_Study of the Second Element of the Painlevé 2 hierarchy using various
Darboux coordinates and making the link explicit connections with

Lisospectral coordinates.

Loading the Lax pair obtained for the second element of the Painlevé 2 hierarchy in "Hamiltonian

representation of isomonodromic deformations of general rational connections on $\mathfrak{gl} 2

(\mathbb{C})$". In our case we have \tau_{\infty,i}=2t {\infty,i}. The auxiliary matrices thus also get
| an extra $2§ factor because of this change of time normalization.

> restart:

with (LinearAlgebra) :
tau2:=2*t2;
taul:=2*tl;

tdL:=Matrix(2,2,0):

tdL[1,1] :=-1lambda*3+((pl-p2)/ (ql-92) +ql*2+g2*ql+g2”2) *1ambda+ (-
pl*qg2+p2*ql) / (ql-gq2) -ql*qg2* (ql+g2) ;

tdL[1,2] :=(lambda-ql) * (lambda-q2) :

tdL[2,1] := (tau2+(2*(pl-p2))/(gql-gq2)+2*ql*2+2*g2*ql+2*q2°2) *
lambda*2+ ( (gl+g2) *tau2+taul+ (2* (pl*ql-p2*g2) )/ (ql-g2)+ (2* (ql+g2))
* (ql*2+g22) ) *lambda+ (gl+g2) *taul+(1/4) *tau2”*2+ (ql*2+ql*q2+q2+2) *
tau2- (pl-p2) *2/(ql-q2) *2- (2* (pl*q2-p2*ql) ) * (q1+q92) / (q1-q2) +q1~4+
q274-ql*2*q272+2*tinftyl0;

tdL[2,2] :=-tdL[1,1]:

tdL:

tdAl:=2*Matrix (2, 2, [[-(1/2)*ql-(1/2)*g2-(1/2)*1lambda, 1/2], [
(tau2* (gl-q2) +2*ql*3-2*q2~3+2*pl-2*p2) / (2*ql-2*q2), (1/2)*ql+
(1/2) *q2+(1/2) *1ambda]l]]) ;

tda2:=2*Matrix (2, 2, [[(-g2*3-ql*g2”2+ (lambda*2+ql*2) *q2+ql*3-
lambda*2*ql+pl-p2) / (4*ql-4*q2), (1/4)*lambda-(1/4)*ql-(1/4)*q2],
[(2*gl*4+2*1lambda*ql*3+ql*2*tau2+ (lambda*tau2+2*pl+taul) *ql-2*
g2”4-2*lambda*gq243-g2*2*tau2+ (-lambda*tau2-2*p2-taul) *q2+2* (pl-
p2) *lambda) / (4*ql-4*q2), (-ql*3-ql*2*g2+(lambda*2+qg2+2)*ql+q2-3-
lambda“2*q2-pl+p2) / (4*ql-4*q2)]1]) ;

Haml:=2*unapply ( (pl1*2-p2~2)/2/(ql-q2)-(1/2)* (ql+q2) * ((ql~2+q22)
r2-qlr2*q272)

-1/2* (q1~2+ql*q2+g2+2) *taul-1/2* (ql+q2) * (q1*2+g2+2) *tau2

-1/8* (ql+g2) *tau2+2 -1/2* (gql+q2) * (2*tinftyl0-1), ql,q2,pl,p2);

Ham2:=2*unapply ((1/4) * (ql*p2-2-q2*p1~2) / (ql-q2) +1/4* (qlA4+qlA3*




gq2+ql*2*q2+2+ql*q2°3+g2+4) *gq2*ql

- (1/4) *1* (p1-p2) / (q1-q2)

+(1/4* (ql+g2) ) *gq2*ql*taul+(1l/4* (ql*2+ql*q2+g2+2)) *g2*ql*
tau2+1/16*g2*gl*tau2+2

+(1/4) *q2*ql* (2*tinftyl0-1), ql,q2,pl,p2);:

Hinftyl:=Haml (ql,gq2,pl,p2):
Hinfty0:=2*Ham2 (ql,q2,pl,p2):

omega:=1;

dgldtl:=diff (Haml(ql,qg2,pl,p2),pl):
dg2dtl:=diff (Haml (ql,g2,pl,p2),p2):
dpldtl:=-diff (Haml(ql,g2,pl,p2),ql):
dp2dtl:=-diff (Haml(gql,g2,pl,p2),92):
dgldt2:=diff (Ham2(ql,qg2,pl,p2),pl):
dg2dt2:=diff (Ham2 (ql,qg2,pl,p2),p2):
dpldt2:=-diff (Ham2(gql,g2,pl,p2),ql):
dp2dt2:=-diff (Ham2(ql,g2,pl,p2),q2):
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2 2
Ham2 =2 ((41’42’P1’P2)‘*'i' pl g2 +p2~ql 1

_ =1
First change of Darboux coordiantes: From (q,p) to (Q,P). This change is

_ time-independent and symplectic.
We first compute the change of coordinates and the evolutions of the new variables Qinfty0, Qinftyl,
| Pinfty0, Pinftyl.
> solve ({pl=omega*Pinfty0*q2-omega*Pinftyl,p2=omega*Pinfty0O*ql-
omega*Pinftyl}, {Pinfty0,Pinftyl}) ;
glsol:=(-Qinftyl-sqrt (Qinftyl*2-4*omega*Qinfty0))/2/omega;
g2sol:=(-Qinftyl+sqrt (Qinftyl*2-4*omega*Qinfty0))/2/omega;
plsol:=omega*Pinfty0*g2-omega*Pinftyl;
p2sol:=omega*Pinfty0*gl-omega*Pinftyl;
simplify (Qinftyl- (-omega* (qlsol+g2so0l))) ;
simplify (Qinfty0- (omega*glsol*qg2sol)) ;
Qinftylsol:=-omega* (ql+g2) :
QinftyOsol:=omega*qgl*qg2:
PinftyOsol := -(pl-p2)/(ql-g2):
Pinftylsol := -(pl*ql-p2*q2)/(ql-q2):
simplify (plsol- (omega*Pinfty0O*q2-omega*Pinftyl)) ;
simplify (p2sol- (omega*Pinfty0O*gql-omega*Pinftyl)) ;

dQinftyldtlinter:=unapply( simplify( diff (Qinftylsol,ql)*
dgldtl+diff (Qinftylsol,qg2) *dg2dtl

+diff (Qinftylsol,pl) *dpldtl+diff (Qinftylsol,p2) *dp2dtl+diff
(Qinftylsol,tl)) ,pl,p2):

dQinftyOdtlinter:=unapply( simplify( diff (Qinfty0Osol,ql) *dqldtl+
diff (QinftyOsol, g2) *dg2dtl

+diff (QinftyOsol,pl) *dpldtl+diff (QinftyOsol,p2) *dp2dtl+diff




(Qinfty0Osol,tl)),pl,p2):

dPinftyldtlinter:=unapply( simplify( diff (Pinftylsol,ql) *dqldtl+
diff (Pinftylsol,g2) *dg2dtl

+diff (Pinftylsol,pl) *dpldtl+diff (Pinftylsol,p2) *dp2dtl+diff
(Pinftylsol,tl)),pl,p2):

dPinftyOdtlinter:=unapply( simplify( diff (Pinfty0Osol,ql) *dgqldtl+
diff (Pinfty0Osol, q2) *dg2dtl

