In this Maple file, we compute the evolution equations for the second element of the Painlevé 2
hierarchy using the compatibility equation of the Lax system. We also obtain the expression of the Lax
matrices in the geometric gauge without apparent singularities.
The deformation operator is
\mathcal{L}=\hbar (alphal4\partial {t {\infty"{(1)},4} +alpha24\partial {t {\infty"{(2)},4}+
alphal3*\partial {t {\infty"{(1)},3} +alpha23*\partial {t {\infty"{(2)},3}
+alphal2*\partial {t {\infty"{(1)},2} +alpha22*\partial {t {\infty"{(2)},2}+alphall*\partial {t

| {\infty~{(1)},1} +alpha21*\partial {t {\infty*{(2)},1})

V¥ Solving the compatibility equation to obtain the Hamiltonian
evolutions
_Summary of previous files: We have the expression for some coefficients of the Lax matrix L and
| of A.
> restart:

with (LinearAlgebra) :

CoherenceEquationl :=tinftylO+tinfty20;

tinfty20:=-tinftyl0:

Pinfty0l := -tinftyll-tinfty2l;

Pinftyll := -tinftyl2-tinfty22;

Pinfty2l1 := -tinftyl3-tinfty23;

Pinfty31l := -tinftylé4-tinfty24;

Pinfty62 := tinftyl4*tinfty24;

Pinfty52 := tinftyl3*tinfty24+tinftyld*tinfty23;

Pinfty42 := tinftyl2*tinfty24+tinftyl3*tinfty23+tinftyl4*
tinfty22;

Pinfty32 := tinftyll*tinfty24+tinftyl2*tinfty23+tinftyl3*

tinfty22+tinftyl4*tinfty21;

Pinfty22 := tinfty20*tinftyl4+tinftylO*tinfty24+tinftyll*
tinfty23+tinftyl2*tinfty22+tinftyl3*tinfty2l;

Pl:=x-> Pinfty0l+Pinftyll*x+Pinfty21*x*2+Pinfty31*x*3:

P2:=x-> Pinfty02+Pinftyl2*x+Pinfty22*x*2+Pinfty32*x*3+Pinfty42*
x*4+Pinfty52*x*5+Pinfty62*x”*6:
tdP2:=unapply (P2 (x) -Pinfty02-Pinftyl2*x,x) :

mul:= - (nul*g2-nu2)/(ql-q2);

mu2:= (nul*gl-nu2)/(ql-q2);

nubis:=-(1/4) * (tinftyl3-tinfty23)/ (tinftyld-tinfty24)A2*
(alphal4-alpha24)+1/3* (alphal3-alpha23)/(tinftyl4-tinfty24) :
c4bis:=1/4* (alphald*tinfty24-alpha24*tinftyl4)/(tinftyl4-
tinfty24):

c3bis:=-(1/4)* (tinftyl3*tinfty24-tinftyl4d*tinfty23)/(tinftyl4-
tinfty24)+2* (alphal4-alpha24)

+1/3* (alphal3*tinfty24-alpha23*tinftyl4)/(tinftyl4d-tinfty24):




c2bis:=-(1/4)* ((tinftyld-tinfty24)* (tinfty24*tinftyl2-tinftyl4*
tinfty22) - (-tinfty23+tinftyl3) * (tinftyl3*tinfty24-tinftyl4~*
tinfty23))/(tinftyl4-tinfty24)~3* (alphal4-alpha24)
-(1/3)*(tinftyl3*tinfty24-tinftyl4*tinfty23)/(tinftyl4-
tinfty24) ~2* (alphal3-alpha23)
+(alphal2*tinfty24-alpha22*tinftyl4)/ (2* (tinftyld-tinfty24)):
clbis:=(tinfty24*alphall-tinftyl4*alpha2l)/(tinftyl4-tinfty24)
-(1/2)* (tinftyl3*tinfty24-tinftyl4*tinfty23)/(tinftyl4-
tinfty24)+2* (alphal2-alpha22)
-(1/3)*((tinftyl4-tinfty24) * (tinfty24*tinftyl2-tinftyl4*
tinfty22) - (-tinfty23+tinftyl3) * (tinftyl3*tinfty24-tinftyl4~*
tinfty23))/(tinftyl4-tinfty24)~3* (alphal3-alpha23)

-1/4* (tinfty24*tinftyl343-tinftyl4*tinfty2343+ (2*tinftyl4+
tinfty24) *tinftyl3*tinfty2342- (2*tinfty24+tinftyl4) *tinftyl342*
tinfty23

-(tinftyl4d-tinfty24)* (2*tinftyl2*tinfty24-tinftyl4*tinfty22-
tinfty22*tinfty24)*tinftyl3

- (tinftyl4-tinfty24)* (2*tinfty22*tinftyl4-tinftyl4d*tinftyl2-
tinftyl2*tinfty24)*tinfty23

+(tinftyld-tinfty24)*2* (tinftyll*tinfty24-tinftyl4*tinfty21l))/
(tinftyl4-tinfty24)*4* (alphal4-alpha24):

nulbis:=-(1/4)* ((tinftyl2-tinfty22)* (tinftyl4-tinfty24) -
(tinftyl3-tinfty23)72 )/ (tinftyld-tinfty24)*3* (alphald4d-alpha24)
-(1/3)*(tinftyl3-tinfty23)/(tinftyl4-tinfty24)*2* (alphal3-
alpha23)

+(alphal2-alpha22)/ (2* (tinftyld-tinfty24)):

nu2bis:=-(1/4)* ((tinftyll-tinfty21l) * (tinftyl4-tinfty24)+2-2%*
(tinftyl2-tinfty22) * (tinftyl4-tinfty24)* (tinftyl3-tinfty23) +
(tinftyl3-tinfty23)*3)/(tinftyl4d-tinfty24)~4* (alphald4-alpha24)
-(1/3)*((tinftyl2-tinfty22) * (tinftyl4-tinfty24) - (tinftyl3-
tinfty23)+2)/(tinftyl4-tinfty24)*3* (alphal3-alpha23)

-(1/2)* (-tinfty23+tinftyl3)/(tinftyl4-tinfty24)+2* (alphal2-
alpha22)

+(alphall-alpha2l)/ (tinftyl4-tinfty24):

c4d:=c4dbis:

dPldlambda:=unapply (diff (P1l (lambda) ,lambda) ,lambda) :
dP2dlambda:=unapply (diff (P2 (lambda) ,1lambda) ,lambda) :
dtdP2dlambda :=unapply (diff (tdP2 (lambda) ,lambda) , lambda) :
L:=Matrix(2,2,0):



L[1,1]:=0:

L[1,2]:=1:

L[2,1] :=-P2 (lambda)+Pinfty02+Pinftyl2*lambda +Cl*lambda+CO -h¥*
lambda*2*tinftyl4-pl*h/ (lambda-ql) -p2*h/ (lambda-q2) :

L[2,2]:= Pl(lambda) +h/(lambda-ql)+h/(lambda-q2):

A:=Matrix(2,2,0):

A[1,1]:=1/4* (alphald*tinfty24-alpha24*tinftyl4)/(tinftyl4-
tinfty24) *lambda”*4+c3*lambda*3+c2*lambda*2+cl*lambda +c0+ rhol/
(lambda-ql) +rho2/ (lambda-qg2) :

A[1,2]:=(alphald4-alpha24)/4/ (-tinfty24+tinftyl4) *lambda+nu+
mul/ (lambda-ql)+ mu2/ (lambda-q2) :

A[1,2]:=(alphald4-alpha24)/4/ (-tinfty24+tinftyl4) *lambda+nu+
(nul* (lambda- (ql+g2) ) +nu2) / (lambda-ql) / (lambda-q2) :

A[2,1] :=AA21 (lambda) :

A[2,2] :=AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff
(A[i,j],1lambda): od: od:

nuinftyMinusl:=- residue(A[l,2]/lambda”*2,lambda=infinity) ;
nuinfty0:=- residue(A[1l,2]/lambda,lambda=infinity);
nuinftyl:=- residue(A[1l,2]/lambda”0,lambda=infinity) ;
nuinfty2:=- residue(A[l,2]/lambda” (-1) ,lambda=infinity) ;
mul :=residue (A[1,2],lambda=ql) ;

mu2:=residue (A[1l,2],lambda=q2) ;

L;
A;

Q2 :=unapply( -pl*(lambda-q2)/(gl-q2)-p2* (lambda-ql)/(gq2-ql),
lambda) :

simplify (Q2(ql)) ;

simplify(Q2(q2)) ;

J:=Matrix(2,2,0):

J[1l,1]:=1:

J[1,2]:=0:

J[2,1] :=Q2 (lambda) / (lambda-ql) / (lambda-q2) :
J[2,2]:=1/(lambda-ql) / (lambda-qgq2) :

dJddlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dJddlambdal[i,j]:=diff
(J[1i,J],1lambda): od: od:



LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2]:=diff(J[2,2],9ql) *Lgl+diff(J[2,2],pl) *Lpl+diff(J[2,2],
g2) *Lgq2+diff(J[2,2] ,p2) *Lp2:

LJ[2,1]:=diff(J[2,1],ql) *Lgql+diff(J[2,1],pl) *Lpl+diff(J[2,1],
g2) *Lq2+diff(J[2,1] ,p2) *Lp2:

LJ:

checkL:=simplify (Multiply (Multiply(J,L) ,J*(-1))+h*Multiply
(dddlambda,Jd*(-1))):
checkA:=simplify (Multiply (Multiply(J,A4) ,J*(-1))+Multiply(LJ,J*
(-1))):

CoherenceEquationl = tinftyl0 + tinfty20 1.1)
Pinfty0l = -tinftyll — tinfty21]

Pinftyl 1 := -tinftyl2 — tinfty22
Pinfty21 := -tinftyl3 — tinfty23
Pinfty31 := -tinftyl4 — tinfty24

Pinfty62 = tinftyl4 tinfty24
Pinfty52 = tinftyl3 tinfty24 + tinfty14 tinfty23
Pinfty42 = tinfty12 tinfty24 + tinfty13 tinfty23 + tinfty14 tinfty22
Pinfty32 = tinftyl 1 tinfty24 + tinfty12 tinfty23 + tinfty13 tinfty22 + tinfty14 tinfty21
Pinfty22 := -tinfty10 tinfty14 + tinfty10 tinfty24 + tinftyl ] tinfty23 + tinfty12 tinfty22
+ tinftyl3 tinfty21

vl g2 — 2
M=
ql —q2
vl gl — V2
=
ql —q2

. . 1 ol4 — o024
muinfyMinusl = = o 14 tinfiy24
nuinftyQ = v
nuinftyl = VI
nuinfty2 := vl (-ql —q2) +Vv2 + vl gl + vl g2
-4 vl q2 tinftyl4 + 4 vl q2 tinfty24 + 4 V2 tinfty14 — 4 V2 tinfty24
4 ql tinftyl4 — 4 ql tinfty24 — 4 q2 tinftyl4 + 4 q2 tinfty24
-4 vl ql tinftyl4 + 4 vI ql tinfty24 + 4 V2 tinfty14 — 4 V2 tinfty24
-4 gl tinftyl4 + 4 ql tinfty24 + 4 q2 tinftyl4 — 4 q2 tinfty24

o

[ - (-~ tinfty10 tinfty14 + tinfty10 tinfry24 + tinfty1 1 tinfry23 + tinfty12 tinfty22



