In this Maple file, we check that the formulas found for the
second element of the Painlevé 2 hierarchy corresponds to the

 theoretical ones.
;Loading the results after symplectic reduction
> restart:
with (LinearAlgebra) :
tinftyld:=1;
tinfty24:=-1;
tinftyl3:=0;
tinfty23:=0;
tinftyl2:=1/2*tau2;
tinfty22:=-tinftyl2;
tinftyll:=1/2*taul;
tinfty21l:=-tinftyll;
tinfty20:=-tinftyl0;
Pl:=lambda->0:
tdP2:=unapply (-lambda”6-tau2*lambda“4-taul*lambda”3- (2%
tinftyl0+1/4*tau2”2) *lambda~2,lambda) ;
P2 :=unapply (-lambda”6-tau2*lambda*4-taul*lambda”3- (2*
tinftyl0+1/4*tau2”2) *lambda*2+Pinfty02+Pinftyl2*lambda,lambda) ;
dtdP2dlambda :=unapply (diff (tdP2 (lambda) ,lambda) , lambda) ;
tdP2onlambda:=unapply (tdP2 (lambda) /lambda, lambda) :

tinftyl4 =1 1)
tinfty24 == -1
tinftyl3 =0
tinfty23 := 0
tinftyl2 = % 2
tinfty22 = —% 2
tinftyl 1 == % 7l
tinfty21 = —%%21

tinfty20 = - tinfty10
P2 = h— 23— 2N — g\ — (2 tinfty10 + % 122) 2
P2=ho- 2 — - (2 tinfiy10 + % 22) A + Pinfty02 + Pinfiyl2 M

didP2dlambda = h— -6 X —4 2 X —3 71 X" —2 (2 tinfiy10 + % 222) A

[ Definition of the matrices necessary to define the vector (¢_{\infty,0}, c_{\infty,1}) and verification
| that we recover the correct formulas

> Q:=Matrix(2,2,0):




o[1,1]:=1:
Q[1,2]:=qgql:
Q[2,1]:=1:
Q[2,2] :=g2:

RHS1:=Matrix(2,1,0):

RHS1[1,1] :=pl1”*2+tdP2(ql) +h* (p2-pl)/ (gl-g2) +h*ql”*2:
RHS1[2,1] :=p2”°2+tdP2 (g2) +h* (pl-p2) / (g2-ql) +h*g2+2:
Q;

ot (-1);

RHS1;

simplify(1/ (ql-q2) *h* (p2-pl)/ (ql-92) -1/ (gl-g2) *h* (pl-p2)/ (g92-ql))
simplify (-q2/(ql-q2) *h* (p2-pl)/(ql-q2) +ql/ (ql-q2) *h* (pl-p2) / (92~
ql));

CVector:=simplify (Multiply(Q”* (-1) ,RHS1)):
Cinfty0:=CVector[1l,1]:
Cinftyl:=CVector[2,1]:

Cinftylbis:=(pl*2-p272)/(ql-92)-( (gl*2+g2”*2+1/2*tau2)*2-qlr2*
g272 +(2*tinftyl10-h)) * (gql+g2) - (ql*2+ql*gq2+g2+2) *taul;
factor (Cinftyl-Cinftylbis) ;

CinftyObis:=-(pl1+2-p242)*ql/(gql-q2) -h*(pl-p2)/(ql-g2)+pl”2 +
(gl*4+gq2”°4+ql*3*q2+q223*ql+qlr2*q222+1/4*tau2*2+ (ql*2+gl*g2+
g242) *tau2+ (gql+g2) *taul+ 2*tinftyl0-h) *ql*qg2:
CinftyObis:=(p222*ql-q2*pl~2)/(ql-q2) -h*(pl-p2)/(ql-gq2) +(gql”*4+
q224+ql*3*q2+q223*ql+ql*2*gq222+1/4*tau2*2+ (ql*2+ql*q2+q2°2)*
tau2+ (gl+g2) *taul+ 2*tinftyl0-h) *ql*qg2;

CinftyOter:=- (pl1~2-p242)*ql/ (ql-q2) -h*(pl-p2)/(gql-gq2)+pl”*2 +(
(g1~5-g2~5) / (ql-q2) +1/4*tau2~2+ (gl”*3-g2+3)/(ql-g2) *tau2+ (qlr2-
gq272) / (ql-gq2) *taul+ 2*tinftylO0-h) *ql*qg2:
CinftyOter:=-(pl1~2-p22) *ql/ (ql-q2) -h*(pl-p2)/(ql-g2)+pl*2 -
(tdP2onlambda (ql) -tdP2onlambda (g2) ) / (gq1-g2) *gql*gq2 -h*ql*qg2:
factor (Cinfty0-CinftyObis) ;
factor (Cinfty0-CinftyOter) ;
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;Deﬁnition of the matrix M_ {\infty} and of the vectors \nu_{\infty,1} and \nu_{\infty,2}