+diff (PinftyOsol,pl) *dpldtl+diff (PinftyOsol,p2) *dp2dtl+diff
(PinftyOsol,tl)),pl,p2):

dQinftyldtlinter2:=unapply (simplify (dQinftyldtlinter (plsol,p2sol)
), ql,q92):
dQinftyOdtlinter2:=unapply (simplify (dQinftyOdtlinter (plsol,p2so0l)
),4l,92):
dPinftyldtlinter2:=unapply (simplify (dPinftyldtlinter (plsol,p2sol)
),4l,92):
dPinftyOdtlinter2:=unapply (simplify (dPinftyOdtlinter (plsol,p2sol)
),ql,q2):

dQinftyldtl:=simplify (dQinftyldtlinter2 (qlsol,g2so0l));
dQinfty0dtl:=simplify (dQinftyOdtlinter2 (qlsol,g2so0l)) ;
dPinftyldtl:=simplify (dPinftyldtlinter2(qglsol,g2sol)) ;
dPinfty0dtl:=simplify (dPinftyOdtlinter2 (qlsol,g2sol)) ;

dQinftyldt2inter:=unapply( simplify( diff (Qinftylsol,hql) *dgqldt2+
diff (Qinftylsol, g2) *dg2dt2

+diff (Qinftylsol,pl) *dpldt2+diff (Qinftylsol,p2) *dp2dt2+diff
(Qinftylsol,t2)) ,pl,p2):

dQinftyOdt2inter:=unapply( simplify( diff (QinftyOsol,ql) *dgqldt2+
diff (Qinfty0Osol, g2) *dg2dt2

+diff (QinftyOsol,pl) *dpldt2+diff (QinftyOsol,p2) *dp2dt2+diff
(Qinfty0Osol,t2)) ,pl,p2):

dPinftyldt2inter:=unapply( simplify( diff (Pinftylsol,ql) *dgqldt2+
diff (Pinftylsol,g2) *dg2dt2

+diff (Pinftylsol,pl) *dpldt2+diff (Pinftylsol,p2) *dp2dt2+diff
(Pinftylsol,t2)) ,pl,p2):

dPinfty0dt2inter:=unapply( simplify( diff (Pinfty0Osol,ql) *dgqldt2+
diff (Pinfty0Osol, g2) *dg2dt2

+diff (PinftyOsol,pl) *dpldt2+diff (PinftyOsol,p2) *dp2dt2+diff
(PinftyOsol,t2)) ,pl,p2):



dQinftyldt2inter2:=unapply (simplify (dQinftyldt2inter (plsol,p2so0l)
), q1,92):
dQinftyO0dt2inter2:=unapply (simplify (dQinftyO0dt2inter (plsol,p2sol)
), q1,92):
dPinftyldt2inter2:=unapply (simplify (dPinftyldt2inter (plsol,p2sol)
), ql,q2):
dPinfty0dt2inter2:=unapply (simplify (dPinftyO0dt2inter (plsol,p2so0l)
), q1,92):

dQinftyldt2:=simplify(dQinftyldt2inter2 (gqlsol,g2so0l)) ;
dQinfty0dt2:=simplify (dQinftyOdt2inter2 (gqlsol,g2so0l)) ;
dPinftyldt2:=simplify (dPinftyldt2inter2(qlsol,g2sol)) ;
dPinfty0dt2:=simplify (dPinfty0dt2inter2 (gqlsol,g2so0l)) ;

. _ _pl—p2 . _ _plgl —p2q2 }
{PmﬁyO— —ql g2 Pinftyl = gl —q2 2)
glsol = % Qinfiyl — % J Qinfiy P — 4 Qinfty0

g2sol = % Qinfiyl + % J Qinfity > — 4 Qinfty0

plsol := Pinfty0 g2 — Pinftyl
p2sol := Pinfty0 gl — Pinftyl

SO OO

dQinftyldtl = 2 Pinfty0
dQinfiy0dt] = 2 Pinfty0 Qinftyl + 2 Pinftyl
dPinftyldtl == -5 Qinftyl" + (-6 12 + 12 Qinfty0) Qinftyl* + 4 Qinftyl t1 — £2* + 4 Qinfty0 12
— Pinfty0” — 3 Qinfty0" — 2 tinftyl0 + 1
dPinfiy0dt] == 4 Qinftyl’ + (4 12 — 6 Qinfty0) Qinftyl — 2 t1
dQinftyldt2 = Pinfty0 Qinftyl + Pinftyl

dQinfiy0ds2 = Pinfty0 Qinfty > — Pinfty0 Qinfy0 + Pinfiyl Qinfiyl + —

2
dPinftyldt2 = 3 Qinfty0" Qinftyl + (-2 Qinftyl’ — 2 Qinftyl £2 +t1) Qinfty0
— Pinfty(? Qinftyl — Pinfty0 Pinftyl
APinfiv0di2 = % OinfiyI* + % (=212 + 6 Qinfiy0) Qinfiyl® + Qinfiyl t] — % 2
+2 Qinfty012 + % Pinfty0* — % Qinfty( — tinfty10 + %

We compute the associated Hamiltonians. Since the change of coordinates is time-independent and
symplectic and since we know that (q,p) are canonical coordinates, we may simply replace the variables
|in the former Hamiltonians.

> Hamlintermediate:=unapply( simplify (Haml (gql,qg2,plsol,p2s0l)) ,hql,

qg2) :
HamlQP:=simplify (Hamlintermediate (gqlsol,g2sol)) :




HamlQPbis:=2* (PinftyO0*Pinftyl*omega”2+(1/2) *Pinfty0*2*Qinftyl*
omega+ (1/2) *Qinftyl~5/omega”5+(1/2) * (omega*tau2-4*Qinfty0) *
Qinftyl~3/omega*4 -(1/2)*Qinftyl”~2*taul/omega’*2+3*Qinfty0+2*
Qinftyl/2/omega”3-Qinfty0*Qinftyl*tau2/omega”2+(1/2) *Qinftyl¥*
(tau2+~2/4+2*tinftyl0-1) /omega+(1l/2)*QinftyO*taul/omega) ;
simplify (HamlQP-HamlQPbis) ;

Ham2intermediate:=unapply( simplify (Ham2 (ql,g2,plsol,p2so0l)) ,ql,
q2) :
Ham2QP:=simplify (Ham2intermediate (qlsol,g2so0l)):

Ham2QPbis:=2*( (1/4)*Pinftyl*2*omega”2+(1/2) *omega*Qinftyl*
Pinfty0*Pinftyl- (1/4) *omega*Qinfty0*Pinfty0~2 +(1/4)*Qinftyl 2%
Pinfty042+(1/4) *1*PinftyO*omega+(1/4) *Qinfty0*3/omega*3-3/4%*
Qinftyl”*2*Qinfty0~2/omega”4-(1/4) *tau2*Qinfty0*2/omega”*2+(1/4) *
Qinfty0*Qinftyl~4/omega”5+(1/4)*QinftyO*tau2*Qinftyl~2/omega”3-
(1/4) *taul*Qinfty0*Qinftyl/omega”*2+Qinfty0* (tau2+2/4+2%*
tinftyl0-1) / (4*omega)) ;

simplify (series (Ham2QP-Ham2QPbis,Qinftyl)) ;

simplify (dQinftyldtl-diff (HamlQP,Pinftyl)) ;
simplify (dQinfty0dtl-diff (HamlQP,Pinfty0)) ;
simplify (dPinftyldtl- (-diff (HamlQP,Qinftyl)));
simplify (dPinfty0dtl- (-diff (HamlQP,Qinfty0)));

simplify (dQinftyldt2-diff (Ham2QP,Pinftyl)) ;
simplify (dQinfty0dt2-diff (Ham2QP,Pinfty0)) ;
simplify (dPinftyldt2- (-diff (Ham2QP,Qinftyl))) ;
simplify (dPinfty0dt2- (-diff (Ham2QP,Qinfty0))) ;