'+ tinfiyl3 tinfiy21) X — (tinfiyl 1 tinfty24 -+ tinfiyl2 tinfty23 + tinfiy13 tinfty22
+ tinfiyl4 tinfiy21) X — (tinfiyl2 tinfry24 + tinftyl3 tinfty23 + tinfiy14 tinfty22) A

— (tinftyl3 tinfty24 + tinfty 14 tinfty23) 2 — tinfty14 tinfty24 2> +CI A+ CO

A tinfiyld — P PZh G 1T — tinfiy2] + (~tinfiy]2 — tinfty22) A
A—ql A—q2
(- tinftyl3 — tinfty23) A+ ( ~tinftyl4 — tinfiy24) X + —— 1 —
A—ql A—q2
. . 4
1 (a14szzy24 04;4rlnfzyz4)x 3 2 el ht o0 s L
4 tinftyl14 — tinfty24 A—ql
2 1 (ad4—o24) A vi (A—ql —q2) + 2
s O ; +v+ ,
h—q2 4 tinfiyld — tinfiy24 (A—ql) (A—q2)

AA21(2), AA22(Q) ]

-pl
L -p2
The compatibility equation is \mathcal {L.} L=h\partial \lambda A+[A,L]
Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression
for A

> LL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)) :

Entryll:=LL[1,1]:
Entryl2:=LL[1,2]:

AA2]1 :=unapply (solve (Entryl1=0,AA21 (lambda) ) ,lambda) :
AA2l1bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:
simplify (AA21 (lambda) -AA21bis) ;

AA22:=unapply (solve (Entryl2=0,AA22 (lambda) ) ,lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]+A[1,2]*L[2,2]:
simplify (AA22 (lambda) -AA22bis) ;

simplify (Entryll) ;

simplify (Entryl2) ;
LL:=h*dAdlambda+ (Multiply (A,L) -Multiply(L,A)):
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| We now compute the action of \mathcal{L} on L[2,2] et L[2,1] to obtain the evolution equations

| Evolution of entry L_{2,2}

> Entry22:=simplify (LL[2,2]):
simplify (Entry22- (h*2*diff (A[1,2],lambda$2)+2*h*diff (A[1,1],
lambda)+h*A[1,2]*diff (L[2,2],1lambda)+h*L[2,2]*diff (A[1,62],
lambda)));
Entry22TermLambdaMinusqlCube:=factor (residue (Entry22* (lambda-
ql)*2,lambda=ql)) ;
Entry22TermLambdaMinusqlSquare:=factor (residue (Entry22* (lambda-
ql) ,lambda=ql)) ;
Entry22TermLambdaMinusqgl :=factor (residue (Entry22,lambda=ql)) ;

Entry22TermLambdaMinusg2Cube:=factor (residue (Entry22* (lambda-
g2)~2,lambda=qg2)) ;
Entry22TermLambdaMinusq2Square:=factor (residue (Entry22* (lambda-
qg2) ,lambda=qg2)) ;
Entry22TermLambdaMinusqg2:=factor (residue (Entry22,lambda=qg2)) ;

Entry22TermLambdaInfty5:=factor (-residue (Entry22/lambda’6,
lambda=infinity)) ;
Entry22TermLambdaInfty4:=factor (-residue (Entry22/lambda’5,
lambda=infinity)) ;
Entry22TermLambdaInfty3:=factor (-residue (Entry22/lambda*4,
lambda=infinity)) ;
Entry22TermLambdaInfty2:=factor (-residue (Entry22/lambda“’3,
lambda=infinity)) ;
Entry22TermLambdaInftyl:=factor (-residue (Entry22/lambda’2,
lambda=infinity)) ;
Entry22TermLambdaInfty0:=factor (-residue (Entry22/lambda, lambda=
infinity)) ;
Entry22TermLambdaInftyMinusl:=factor (-residue (Entry22,lambda=
infinity)) ;

simplify( Entry22- (Entry22TermLambdaMinusqlSquare/ (lambda-ql)
~2+Entry22TermLambdaMinusql/ (lambda-ql)
+Entry22TermLambdaMinusg2Square/ (lambda-q2) ~2+
Entry22TermLambdaMinusq2/ (lambda-q2)
+Entry22TermLambdaInfty0+Entry22TermLambdaInftyl*lambda+
Entry22TermLambdaInfty2*lambda®2+Entry22TermLambdaInfty3*
lambda”?3+Entry22TermLambdaInfty4*lambda*4) ) ;

L[2,2];




0 (1.3)
Entry22TermLambdaMinusq1Cube := 0
Entry22TermLambdaMinusq1Square =
1 1

¥ il —td al—a0) ((4 vi qI” g2 tinftyl4* — 4 vI qI° g2 tinfty24*

+ 4 vI gI* g2 tinftyl3 tinftyl4 — 4 vI q1* q2 tinftyl3 tinfty24

+ 4 vI gI* g2 tinftyl4 tinfty23 — 4 vI q1* q2 tinfty23 tinfty24 — 4 12 q1° tinfty14®

+ 412 qI° tinfty24* + 4 VI qI g2 tinftyl2 tinftyl4 — 4 v g1 q2 tinftyl?2 tinfty24

+4 vl gl g2 tinftyl4 tinfty22 — 4 vl gl q2 tinfty22 tinfty24 — 4 V2 q]2 tinftyl 3 tinfty14

+ 412 q1* tinftyl3 tinfty24 — 4 V2 g1 tinfty 14 tinfty23 + 4 V2 q1” tinfty23 tinfty24

+aldhql* —oddhql g2 — 24 hql* + 24 hql g2 +4 hv gl tinfryl4

— 4 hvql tinfty24d — 4 hv g2 tinftyl4 +4 hv g2 tinfty24 + 4 VI q2 tinftyl 1 tinfty14

— 4 I g2 tinftyl ] tinfty24 + 4 VI g2 tinfty14 tinfty21 — 4 VI g2 tinfty21 tinfty24

— 412 gl tinftyl2 tinftyl4 + 4 V2 gl tinfty12 tinfty24 — 4 V2 q1 tinfty14 tinfty22

+ 412 ql tinfty22 tinfty24 + 4 h VI tinftyl4 — 4 h vl tinfty24 — 4 V2 tinftyl 1 tinfty14

+ 42 tinftyl 1 tinfty24 — 4 V2 tinfty 14 tinfty21 + 4 V2 tinfty2 1 tinfty24

+ 8 gl pl tinftyl4 — 8 ql pl tinfty24 — 8 q2 pl tinftyl4 + 8 g2 pl tinfty24) h)

Entry22TermLambdaMinusql = 0

Entry22TermLambdaMinusq2Cube := 0

1 1
Entry22TermLambdaMi 28 = - —
ntry22TermLambdaMinusq2Square 4 tinfyl4— tinfy24) (q] — q2) ((

-4 vl ql g2° tinftyl4* + 4 vI g q2° tinfry24* — 4 v gl 2 tinftyl3 tinfty14

+ 4 vI g1 q2* tinftyl3 tinfty24 — 4 vI gl q2* tinfty14 tinfty23

+ 4 vI g1 q2* tinfty23 tinfty24 + 4 V2 q2° tinfryl4* — 4 2 q2° tinfry24®

—4 vl gl g2 tinftyl2 tinftyl4 + 4 vI ql q2 tinfty12 tinfty24

—4 vl gl g2 tinftyl4 tinfty22 + 4 vl gl q2 tinfty22 tinfty24 + 4 12 q22 tinftyl3 tinfty14

— 412 q2° tinfryl3 tinfty24 + 4 V2 q2° tinfty14 tinfty23 — 4 V2 q2° tinfty23 tinfty24

+aldhql g2 —ad4h g2 — 24 hql g2 + 24 h q2> +4 hv gl tinfryl4

— 4 hv gl tinfty24 — 4 hv q2 tinftyl4 + 4 h v g2 tinfty24 — 4 VI ql tinftyl1 tinfty14

+4 vl gl tinftyl 1 tinfty24 — 4 vl ql tinftyl4 tinfty21 + 4 vl ql tinfty21 tinfty24

+ 412 q2 tinfty12 tinftyl4 — 4 V2 q2 tinfty12 tinfty24 + 4 V2 q2 tinfty 14 tinfty22

— 412 q2 tinfty22 tinfty24 — 4 h VI tinftyl4 + 4 h VI tinfty24 + 4 12 tinftyl ] tinfty14

— 4V2 tinftyl] tinfty24 + 4 12 tinfty14 tinfty21 — 4 V2 tinfty21 tinfty24

+ 8 gl p2 tinftyl4 — 8 ql p2 tinfty24 — 8 q2 p2 tinftyl4 + 8 g2 p2 tinfty24) h)
Entry22TermLambdaMinusq2 := 0

Entry22TermLambdalnfty5 := 0
Entry22TermLambdalnfty4 := 0
Entry22TermLambdalnfty3 = - (a4 + 024) h
3 1 . 2 . 2
Entry22TermLambdalnfty2 == - — h \4 v tinftyl4~ — 4 v tinfty24
ntry22TermLambdalnfty 4 tinfty]4—tinﬁy24( ( V tinfty V tinfty
+ a4 tinfty13 + ad4 tinfty23 — 024 tinftyl3 — 024 tinfty23 — 8 c3 tinfty 14

+ 8 c3 tinfty24) )




1 1

Entry22TermL Inftyl == - —

ntry22TermLambdalnfty 2 tinfoyl4 — tinfiy24

— 4 v tinftyl3 tinfty24 + 4 v tinfty 14 tinfty23 — 4 v tinfty23 tinfty24 + 4 vl tinfzy142
—4 v tinfzy242 + ad4 tinfty12 + o4 tinfty22 — 024 tinftyl2 — 024 tinfty22

