 2 h ¢ tinfty10

+2h g’ ttinftyl0 —p ¢ 1010 —p ¢° 1020 —p ¢ tt10 — p ¢ 1120 + 2 p ¢* t 1010

+2p G t10204+p ¢ t1t10+p g* 11120 — p g £ 1010 — p g £ 1020 +2 ¢ 1110 1120

—2 ¢ tinftyl0 tinfty20 + 2 ¢* £ 1010 1020 — 2 ¢ t 110 120 — 2 ¢* ¢ 1110 1120

+2 ¢° ttinfty10 tinfty20 — 2 q £ 1010 1020 + h ¢° tinfty10 — h q t tinfty10 — g* t110 120
+ q2 tinftyl0 tinfty20 — q t t010 t020 + q t t110 t120 + q t tt10 1120 — q t tinfty10 tinfty20

+ 71010 1020)

a0 = - qt(q—tl) =1 (p2q6—2p2q5t+p2q4t2+hpq5—2hpq4t+hpq3t2
— 2P +4p gt =2 PP —p G 1010 —p ¢ 1020 —p ¢ t110 — p g 1120
—p g tl0—p g t120+2p g t1010+2p g 11020 +2p g 1110+ 2 p ¢* 1120
+pqttttl0+pgtt120—p @ £ 1010 —p ¢ £ 1020 —p ¢* £ 1110 —p ¢ £ 1120
—2hpq +4hpgt—2hpgd f+hq tinfiylo—hq ttinfylo+p*q* —2p* g t
+p2 P +2p gt 10104+2p ¢t 1020+ p gt 1110 +p ¢ 1120 +2 p ¢ 1110 + 2 p ¢* 1120
—4p@t010—4p g t1020—2p g tt110 —2p g 11120 —2 p ¢ t 1110
—2p @ t1204+2p g* £ 1010 +2p > £ 1020 +p ¢> £ 1110 + p ¢* £ 1120
+ ¢ tinfty10 tinfty20 — ¢° t 1010 1020 — ¢° t t110 t120 + ¢ £ 110 1120
— ¢ ttinftyl0 tinfty20 + ¢* £ 1010 1020 + ¢* £ t110t120 + hp g —2 hpq°t+hp gt
— h @ tinftylO + h ¢* t tinftyl0 — p ¢° 1010 — p ¢° 1020 — p ¢ 110 — p ¢° 1120
+2p G 101042 p > 11020 +p g t1t10 +p * t 1120 — p g £ 1010 — p q £ 1020
— ¢ 10101020 4+ ¢ t110 1120 — ¢ 1110 1120 — g tinfty10 tinfty20 + 3 ¢° t 1010 1020
— P 111101120 — ¢* t 1110 1120 + g° t tinfty10 tinfty20 — 2 g £ t010 020 + ¢* t010 1020

+ % 1t10 1120 — 2 q £ 1010 1020 + £ 1010 1020
1

e P TENPICESS (PP’ =20 t+p°q' P +hpg —hpqg't—2p°¢
+4p gt —2p? PP —p g 1010 —p g 1020 —p ¢ t110 —p g 1120 — p g 110
—p g 1204+2p g t1010+2p gt 1020 +2p gttt110+2p gt t1120 +p gt telo
+pq tt20—p P 1010—p @ F1020—p g £ 1110 —p ¢° #1120 —2 hp ¢
+2hp g t+hq tinfiyl0—2hq ttinfiylO+h g £ tinftyl0O+p*q* —2p* ¢ t
+p2 P P +2p gt 10104+2p ¢t 10204+ p gt 1110 +p ¢ 1120 +2 p ¢ 1110 +2 p ¢* 1120
—4p@t010—4p g t1020—2p g tt110 —2p g 11120 — 2 p ¢ t 1110
—2p @ t1204+2p ¢g* £ 1010 +2p > £ 1020 +p ¢> £ 1110 + p ¢* £ 1120
+ ¢ tinfty10 tinfty20 + 2 ¢ t 1104120 — 2 §° t tinfty 10 tinfty20 — ¢° £ 110 120
+ q2 7 tinfty10 tinfty20 + h p q3 —hp q2 t—h q3 tinftylO+2 h q2 t tinftyl0
—hq P tinftyl0—p ¢ 1010 — p ¢° 1020 — p ¢° 1110 — p ¢ 1120 +2 p ¢° £ 1010
+2p G t10204+p ¢ t1t10+p ¢ 11120 — p q £ 1010 — p q £ 1020 — ¢° 1010 1020
+ > 1101120 — ¢ 1110 1120 — g tinfty10 tinfty20 + 2 g* t 1010 1020 — 2 > ¢ t110 t120
—2 g% t1t10 1120 + 2 ¢* t tinfty10 tinfty20 — q £ 1010 1020 + g £ t110 t120
+ g £ 11101120 — g £ tinfty10 tinfty20 + g* 1010 1020 + ¢* t10 1120 — 2 g t 1010 1020
+ 71010 1020)