HamIQPbis = 2 Pinfty0 Pinftyl + Pinfty0* Qinftyl + Qinftyl’ + (2 12 — 4 Qinfty0) Qinftyl’ A3)
— 2 t1 Qinftyl> + 3 Qinfty®® Qinftyl — 4 Qinfty0 Qinftyl 2 + Qinftyl (12* + 2 tinftyl0 — 1)
+2 Qinfty0't]

0

Ham2QPbis = % Pinftyl* + Pinfty0 Pinftyl Qinftyl — % Pinfty0” Qinfty0
+ % Pinfty0” Qinftyl* + % Pinfty0 + % Qinfty0® — % Qinfty? QinftyI* — Qinfty(” 12

+ % Qinfty0 Qinftyl* + Qinfty0 Qinftyl* 12 — Qinfty0 Qinftyl t1 + % Qinfty0 (12>

+ 2 tinftyl0 — 1)
0
0
0



SO oo Oo o

;We may also verify the formula for Hinfty0 and Hinftyl appearing in the computation.

> Hinftylfunction:=unapply (Hinftyl,pl,p2):
Hinftylintermediate:=unapply( simplify (Hinftylfunction (plsol,
p2sol)) ,ql,q2):
HinftylQP:=simplify (Hinftylintermediate (gqlsol,g2so0l)) ;

HinftyOfunction:=unapply (HinftyO,pl,p2):
HinftyOintermediate:=unapply( simplify (HinftyOfunction (plsol,
p2sol)) ,ql,q2):
HinftyOQP:=simplify (HinftyOintermediate (glsol,g2sol)) ;
Hinftyl QP := Qinfty’ + (2 12 — 4 Qinfty0) Qinftyl> — 2 t1 Qinftyl” + (Pinfty®* + 3 Qinfty® @)
—4Qmmﬂﬁ%ﬁf+2ﬁmwm—d)QMMJ+2Qmm0ﬂ+2PmmﬂHW®]
HinftyOQP = Qinfty0® + (-3 QinftyI* — 2 12) Qinfry0” + (QinfiyI* + 2 QinftyI* 12 — Pinfty0*
— 2 Qinftyl t1 + 12* + 2 tinftyl0 — 1) Qinfty0 + Pinfty0* Qinftyl*
| +2 Pinfty0 Pinfiyl Qinftyl + Pinftyl> + Pinfty0
| We may also rewrite the Lax matrix in the variables (Q,P).
> tdLllfunction:=unapply( tdL[1,1],pl,p2):
tdLllintermediate:=unapply( tdLllfunction (plsol,p2s0l),ql,hg2):
tdL11QP:=simplify(tdLllintermediate (glsol,g2sol)) ;

tdLl2function:=unapply( tdL[1,2],pl,p2):
tdLl2intermediate:=unapply( tdLl2function(plsol,p2sol) ,ql,qg2):
tdL12QP:=simplify (tdLl2intermediate (glsol,g2sol)) ;

tdL21function:=unapply( tdL[2,1],pl,p2):
tdL2lintermediate:=unapply( tdL2lfunction(plsol,p2so0l) ,qgql,g2):
tdL21QP:=simplify (tdL2lintermediate (glsol,g2sol)) ;

tdL11QP = -\’ + (Qinftyl> — Pinfiy0 — Qinfiy0) A+ (- Pinfty0 -+ Qinfiy0) Qinfiyl — Pinfiyl ~ (5)
tdLI120P = Qinfiyl A + 1" + Qinfiy0
tdL21QP = Qinfiyl* —2 Qinfiyl> h+ (2 X° + 2 Pinfy0 — 4 Qinfiy0+2 12) Qinfiy > + ( (
~2 12 + 4 Qinfty0) \ — 2 t1 + 2 Pinftyl) Qinfiyl + (2 12 — 2 Pinfty0 — 2 Qinfiy0) A’
+ (21 —2 Pinftyl) A+ 12> — 2 Qinfty012 — Pinfty0* + Qinfty(* + 2 tinfty10

Computation of the spectral invariants and verification of Theorem 5.2 relating Hamiltonians and
| spectral invariants

> assume (ql>g2) :
lambdaplus:=series (simplify (series (Eigenvalues (tdL) [1],lambda=
infinity) ) ,lambda=infinity) :




CoefflambdaplusLambda3:=simplify (-residue (lambdaplus/lambda”4,
lambda=infinity)) ;
CoefflambdaplusLambda2:=simplify (-residue (lambdaplus/lambda”3,
lambda=infinity)) ;
CoefflambdaplusLambdal:=simplify (-residue (lambdaplus/lambda”2,
lambda=infinity)) ;
CoefflambdaplusLambda0:=simplify (-residue (lambdaplus/lambda”1,
lambda=infinity)) ;
CoefflambdaplusLambdaMinusl:=simplify (-residue
(lambdaplus/lambda”0,lambda=infinity)) ;

CoefflambdaplusLambdaMinus2:=simplify (-residue (lambdaplus/lambda*

(-1) ,1ambda=infinity)):

CoefflambdaplusLambdaMinus3:=simplify (-residue (lambdaplus/lambda*

(-2) ,lambda=infinity)):

Il:=CoefflambdaplusLambdaMinus2;
I2:=1/2*CoefflambdaplusLambdaMinus3;

Ilfunction:=unapply(Il,pl,p2):

I2function:=unapply(I2,pl,p2):

Ilinter:=unapply (Ilfunction(plsol,p2so0l) ,ql,qg2):
I2inter:=unapply (I2function(plsol,p2so0l) ,ql,q2):
I1QP:=unapply (simplify (Ilinter (glsol,g2so0l)) ,Qinfty0,Qinftyl,
PinftyO,Pinftyl) ;

I2QP:=unapply (simplify (I2inter (glsol,g2so0l)) ,Qinfty0,Qinftyl,
PinftyO,Pinftyl) ;

simplify (HamlQP-2*TI1QP (Qinfty0,Qinftyl,Pinfty0,Pinftyl)) ;
-residue (lambda” (-2) *tdL[1,2] *diff (tdL[1,1]/tdL[1,2],1lambda),
lambda=infinity) ;

-Qinftylsol;

simplify (Ham2QP-2*I2QP (Qinfty0,Qinftyl,Pinfty0,Pinftyl)) ;
simplify (-residue (lambda” (-1) *tdL[1l,2]*diff (tdL[1,1]/tdL[1,2],
lambda) ,lambda=infinity)) ;
simplify(-1/2*Qinfty0sol+Pinfty0sol/2) ;
CoefflambdaplusLambda3 = 1
CoefflambdaplusLambda?2 = O
CoefflambdaplusLambdal = t2
CoefflambdaplusLambda( = t]
CoefflambdaplusLambdaMinus1 = tinfty10
1