— 8 2 tinftyl4 + 8 ¢2 tinfty24) )
Entry22TermLambdalnfiy0 := - % iy i v (h (4 tinftyl2 tinfryl4
— 4 v tinftyl2 tinfty24 + 4 v tinfty 14 tinfty22 — 4 v tinfty22 tinfty24
+ 4 v tinftyl3 tinftyl4 — 4 vl tinftyl3 tinfty24 + 4 vl tinfty14 tinfty23
— 4 vl tinfty23 tinfty24 +4 V2 tinfzy142 —412 tinfzyz42 + a4 tinftyl 1 + o4 tinfty21
— 024 tinftyl 1 — 024 tinfty2] — 8 cl tinftyl4 + 8 cl tinfty24) )
Entry22TermLambdalnftyMinusl := 0
0
ﬁWWH—ﬁmﬁ]+bﬁmﬂZ—mﬂﬂmk+(ﬁW®B—MﬁMﬂf+%ﬁW@M
—tinfy2d) X4 —— 4 L
| A—ql A—q2
Since the deformation operator is \hbar (alphal4\partial {t {\infty”{(1)},4} +alpha24\partial {t_
{\infty{(2)},4}+alphal3*\partial {t {\infty*{(1)},3} +alpha23*\partial {t {\infty"{(2)},3}+
alphal2\partial {t {\infty"{(1)},2} +alpha22*\partial {t {\infty"{(2)},2}+alphal1*\partial {t
| {\infty*{(1)},1} +alpha2]1*\partial {t_{\infty”{(2)},1}) we can compute its action on L_{2,2}.
> L220rderLambdad:=factor (-residue (L[2,2]/lambda*5, lambda=
infinity));
L220rderLambda3:=factor (-residue (L[2,2]/lambda”4, lambda=
infinity)) ;
L220rderLambda2:=factor (-residue (L[2,2]/lambda”3, lambda=
infinity)):
L220rderLambdal :=factor (-residue (L[2,2]/lambda”2, lambda=
infinity)):
L220rderLambda0 :=factor (-residue (L[2,2]/lambda”1l, lambda=
infinity)) ;
simplify (h* (alphald4d*diff (L220rderLambda3, tinftyl4)+alpha24*diff
(L220rderLambda3, tinfty24)+alphal3*diff (L220rderLambda3,
tinftyl3)+alpha23*diff (L220rderLambda3, tinfty23)+alphal2diff
(L220rderLambda3, tinftyl2)+alpha22*diff (L220rderLambda3,
tinfty22)+alphall*diff (L220rderLambda3, tinftyll)+alpha2l1*diff
(L220rderLambda3, tinfty21l) ) - Entry22TermLambdaInfty3) ;
Equationl:=factor (simplify (h* (alphal4*diff (L220rderLambdaZ2,
tinftyl4)+alpha24*diff (L220rderLambda2, tinfty24)+alphal3*diff
(L220rderLambda2, tinftyl3)+alpha23*diff (L220rderLambda2,
tinfty23)+alphal2*diff (L220rderLambda2, tinftyl2)+alpha22*diff
(L220rderLambda2, tinfty22)+alphall*diff (L220rderLambda2,
tinftyll)+alpha21*diff (L220rderLambda2, tinfty21)) -
Entry22TermLambdaInfty2));

(h (4 v tinftyl3 tinftyl4




Equationl == - —

Equation2 := - —

Equation3 := - —

Equation2:=factor (simplify (h* (alphal4*diff (L220rderLambdal,
tinftyl4)+alpha24*diff (L220rderLambdal, tinfty24)+alphal3*diff
(L220rderLambdal, tinftyl3)+alpha23*diff (L220rderLambdal,
tinfty23)+alphal2*diff (L220rderLambdal , tinftyl2)+alpha22*diff
(L220rderLambdal, tinfty22)+alphall*diff (L220rderLambdal,
tinftyll)+alpha21*diff (L220rderLambdal, tinfty21)) -
Entry22TermLambdaInftyl));
Equation3:=factor (simplify (h* (alphal4*diff (L220rderLambdal,
tinftyl4)+alpha24*diff (L220rderLambdal, tinfty24)+alphal3*diff
(L220rderLambdal, tinftyl3) +alpha23*diff (L220rderLambdal,
tinfty23)+alphal2*diff (L220rderLambdal, tinftyl2)+alpha22*diff
(L220rderLambdal, tinfty22)+alphall*diff (L220rderLambdal,
tinftyll)+alpha21*diff (L220rderLambdal, tinfty21)) -
Entry22TermLambdaInfty0)) ;

L220rderLambda4 = 0
L220rderLambda3 = -tinftyl4 — tinfty24
L220rderLambda0 = -tinftyll — tinfty21

h alphal 2diff ( - tinfty14 — tinfty24, tinftyl2)

I ! (h (-12v tinftyl4* + 12 v tinfty24* + 4 o 3 tinfty14

4  tinftyl4 — tinfty24
— 4 o 3 tinfty24 — 3 od4 tinftyl3 — 3 ad4 tinfty23 + 4 023 tinftyl4 — 4 023 tinfty24
+ 3 024 tinftyl3 + 3 024 tinfty23 + 24 c3 tinftyl4 — 24 ¢3 tinfty24) )

1 I (h (=4 tinfiyl3 tinfryl4 + 4 v tinfiyl3 tinfry24

2 tinftyl4 — tinfty24
— 4 v tinftyl4 tinfty23 + 4 v tinfty23 tinfty24 — 4 VI tinftyl4* + 4 VI tinfty24*
+2 a2 tinftyl4 — 2 od2 tinfty24 — ad4 tinftyl2 — o4 tinfty22 + 2 22 tinftyl4
— 2 022 tinfty24 + 024 tinfty12 + 024 tinfty22 + 8 c2 tinftyl4 — 8 c2 tinfty24) )

1 I (h (=4 tinftyl2 tinfiyl4 + 4 v tinfiyl2 tinfry24

4  tinftyl4 — tinfty24
— 4 v tinftyl4 tinfty22 + 4 v tinfty22 tinfty24 — 4 vl tinftyl3 tinfty14
+ 4 vl tinfty13 tinfty24 — 4 vl tinftyl4 tinfty23 + 4 vl tinfty23 tinfty24 — 4 V2 tinfzy142
+412 tinfzy242 +4 all tinftyl4 — 4 ol 1 tinfty24 — a4 tinftyl 1 — ol 4 tinfty21
+4 21 tinftyl4 — 4 021 tinfty24 + 024 tinftyl1 + 024 tinfty21 + 8 cl tinfty14
— 8 ¢l tinfty24))

> Lgl:=factor (Entry22TermLambdaMinusglSquare/h) :

Lg2:=factor (Entry22TermLambdaMinusq2Square/h) :
Lglbis:=-2*rhol-P1(ql)*mul-nu*h-nul*h/ (ql-q2)-h* (alphal4-
alpha24) /4/ (tinftyl4-tinfty24) *ql;

Lg2bis:=-2*rho2-P1(g2) *mu2-nu*h+nul*h/ (ql-q2)-h* (alphal4-
alpha24) /4/ (tinftyl4-tinfty24) *q2;

factor (simplify ( (Lgl-Lglbis))) ;

factor (simplify ( (Lg2-Lg2bis))) ;

1.4



Lqlbis == -2 pl — ((~tinftyl1 — tinfty21 + ( - tinftyl2 — tinfty22) ql + ( -tinftyl3
— tinfty23) qI* + (-tinftyl4 — tinfty24) qI°) (-4 VI g2 tinfiyl4 + 4 VI q2 tinfty24
+ 42 tinftyl4 — 4 V2 tinfty24) ) / (4 g1 tinftyl4 — 4 gl tinfry24 — 4 q2 tinftyl4
v h 1 h(ad4—o24) q1
gl —q2 4 tinftyl4 — tinfty24
Lq2bis = -2 p2 — ( (- tinftyl1 — tinfty21 + ( ~tinftyl2 — tinfty22) q2 + ( -tinftyl3
— tinfty23) q2° + (~tinftyl4 — tinfty24) q2°) (-4 vI gl tinfiyl4 + 4 Vi ql tinfty24
+ 412 tinftyl4 — 4 V2 tinfty24) ) / (-4 gl tinftyl4 +4 ql tinfty24 + 4 q2 tinfty14
v h 1 h(add—o24) q2
gl —q2 4 tinftyl4d — tinfty24

+ 4 q2 tinfty24) —hv —

—4 q2 tinfty24) —hv +

;Let us now look at \mathcal{L}[L[2,1]]

> Entry2l:=simplify (LL[2,1]):
simplify (Entry2l1- (h*2*diff (A[1,1],lambda$2)+2*h*L[2,1]*diff (A
[1,2] ,1lambda)+h*A[1,2]*diff(L[2,1],1lambda)-h*L[2,2]*diff(A[1,
1],lambda))) ;
Entry2l1TermLambdaMinusglCube:=factor (residue (Entry21* (lambda-
ql) *2,lambda=ql)) ;

ql) ,lambda=ql)) :
Entry2lTermLambdaMinusql :=factor (residue (Entry21,lambda=ql)) :
Entry2lTermLambdaMinusg2Cube:=factor (residue (Entry21* (lambda-
g2)~2,lambda=qg2)) ;

g2) ,lambda=qg2)) :
Entry2l1TermLambdaMinusqg2:=factor (residue (Entry21,lambda=g2)) :

Entry2lTermLambdaInfty7:=factor (-residue (Entry21/lambda”8,
lambda=infinity)) ;
Entry2l1TermLambdaInfty6:=factor (-residue (Entry21l/lambda’7,
lambda=infinity)) ;
Entry2lTermLambdaInfty5:=factor (-residue (Entry21l/lambda”6,
lambda=infinity)) ;
Entry2lTermLambdaInfty4d:=factor (-residue (Entry21l/lambda’5,
lambda=infinity)) ;
Entry2l1TermLambdaInfty3:=factor (-residue (Entry21l/lambda*4,
lambda=infinity)):
Entry2lTermLambdaInfty2:=factor (-residue (Entry21l/lambda”3,
lambda=infinity)):
Entry2lTermLambdaInftyl:=factor (-residue (Entry21l/lambda”2,
lambda=infinity)) :

1.5

Entry2l1TermLambdaMinusglSquare:=factor (residue (Entry21* (lambda-

Entry2lTermLambdaMinusq2Square:=factor (residue (Entry2l1l* (lambda-



Entry2lTermLambdaInfty0:=factor (-residue (Entry21l/lambda, lambda=
infinity)):

simplify( Entry21l- (Entry2l1TermLambdaMinusqlCube/ (lambda-ql) *3+
Entry21TermLambdaMinusqlSquare/ (lambda-ql) *2+
Entry2lTermLambdaMinusql/ (lambda-ql)
+Entry2lTermLambdaMinusg2Cube/ (lambda-g2) ~3+
Entry21TermLambdaMinusg2Square/ (lambda-g2) *2+
Entry2lTermLambdaMinusq2/ (lambda-q2)
+Entry2lTermLambdaInftyO0+Entry2lTermLambdaInftyl*lambda+
Entry2l1TermLambdaInfty2*lambda*2+Entry2lTermLambdaInfty3¥*
lambda*3
+Entry2lTermLambdaInfty4*lambda”*4+Entry21TermLambdaInfty5*
lambda”*5+Entry2l1TermLambdaInfty6*lambda“6
+Entry2lTermLambdaInfty7*lambda“?7