> simplify (C01-COlbis) ;




simplify (C11-Cllbis) ;

simplify (Ctl-Ctlbis) ;
0 (2.12)
0
0

a0bis:=-g* (g-1) * (g-t) /t*p*2-p* (g-1) * (g-t) /t*h-g*tinftyl0/t*h
-p/t*( (tinftylO+tinfty20)*qg* (g-1)+t* (t010+t020)* (q-1)+(t1l10+
t120) *(t-1)*q )
-t010*t020/g+t110*t120* (t-1) /t/ (g-1)-ttl0*tt20* (t-1)/(g-t) -
tinftylO*tinfty20/t*qg+ (t010*t020-t120*t110+tt20*tt10) /t+(t010*
t020+t120*t110-tt20*tt10)

+p*g* (g-1) /t*CoherenceEquationl

factor (a0-albis) ;

0 (2.13)
albis:=qg* (q-1) * (gq-t) / (t-1) *p*2+p*g* (gq-t) / (t-1) *h+ (g-1) *
tinftyl0/ (t-1) *h
+p/ (t-1)*( (tinftylO+tinfty20) *q* (q-1)+(t-1)*(t110+t120) *g+
(£010+t020) *t* (g-1))
+t010*t020*t/ (t-1) /g-t110*t120/ (g-1)+ttl0*tt20*t/ (g-t)+
tinftylO*tinfty20/ (t-1)*(g-1)-(t010*t020-t110*t120-tt10*tt20)/
(t-1)+(-t010*t020-t120*t110+tt20*tt1l0)
-p*qg* (g-1) / (t-1) *CoherenceEquationl

factor (al-albis) ;

0 2.14)
atbis:=-g* (g-1) *(g-t) /t/ (t-1) *p*2-p*q* (q-1) /t/ (t-1) *h-tinftyl0*
(g-t)/t/(t-1)*h
—p/t/ (t-1)* ( (tinftylO+tinfty20)*q* (q-1)+ (t-1)* (t110+t120) *q+
(t010+t020) *t* (g-1) )

-t010*t020/ (t-1) /g+t110*t120/t/ (g-1) -tt1l0*tt20/ (g-t) -tinftylO*
tinfty20/t/ (t-1) * (g-t) - (t010*t020-t120*t110+tt20*tt10) /t+ (t010*
t020-t120*t110-tt20*tt10) / (t-1)

+p*g* (gq-1) /t/ (t-1) *CoherenceEquationl

factor (at-atbis) ;
0 (2.15)

simplify (CoherenceEquationd4) ;
simplify (CoherenceEquation5) ;
simplify (Equationl) ;

0 (2.16)



0
L 0

> Lp:=factor(simplify (LpFunction(a0,al,at))):
Lpbis:=-diff (q*(g-1) *(gq-t) ,q) /t/ (t-1) *p*2
+((t110+tt10+tt20+t120) *q+ (t010+t020+tt10+tt20) * (g-1)+ (t020+
t110+4t120+t010) * (g-t) - (2*g-1) *h Y* p/t/ (t-1)
+t010*t020/ (t-1) /g*2-t110*t120/t/ (g-1) *2+tt1l0*tt20/ (g-t) *2-
tinftylO*tinfty20/t/ (t-1)
-tinftyl0/t/ (t-1) *h:

Lpter:=-diff (q*(q-1) *(q-t) ,q) /t/ (t-1) *p*2

+((P111+Ptl11l) *q+ (PO114+Pt11l) * (g-1) +(PO11+P111) * (g-t) - (2*g-1) *h
)* p/t/(t-1)

+P022/ (t-1) /q*2-P122/t/ (q-1) *2+Pt22/ (q-t) ~2- (Pt22+Pt12*t+P022+
P112+P122) /t/ (t-1)

-tinftyl0/t/ (t-1) *h

+CoherenceEquation3/t/ (t-1)

factor (Lp-Lpbis) ;
factor (Lp-Lpter) ;
0 2.17)
0
> Lgquater:=2*mu* (p-P1(q)/2+h/2/q+h/2/(q-1)+h/2/ (gq-t)) -h*nu0 -h*
nuMinusl*q:
Lpquater:=mu* (p*diff (P1l(q),q)+h*p* (1/g9*2+1/(q-1) *2+1/ (g-t) *2) -
diff (tdP2(q),q)-C01/g*2-C1l1/(g-1)*2-Ctl/(g-t)*2 )
+h*nuMinusl*p:
simplify (Lg-Lgquater) ;
factor (simplify (Lp-Lpquater)) ;

0 (2.18)
0

=We thus obtain the evolution of the Darboux coordinates:
\hbar \partial t q=2*q*(q-1)*(q-t)/t/(t-1)*p-q*(q-1)*(q-t)/t/(t-1)*P1(q)+q*(q-1)/t/
(t-1)*h
\hbar \partial tp = -diff(q*(q-1)*(qg-t),q)/t/(t-1)*p"2
+((t110+tt10+tt20+t120)*q+(t010+t020+tt10+tt20)*(q-1)+(t020+t1 10+t120+t010)*(g-t)-(2*q-1)*h
)* p/t/(t-1)
+t010*t020/(t-1)/q"2-t110*t120/t/(q-1)"2+tt10*tt20/(q-t)"2-tinfty 1 0*tinfty20/t/(t-1)
| -tinfty 10/t/(t-1)*h:
> Hamiltonian:= g*(q-1)*(g-t)/t/(t-1) *p*2-g* (q-1) *(gq-t) /t/(t-1) *
P1(q) *p+g* (9-1) /t/ (t-1) *h*p
+g* (g-1) * (g-t) *P2(q) /t/ (t-1) +h*tinftyl0/t/ (t-1) *q;




factor (simplify (diff (Hamiltonian,p)-1Lq))

factor (simplify (diff (Hamiltonian,q)+Lp -CoherenceEquation2* (2*
g-t-1)/t/ (t-1) -CoherenceEquation3/t/ (t-1)

))

Hamiltonianbis:= mu* (p*2-P1l(q) *p+h*p* (1/q+1/(g-1)+1/(gq-t)) +
tdP2 (q) )-h*nuO*p-h*nuMinusl*qg*p

-nuMinusl* (t010*t020+t110*t120+tt10*tt20-tinftyl0* (tinfty20+h))
factor (series (simplify (Lp- (-diff (Hamiltonianbis,q))) ,h=0)) ;
simplify (Lg- (diff (Hamiltonianbis,p)))

simplify (Hamiltonianbis-Ctl) ;

2

Hamiltonian := Q(Q:zzjﬁ;ﬂl7 (2.19)
1010 + 1020 t110 + 1120 110 + 120
q(q—l)(q—r)( + + )
_ g—1 q—t
t(t—1)
pglg—1)h
+ t(t—1)
1 1010 1020 POI12 t120t110 Pli2
+——————|q(qg—1) (g —1) > + + >t
t(t—1) q q (g—1) qg—1
120 1t10 Pti2 h tinftyl0 q
+ ) + +
(g —1) q—t t(t—1)
0
0
g (g—t)g qg—t (g—1) (2t—1) j 2
Hamilt bis == (g —t — 1
amiltonianbis (g )(tU—l) t—1_+ f(r—1) + p
_(tm0+mﬂ)+tH0+ﬂﬂ)+zﬂ0+mw)p+ﬁp(l_+ 1 n 1 )
q q—1 q—t g q—1 q—t
I tOIOZtOZO n t]20t]]2 n tt20tt]02 j —h( (gq—t)g 2(qg—1t)
q (g—1) (g —1) t(t=1) t—1
n (gq—1) 2t—=1) ) _h(g—1tgp
t(t—1) t(t—1)
(g —1) (10101020 + 1120 t110 + 1120 1210 — tinfty10 (h + tinfty20))
t(t—1)
0
0
0