6 4 3 2 . 2
1= gl =2 g1t 2 =2 g1 1 + (-12° = 2 tinfiy10) q1~> —2 211 g1~
2ql~—2q2~( q ql~"12—2q1~"t] + (-1 tinfty10) q 21l q

(6)



+q2-0+2 g2~ 12 +2 g2 t1 + (122 + 2 tinfty10) q2~* +2 21 g2~ + p1*> — p2°)

1 1 6 4 3 2
2= — 102~ +2 g1~ g2~ 2 +2 g1~ g2~ 11 + (2
5 2q1~_2q2~(q @2~ +2ql~" q2~12+2 g1~ g2~ 1l +

+2 tinftyl0) g2~ ql1~* + (-q2~° —2 g2~ 12 —2 g2~ t1 + (-12* — 2 tinfiy10) 2~
+p22 —t1* — 2 tinfy1012) ql~— g2~ (pI* — t1* — 2 £2 tinfty10) )

11QP = (Qinfty0, Qinftyl, Pinfty0, Pinftyl) —>% Oinfiyl’ + % (2 12 — 4 Qinfty0) Qinftyl’

+ Qinfty0tl + Pinfty0 Pinftyl
120P := (Qinfty0, Qinftyl, Pinfty0, Pinftyl) e% Qinfty0® + % (-3 Qinftyl* — 2 12) Qinfty("

+ L (Qinfiyl* +2 Qinfiy? 12 — Pinfiy® — 2 Qinfiyl t1 + £2° + 2 tinftyl0) Qinfiy0

4
1. . 2, 1 . . . I 2 1 .
+ " PmﬁfyO2 Qinftyl” + > Pinfty0 Pinftyl Qinftyl — " t” — > tinftyl10 12
+ % Pinfiyl*
2 tl 12 — Qinftyl
ql~+q2~
ql~+q2~
—% Qinfty0 + % Pinfty0 + % t1% + tinfty10 2
—q1~2q2~—kq1~q2~2——p1-%pZ
ql~—q2~
—q1~2q2~—kq1~q2~2——p1-%pZ
2ql~—2q2~

| Second change of Darboux coordinates: From (Q,P) to (Q,R).
Definition of the change of coordinates and its inverse. This change is time-independent bu not
| symplectic so the evolutions are not canonically
> Pinfty0sol2:=Qinftyl*2-Qinfty0-Rinftyl;
Pinftylsol2 :=-Qinftyl”*3+2*Qinfty0*Qinftyl+Qinftyl*Rinftyl-
RinftyO0;
simplify (Rinftyl-( -Pinfty0sol2-Qinfty0+Qinftyl*2)) ;
simplify (Rinfty0O- (-Pinftylsol2-Pinfty0sol2*Qinftyl+QinftyO¥*
Qinftyl));
Rinftylsol:=-Pinfty0-Qinfty0+Qinftyl”*2;
RinftyOsol:=-Pinftyl-Pinfty0*Qinftyl+Qinfty0*Qinftyl;
Pinfty0sol2 == Qinftyl* — Qinfty0 — Rinftyl
Pinftylsol2 == - Qinftyl3 + 2 Qinfty0 Qinftyl + Qinftyl Rinftyl — Rinfty0
0

0
Rinftylsol == Qinftyl* — Pinfty0 — Qinfty0
L RinftyOsol := - Pinfty0 Qinftyl + Qinfty0 Qinftyl — Pinftyl
|_Expression of the Lax matrix in the coordinates (Q,R).
> tdLl1l1lQPfunction:=unapply( tdL11QP,Pinfty0O,Pinftyl):

— Qinftyl* t1 + % (Pinfty0” + 3 Qinfty0* — 4 Qinfry012 + 12° + 2 tinfty10) Qinftyl — 12 t1

7



tdL11QR:=simplify( tdL11QPfunction (Pinfty0sol2,Pinftylsol2));
tdL12QPfunction:=unapply( tdL12QP,Pinfty0,Pinftyl):
tdL12QR:=simplify( tdL12QPfunction (Pinfty0sol2,Pinftylsol2));
tdL21QPfunction:=unapply( tdL21QP,Pinfty0,Pinftyl):
tdL21QR:=simplify( tdL21QPfunction (Pinfty0sol2,Pinftylsol2));
tdL1IOR = ~X + Rinfiyl A + Rinfiy0
(dLI2QR = Qinfryl &+ A" + Qinfry0
tdL21QR = (212 + 2 Rinftyl) Qinftyl” + ( (-2 12 — 2 Rinftyl) A — 2 t] — 2 Rinfty0) Qinftyl
+WZQ+ZMWUUxu%2ﬂ+2Rmmm)Aﬁf—ZQMMﬂQ—ZQWMﬂMW@]

| —Rinfiyl* + 2 tinftyl0

| Computation of the evolutions of Rinfty0 and Rinftyl.

> dRinftyldtlinter:=unapply( simplify( diff (Rinftylsol,Qinftyl)
*dQinftyldtl+ diff (Rinftylsol,Qinfty0) *dQinftyOdtl+diff
(Rinftylsol,Pinftyl) *dPinftyldtl+diff (Rinftylsol,Pinfty0)
*dPinftyOdtl+diff (Rinftylsol,tl) ) ,Pinfty0,Pinftyl):
dRinftyOdtlinter:=unapply (simplify( diff (RinftyOsol,Qinftyl) *
dQinftyldtl+ diff (RinftyOsol,Qinfty0) *dQinftyOdtl+diff
(RinftyOsol,Pinftyl) *dPinftyldtl+diff (RinftyOsol,Pinfty0) *
dPinftyO0dtl+diff (RinftyOsol,tl) ) ,Pinfty0,Pinftyl):
dQinftyldtlinter:=unapply (dQinftyldtl ,Pinfty0,Pinftyl):
dQinftyOdtlinter:=unapply (dQinfty0dtl ,Pinfty0,Pinftyl):

dRinftyldtl:=simplify (dRinftyldtlinter (Pinfty0sol2,Pinftylsol2));

dRinfty0dtl:=simplify (dRinftyOdtlinter (Pinfty0Osol2,Pinftylsol2)) ;

dQinftylQRdtl:=simplify (dQinftyldtlinter (Pinfty0sol2,Pinftylsol2)
);
dQinftyOQRdtl:=simplify (dQinftyOdtlinter (Pinfty0sol2,Pinftylsol2)
);
dRinftyldt] == (-4 t2 — 4 Rinftyl) Qinftyl + 2 tI + 2 Rinfty0
dRinfty0Odt] == (2 t2 + 2 Rinftyl) Qinftyl2 + (-2 tI — 2 Rinfty0) Qinftyl + 12> —4 Qinfty0t2
—4Qmmﬂmmwf—mm@f+2ﬁwmm—1
dQinftyl ORdt1 = 2 Qinﬁyl2 — 2 Qinfty0 — 2 Rinftyl
dQinfty0QORdt1 = 2 Qinfty0 Qinftyl — 2 Rinfty0

Rewntmg of the quantities in terms of the coordinates (Q,R)