) )
L[2,1];

0 (1.6)
3(viplq2—v2pl —ql pl +q2pl) i
Entry21TermLambdaMinusqlCube = - (viplq V- 117 g pl +q2 pl)
ql —q
3 (vip2ql —v2p2+ql p2 —q2 p2) I’
Entry21TermLambdaMinusq2Cube = (v p2q qll? _qg P2 —q2 p2)

Entry21TermLambdalnfty7 == 0
Entry21TermLambdalnfiy6 := -h ( cd4 tinfty24 + 024 tinfty14)

Entry21TermLambdalnfty5 == - 1 I (h (24 v tinfty14* tinfry24

4 tinftyl4 — tinfty24
— 24 v tinftyl4 tinfty24® + 3 ad4 tinfty13 tinfty24 + 7 a4 tinfty14 tinfty23
— 4 o4 tinfty23 tinfty24 + 4 024 tinftyl3 tinftyl4 — 7 024 tinfty13 tinfty24
— 3 024 tinftyl4 tinfty23 — 12 ¢3 tinftyl4* + 12 ¢3 tinfty24°))

1 I (h (10 v tinftyl3 tinfty14 tinfty24

Entry21TermLambdalnfiyd = - —
niry21 TermLambdalnfly 2 tinfryl4 — tinfty24

— 10V tinfty13 tinfty24* + 10 v tinftyl4* tinfty23 — 10 v tinfty14 tinfty23 tinfty24
+ 8 VI tinftyl4” tinfty24 — 8 VI tinftyl4 tinfty24* + ol 4 tinfty2 tinfty24
+ 3 al4 tinftyl 3 tinfty23 + 3 ad4 tinfty14 tinfty22 — 2 ol 4 tinfty22 tinfty24
+ 2 024 tinfty12 tinftyl14 — 3 024 tinfty12 tinfty24 — 3 024 tinftyl3 tinfty23
— 024 tinftyl4 tinfty22 — 4 2 tinftyl14* + 4 ¢2 tinfty24> — 6 c3 tinftyl3 tinfty14
+ 6 3 tinftyl3 tinfty24 — 6 c3 tinftyl4 tinfty23 + 6 ¢3 tinfty23 tinfty24) )

0

- (- tinfty10 tinfty14 + tinfty10 tinfty24 + tinfty11 tinfty23 + tinfty12 tinfty22
+ tinftyl3 tinfty21) 73 — (tinftyl1 tinfty24 + tinfty12 tinfty23 + tinfty13 tinfty22
+ tinfty14 tinfty21) 73 — (tinfty12 tinfty24 + tinftyl3 tinfty23 + tinfty14 tinfty22) 75‘



— (tinfiy13 tinfiy24 + tinfty14 tinfty23) X’ — tinftyl4 tinfty24 " + C1 L + CO

2, plh p2h
—h A tinftyl4 — —
e A—ql A—q2

> rhol:=factor (solve (Entry2lTermLambdaMinusqlCube, rhol)) ;

simplify (Entry21TermLambdaMinusqlCube) ;
rholbis:=-pl*mul:

simplify (rhol-rholbis) ;

rho2:=factor (solve (Entry21lTermLambdaMinusq2Cube, rho2)) ;
simplify (Entry2lTermLambdaMinusg2Cube) ;
rho2bis:=-p2*mu2:

simplify (rho2-rho2bis) ;

pl (vig2—2)
)] = 1.7
P 7l —q2 1.7)
0
0

p2 (vl gl —2)
ql —q2
0
0

L210rderLambda7:=-residue (L[2,1] /lambda”8,lambda=infinity) ;
L210rderLambda6:=-residue (L[2,1] /lambda”*7,lambda=infinity) ;
L210rderLambda5:=-residue (L[2,1]/lambda”6,lambda=infinity) ;
L210rderLambda4:=-residue (L[2,1] /lambda”5,lambda=infinity) :
L210rderLambda3:=-residue (L[2,1] /lambda”*4,lambda=infinity) :
L210rderLambda2:=-residue (L[2,1] /lambda”3,lambda=infinity) :
L210rderLambdal :=-residue (L[2,1] /lambda”*2,lambda=infinity) :
L210rderLambda0l:=-residue (L[2,1] /lambda”l,lambda=infinity) :

P2 = -

simplify (h* (alphal4*diff (L210rderLambda6,tinftyl4)+alpha24*diff
(L210rderLambda6,tinfty24)+alphal3*diff (L210rderLambdaé,
tinftyl3)+alpha23*diff (L210rderLambda6,tinfty23)+alphal2diff
(L210rderLambda6,tinftyl2)+alpha22*diff (L210rderLambdaé,
tinfty22)+alphall*diff (L210OrderLambda6, tinftyll)+alpha2l*diff
(L210rderLambda6,tinfty21l) ) - Entry2lTermLambdaInfty6) ;

Equationd:=factor (simplify (h* (alphal4*diff (L210rderLambda5,
tinftyl4)+alpha24*diff (L210rderLambda5, tinfty24)+alphal3*diff
(L210rderLambda5, tinftyl3)+alpha23*diff (L210rderLambda5,
tinfty23)+alphal2*diff (L210rderLambda5, tinftyl2)+alpha22*diff
(L210rderLambda5, tinfty22)+alphall*diff (L210rderLambda5,
tinftyll)+alpha2l1*diff (L210rderLambda5, tinfty21)) -



Entry21TermLambdaInfty5)) ;
Equation5:=factor (simplify (h* (alphal4*diff (L210rderLambda4,
tinftyl4)+alpha24*diff (L210rderLambda4, tinfty24)+alphal3*diff
(L210rderLambda4, tinftyl3)+alpha23*diff (L210rderLambda4,
tinfty23)+alphal2*diff (L210rderLambda4, tinftyl2)+alpha22*diff
(L210rderLambda4,tinfty22)+alphall*diff (L210rderLambda4,
tinftyll)+alpha21*diff (L210rderLambda4, tinfty21l)) -
Entry2lTermLambdaInfty4)) ;
Equation6:=factor (simplify (h* (alphal4*diff (L210rderLambda3,
tinftyl4)+alpha24*diff (L210rderLambda3, tinfty24)+alphal3*diff
(L210rderLambda3, tinftyl3)+alpha23*diff (L210rderLambda3,
tinfty23)+alphal2*diff (L210rderLambda3, tinftyl2)+alpha22*diff
(L210rderLambda3, tinfty22)+alphall*diff (L210rderLambda3,
tinftyll)+alpha21*diff (L210rderLambda3, tinfty21)) -
Entry2l1TermLambdaInfty3));
Equation7:=factor (simplify (h* (alphald4d*diff (L210rderLambdaZ2,
tinftyl4)+alpha24*diff (L210rderLambda2, tinfty24)+alphal3*diff
(L210rderLambda2,tinftyl3)+alpha23*diff (L210rderLambda2,
tinfty23)+alphal2*diff (L210rderLambda2, tinftyl2)+alpha22*diff
(L210rderLambda?2, tinfty22)+alphall*diff (L210rderLambdaZ2,
tinftyll)+alpha2l1*diff (L210rderLambda2, tinfty21l)) -
Entry2lTermLambdaInfty2));

L210rderLambda7 == 0 (1.8)
L210rderLambda6 = -tinftyl4 tinfty24
L210rderLambdab = -tinftyl3 tinfty24 — tinfty14 tinfty23
alphal 2diff ( - tinfty 14 tinfty24, tinftyl12) h

1 (h (-24 v tinftyl4* tinfty24 + 24 v tinfty14 tinfty24*

Equationd = - —
quatton 4 tinfryl4 — tinfty24
4 o3 tinftyl4 tinfty24 — 4 od 3 tinfiy24® — 3 od4 tinftyl3 tinfty24

— 3 a4 tinfryl4 tinfty23 + 4 023 tinftyl4 — 4 023 tinfryl4 tinfry24

+ 3 024 tinftyl3 tinfty24 + 3 024 tinftyl4 tinfty23 + 12 ¢3 tinftyl4* — 12 ¢3 tinfty24°) )

Equation5 = - 1 I (h (=10 tinftyl3 tinfty 14 tinfty24

2 tinftyl4 — tinfty24
+ 10V tinfty13 tinfty24* — 10 v tinftyl4* tinfty23 + 10 v tinfty14 tinfty23 tinfty24
— 8 VI tinftyl4” tinfty24 + 8 VI tinftyl4 tinfty24* + 2 o2 tinfty14 tinfty24
—2 a2 tinfty24* + 2 ol 3 tinfty14 tinfty23 — 2 o 3 tinfty23 tinfty24
— a4 tinftyl2 tinfty24 — 3 o4 tinfty]3 tinfty23 — a4 tinfty14 tinfty22
+2 022 tinftyl4® — 2 22 tinftyl4 tinfty24 + 2 023 tinftyl3 tinftyl4
— 2 023 tinftyl3 tinfty24 + 024 tinfty12 tinfty24 + 3 24 tinftyl3 tinfty23
+ 024 tinftyl4 tinfty22 + 4 ¢2 tinftyl4* — 4 ¢2 tinfty24® + 6 ¢3 tinfty3 tinfty14




— 6 3 tinftyl3 tinfty24 + 6 c3 tinftyl4 tinfty23 — 6 ¢3 tinfty23 tinfty24) )
1 1

Equation6 = -~ — 14— iy 2d (h (=16 V tinftyl2 tinfty14 tinfty24
+ 16 v tinftyl2 tinfzyz42 — 16 v tinfty13 tinfty14 tinfty23 + 16 v tinfty13 tinfty23 tinfty24
—16v tinﬁy142 tinfty22 + 16 v tinfty14 tinfty22 tinfty24 — 12 vl tinfty13 tinfty14 tinfty24
+ 12 vl tinftyl3 tinfty242 — 12 vi tinfty]42 tinfty23 + 12 vl tinfty14 tinfty23 tinfty24
— 8 V2 tinfty14” tinfty24 + 8 12 tinftyl4 tinfty24* + 4 o 1 tinfty14 tinfty24
—4 all tinfzyz42 + 4 al? tinftyl4 tinfty23 — 4 al 2 tinfty23 tinfty24
+ 4 al3 tinftyl4 tinfty22 — 4 ol 3 tinfty22 tinfty24 — od4 tinftyl 1 tinfty24
— 5 al4 tinftyl2 tinfty23 — 5 ad4 tinftyl3 tinfty22 — od4 tinfty14 tinfty21
+4 21 tinfty]42 —4 21 tinftyl4 tinfty24 + 4 022 tinftyl3 tinftyl4
— 4 22 tinftyl3 tinfty24 + 4 023 tinftyl2 tinfty14 — 4 023 tinfty12 tinfty24
+ 024 tinftyl I tinfty24 + 5 024 tinfty12 tinfty23 + 5 024 tinfty13 tinfty22
+ 024 tinftyl4 tinfty21 + 4 cl tinfzyl42 —4cl tinfzyz42 + 8 c2 tinfty13 tinfty14
— 8 c2 tinfty13 tinfty24 + 8 c2 tinftyl4 tinfty23 — 8 c2 tinfty23 tinfty24
+ 12 3 tinfty12 tinfty14 — 12 c3 tinfty12 tinfty24 + 12 c3 tinfty14 tinfty22