> Minfty:=Matrix(4,4,0):
Minfty[1l,1]:=2:
Minfty[2,2]:=2:
Minfty[3,3]:=2:
Minfty[4,4]:=2:
Minfty[3,1] :=tau2:
Minfty[4,1] :=taul:
Minfty[4,2] :=tau2:
Minfty;
Minfty” (-1);

E3:=Matrix(4,1,0):

E3[3,1]:=1:
E4:=Matrix(4,1,0):
E4[4,1]:=1:

E3;

E4;

Multiply (Minfty” (-1) ,E3);
Multiply (Minfty” (-1) ,E4) ;
nu2inftyl:=1/2*Multiply (Minfty* (-1) ,E3) [3,1];




nu2infty2:=1/2*Multiply (Minfty* (-1) ,E3) [4,1];
nulinftyl:=Multiply (Minfty*(-1) ,E4) [3,1];
nulinfty2:=Multiply (Minfty~ (-1) ,E4) [4,1];

nulinftyVector:=Matrix(2,1,0):
nulinftyVector[1l,1] :=nulinftyl:
nulinftyVector[2,1] :=nulinfty2:
nulinftyVector;

nu2inftyVector:=Matrix(2,1,0):
nu2inftyVector[1l,1] :=nu2inftyl:
nu2inftyVector[2,1] :=nu2infty2:

nu2inftyVector;
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;Deﬁnition of the matrix V and the vector \mu-_{\tal-l_l} and \mu_ {\tau 2}
> V:=Matrix(2,2,0):

VI[l,1]:=1:
VI[1,2]:=1:
V[2,1]:=ql:
VI[2,2] :=g2:
v;

VA (-1);

MulinftyVector:=Multiply (V*(-1) ,nulinftyVector) ;
Mu2inftyVector:=Multiply (V*(-1) ,nu2inftyVector) ;
mutaull :=MulinftyVector[1l,1];
mutaul2:=MulinftyVector[2,1];
mutau2l :=Mu2inftyVector[1l,1];
mutau22:=Mu2inftyVector[2,1];
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;Deﬁnition of the theoretical Hamiltonian evolutions using the formulas proved in the article.

> hdgldtaul:=2*pl*mutaull- h* (mutaul2+mutaull)/(ql-q2);
hdg2dtaul :=2*p2*mutaul2- h* (mutaul2+mutaull)/(g2-gql) ;
hdpldtaul :=simplify (h* (mutaul2+mutaull) * (p2-pl)/ (ql-g2)
A2+4mutaull* (-diff (tdP2(ql) ,ql)+Cinftyl-2*h*ql)) ;
hdp2dtaul :=simplify (h* (mutaul2+mutaull) * (pl-p2) / (ql-g2) *2+
mutaul2* (-diff (tdP2(g2) ,q2)+Cinftyl-2*h*q2)) ;
Haml :=factor (-h* (mutaul2+mutaull) * (pl-p2) / (ql-g2) +mutaull* (pl+2+
tdP2 (ql) +h*ql”*2) +mutaul2* (p2+2+tdP2 (q2) +h*q212)) ;

hdgldtau2:=simplify (2*pl*mutau2l- h* (mutau22+mutau2l)/(ql-q2));
hdg2dtau2:=simplify (2*p2*mutau22- h* (mutau22+mutau2l)/(q2-ql));
hdpldtau2:=simplify (h* (mutau22+mutau2l) * (p2-pl)/ (ql-g2) *2+
mutau2l* (-diff (tdP2(ql) ,gql)+Cinftyl-2*h*ql)) ;
hdp2dtau2:=simplify (h* (mutau22+mutau2l) * (pl-p2) / (ql-gq2) *2+
mutau22* (-diff (tdP2(g2) ,g2)+Cinftyl-2*h*qg2)) ;

Ham2 :=factor (-h* (mutau22+mutau2l) * (pl-p2) / (ql-q2) +mutau2l* (p1l*2+
tdP2 (ql) +h*ql*2) +mutau22* (p242+tdP2 (g2) +h*q242)) ;
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_Comparing the theoretical formulas giving the Hamiltonian evolutions with the one obtained from
| solving the compatibility equations (in a previous Maple file)