> tdAlfunctionll:=unapply(tdAl[1,1],pl,p2):
tdAlfunctionl2:=unapply (tdAl[1l,2],pl,p2):
tdAlfunction2l:=unapply (tdAl[2,1],pl,p2):
tdAlfunction22:=unapply(tdAl[2,2],pl,p2):
tdAlQPintermediatell :=unapply (tdAlfunctionll (plsol,p2so0l) ,ql,q2):
tdAlQPintermediatel2:=unapply (tdAlfunctionl2 (plsol,p2so0l) ,ql,q2):
tdAlQPintermediate2l :=unapply (tdAlfunction2l (plsol,p2s0l) ,ql,qg2):
tdAlQPintermediate22:=unapply (tdAlfunction22 (plsol,p2so0l) ,ql,q2):

®

®



tdAl1QP:=Matrix(2,2,0):

tdA1QP[1,1] :=simplify (tdAlQPintermediatell (gqlsol,g2so0l)):
tdA1QP[1,2] :=simplify (tdAlQPintermediatel2 (glsol,g2sol)):
tdA1QP[2,1] :=simplify (tdAlQPintermediate2l (gqlsol,g2so0l)):
tdAl1QP[2,2] :=simplify (tdAlQPintermediate22 (qlsol,g2so0l)):
tdalQpP;

tdA2functionll:=unapply (tdA2[1,1],pl,p2):
tdA2functionl2:=unapply (tdA2[1,2],pl,p2):
tdA2function2l :=unapply (tdA2[2,1],pl,p2):
tdA2function22:=unapply(tdA2[2,2],pl,p2):
tdA2QPintermediatell :=unapply (tdA2functionll (plsol,p2so0l) ,ql,q2):
tdA2QPintermediatel2:=unapply (tdA2functionl2 (plsol,p2so0l) ,ql,q2):
tdA2QPintermediate2l :=unapply (tdA2function2l (plsol,p2s0l) ,ql,qg2):
tdA2QPintermediate22:=unapply (tdA2function22 (plsol,p2so0l) ,ql,qg2):
tdA2QP:=Matrix(2,2,0):

tdA2QP[1,1] :=simplify (tdA2QPintermediatell (gqlsol,g2so0l)):
tdA2QP[1,2] :=simplify (tdA2QPintermediatel2 (glsol,g2sol)):
tdA2QP[2,1] :=simplify (tdA2QPintermediate2l (gqlsol,g2so0l)):
tdA2QP[2,2] :=simplify (tdA2QPintermediate22 (qlsol,g2so0l)):
tdA20QP;

tdA1QRfunctionll :=unapply (tdA1QP[1,1] ,Pinfty0,Pinftyl):
tdA1QRfunctionl?:=unapply (tdA1QP[1,2] ,Pinfty0,Pinftyl) :
tdA1QRfunction2l :=unapply (tdA1QP[2,1] ,Pinfty0,Pinftyl):
tdA1QRfunction22 :=unapply (tdA1QP[2,2] ,Pinfty0,Pinftyl):

tdA1QR:=Matrix(2,2,0):
tdA1QR[1,1] :=simplify (tdA1QRfunctionll (Pinfty0Osol2,Pinftylsol2)):
tdA1QR[1,2] :=simplify (tdA1QRfunctionl2 (Pinfty0Osol2,Pinftylsol2)):
tdA1QR[2,1] :=simplify (tdA1QRfunction2l (Pinfty0sol2,Pinftylsol2)):
tdA1QR[2,2] :=simplify (tdA1QRfunction22 (Pinfty0sol2,Pinftylsol2)):
tdA10R;

tdA2QRfunctionll :=unapply (tdA2QP[1,1] ,Pinfty0,Pinftyl):
tdA2QRfunctionl2:=unapply (tdA2QP[1,2] ,Pinfty0,Pinftyl) :
tdA2QRfunction2l :=unapply (tdA2QP[2,1] ,Pinfty0,Pinftyl):
tdA2QRfunction22 :=unapply (tdA2QP[2,2] ,Pinfty0,Pinftyl):

tdA2QR:=Matrix(2,2,0):
tdA2QR[1,1] :=simplify (tdA2QRfunctionll (Pinfty0sol2,Pinftylsol2)):
tdA2QR[1,2] :=simplify (tdA2QRfunctionl2 (Pinfty0sol2,Pinftylsol2)):



tdA2QR[2,1] :=simplify (tdA2QRfunction2l (Pinfty0sol2,Pinftylsol2)):
tdA2QR[2,2] :=simplify (tdA2QRfunction22 (Pinfty0so0l2,Pinftylsol2)):
tdA20R;

tdLQR:=Matrix(2,2,0):
tdLOR[1,1] :=tdL11QR:
tdLQOR[1,2] :=tdL120QR:
tdLQOR[2,1] :=simplify (tdL21QR) :
tdLQOR[2,2] :=-tdLQR[1,1]:
tdLOR;

Qinftyl — A 1

2 Qinftyl* — 2 Pinfty0 — 2 Qinfty0+2 12 - Qinftyl + A

Lo 10 1 11
[[2 Qinftyl > A > PU#WO,Z K+—2 Qn#@]}

[ - Qinfty + Qinfty> M+ (-2 + 2 Qinfty0) Qinftyl + (12 — Pinfty0 — Qinfty0) A + tI

10)

— Pinfiyl, % Oinfiy I + % 2+ % PinﬁyO”

Qinftyl — A 1
2 12 + 2 Rinftyl - Qinftyl + A

1.2, 1 . 1 . 1 1 .
[[— A +~2 Qu#@0+-2 Rnﬁ@],z K+—2 Qinftyl

9

2
[ (=12 — Rinfiyl) Qinfiyl + A 12 -+ Rinfiyl \ + t1 + Rinfiy0, % x— % Qinfiy0
—-l-Rh#W]

2 Fono |

[[ =27+ Rinfyl A + Rinfty0, Qinftyl L+ X" + Qinfty0).

[ (2 12 + 2 Rinftyl) Qinfly]2 + ((-2 12 =2 Rinftyl) A — 2 tI — 2 Rinfty0) Qinftyl + (2 12

+2 Rinftyl) X + (2 11 + 2 Rinfty0) A + 12> — 2 Qinfty012 — 2 Qinfty0 Rinftyl — RinfiyI®
|+ 2tinfiyl0, X’ — Rinftyl A — Rinfty0 ||
> lambdaplusQR:=series (simplify (series (Eigenvalues (tdLQR) [1],
lambda=infinity) ) ,lambda=infinity) :
CoefflambdaplusLambda3QR:=simplify (-residue
(lambdaplusQR/lambda”4,lambda=infinity)) ;
CoefflambdaplusLambda2QR:=simplify (-residue
(lambdaplusQR/lambda”3, lambda=infinity)) ;
CoefflambdaplusLambdalQR:=simplify (-residue
(lambdaplusQR/lambda”*2,lambda=infinity)) ;
CoefflambdaplusLambdaOQR:=simplify (-residue
(lambdaplusQR/lambda”l,lambda=infinity)) ;
CoefflambdaplusLambdaMinuslQR:=simplify (-residue




(lambdaplusQR/lambda”0,lambda=infinity)) ;
CoefflambdaplusLambdaMinus2QR:=simplify (-residue
(lambdaplusQR/lambda” (-1) ,lambda=infinity)) :
CoefflambdaplusLambdaMinus3QR:=simplify (-residue
(lambdaplusQR/lambda” (-2) ,lambda=infinity)) :