— 12 ¢3 tinfty22 tinfty24) )
1

tinftyl4 — tinfty24
— 3 v tinftyl2 tinfty14 tinfty23 + 3 v tinfty12 tinfty23 tinfty24
— 3 v tinftyl3 tinfty14 tinfty22 + 3 v tinfty 13 tinfty22 tinfty24 — 3 v tinfty]42 tinfty21
+ 3 v tinftyl4 tinfty21 tinfty24 — 2 vl tinftyl2 tinfty14 tinfty24 + 2 vl tinftyl2 tinfzyz42
— 2 vl tinftyl3 tinfty 14 tinfty23 + 2 VI tinfty13 tinfty23 tinfty24 — 2 vi tinfty142 tinfty22
+ 2 v tinfty14 tinfty22 tinfty24 — V2 tinfty13 tinfty 14 tinfty24 + V2 tinftyl3 tinfty242
-2 tinfty]42 tinfty23 + V2 tinftyl4 tinfty23 tinfty24 + ol 1 tinfty14 tinfty23
— ol I tinfty23 tinfty24 + ol 2 tinfty 14 tinfty22 — od 2 tinfty2?2 tinfty24
+ ol 3 tinfty14 tinfty21 — ol 3 tinfty21 tinfty24 — od4 tinftyl 1 tinfty23
— al4 tinfty12 tinfty22 — ol 4 tinftyl3 tinfty21 + 021 tinftyl3 tinfty 14
— 21 tinftyl3 tinfty24 + 022 tinfty12 tinftyl14 — 022 tinfty12 tinfty24
+ 023 tinftyl I tinftyl4 — 023 tinftyl 1 tinfty24 + 024 tinftyl 1 tinfty23
+ 024 tinfty12 tinfty22 + 024 tinfty13 tinfty21 + cl tinftyl3 tinfty14
— cl tinftyl3 tinfty24 + cl tinftyl4 tinfty23 — cl tinfty23 tinfty24 + 2 c2 tinfty12 tinfty 14
— 2 c2 tinfty12 tinfty24 + 2 c2 tinfty14 tinfty22 — 2 c2 tinfty22 tinfty24
+ 3 c3 tinftyl 1 tinftyl4 — 3 c3 tinftyl I tinfty24 + 3 c3 tinfty14 tinfty21
| — 3 c3tinfiy2] tinfty24))
> LplFunction:=unapply (-Entry21TermLambdaMinusql/h,C0,C1) :
Lp2Function:=unapply (-Entry21TermLambdaMinusq2/h,C0,C1) :

Equation7 = - (h (-3 v tinftyl1 tinfty14 tinfty24 + 3 v tinftyl 1 tinfty24*

> Equation8:=simplify (Entry2lTermLambdaMinusqglSquare- (-pl*h*Lqgql))

Equation9:=simplify (Entry2lTermLambdaMinusg2Square- (-p2*h*Lg2))



> CO:= -(qlr6*q2*tinftyld*tinfty24-ql*q2~6*tinftyld*tinfty24+

gl r5*g2*tinftyl3*tinfty24+ql*5*gq2*tinftyl4*tinfty23-ql*g215*
tinftyl3*tinfty24-ql*g245*tinftyl4d*tinfty23+ql*4*gq2*tinftyl2¥*
tinfty24+ql*4*q2*tinftyl3*tinfty23+ql*4*gq2*tinftyld*tinfty22-
gl*g2”~4*tinftyl2*tinfty24-ql*q2*4*tinftyl3*tinfty23-ql*gq2°4*
tinftyld*tinfty22+pl*ql*3*g2*tinftyld+pl*ql*3*gq2*tinfty24-p2*
ql*g273*tinftyl4-p2*ql*q243*tinfty24+ql*3*g2*tinftyll*tinfty24+
qlr3*g2*tinftyl2*tinfty23+ql*3*qgq2*tinftyl3*tinfty22+ql*3*g2*
tinftyld*tinfty21l-ql*g2+3*tinftyll*tinfty24-ql*q23*tinftyl2¥*
tinfty23-ql*q273*tinftyl3*tinfty22-ql*q223*tinftyl4d*tinfty21+h*
qlr2*g2*tinftyl4-h*ql*q242*tinftyl4+pl*ql*2*q2*tinftyl3+pl*
ql*2*qgq2*tinfty23-p2*ql*q2°2*tinftyl3-p2*ql*gq2~2*tinfty23-ql*2*
g2*tinftylO*tinftyl4d+ql*2*g2*tinftylO*tinfty24+qlt2*qg2*
tinftyll*tinfty23+ql*2*g2*tinftyl2*tinfty22+ql*2*g2*tinftyl3¥*
tinfty21+ql*q242*tinftylO*tinftyld-ql*g2+2*tinftylO0*tinfty24-
ql*g272*tinftyll*tinfty23-ql*gq2°2*tinftyl2*tinfty22-ql*gq2°2*
tinftyl3*tinfty2l+pl*ql*g2*tinftyl2+pl*ql*q2*tinfty22-p2*ql*qg2*
tinftyl2-p2*ql*g2*tinfty22+pl*2*gq2+pl*g2*tinftyll+pl*qg2*
tinfty21-p222*ql-p2*ql*tinftyll-p2*ql*tinfty2l+h*pl-h*p2)/(ql-
q2) :

Cl:=(gl”*6*tinftyld*tinfty24-gq276*tinftyld*tinfty24+ql”5*
tinftyl3*tinfty24+ql*5*tinftyl4d*tinfty23-q245*tinftyl3*tinfty24
-gq275*tinftyl4d*tinfty23+ql*4*tinftyl2*tinfty24+ql*4*tinftyl3*
tinfty23+ql*4*tinftyld*tinfty22-q2°4*tinftyl2*tinfty24-g2+4%*
tinftyl3*tinfty23-q274*tinftyl4d*tinfty22+pl*ql*3*tinftyl4+pl™*
gl*3*tinfty24-p2*q2°3*tinftyld-p2*q243*tinfty24+ql*3*tinftyll*
tinfty24+ql*3*tinftyl2*tinfty23+ql*3*tinftyl3*tinfty22+ql*3*
tinftyl4*tinfty21-q243*tinftyll*tinfty24-q243*tinftyl2*tinfty23
-gq273*tinftyl3*tinfty22-q243*tinftyl4*tinfty21l+h*ql*2*tinftyl4-
h*q272*tinftyl4+pl*ql*2*tinftyl3+pl*ql*2*tinfty23-p2*gq2.2*
tinftyl3-p2*q272*tinfty23-ql*2*tinftylO0*tinftyl4+ql*2*tinftylO*
tinfty24+ql*2*tinftyll*tinfty23+ql*2*tinftyl2*tinfty22+ql*2¥*
tinftyl3*tinfty21+g272*tinftyl0*tinftyl4d-g222*tinftylO0*tinfty24
-gq272*tinftyll*tinfty23-q2°2*tinftyl2*tinfty22-q2°2*tinftyl3*
tinfty2l+pl*ql*tinftyl2+pl*ql*tinfty22-p2*q2*tinftyl2-p2*q2*
tinfty22+pl*2+pl*tinftyll+pl*tinfty21-p242-p2*tinftyll-p2*
tinfty21) /(ql-gq2) :

simplify (Equation8) ;

simplify (Equation9) ;

CObis:=( ql*(p2”2-P1(q2) *p2) -q2* (p1*2-pl*P1l(ql)))/ (ql-q2)
-(g2* (P2 (ql) -Pinfty02) -ql* (P2 (g2) -Pinfty02)) / (ql-gq2)



~h* (p1-p2) / (ql-q2) ~-h*tinftyld*ql*q2:

COter:=( ql*(p2”2-P1l(q2)*p2)-q2* (p1"2-pl*P1l(ql)))/(ql-q2)
+P2 (ql) +P2 (q2)

- (q1*P2 (ql) -q2*P2 (q2) ) / (ql-q2) -Pinfty02

-h* (pl-p2)/(gql-g2) -h*tinftyl4d*ql*q2:

factor (CO-CObis) ;

factor (CO-COter) ;

Clbis:=(pl1*2-pl1*P1(ql)+P2(ql) - (p272 -p2*P1l(gq2) +P2(q2)))/(gql-
g2) -Pinftyl2+(ql+g2)*tinftyl4*h:
factor (series (C1-Clbis,pl=0)) ;

0 (1.9)
0
0
0
0
mul :=simplify (mul) ;
mu2:=simplify (mu2);
-vl g2 +12
— q= T 7= 1.10
H ql —q2 (10
vl gl — V2
==
ql —q2

Lpl:=factor (simplify (LplFunction (CObis,Clbis))):

Lp2:=factor (simplify (Lp2Function (CObis,Clbis))):

Lplbis:=mul* (pl*2-pl*P1l(ql)-p272 +p2*P1(q2))/(ql-q2) +mul*diff
(P1(ql) ,ql)*pl

+ql”3* (tinfty24*alphal4-tinftyl4*alpha24) *h/ (tinftyl4-tinfty24)
+1/4*pl*h/ (tinftyld-tinfty24) * (alphal4-alpha24)

+h* (3*c3*ql*2+2*c2*ql+cl - nul* (pl-p2)/(gl-g2)*2 +tinftyld*
(nul*g2-nu2))

-mul* (ql-q2) *diff ((P2(ql)-P2(q2))/(ql-q2) ,ql):

Lp2bis:=mu2* (pl~*2-pl*P1l(ql) -p2+2 +p2*P1(q2))/(gl-g2) + mu2*diff
(P1(q2) ,q2) *p2

+g273* (tinfty24*alphald4-tinftyl4*alpha24) *h/ (tinftyl4-tinfty24)
+1/4*p2*h/ (tinftyl4d-tinfty24) * (alphal4-alpha24)

+h* (3*c3*q242+2*c2*q2+cl + nul* (pl-p2)/(gl-g2)*2 +tinftyld*
(nul*gl-nu2))

+mu2* (ql-q2) *diff ((P2(ql)-P2(q2))/(ql-92) ,q2):

factor (Lpl-Lplbis) ;
factor (Lp2-Lp2bis) ;



Lplter:=h* (mu2+mul) * (p2-pl) / (9q2-ql) *2+ mul* (diff (P1(ql) ,ql) *pl-
diff (tdP2(ql) ,ql)+Clbis-2*h*tinftyl4*ql)
+h*nuinftyMinusl*pl+h* (4*c4*ql”*3+3*c3*ql*2+2*c2*ql+cl):