> simplify (mutaul2+mutaull) ;
simplify (mutau22+mutau2l) ;




hdpldtaulbis:=(pl+2-p2°2)/2/(ql-q2) ~2+1/2* (5*ql~4+4*ql*3*q2+3*
ql”r2*g272+2*ql*g2°3+g2+4)

+(gl+g2/2) *taul+l/2* (3*ql*2+2*ql*q2+q2-2) *tau2+tau2~2/8+tinftyl0-
h/2;

factor (series (hdpldtaul-hdpldtaulbis,pl=0)) ;

hdp2dtaulbis:=- (pl*2-p2+2)/2/(ql-q2) *2+1/2* (5*q2~4+4*q2~3*ql+3*
g272*ql*2+2*g2*ql*3+ql*4)

+(g2+ql/2) *taul+l/2* (3*q2°2+2*q2*ql+ql”*2) *tau2+tau2~2/8+tinftyl0-
h/2;

factor (series (hdp2dtaul-hdp2dtaulbis, tau2=0)) ;

Hamlbis:=(pl*2-p2+2)/2/(ql-q2)-(1/2) * (ql+g2) * ( (q1l*2+g2+2) *2-gl*2*
qz2.2)

-1/2* (gql*~2+ql*q2+q2*2) *taul-1/2* (gl+g2) * (q1*2+gq2.2) *tau2

-1/8* (ql+g2) *tau2+~2 -1/2* (ql+qg2) * (2*tinftyl0-h) ;

factor (series (Haml-Hamlbis, tau2=0)) ;
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> hdpldtau2bis:=-(1/4) *q2* (p1*2-p2+2) /(ql-gq2)*2 -(1/4) *h* (pl-p2)/
(ql-q2) ~2

-(1/4)*g2* (5*ql*4+4*ql*3*gq2+3*ql*2*q2*2+2*ql*q2-3+q2"4)
-(1/4)*g2* (2*ql+g2) *taul -1/4*q2* (3*ql*2+2*ql*q2+gq2*2) *tau2
-1/16*g2*tau2.2

-1/4*q2* (2*tinftyl0-h) ;

factor (series (hdpldtau2-hdpldtau2bis, tinftyl0=0)) ;

(6)



dpldtau2ter:=- (pl-p2) * (pl*q2+p2*g2+h) / (4* (ql-g2) *2)

-(1/4) *gq2* (2*ql+gq2) *taul- (1/4) *q2* (3*ql~2+2*ql*q2+g2+2) *tau2-
(1/16) *g2*tau2~2-(1/4) *q2* (5*ql*4+4*ql"*3*q2+3*ql*2*q2+2+2*ql*
q223+g274)-(1/2) *q2* (tinftyl0-h/2) ;

dp2dtau2ter:=(pl-p2) * (pl*ql+p2*ql+h) / (4* (gl-g2)*2)-(1/4) *ql¥*
(gl+2*g2) *taul

—(1/4) *ql* (qlAr2+2*ql*q2+3*%q2~2) *tau2- (1/16) *ql*tau2~2- (1/4) *ql*
(QLAA+2%qlA3*q2+3*qlA2*q2A2+4*ql*q23+5%q2~4)

~(1/2) *ql* (tinftyl0-h/2) ;

factor (series (hdpldtau2-dpldtau2ter,tinftyl10=0)) ;
factor (series (hdp2dtau2-dp2dtau2ter, tinftyl0=0)) ;

hdp2dtau2bis:=(1/4) *ql* (p1°2-p2°2) /(ql-q2)*2 +(1/4) *h* (p1-p2)/ (ql
-q2)~2

-(1/4)*gl* (5*q274+4*q2~3*ql+3*q2°2*ql*2+2*q2*ql~3+ql*4)
-(1/4)*gql* (2*gq2+gql) *taul -1/4*ql* (3*g2°2+2*gq2*ql+ql”*2) *tau2
-1/16*gl*tau2+2

-1/4*ql* (2*tinftyl0-h) ;

factor (series (hdp2dtau2-hdp2dtau2bis,tinftyl10=0)) ;

Ham2bis:=(1/4) * (ql*p2+2-gq2*pl~2) / (ql-q2)+1/4* (ql*4+gql*3*q2+qlr2*
q272+ql*g23+g2.4) *q2*ql

- (1/4) *h* (p1-p2) / (q1-q2)

+(1/4* (ql+g2) ) *q2*gql*taul+(1/4* (gl*2+ql*q2+g2°2) ) *g2*ql*
tau2+1/16*g2*gl*tau2+2

+(1/4) *q2*ql* (2*tinftyl0-h) ;

factor (series (Ham2-Ham2bis ,p2=0)) ;
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