I1QR:=expand (CoefflambdaplusLambdaMinus20QR) ;

I2QR:=expand(l/2*CoefflambdaplusLambdaMinus3QR) ;
CoefflambdaplusLambda3 QR = 1 11)
CoefflambdaplusLambda? QR = 0
CoefflambdaplusLambdal OR = 12
CoefflambdaplusLambdaOQR = tI
CoefflambdaplusLambdaMinus1 QR = tinftyl0

11QR := Qinftyl’ Rinftyl + 12 Qinftyl’ — 2 Qinfty0 Qinftyl Rinftyl — 2 Qinfty0 Qinftyl 12
— Qinfty I’ Rinfty0 — t1 Qinftyl* — % Qinftyl Rinftyl* + % 12* Qinftyl + Qinfty0 Rinfty0
+ Qinfty0 t1 + tinfty10 Qinftyl + Rinfty0 Rinftyl — 12 t1
I20R = —% Qinfty®® Rinftyl — % Qinfty(® 12 + % Qinfty0 QinftyI* Rinftyl
+ % Qinfty0 Qinftyl* 12 — % Qinfty0 Qinftyl Rinfty0 — % Qinfty0 Qinftyl t1
— % Qinfty0 Rinftyl> + % Qinfty012* + % Qinfty0 tinfty10 — % 11> — % tinfty10 12

+ % Rinfty0*

| Third change of Darboux coordinates: from (Q,R) to (u,v)
| Definition of the isospectral coordinates
> Qinftyl:=uinftyl;

QinftyO:=uinfty0+t2/2;

Rinftyl:=-t2+vinftyl;

Rinfty0O:=-tl+vinftyO0;

tdLuv:=simplify (tdLQR) ;

Iluv:=simplify (I1QR) ;

I2uv:=simplify (I2QR) ;

Qinftyl = uinftyl 12)
Qinfy0 == uinfry0 + % 2
Rinftyl := -12 + vinftyl
Rinfty0 := -tI + vinfty0
[ [ X+ (=122 + vinfiyl) A — t1 + vinfty0, uinfiyl A+ A + uinfiy0 + % 2 }

[ -vinfiy? + (2 X" =2 uinfiyl +2 uinfiyl® + 12 — 2 uinfty0) vinftyl + 2 vinftyO A
— 2 uinfiyl vinfiy0 + 2 tinfiy10, X + (12 — vinfiyl) A+ t1 — vinfty0 ||
1uv = uinftyl’ vinftyl — uinftyl* vinfty0 + % (-4 uinfry0 vinftyl — vinftyl*




-+21ﬁﬁ®]0)uﬁﬁ@l+—%—(—2t]%—2vhﬁ@0)vhﬁ®l—-%—vMﬁyO(Q-—ZuhﬁUO)

DRuv = & (<12 =2 uinfty0) vinfiy* + ~ (12 + 2 uinfy0) (2 uinfiy® + 12

8 8
—2umm0)WWWL+%-k4uMﬁdWW@0+4ﬁﬁWM)mmb0+é-(
~2 winfiyl vinfiy0 — 2 tinfiy10) 12 — % 1 vinfty0 + % vinfiy(?

> tdAluv:=simplify (tdA1QR) ;
tdA2uv:=simplify (tdA20QR) ;

dtdAluvdlambda:=Matrix (2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dtdAluvdlambdali,j]:
diff (tdAluv[i,j],lambda): od: od:
dtdA2uvdlambda:=Matrix (2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dtdA2uvdlambdali, j]:
diff (tdA2uv[i,j],lambda): od: od:

dtdAluvdlambda:

dtdA2uvdlambda:

dtdLuvdtl:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dtdLuvdtl|[i,j]:=
simplify (

diff (tdLuv[i,j],uinfty0) *duinftyO0dtl+diff (tdLuv[i,j] , uinftyl)*
duinftyldtl+diff (tdLuv[i,j],vinfty0) *dvinfty0dtl+diff (tdLuv[i,j],
vinftyl) *dvinftyldtl +diff (tdLuv[i,]j],tl)

): od: od:

dtdLuvdt2:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dtdLuvdt2[i,j]:=

diff (tdLuv[i,j],uinfty0) *duinfty0dt2+diff (tdLuv[i,j] , uinftyl)*
duinftyldt2+diff (tdLuv[i,j],vinfty0) *dvinfty0dt2+diff (tdLuv[i,]j],
vinftyl) *dvinftyldt2 +diff (tdLuv[i,j],t2): od: od:

CompatibilityEquationl:=simplify (dtdLuvdtl-dtdAluvdlambda+
Multiply (tdLuv, tdAluv)-Multiply (tdAluv, tdLuv)) :
CompatibilityEquation2:=simplify (dtdLuvdt2-dtdA2uvdlambda+
Multiply (tdLuv, tdA2uv)-Multiply (tdA2uv, tdLuv)) :
uinftyl — A 1
13)
2vinftyl  -uinftyl +\




1 .2, 1 . 1 | 1 |
> A+ > uinfty0 4 22+ > vinftyl > A+ > uinftyl

(-uinftyl + ) vinftyl + vinfty0 % x— % uinfty0 + % 2 — % vinftyl

;Computation of the evolutions of the Darboux coordinates (u,v)

> simplify (series (CompatibilityEquationl[1,1],lambda=0)):
simplify (series (CompatibilityEquationl[1,2],lambda=0)) :
simplify (series (CompatibilityEquationl[2,1],1lambda=0)) :
simplify (series (CompatibilityEquationl[2,2]
+CompatibilityEquationl[1,1],lambda=0)) ;
dvinftyldtl:=-4*uinftyl*vinftyl+2*vinftyO;
dvinfty0dtl:=-vinftyl*2+2* (uinftyl*2-2*uinfty0) *vinftyl-2*
uinftyl*vinftyO+2*tinftylO0;
duinftyldtl:=2*uinftyl*2+t2-2*uinfty0-2*vinftyl;
duinfty0dtl:=(t2+2*uinfty0) *uinftyl+2*tl1-2*vinftyO;
simplify (series (CompatibilityEquationl[1,1],lambda=0)) ;
simplify (series (CompatibilityEquationl[1,2],6lambda=0)) ;
simplify (series (CompatibilityEquationl[2,1],lambda=0)) ;
simplify (series (CompatibilityEquationl[2,2]+
CompatibilityEquationl[1,1],lambda=0)) ;

simplify (series (CompatibilityEquation2[1,1],lambda=0)):
simplify (series (CompatibilityEquation2[1,2],6lambda=0)):
simplify (series (CompatibilityEquation2[2,1],lambda=0)):
simplify (series (CompatibilityEquation2[2,2]+
CompatibilityEquation2[1,1],lambda=0)) ;

dvinftyldt2:=vinftyl*uinftyl*2-uinftyl*vinfty0-(1/2) *vinftyl*2-2*
uinftyO*vinftyl+tinftylO;
dvinfty0dt2:=uinftyl*3*vinftyl-uinftyl*2*vinfty0-(1/2)* (-2*t2*
vinftyl+vinftyl*2-2*tinftyl0) *uinftyl-(1/2)* (t2+2*uinfty0) *
vinftyO0;