Lp2ter:=h* (mul+mu2) * (pl-p2) / (ql-92) *2+ mu2* (diff (P1(g2) ,92) *p2-
diff (tdP2 (g2) ,92)+Clbis-2*h*tinftyl4*q2)
+h*nuinftyMinusl*p2+h* (4*c4*q243+3*c3*q2°2+2*c2*qg2+cl) :

factor (Lpl-Lplter) ;
factor (Lp2-Lp2ter) ;

Lglter:=2*mul* (pl-P1l(gql)/2) -nu*h-nul*h/ (ql-q2)-h* (alphald-
alpha24) /4/ (tinftyld-tinfty24) *ql:

Lg2ter:=2*mu2* (p2-P1(gq2) /2) -nu*h+nul*h/ (ql-g2) -h* (alphal4-
alpha24) /4/ (tinftyl4-tinfty24) *q2:

simplify (Lgl-Lglter) ;

simplify (Lg2-Lg2ter) ;

Hamiltonian:=-h* (mul+mu2) * (pl-p2) / (ql-g2) -h*nu* (pl+p2)-h*
nuinftyMinusl* (ql*pl+g2*p2)

+mul* (p1l42-P1(gql) *pl+tdP2 (ql) +h*tinftyl4*ql*2)

+mu2* (p242-P1 (g2) *p2+tdP2 (g2) +h*tinftyl4*g2+2)

-h* (c4*ql*4+c3*ql*3+c2*ql*2+cl*ql) -h* (c4*q2*4+c3*q2*3+c2*q2*2+
cl*qg2) :

factor (simplify (Lpl- (-diff (Hamiltonian,ql)))) ;s
simplify (Lgl- (diff (Hamiltonian,pl)))
factor (simplify (Lp2- (-diff (Hamiltonian,g2))));
simplify (Lg2- (diff (Hamiltonian,p2)));

(1.11)

SO OoOoO 0O

[ We have obtained the evolution equations for the Darboux coordinates:
L[q1]=2*mul*(p1-P1(q1)/2)-nu*h-nul*h/(q1-q2)-h*(alphal4-alpha24)/4/(tinfty14-tinfty24)*q1
L[q2]=2*mu2*(p2-P1(q2)/2)-nu*h+nul*h/(q1-q2)-h*(alphal4-alpha24)/4/(tinfty14-tinfty24)*
q2




(alphal4-alpha24)
+h*(3*c3*ql1"2+2*c2*ql+cl

(alphal4-alpha24)
| +h*(3*c3*q2"2+2*c2*q2+cl

> EquationlFunction:
Equation2Function:
Equation3Function:
Equation4Function
Equation5Function:
Equation6Function:
Equation7Function:
nu2bis));
nu2bis));
nu2bis));
nu2bis));
nu2bis));

nu2bis));

nu2bis));

[Synnﬂecﬁcreducﬁon
{; tinftyld:=1;

Lipl] = mul*(p1*2-p1*P1(ql)-p2"2 +p2*P1(q2))/(q1-q2) +tmul*diff(P1(ql),q1)*pl
-mul*(q1-q2)*diff((P2(q1)-P2(q2))/(q1-q2).q1)
+q173*(tinfty24*alphal4-tinfty14*alpha24)*h/(tinfty 14-tinfty24) +1/4*p1*h/(tinfty14-tinfty24)*

-nul*(pl-p2)/(ql-q2)"2 +tinfty14*(nul *q2-nu2))

L[p2]=mu2*(p1"2-p1*P1(ql)-p2"2 +p2*P1(q2))/(ql-q2) + mu2*diff(P1(q2),q2)*p2
+mu2*(ql-q2)*diff((P2(q1)-P2(q2))/(q1-92),92)
+q273*(tinfty24*alphal4-tinfty14*alpha24)*h/(tinfty 14-tinfty24) +1/4*p2*h/(tinfty14-tinfty24)*

+nul*(pl1-p2)/(ql-g2)"2 +tinfty14*(nul*ql-nu2))

=unapply (Equationl , nu,cl,c2,c3,nul , nu?):
=unapply (Equation2,nu,cl,c2,c3,nul, nu2):
=unapply (Equation3,nu,cl,c2,c3,nul ,nu?):
:=unapply (Equation4,nu,cl,c2,c3,nul,nu2):
=unapply (Equation5,nu,cl,c2,c3,nul, nu2):
=unapply (Equation6,nu,cl,c2,c3,nul , nu?):
=unapply (Equation7,nu,cl,c2,c3,nul ,nu?):
simplify (EquationlFunction (nubis,clbis,c2bis,c3bis,nulbis,

simplify (Equation2Function (nubis,clbis,c2bis,c3bis,nulbis,

simplify (Equation3Function (nubis,clbis,c2bis,c3bis,nulbis,

simplify (Equation4Function (nubis,clbis,c2bis,c3bis,nulbis,

simplify (Equation5Function (nubis,clbis,c2bis,c3bis,nulbis,

simplify (Equation6Function (nubis,clbis,c2bis,c3bis,nulbis,

simplify (Equation7Function (nubis,clbis,c2bis,c3bis,nulbis,

SO ODOO O

1.12)

Y Computation of the Lax matrix \td{L} in the geometric gauge
without apparent singularities



tinfty24:=-1;
tinftyl3:=0;
tinfty23:=0;

alphal4:=0:
alpha24:=0:
alphal3:=0:
alpha23:=0:

alpha22:=-alphal2:
alpha2l:=-alphall:
tinftyl2:=1/2*tau2;
tinfty22:=-tinftyl2;
tinftyll:=1/2*taul;
tinfty2l:=-tinftyll;
tinfty20:=-tinftyl0;

tinftyl4 = 1 @.1)
tinfty24 = - 1
tinftyl3 == 0
tinfty23 = 0
ﬁ%ﬂ:%ﬁ
ﬁwﬂm=~%ﬁ
ﬁmM:%ﬂ
ﬁWﬁh=~%ﬂ

tinfty20 := -tinftyl0
COter:=simplify (COter) ;
Clbis:=simplify (Clbis) ;
CinftyOter:=-(pl*2-p222)*ql/ (gql-q2) -h*(pl-p2)/(gl-g2)+pl”*2 +(
(q145-g245) / (ql-q2) +1/4*tau2+2+ (ql~3-g2-3)/(gl-g2) *tau2+(qlr2-
g2~2) / (ql-g2) *taul+ 2*tinftyl0-h) *ql*q2;
Cinftylbis:=(pl*2-p272)/(ql-92)-( (gl*2+g2”72+1/2*tau2)*2-gql*2*
g222 +(2*tinftyl0-h)) * (gql+g2) - (ql*2+gl*gq2+g2+2) *taul;
simplify (COter-CinftyOter) ;
simplify (Clbis-Cinftylbis) ;
nu:=simplify (nubis) ;
nul:=simplify (nulbis);
nu2:=simplify (nu2bis);
nuinftyMinusl:=simplify (nuinftyMinusl) ;
nuinftyO:=simplify (nuinftyO0);
nuinftyl :=simplify (nuinftyl);
nuinfty2:=simplify (nuinfty2) ;
mul :=simplify (mul) ;



mu2:=simplify (mu2) ;
cd:=simplify (c4dbis) ;
c3:=simplify (c3bis);
c2:=simplify (c2bis);
cl:=simplify (clbis);
COter = yyTErY) (4(]]6(]2 +42ql"g2+4 1 gl g2 —4 (% 2 +h 2.2)
2
-2 zinfzylo) g2ql*+ (-4¢2° —4 22" —4 1 g2 + (-2 +4h — 8 tinfiyl0) ¢2*

+4p2%) gl —4pl®q2 —4h (pl —pZ))

. 1 6 4 3 2 . 2
Clbis = —————— (-4 qI°—4 2 q1* — 4 11 g1 - 2" 44 h —S8 tinftyl0) ¢l
s 4q1_4q2( q q g1 + ( + infty10) g
+a4g2®+a 22t +4 1 g2 + (27— 4 h + 8 tinfiy10) g2> +4 pI* — 4 p2°)

2 2 5 5
Cinfiyorer = - L =PZ) gl _ b (pl =p2) +p12+(ﬂ—‘]—1 A i
ql —q2 ql —q2 ql —q2 4
(¢’ —¢2’) 2 | (qI"—q2*) @ j
2 tinftyl0—h | qI 2
7l —q2 + 7l —q2 + 2 tinfty ql q
1> —p2* 2 2, 1 2 2 2
Cinftylbis = ﬁ — ((q] +42° + ) —ql*q2 +2tinfzy10—h) (gl
+q2) — (qI* +ql g2 +q2*)
0
0
v:i=20
vl == 1 ol?2
2
12 = all
nuinftyMinus1 = 0
nuinfty0 = 0
nuinftyl = % al?
nuinfty2 == ol 1
~ad2 g2 +2 ol
pl = -
2ql —2q2
od2 gl —2 all
=~
q q
c4:=0
c3:=0
c2:=20
cl =0
Matrix \td{L}
> Gl:=Matrix(2,2,0):
G1l[1,1]:=1:

Gl[2,2]:=1:



Gl[1,2]:=0:

Gl[2,1] :=tinftyl4*lambda+etal:
etal:=tinftyl4d* (gql+g2)+tinftyl3;
Gl;

dGldlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dGldlambdali,j]:=
diff(Gl[i,]j],lambda): od: od:

tdL:=simplify (Multiply (Multiply (G1,checkL) ,G1* (-1))+h*
Multiply (dGldlambda,Gl” (-1))) :

70 = ql + g2 2.1.1)
10

w0+ 1

> series(tdL[1,1],lambda=infinity):
series (tdL[1,2],lambda=infinity):
simplify (tdL[2,2]+tdL[1,1]);
series (tdL[2,1],lambda=infinity) :
B 0 2.1.2)
> tdLllbis:=-lambda”3+( (pl-p2)/(ql-gq2)+ (gl”*2+gl*g2+g2+2))*
lambda +(p2*ql-pl*q2)/(ql-q2)- gql*qg2*(ql+q2);
simplify (tdL[1,1]-tdL1l1lbis) ;
factor (tdL[1,2]);

tdL21bis:= (tau2 +2* (pl-p2)/(ql-g2)+2* (ql*2+ql*gq2+gq2+2))*
lambda“2

+((gl+g2) *tau2 +taul+2* (pl*ql-p2*q2)/(gl-q2)+2* (ql+g2) * (ql*2+
g272) ) *lambda

+(gl+g2) *taul +1/4*tau2+2 +(ql*2+ql*q2+q2~2) *tau2- (pl-p2)*2/
(q1-q2) *2

-2*% (gq2*pl-ql*p2) * (ql+q2) / (ql-9q2) +ql*4+q2*4-ql*2*q2°2+2*
(tinftyl0)