> simplify(series (aObis- (- (t-1)*Hamiltonian+P012+p* (g-1) *h) -g* (g-
t) /t*CoherenceEquation3-(g-1) * (g-t) /t*CoherenceEquation2+ (gq-1) *
(g-t) /t*CoherenceEquation3-CoherenceEquation3+
CoherenceEquation2,P112=0) ) ;




\ 4

simplify (series (albis- (t*Hamiltonian+Pl1l2-p*gq*h-h*tinftyl0/
(t-1) ) +CoherenceEquation2*g*2/ (t-1) - (t*g+g-t) / (t-1) *
CoherenceEquation2+ (g-1)/ (t-1) *CoherenceEquation3,P112=0) );

simplify (series (atbis- (-Hamiltonian+Ptl2+h*tinftyl0/ (t-1)) -
CoherenceEquation2*q~2/t/ (t-1)+ (t*gq+g-t) /t/ (t-1)*
CoherenceEquation2-(g-t) /t/ (t-1) *CoherenceEquation3,P112=0) );

0 (2.20)

0

0

> nuMinusl;
factor (nul) ;
simplify ((0*CO1+1*Cl1l+t*Ctl)) ;
simplify ((CO1+C1l1+Ctl)) ;
factor (series (simplify ((C01/ (g-0)+Cl1l/(g-1)+Ctl/(g-t))) ,p=0)):
Quantity:=p”*2-P1(q) *p+p* (h*1/ (q-0) +h*1/ (g-1) +h*1/ (g-t)) +tdP2 (q)

simplify ((C01/(g-0)+Cl1l/(g-1)+Ctl/ (g-t))-Quantity) ;
CoherenceEquation3;

CoherenceEquation2;

CoherenceEquationl;

simplify (CoherenceEquation4) ;

simplify (CoherenceEquation5) ;

_gq=-r
yPEE (2.21)
(g—=1) (g =1)
t(r—1)
(-h — tinfty20) tinftyl0 + h p g + t010 1020 + t120 t110 + 120 110
hp
0
P12t + 10101020 + t110 1120 + 110 120 — tinfty10 tinfty20 + P112
Ptl12 + POI2 + P112
tinfty10 + tt10 + 120 + 1010 + 1020 + tinfty20 + t110 + t120
0

0

Computation of the Lax matrices in the geometric gauge
without apparent singularities
_> Gl:=Matrix(2,2,0):

Gl[1,1]:=1:

G1l[1,2]:=0:
Gl[2,1] :=tinftyl0O*lambda+etal:

G1[2,2]:=1:



dGldlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldlambdal[i,j]:=diff
(G1[i,]j],1lambda): od: od:

dGldt:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldt[i,j]:=diff (Gl
[i,3],t)+dif£(G1[i,]],q) *dgdt+diff(G1l[i,]j],p)*dpdt: od: od:

Ltilde:=simplify (Multiply (Multiply (G1l,checkL) ,G1%(-1))+h*
Multiply (dGldlambda,G1l”(-1))):

etal:=factor (solve (factor (-residue (Ltilde[2,1],lambda=infinity)
) ,etal)):

etalOtheo:=1/(tinftyl0-tinfty20) * (
-(2*0*P022+2*1*P122+2*t*Pt22) +(072*C01+142*C1l1+t”~2*Ctl) -h*p*
g*2 -tinftylO0* (0* (t010+t020)+1* (£110+t120)+t* (tt1l0+tt20))
+tinftyl0* (tinftyl0-tinfty20-h)* (g-1*0-1*1-t*1)):

factor (simplify (eta0O-etaOtheotetaOtheo* ((tinftyl0+ttl10+tt20+
t010+t020+tinfty20+t110+t120)/ (t010+t020+t110+t120+tt10+tt20+2*
tinftyl0))));

factor (-residue (Ltilde[2,1]/lambda,lambda=infinity)+tinftyl0*
CoherenceEquationl) ;
factor (-residue (Ltilde[2,1] ,lambda=infinity)) ;
0 3.1)
0
0