duinftyldt2:=(1/2) * (t2+2*uinfty0) *uinftyl+tl-vinfty0;
duinfty0dt2:=(tl-vinftyO0) *uinftyl- (1/4)*t222+(1/2) *t2*vinftyl+
uinfty0”*2+uinftyO*vinftyl;

simplify (series (CompatibilityEquation2[1,1],lambda=0)) ;
simplify (series (CompatibilityEquation2[1,2],6lambda=0)) ;
simplify (series (CompatibilityEquation2[2,1],lambda=0)) ;
simplify (series (CompatibilityEquation2[2,2]+
CompatibilityEquation2[1,1],lambda=0)) ;
0 a4)




dvinftyldtl == -4 uinftyl vinftyl + 2 vinfty0
dvinfyOdtl == -vinftyl* + 2 (uinftyl* — 2 uinfty0) vinftyl — 2 uinftyl vinfty0 + 2 tinfty10
duinftyldtl = 2 uinftyl* + 12 — 2 uinfty0 — 2 vinftyl
duinftyOdtl = (12 + 2 uinfty0) uinftyl + 2 t1 — 2 vinfty0
0

0
0
0
0

dvinftyldt2 = vinftyl uinftyl* — uinftyl vinfty0 — % vinftyl* — 2 uinfty0 vinftyl + tinfty10
dvinfiy0di2 = uinfiyl® vinfiyl — uinfiyl® vinfty0 — % (=2 12 vinfiyl + vinfiyl?
2 tinfty10) uinfiyl — % (12 + 2 uinfty0) vinfty0
duinftyldt? = % (12 + 2 uinfty0) uinftyl + t1 — vinfty0

duinfty0dt2 = (tl — vinfty0) uinftyl — % 2>+ % 12 vinftyl + uinftyO2 + uinfty0 vinftyl

SO OO

;Veriﬁcation of the isospectral condition \delta t[\td{L}]= \partial \lambda \td{A}
> diff(tdLuv[1l,1],tl)-dtdAluvdlambda[l,1];
diff (tdLuv[1l,2],tl)-dtdAluvdlambda[l,2];
diff (tdLuv[2,1],tl)-dtdAluvdlambda[2,1];
diff (tdLuv[2,2],tl)-dtdAluvdlambdal2,2];

diff (tdLuv[l,1],t2)-dtdA2uvdlambda[l,1];
diff (tdLuv[1l,2],t2)-dtdA2uvdlambda[l,2];
diff (tdLuv[2,1],t2)-dtdA2uvdlambda[2,1];
diff (tdLuv[2,2],t2)-dtdA2uvdlambdal[2,2];
15)

SO OOO OO

[ Final change of coordinates to obtain a canonical set of isospectral
coordinates (x_2,x 3,y 2,y 3)inspired by Appendix A of '""Hamiltonian
structure of rational isomonodromic deformation systems' by Bertola,

| Harnad and Hurtubise.
| Definition of the change od Darboux coordinates.




> y2sol:=alpha*vinftyl;
x3sol:=-beta*uinftyl;
x2sol:=delta*uinftyO+epsilon*vinftyl;
y3sol:=mu*vinftyO-nu*uinftyl*vinftyl;
solve ({y2=y2sol, y3=y3sol, x2=x2s0l,x3=x3s0l}, {uinftyO,uinftyl,
vinftyO,vinftyl}) ;
uinftyOsol :=(alpha*x2-epsilon*y2)/(alpha*delta);
uinftylsol :=-x3/beta;
vinftyOsol :=(alpha*beta*y3-nu*x3*y2)/(alpha*beta*mu) ;
vinftylsol :=y2/alpha;

dy2dtlfunction:=unapply( simplify (diff (y2sol,uinfty0)*
duinftyO0dtl+diff (y2sol,uinftyl) *duinftyldtl+diff (y2sol,vinfty0)*
dvinftyO0dtl+diff (y2sol,vinftyl) *dvinftyldtl), uinftyO,uinftyl,
vinftyO,vinftyl) :

dy3dtlfunction:=unapply( simplify (diff (y3sol,uinfty0) *
duinftyO0dtl+diff (y3sol,uinftyl) *duinftyldtl+diff (y3sol,vinfty0) *
dvinftyO0dtl+diff (y3sol,vinftyl) *dvinftyldtl), uinftyO,uinftyl,
vinftyO,vinftyl) :

dx2dtlfunction:=unapply( simplify (diff (x2sol,uinfty0) *
duinfty0dtl+diff (x2s0l,uinftyl) *duinftyldtl+diff (x2so0l,vinfty0) *
dvinftyO0dtl+diff (x2sol,vinftyl) *dvinftyldtl), uinftyO,uinftyl,
vinftyO,vinftyl) :

dx3dtlfunction:=unapply( simplify (diff (x3sol,uinfty0)*
duinftyO0dtl+diff (x3sol,uinftyl) *duinftyldtl+diff (x3sol,vinfty0) *
dvinftyO0dtl+diff (x3sol,vinftyl) *dvinftyldtl), uinftyO,uinftyl,
vinftyO,vinftyl) :

dy2dtl:=simplify (dy2dtlfunction (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

dy3dtl:=simplify (dy3dtlfunction (uinftyOsol,uinftylsol,vinftyOsol,
vinftylsol)):

dx2dtl:=simplify (dx2dtlfunction (uinftyOsol,uinftylsol,vinftyOsol,
vinftylsol)):

dx3dtl:=simplify (dx3dtlfunction (uinftyOsol,uinftylsol,vinftyOsol,
vinftylsol)) :

dy2dt2function:=unapply( simplify (diff (y2sol,uinfty0) *
duinfty0dt2+diff (y2so0l,uinftyl) *duinftyldt2+diff (y2sol,vinfty0) *
dvinftyO0dt2+diff (y2sol,vinftyl) *dvinftyldt2), uinftyO,uinftyl,
vinftyO,vinftyl) :

dy3dt2function:=unapply( simplify (diff (y3sol,uinfty0)*



duinfty0dt2+diff (y3sol,uinftyl) *duinftyldt2+diff (y3sol,vinfty0) *
dvinfty0dt2+diff (y3sol,vinftyl) *dvinftyldt2), uinftyO,uinftyl,
vinftyO,vinftyl) :

dx2dt2function:=unapply( simplify (diff (x2sol,uinfty0) *
duinfty0dt2+diff (x2so0l,uinftyl) *duinftyldt2+diff (x2so0l,vinfty0) *
dvinfty0dt2+diff (x2s0l,vinftyl) *dvinftyldt2), uinftyO,uinftyl,
vinftyO,vinftyl) :

dx3dt2function:=unapply( simplify (diff (x3sol,uinfty0) *
duinfty0dt2+diff (x3sol,uinftyl) *duinftyldt2+diff (x3sol,vinfty0) *
dvinfty0dt2+diff (x3sol,vinftyl) *dvinftyldt2), uinftyO,uinftyl,
vinftyO,vinftyl) :

dy2dt2:=simplify (dy2dt2function (uinftyOsol,uinftylsol,vinftyOsol,
vinftylsol)):
dy3dt2:=simplify (dy3dt2function (uinftyOsol,uinftylsol,vinftyOsol,
vinftylsol)):
dx2dt2:=simplify (dx2dt2function (uinftyOsol,uinftylsol,vinftyOsol,
vinftylsol)) :
dx3dt2:=simplify (dx3dt2function (uinfty0Osol,uinftylsol,vinfty0Osol,
vinftylsol)):

y2sol == auvinftyl (16)

x3sol := - B uinftyl

x2sol = S uinfty0 + € vinftyl
y3sol := -v uinftyl vinftyl + Wvinfty0

2—e€y2 3 —vx3y2
vinfiy0= L2 T2 = - g $BII VSN2 L 02
oo B ofBu o
2—ey2
uinftyOsol = Qxe ey
o0
uinftylsol == - %
3 —vx3y2
vinftyOsol := aPy3 —vaiy
afp

vinftylsol = 2
o

;Expression of the Hamiltonians in the coordinates (x_1,y 1).
> mu:=1;

beta:=-1;

epsilon:=0;

delta:=1;

nu:=mu;

alpha:=-beta*mu/delta;