14

simplify (tdL[2,1]-tdL21bis) ;

(dL11bis == -X + (J”]—_LZ gl gl g2 + qZZ) h 4 —2La2 +p2 gl 2.1.3)
ql —q2 ql —q2

—ql q2 (gl +q2) .
(A—ql) (L—q2)

1dL21bis = (rz+% 12412 +2gl g2 +2q22) 2+ ((ql +q2) 2+ 1



— 2
+ 2plal —p2q2) +2(ql—|—q2)(q12+q22))7u+(q1+q2)ﬂ+%TZ

ql —q2
(aP bl a2 ta?) 2 — (pl—p2)22 _2(plg2=p2ql) (gl +g2) |
(g1 —q2) 91 =42
+ g2t — gI* q2* + 2 tinfty10
_ 0
> tdL21lbisOrderLambda2:=-residue (tdL[2,1]/lambda”3, lambda=
infinity):
tdL21bisOrderLambda2aux:=(tau2 -2* (pl-p2)/(ql-q2)+2* (ql*2+ql*
q2+g2412)):
tdL21bisOrderLambdal :=-residue (tdL[2,1]/lambda*2, lambda=
infinity):

tdL21bisOrderLambdalaux:=(ql+g2) *tau2 +taul- 2* (pl*ql-p2*q2)/
(gl-g2)+2* (ql+g2) * (q1*2+g2+2) :
tdL21bisOrderLambdal:=-residue (tdL[2,1]/lambda, lambda=
infinity):
tdL21bisOrderLambdalaux:=(ql+gq2) *taul +1/4*tau2”*2 +(gl*~2+ql*
q2+g212) *tau2- (pl-p2) *2/ (ql-g2) *2
+2* (q2*pl-ql*p2) * (ql+g2) / (gl-q2) +ql*4+g2~4-qlr2*q2/2+2*
(tinftyl0-h) :
factor (series (tdL21bisOrderLambdal0-tdL21bisOrderLambdalaux,
pl)):
simplify (tdL[2,1]-tdL21bis);

0 2.14)

Y Computation of the auxiliary matrices \td{A} 1 and \td{A} 2

After symplectic reduction, there are two independent non-trivial direction corresponding to either
\partial {\tau 1} or \partial {\tau 2}. This gives rise to two auxiliary matrices td{A} 1 and \td{A}
2.

Warning: Compiling both cases create interferences. Skip the subsection relatively to tau 1 if you
want the deformation relatively to tau 2

V¥ Study of the deformation relatively to \tau_1

> alphal2:=0:
alpha22:=0:
alphall:=1/2:
alpha2l:=-1/2:
nu:=nubis;
nul :=nulbis;
nu2:=nu2bis;
nuinftyMinusl:=nuinftyMinusl;
nuinfty0O:=nuinftyO;
nuinftyl:=nuinftyl;




nuinfty2:=simplify (nuinfty2) ;
mul :=mul;
mu2:=mu2;

c0:=0:

cl:=cl;
c2:=c2;
c3:=c3;
cd:=c4;

tdL:=simplify (tdL) ;

Lglfinal:=Lqglter;

Lg2final:=Lg2ter;
Lplfinal:=simplify (Lplbis) ;
Lp2final:=simplify (Lp2bis) ;
Hamiltonian:=simplify (Hamiltonian) ;

dgldtaul:=Lglfinal/h:
dg2dtaul:=Lg2final/h:
dpldtaul:=Lplfinal/h:
dp2dtaul:=Lp2final/h:

dGldtaul:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dGldtaul[i,j]:=
simplify( diff(G1l[i,j],taul)+diff(G1l[i,3j],ql)*dgldtaul+diff
(G1[i,]j],pl) *dpldtaul+diff(Gl[i,j],g2) *dg2dtaul+diff (G1l[i,j],
p2) *dp2dtaul) : od: od:

tdAl:=simplify (Multiply (Multiply (G1l,checkA) ,G1%(-1))+h*
Multiply (dGldtaul,G14(-1))) ;
v:i=20 3.1.1)
vl =0

nuinftyMinus1 = 0
nuinfty0 = 0
nuinftyl = 0
nuinfty2 =

1

pl = 2q1 —2¢q2
1

12 = 2qg1 —2q2

cl =0

1
2



(ST
AW
1
coco

)

H( gl +g2) X+ (g — g2 +pl —p2) A= g’ 2 + (g2 +p2) g1 —pl ¢2 o

ql —q2
+ql) (-7~+q2)l,

L L (44 (-8q2+80) g+ (827 —8hg2+4 2) g1
4 (gl —q2)

3 2 3
+(8¢2°+ (-8 —42) 2 +42r+8p2+4d)qP + ((-41 2 —8pl
—4d) @2 +42N + (8pl +411) M+ 2 +8tinfiy10) g* + (-8 ¢2°
a2+ (-8 —42) @2+ (-ar2—8p2—4d) @2+ (-8 21 +(
8pl —8p2—8171) A—2 2" — 16 tinfiyl0) g2 +8 (pl —p2) X°) gl +4 ¢2°

+80g2° + (8N +42) @2+ (42 +8pl +411) g2 + (4 21 + (8 p2

F4 ) A+ 2+ 8 rinfiyl0) 22 —8 N (pl —p2) q2 —4 (pl —p2)?),

3
(gl —q2) N +(—q13+q23—p] +p2) 7L+q]3q2+(—q23—p2) ql +pl q2 H

ql —q2
Lqlfinal == —pl
ql —q2
_ ___ P2
LgZ2final : 7l —a2

|
ql —q2
+(-12g2 71 + 2" — 4 h + 8 tinfiyl0) gI* +8 ¢2 (% 722+h—2tinfty]0) gl

LpIfinal = % : (20 gl®—24gP @2 +12 2q1*+ (-16 g2 2 +8 11) g1’
( )

2
+4g2°+4 2 q24 +4.71 g2 + (2" — 4 h +8 1infiyl0) q2° +4 pI° —41922)

Lp2final == (4q16+422q]4+4 dql+ (2" —4n

(ql—qZ)
+ 8 tinftyl0) qI° +8q2( 3924 =242 ZQ—%qZT]—%IQ +h
—2tmfty]0) gl +20g2° + 12 2 2" +8 71 ¢2° + (2 — 4 h + 8 tinfiy10) ¢2°
—4p]2+4p2j
Hamiltonian = m(—4q16—4 2ql*—4d g+ (-2 +4n




— 8 1inftyl0) qI* +4 q2° +4 2 2* + 4 11 ¢2° + (2" — 4 h + 8 tinfiy10) ¢2°
+4pl®—4p2°)

1 1 1 1
P I__ 2__ -
AT N 2
3
2 (ql —q2) +2ql°—2q2> +2pl —2p2 1 1 1
—gl+ =2+ = A
2q1 —2¢q2 y Ity ety

> simplify (Hamiltonian-1/2*Cl) ;
factor (simplify (Lpl-(-diff (Hamiltonian,ql))))
simplify (Lgl- (diff (Hamiltonian,pl)))
factor (simplify (Lp2-(-diff (Hamiltonian,g2))))
simplify (Lg2- (diff (Hamiltonian,p2)));

hdgqldtaultheo:= pl/(ql-92) ;
hdg2dtaultheo:= -p2/(ql-q2);

hdpldtaultheo:=1/(8* (gl-g2) ~2) * (20*ql*6-24*ql~5*q2+12*tau2*
gl*4+ (-16*g2*tau2+8*taul) *ql” 3+ (-12*g2*taul+tau222-4*h+8*
tinftyl0) *ql*2+8*g2* (- (1/4) *tau2*2+h-2*tinftyl0) *ql+4*gq226+4*
tau2*g224+4*taul*g223+ (tau222-4*h+8*tinftyl0) *q22+4*plr2-4%*
p2°2);

hdp2dtaultheo:=1/ (8* (gql-g2) ~2) * (4*ql*6+4*tau2*ql*4+4*taul*

gl” 3+ (tau222-4*h+8*tinftyl0) *ql*2+8*q2* (-3*gq274-2*gq2*2*tau2-
(3/2*q2) *taul-(1/4) *tau2~2+h-2*tinftyl0) *ql+20*q226+12*tau2*
g2”4+8*taul*g23+ (tau2”22-4*h+8*tinftyl0) *q2°2-4*pl*2+4*p212) ;

Hamltheo:=(-4*ql*6+4*q2°6-4*gql*4*tau2+4*g2~4*tau2-4*ql*3*taul
-ql*2*tau272+4*gq223*taul+g2+2*tau2*2+4*h*ql*2-4*h*q242-8*
ql*2*tinftyl0+8*q222*tinftyl0+4*pl”r2-4*p2+2)/(8* (ql-g2)) ;

factor (simplify (Lglter-hdgldtaultheo)) ;
factor (simplify (Lg2ter-hdg2dtaultheo)) ;
factor (simplify (Lplfinal-hdpldtaultheo)) ;
factor (simplify (Lp2final-hdp2dtaultheo)) ;

factor (simplify (Hamiltonian-Hamltheo)) ;

simplify (diff (Hamltheo,ql)+hdpldtaultheo) ;
simplify (diff (Hamltheo,g2)+hdp2dtaultheo) ;
simplify (diff (Hamltheo,pl)-hdgldtaultheo) ;
simplify (diff (Hamltheo,p2)-hdg2dtaultheo) ;




\

simplify (diff (Hamiltonian,gl)+hdpldtaultheo) ;
simplify (diff (Hamiltonian,g2)+hdp2dtaultheo) ;
simplify (diff (Hamiltonian,pl)-hdgldtaultheo) ;
simplify (diff (Hamiltonian,p2)-hdg2dtaultheo) ;

0
0
0
0
0
hdqldtaultheo = —pl
ql —q2
p2
2dtaultheo = - —F=—
hdq2dtaultheo 7l —q2
hdpldaultheo == ~ ———— (20 gI®—24 g’ 2 +12 2 q1* + (16 q2 2
8 (gl —q2)

2 2
+87) g’ + (-12¢q2 71 + 2" — 4 h + 8 tinfiy10) qI* +8 ¢2 (% 2 +h
o 6 4 3 2 . 2
—2tinftyl0| gl +4q2° +4 2 q2* +4 1 ¢2> + (2" — 4 h + 8 tinftyl0) g2

+4pl? —4p22)

1

2
hdp2diaultheo == - . (4 g®+a2ql*+adql+ (2" —4n

8 (g1 —q2)
+ 8 tinftyl0) q12+8q2(—3q24—2q2272—%q2ﬂ—% 2" +h
2
-2 tinfty]O) gl +20g2° +12 2 q2* +8 11 2> + (2" — 4 h + 8 tinfiy10) ¢2°
—4p]2+4p22)
Hamltheo = ququz (-4glf+4g2° —aql*2+4aq2* 2 —4ql’ a0 —qi* 2°

+ 423 11+ 22 2"+ 4 hql* —4h q2> —8 gI* tinfiyl0 + 8 q2° tinftyl0 + 4 p1®

—4p2?)