;Expression of the Lax matrix in the geometric gauge
> checkL;
simplify (checkL[1,1]) ;
simplify (checkL[1,2]) ;
simplify (checkL[2,2]):
checkL22bis:=((t010+t020) - g*(g-1) *(g-t) *p/t) /lambda + (t110+
t120+g* (g-1) *(g-t) / (t-1) *p )/ (lambda-1)+(ttl0+tt20+ (-g* (g-1) *
(g-t)/(t-1)/t) *p) / (lambda-t) :
factor (checkL[2,2] -checkL22bis) ;

checkL21bis:=(t010%t020*t/q- (£010+t020) * (q-1) * (g-t) *p+q* (g-1)
~2*% (g-t)~2/t*p”2) /lambda
- (£120%t110%* (t-1) / (g-1) + (£110+t120) *q* (q-t) *p+ (g-t) ~2* (q-1) *
q*2/ (t-1) *p*2) / (Lambda-1)




H

+(tt10*££20%t* (t-1) / (g-t) - (££10+tt20) *q* (q-1) *p+ (g-1) *2* (q-t) *

q*2/(t-1) /t*p*2) / (lambda-t)
-tinftylO*tinfty20 -h*tinftyl0

factor ((checkL[2,1]-checkL2lbis)) ;

factor (-residue (checkL[2,1]/lambda,lambda=infinity)) ;

factor (-residue (checkL[2,1] ,1lambda=infinity)) :

factor (residue (1/2*Trace (checkL”2) * (lambda-1) 0, lambda=1)) :
simplify (residue (1/2*Trace (checkL”2) * (lambda-1) ~0,lambda=1) -
Cll);

checkLllbis:=-Q2 (lambda)/ (lambda-0) / (lambda-1) / (lambda-t) ;
checkLl2bis:=(lambda-q)/ (lambda-0) / (lambda-1) / (lambda-t) ;
checkL22bis:=P1 (lambda) +Q2 (lambda) / (lambda-0) / (lambda-1) /
(lambda-t) ;
checkL2lbis:=h*diff (Q2 (lambda) / (lambda-q) ,1lambda)+L[2,1]*
(lambda-0) * (lambda-1) * (lambda-t) / (1lambda-q) -P1 (lambda) *Q2
(lambda) / (lambda-q)

-Q2 (lambda) *2/ (lambda-q) / (1lambda-0) / (lambda-1) / (lambda-t) :
simplify (checkL[1,1]-checkLllbis) ;

simplify (checkL[1l,2]-checkLl2bis) ;

simplify (checkL[2,2]-checkL22bis) ;

simplify (checkL[2,1] -checkL21lbis) ;

pglg—1) (g—1) -A+gq

AA—1) (h—1) " A(A=1) (-2+1)
1

AA=r1) (A=1) (A—q)

((-hp—a0—al —a) X+ (-h (g—21—2) p

+ (240 +2al +at) t — 1120 1110 — 1120 1110 — 1010 1020 +2 a0 + al +2 at) X' + (
(4 (-2t=2)g+F+4t+1) hp+ (a0 —al) £+ (210101020 +2 t110 120
—4a0—2al —2at) t+2 120110 +2 10101020 — a0 — at) X’ + (( (1010 + 1020
+ 1110 + 120 + 1110+ 120) ¢ + (t + 1) (h — 110 — t120 — 1110 — 1120 — 1010
—1020) >+ (-h &+ (-3 h 4+ t110 + 120 + 1t10 + 1120 + 1010 + 1020) t — h) ¢

+2ht(t+1)) p+ (-10101020 — 1101120 +2 a0 + al) £+ (-410101020 + 2 a0

3.2)



2
+at) t — 1120 1t10 — 1010 1020) X+ (- (((¢110 + 1120 + 1010 + 1020) t + 1210 + 120

+1010+1020) g +ht) (g—1t) (gq—1)p— ((-21010t020 + a0) t —2 1010 1020) t)