Hamlxy:=((((-delta*t2-2*x2) *x3+2*delta*tl*beta) *mu-2*y3*beta*
(delta-epsilon) ) *alpha*y2+3*y242* (mu*epsilon+(1/3) *nu* (delta-
epsilon)) *x3) / (alpha*beta*mu) -2*y3*alpha*x2/mu- (2*beta*mu*x3*
tinftyl0+2*x342*y3) /beta-beta*t2*y3:

simplify( dx2dtl-diff (Hamlxy,y2));

simplify (series (simplify( dy2dtl+diff (Hamlxy,x2)) ,y2));
simplify (series (simplify( dy3dtl+diff (Hamlxy,x3)) ,y2));
simplify (series (simplify( dx3dtl-diff (Hamlxy,y3)),y2))

Ham2xy:=((-(1/2) *x3%2+(1/4) *t2+(1/2) *x2) *y2+x3* (t1-y3)-(1/4)*
t222+x242) *y2+ (x3*y3-tinftyl0) *x2+ (1/2) *t2*y3*x3+(1/2) *y3* (2*t1-
y3)+(1/2) *tinftyl0*t2:

simplify( dx2dt2-diff (Ham2xy,y2));

simplify (series (simplify( dy2dt2+diff (Ham2xy,x2)) ,y2));

simplify (series (simplify( dy3dt2+diff (Ham2xy,x3)) ,y2))

simplify (series (simplify( dx3dt2-diff (Ham2xy,y3)) ,y2))

ue=1 a7
Bi=-1
c:=0
0:=1
vi=1
o:=1

0

0

0

0

0

0

0

0

> Hamlxy:=simplify (Hamlxy) ;
x2so0l:=x2s0l;
x3so0l:=x3so0l;
y2sol:=y2so0l;
y3sol:=y3sol;
Ham2xy:=expand (simplify (Ham2xy)) ;

anﬂxy===2x32y34—(—y22+-02—F2x2)y2-—2thUW]0)x3—F(2t]—-2y3)y2-%y3(t2 (18)
—2x2)
x2sol = uinfty0
x3sol := uinftyl
y2sol := vinftyl
y3sol := -uinftyl vinftyl + vinfty0



Ham2xy = —% x32y22—l— % y22t2 + % x2y22—l—y2x3 tl —y2x3y3 — % y2 t22+ny22
+x2 x3 y3 — x2 tinftyl0 + % 12y3x3 +y3tl — % 3+ % tinftyl0 12

Expression of the spectral invariants in the coordinates (X,y) and verification that they recover the
| Hamiltonians.

> Iluvfunction:=unapply(Iluv,uinftyO,uinftyl,vinfty0,vinftyl):
Ilxy:=simplify (Iluvfunction (uinfty0Osol,uinftylsol,vinfty0Osol,
vinftylsol)) ;
I2uvfunction:=unapply (I2uv,uinfty0,uinftyl,vinfty0,vinftyl):
I2xy:=simplify (I2uvfunction(uinfty0Osol,uinftylsol,vinftyOsol,
vinftylsol)) ;
simplify (Hamlxy- (-2) *Ilxy) ;
simplify (Ham2xy- (-2) *I2xy) ;

xy = —x32y3+% (y22 4 (-2 — 2 x2) y2 + 2 tinfty10) x3+% (-211 +2y3) y2 (19)
—%y3(t2—2x2)
Dxy = % (2x32—t2—2x2)y22—l—% ((-411 +4y3) x3 +12> —4x2%) y2—%y3 (12
+2x2)x3+%y32—%y3t]—%tinfty]O(t2—2x2)
0
0

;Expression of the Lax matrices in the coordinates (x,y)

> tdLxyllfunction:=unapply (tdLuv([1l,1] ,uinfty0,uinftyl,vinftyO,
vinftyl) :
tdLxyl2function:=unapply (tdLuv|[1l,2] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdLxy21function:=unapply (tdLuv[2,1] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdLxy22function:=unapply (tdLuv[2,2] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdLxy:=Matrix(2,2,0):
tdLxy[1,1] :=simplify (tdLxyllfunction (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):
tdLxy[1,2] :=simplify (tdLxyl2function (uinfty0Osol,uinftylsol,
vinftyOsol,vinftylsol)):
tdLxy[2,1] :=simplify (tdLxy2lfunction (uinfty0Osol,uinftylsol,
vinftyOsol,vinftylsol)):
tdLxy[2,2] :=simplify (tdLxy22function (uinfty0Osol,uinftylsol,
vinftyOsol,vinftylsol)):
tdLxy;




tdAlxyllfunction:=unapply (tdAluv[1l,1] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdAlxyl2function:=unapply (tdAluv[1l,2] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdAlxy21lfunction:=unapply (tdAluv[2,1] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdAlxy22function:=unapply (tdAluv[2,2] ,uinftyO,uinftyl,vinftyO,
vinftyl) :

tdAlxy:=Matrix(2,2,0):

tdAlxy[1l,1] :=simplify (tdAlxyllfunction (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdAlxy[1,2] :=simplify (tdAlxyl2function (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdAlxy[2,1] :=simplify (tdAlxy2lfunction (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdAlxy[2,2] :=simplify (tdAlxy22function (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdAlxy;

tdA2xyllfunction:=unapply (tdA2uv[1l,1] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdA2xyl2function:=unapply (tdA2uv[1l,2] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdA2xy21function:=unapply (tdA2uv[2,1] ,uinftyO,uinftyl,vinftyO,
vinftyl) :
tdA2xy22function:=unapply (tdA2uv[2,2] ,uinftyO,uinftyl,vinftyO,
vinftyl) :

tdA2xy:=Matrix(2,2,0):

tdA2xy[1,1] :=simplify (tdA2xyllfunction (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdA2xy[1,2] :=simplify (tdA2xyl2function (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdA2xy[2,1] :=simplify (tdA2xy21lfunction (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tdA2xy[2,2] :=simplify (tdA2xy22function (uinftyOsol,uinftylsol,
vinftyOsol,vinftylsol)):

tda2xy;

H—x3+(-t2 y2) A— 1] +x3y2 +y3, x3x+x2+x2+%t2 , (20)

[ 22+ (20 +12—2x2) y2 =223 y3 +2Ay3 +2 tinfiyl0, X’ + (12 — y2) A+ 11
—x3y2 —3]]