SO DD ODDODDODODDDOoDOoO O

Study of the deformation relatively to \tau_2

3.1.2)



> alphal2:=1/2:
alpha22:=-1/2:
alphall:=0:
alpha21:=0:
nu:=nubis;
nul :=nulbis;
nu2:=nu2bis;
nuinftyMinusl:=nuinftyMinusl;
nuinftyO:=nuinftyO;
nuinftyl:=nuinftyl;
nuinfty2:=simplify (nuinfty2) ;
mul :=mul;
mu2:=mu2;

c0:=0:

cl:=cl;
c2:=c2;
c3:=c3;
cd:=c4;

Lglfinal:=Lqglter;

Lg2final:=Lg2ter;
Lplfinal:=simplify (Lplbis) ;
Lp2final:=simplify (Lp2bis) ;
Hamiltonian:=simplify (Hamiltonian) ;

dgldtau2:=Lglfinal/h:
dg2dtau2:=Lg2final/h:
dpldtau2:=Lplfinal/h:
dp2dtau2:=Lp2final/h:

dGldtau2:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dGldtau2[i,j]:=
simplify( diff(G1l[i,j],tau2)+diff(G1[i,]j],ql)*dgldtau2+diff
(G1[i,]j],pl) *dpldtau2+diff(G1l[i,j],g2) *dg2dtau2+diff (G1l[i,j],
p2) *dp2dtau2) : od: od:

tdL:=simplify (tdL) ;
tdA2:=simplify (Multiply (Multiply (G1l,checkA) ,G1%(-1))+h*
Multiply (dGldtau2,G1+(-1)));

v:i=0 3.2.1)
1

] = —

ey

2 =0

nuinftyMinus1 = 0



nuinfty0 =

0

1
] e
nuinftyl = "

241 1 h
gafinal:= > 2 V4 g —g2
Lp]ﬁ'nal::L%(—4q27—42‘2q25—41']q24+(—2‘22+4h
16 (g1 —42)
—8tinfty]0)q23—8(—3q14—2q1222—%T]ql—%222+h

—2tinfty]0) gl g2+ (209112 2g1* =8 21 g1 + (-2° +4h

— 8 tinftyl0) qI* — 4 pI> + 4 p2?) g2 — 4 h (pl —p2)j

Lp2final == —— ;2(—4q]7—422q15—4 dgl*+(-2°+4n
16 (g1 —q2)
— 8 tinftyl0) qI° — 8 (—3q24—2q2222—%q2 r]—% 2 +h

—2tinfty]0) P2al*+ (20421222 '~ 8112+ (-2° +4h

— 8 tinftyl0) q2> +4 pI> —4p2*) gl +4 h (pl —p2)j

1
16 g1 — 16 g2

+h—2tinfty]0j 2alP+ (-4 —42¢ —40q+ (-2 +4n

Hamiltonian = (4 g’ @2 +42ql* 2 +41q1° g2 —4 ( 152

4

— 8 tinftyl0) 2> +4 p2®) gl —4pI*q2 —4h (pl —pZ))

3
H (gl +q2) X + (g’ = g2 + pl —p2) A—qI’ g2 + (¢2° + p2) q1 —pI ¢2 (2

ql —q2
va) (At a2) |

L L (44 (-8q2+80) g+ (827 —8hg2+4 2) g1
4 (g1 —q2)

+(8¢2°+ (-8 —42)2+42r+8p2+41) g’ + ((-41 2 —8pI




—4td) @2 +4 2N + (8pl +4 11) A+ 2 + 8 tinfiyl0) gi* + (-8 ¢2°
a2+ (-8 —42) @2+ (-ar2—8p2—4d) @2+ (-8 2N +(
8pl —8p2—8171) A—2 2 — 16 tinfiyl0) g2 +8 (pl —p2) ) gl +4 ¢2°
5 2 4 3 2
+80g2°+ (8N +42) 2t +(ar2+8pl+41) g2+ (4 2N + (8p2

+4 ) A+ 2+ 8 rinfiyl0) 22 —8 N (pl —p2) q2 —4 (pl —p2)?),

3
(gl —q2) N+ (—qPP+ g2 —pl +p2) A+ ql’ g2 + (-q2° = p2) ql +pl g2 H

ql —q2
2 2
H —q23—q]q22+(7u +q12) q2+q13—7u ql +pl —p2 lk_i I—i l
4ql —4q2 VIV
[+(2q14+2xq13+q1212+(MQ+2p1+ﬂ)q1—2q24
4ql —4q2

—2Ag2 =g 2+ (-A2—2p2—1) g2 +2 (pl —p2) A,

—q]3——q2q]2%—(224—q22)q]-—%?qZ-%q23——p]-%p2
_ 4ql —4q2

> series (simplify(series(tdA2[1,1],lambda=infinity) ), lambda=
infinity);

series (simplify (series(tdA2[1,2],lambda=infinity)) ,lambda=
infinity);

simplify(tdA2[2,2]+tdA2[1,1]);

series (simplify (series(tdA2[2,1],lambda=infinity)) ,lambda=
infinity):

tdA221bis:=1/2* ((pl-p2)/(gl-gq2)+ gl”*2+gl*gq2+g2”*2+1/2*tau2) *
lambda +1/4* ((gl+g2) *tau2+taul)+1/2* (pl*ql-p2*q2)/(gl-q2)
+1/2* (ql+g2) * (q1l*2+g2+2) ;

simplify (series (tdA2[2,1]- tdA221bis,lambda)) ;

2
(-ql+g2) & ql’ +ql* g2 — gl q2> — g2’ +pl —p2

3.2.2
4ql —4q2 4ql —4q2 (3.2.2)
1 1 1
g Ayl Ty
0
1dA22Ibis == ~ (J”]—_LZ gl gl g2 + g+ - 12) Mt - (gl +q2) 2
2 \gql —¢q2 2 4
1 1 plqgl —p2q2 1 2 2
— o+ = — (gl +q2) (qI*+q2
T Aty T e +5 (gl +q2) (gI” +q2°)

0



> factor(simplify (Lpl-(-diff (Hamiltonian,ql))));
simplify (Lgl- (diff (Hamiltonian,pl)))
factor (simplify (Lp2-(-diff (Hamiltonian,g2))));
simplify (Lg2- (diff (Hamiltonian,p2)));

simplify (Hamiltonian-1/4*CO0) ;

hdgldtau2theo
hdg2dtau2theo

(-2*pl*g2-h) / (4*ql-4*q2) :
(2*p2*ql+h) / (4*ql-4*qg2) :

hdpldtau2theo:=1/(16* (ql-g2) *2) * (-4*q2”~7-4*tau2*q2*5-4*taul*
g2*4+ (-tau272+4*h-8*tinftyl10) *gq243- (8* (-3*gql*4-2*gl*2*tau2-
(3/2*taul) *ql-(1/4) *tau2~2+h-2*tinftyl0)) *ql*q2”2+ (-20*ql"6
-12*tau2*ql*4-8*taul*ql”3+ (-tau222+4*h-8*tinftyl0) *ql*2-4%*
plt2+4*p242) *q2-4*h* (pl-p2)) ;

hdp2dtau2theo:=1/(16* (ql-g2) *2) * (-4*ql*7-4*tau2*ql*5-4*taul*
ql*4+ (-tau272+4*h-8*tinftyl0) *ql+3- (8* (-3*gq274-2*tau2*gq2-2-
(3/2*taul) *q2-(1/4) *tau2~2+h-2*tinftyl0)) *q2*ql*2+ (-20*g2°6
-12*tau2*g224-8*taul*q2-3+ (-tau222+4*h-8*tinftyl0) *q2°2+4~*
plt2-4*p242) *ql+4*h* (pl-p2)) ;

Ham2theo:=- (-4*ql*6*q2+4*ql*q276-4*ql*4*qgq2*tau2+4*ql*q2"4~*
tau2-4*ql*3*g2*taul-ql*2*g2*tau2*2+4*ql*g2+3*taul+gl*g2,2*
tau2”22+4*h*ql”*2*q2-4*h*ql*q2°2-8*ql*2*q2*tinftyl0+8*ql*g2.2*
tinftyl0+4*plr2*q2-4*p222*ql+4*h*pl-4*h*p2) / (16* (ql-q2)) ;

factor (simplify (Lglter-hdqgldtau2theo)) ;
factor (simplify (Lg2ter-hdg2dtau2theo)) ;
factor (simplify (Lplfinal-hdpldtau2theo)) ;
factor (simplify (Lp2final-hdp2dtau2theo)) ;

factor (simplify (Hamiltonian-Ham2theo)) ;

simplify (diff (Ham2theo,ql)+hdpldtau2theo) ;
simplify (diff (Ham2theo,qg2)+hdp2dtau2theo) ;
simplify (diff (Ham2theo,pl)-hdgldtau2theo) ;
simplify (diff (Ham2theo,p2)-hdg2dtau2theo) ;

simplify (diff (Hamiltonian,ql)+hdpldtau2theo) ;
simplify (diff (Hamiltonian,q2)+hdp2dtau2theo) ;
simplify (diff (Hamiltonian,pl)-hdgldtau2theo) ;



simplify (diff (Hamiltonian,p2)-hdg2dtau2theo) ;

0 (3.2.3)
0
0
0
0
hdpldau2theo = —— ——1—— (-4 2~ 4 g+ (-2 +4n
16 (g1 —q2)
— 8 tinftyl0) q2° — 8 (—3q14—2q1212—% 7l g1 —% 2 +h

—2tinfty]0) gl g+ (2091 =12 2q1* =8 d1 gI* + (-2° +4 1

— 8 tinftyl0) qI* —4 pI* +4p2*) g2 —4 h (pl —p2)j

hdp2dtau2theo = —— ;2(-4 gl —42qP° —4dg*+ (-2°+4h
16 (g1 —q2)
2
— 8 tinfty10) qI° — 8 (—3q24—2q22 TZ—%qZ 7 —% 2 +h

—2tinfty]0) @2ql?+(-202°— 12292 —8 1 ¢ + (-2° +4n

— 8 tinftyl0) q2> +4 pI> —4p2*) gl +4 h (pl —p2))
Ham2theo = - I (-4g1°@2+4q1g2°—aql*q2 2 +4q1 2" 2
16 g1 — 16 g2
—4gP @2t — g2 2 +4ql 21l +ql g2 2 +4hgl?q2 — 4 h gl g2

— 8 g1 g2 tinftyl0 + 8 gl g2* tinftyl10 + 4 pI> g2 — 4 p2> gl +4hpl —4 h p2)

e lelelolelelelolololaola )