A—(pql(g—1)(g—1) —11020) (pq (g —1) (¢ —1) —11010)),

! ( (1010 + 1020 +t110 + 120 + 1110 + 1120) 7&2 + ((-1010 — 1020

A(L—1) (A—1)
— 1110 — t120) t — 1010 — 1020 — 1t10 — 1£20) A+ (1010 + 1020 + (¢* — q) p) ¢
2
—pd*(q—1)]]
rqlg—1) (¢g—1)
A(A—1) (A—1)
-Atg
A(A—=1) (-1 +1)
0
0
~tinfty10 (h + tinfty20)
ﬁ(((tOlO +1020) t — 1120 — 1010 — 1020 — 1210) 110 + ( (1010 + 1020) t — 120

— 1010 — 1020 —1t10) t120+p q (g —t) h)
checkL11bis = £4 (g—1) (g—1)

A(A—1) (A—1)
checkL12bis := h—q
A(A—1) (A—1)
chL”mW:tWO+Wﬂ)+tU0+ﬂﬂ)+lﬂ0+ﬂ%)_pq(q—1ﬂq—n
A A—1 A—t h(%—ﬂ(h—ﬂ
0
0
0
0
> C:=0:

factor (simplify (checkA[1l,1])):
checkAllbis:=C-g* (gq-1) * (gq-t) /t/ (t-1) *p/ (lambda-t) ;

simplify (checkA[1,1]-checkAllbis) ;

checkA[l,2] :=simplify(checkA[l,2]);

factor (simplify (checkA[2,2]+checkA[1,1])):

checkA22bis:=C + (- (ttl1l0+tt20)+g* (g-1) *(g-t)/t/ (t-1) *p) / (lambda-
t)-(g-t)/t/(t-1) *h- (tinftylO0+tinfty20) * (g-t) /t/ (t-1) ;

factor (simplify (checkA[2,2]-checkA22bis- (g-t)/t/ (t-1)*
CoherenceEquationl)) ;

checkA2l:=simplify (checkA[2,1]):
checkA2lbis:=(-ttl0*tt20*t* (t-1)/ (g-t)+(g-1) *g* (tt10+tt20) *p-



(g-1) *2* (g-t) *q*2/ (t-1) /t*p*2) / (lambda-t)
-tinftylO0*tinfty20* (q-t) /t/ (t-1) *lambda

+(q-1) *q* (q-t) *2/t/ (t-1) *p*2

+(g-t)/t/ (t-1)* ((tinftylO+tinfty20) *gq* (gq-1)+( (t110+t1l20) * (t-1)+
t*(t010+t020) ) *g- (t010+t020) *t) *p

-t/ (t-1) *t010*t020/g+(t-1) /t*t110*t120/ (g-1) -tinftylO*
tinfty20/t/ (t-1) * (g-t) *2-tinftylO*tinfty20/t* (q-t) +tt10*tt20-
t110*t120/t+t010*t020/ (t-1)

- (g-t) *tinftylO*lambda/t/ (t-1) *h+ (gq-t) * (g-1) /t/ (t-1) * (p*q-
tinftyl0) *h

factor (checkA21-checkA21bis+(g-1) * (g-t) /t/ (t-1) *g*p*
CoherenceEquationl) ;

checkAlIbis = - £4 (g=1) (g=1) 3.3)
(t—1)t(A—1)
0
heckA, , = q—1
2 (t—1)t(h—1)
10 —u20+ 42— 1) (g —1)
checkA22bis = t(r—1) _(g=0h
A—t t(t—1)
_ (tinftyl0 + tinfty20) (q —1)
t(t—1)
0

1 (_ 1011201 (t—1)
A—t q—1t
_(q—n%q—nffj_twwmmﬁﬂmq—nx
(t—1)¢ t(t—1)
2 2
yla=Dalg=0"p | L ) ((tinfiyl0 + tinfty20) q (g — 1)

t(t—1) t(t—1)

'*((f110'+f120)(f“l)'+(t010-+t020)t)q-—(t0]0-+t020)t)p)-—-ﬂ%g%%%zél
t1101120 (1—1)  tinftyl0tinfty20 (¢ —t)*  tinfty10 tinfty20 (g — 1)
t(g—1) t(t—1) p
010 — 101120 | 10101020 (g = 1) tinfiyl0Xh
t r—1 t(t—1)
(g—1t) (g—1) (pg—tinftyl0) h
t(t—1)

checkA21bis = + (110 +120) g (¢ — 1) p

+

_ 0
> factor (-residue (checkA[2,2]/lambda*2,lambda=infinity)) ;
factor (-residue (checkA21l/lambda”2,lambda=infinity)) ;

factor (-residue ( (checkA[1,1]-C) /lambda,lambda=infinity)) ;



factor (-residue (checkA[1l,2]/lambda,lambda=infinity)) ;

factor (-residue ( (checkA[2,2]-C) /lambda,lambda=infinity)) ;
ConstantCoeffcheckA2l :=factor (-residue (checkA21/lambda, lambda=
infinity)):
ConstantCoeffcheckA2lbis:=qg* (g-1) * (g-t) *2/t/ (t-1) *p*2

+p* (g-t) /t/ (t-1) * ((tinftylO+tinfty20) *g*2+ (t010+t020) * (t* (gq-1) +
q)+(t110+t120) *t*g+ (tt10+tt20) *q)
-t010*t020*t/ (t-1) /g+t110*t120* (t-1)/t/ (g-1)
-tinftylO*tinfty20* (gq-t) * (q-1) /t/ (t-1)

+t010*t020/ (t-1)-t110*t120/t+tt1l0*tt20

-(g-1) * (g-t) * (-p*q+tinftyl0)/ (t-1) /t*h
-CoherenceEquationl*p*g*2* (g-t)/t/ (t-1);

factor (ConstantCoeffcheckA2l1-ConstantCoeffcheckA2lbis);

0 34
_ tinftyl0 (g —t) (h + tinfty20)

(t—1)¢
0
0

_ (h—1t110 —t120 — tt]10 — 1120 — t010 — 1020) (g —t)
(t—1)¢
. (g—1) q(g—0°p .
ConstantCoeffcheckA21bis == (p (g —1) ( (tinfty10

t(t—1) t(t—1)

+ tinfty20) q2 + (1010 +1020) (t (¢ —1) +¢q) + (¢110 +t120) t q + (1t10 + 1120) q)
) — 10101020 t I 11101120 (t —1)  tinftylOtinfty20 (¢ —1t) (g —1)

(r—1)q tig—1) t(r—1) _
L 10101020 11101120 o0 00 (g =1) (q=1) (-pq + tinfiyl0) h
r—1 t (t—1)1
_ (tinftyl0 + 1110 + 1120 + 1010 + 1020 + tinfty20 + 1110 + t120) p ¢* (g — 1)
t(t—1)
0

Y Getting the Painlevé 6 equation

> L2q:=diff (Lq,q) *Lg+diff (Lq,p) *Lp+ diff (Lq,t)*h:
PainleveEquation:=simplify( L2gq- 1/2*(1/qg+1/(g-1)+1/(g-t)) *Lg”*2
+h*Lg* (1/t+1/(t-1)+1/(g-t))-g*(g-1) *(g-t) /t*2/ (t-1) *2* (alpha+
beta*t/g*2+gammaa* (t-1) / (g-1) *2+delta*t* (t-1) / (g-t)*2)):
> beta:=-1/2*(t010-t020)*2;

gammaa:=1/2* (t110-t120)~2;

delta:=-(ttl1l0-tt20)*2/2+h*2/2;

alpha:=1/2* (tinftyl0-tinfty20-h)+2:

factor (PainleveEquation+qg* (q-1) * (q-t) /2/t*2/ (t-1) *2* (tinfty20-

t010-tt20-t120-tt10-t020-t110+tinftyl0) *CoherenceEquationl

+g* (gq-1) * (gq-t) *h/t*2/ (t-1) *2*CoherenceEquationl




B = % (1010 — 1020)* 4.1)

gammaa = %;(rzzo-—rzzo)z

(1110 — tt20)2 + % W

0
RHSP6:=-g* (q-1) * (q-t) /t*2/ (t-1) *2* (alpha+beta*t/g*2+gammaa*
(t-1)/ (g-1) *2+delta*t* (t-1)/ (g-t) *2);
RHSP6bis:=-2*g* (g-1) * (g-t) /t*2/ (t-1) *2*diff (q* (gq-1) * (g-t) * (P1
(q)*2/4-P2(q)) ,q)
+q* (g-1) * (q-t) * (tinftyl0-tinfty20) /t*2/ (t-1) *2*%h-g* (g-1) * (g-t)
/2/€72/ (t-1) *2*h*2-gq* (q-1) / (q-t) /2/t/ (t-1) *h*2:
factor (RHSP6-RHSP6bis+4* (Pt12+P012+P112) /t*2/ (t-1) *2*g*4
+(-2* (1+t) /t/ (t-1) *2*CoherenceEquation2+2/t/ (t-1) ~2*
CoherenceEquation3+1/2* (tinfty20-t010-t020-t110-tt10-tt20-t120+
tinftyl0) /t/ (t-1) *2*CoherenceEquationl) *q
-(-2* (1+4*t+t*2) /t*2/ (t-1) *2*CoherenceEquation2+2* (1+t) /t*2/
(t-1) “2*CoherenceEquation3+ (t+1) /2* (tinfty20-t010-t020-t110-
tt10-tt20-t120+tinftyl0) /t*2/ (t-1) *2*CoherenceEquationl) *gq*2
-(6* (1+t) /t*2/ (t-1) *2*CoherenceEquation2-2/t*2/ (t-1) *2*
CoherenceEquation3-1/2* (tinfty20-t010-t020-t110-tt10-tt20-t120+
tinftyl0) /t*2/ (t-1) *2*CoherenceEquationl) *g*3
);
Termq:=factor (residue ( (RHSP6-RHSP6bis+4* (Pt12+P012+P112) /t*2/
(t-1)~2*g~4) /g*2,9=0)) :
Termq2:=factor (residue ( (RHSP6-RHSP6bis+4* (Pt12+P012+P112) /t*2/
(t-1)~*2*g~4) /g*3,9=0)) :
Termqg3:=factor (residue ( (RHSP6-RHSP6bis+4* (Pt12+P012+P112) /t*2/
(t-1)~2*g~4) /g*4,9=0)) :
factor (Termg-2* (1+t) /t/ (t-1) *2*CoherenceEquation2+2/t/ (t-1) *2*
CoherenceEquation3+1/2* (tinfty20-t010-t020-t110-tt10-tt20-t120+
tinftyl0) /t/ (t-1) *2*CoherenceEquationl) ;
factor (Termg3-6* (1+t) /t*2/ (t-1) *2*CoherenceEquation2+2/t*2/
(t-1) “2*CoherenceEquation3+1/2* (tinfty20-t010-t020-t110-tt10-
tt20-t120+tinftyl0) /t*2/ (t-1) *2*CoherenceEquationl) ;
factor (Termg2+2* (1+4*t+t~2) /t*2/ (t-1) *2*CoherenceEquation2-2*
(1+t) /t*2/ (t-1) *2*CoherenceEquation3- (t+1) /2* (tinfty20-t010-
t020-t110-tt10-tt20-t120+tinftyl0) /t*2/ (t-1) ~2*
CoherenceEquationl) ;

5= -

N [ —

4.2)



RHSP6 := —ﬁ[q (g—1) (g —1) [% (tinfty10 — tinfty20 — h)? 4.2)

(1010 — 1020)* ¢ (1110 — t120)° (t — 1)
2

1 1
2 q 2 (g—1)°
(—% (n10—n20)2+ih2) t(t—1) JJ

+

2
)2

+
(g —1t

(>N e e Nen)

Conclusion: q satisfies the Painlevé 6 equation whose r.h.s. may be rewritten as

-q*(q-1)*(q-t)/t"2/(t-1)*2*(alpha+beta*t/q*2+gammaa*(t-1)/(q-1)"2+delta*t*(t-1)/(q-t)"2)

=-2*q*(q-1)*(q-0)/t"2/(t-1)"2*diff(q*(q-1)*(q-)*(P1(q)"2/4-P2(q)),q) +q*(q-1)*(q-t)*(tinfty10-
| tinfty20)/t"2/(t-1)"2*h-q*(q-1)*(q-t)/2/t"2/(t-1)"2*h"2-q*(q-1)/(q-t)/2/t/(t-1)*h"2:




