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General position of the talk

General problem

How to quantize a “classical spectral curve” ([y, \] = 0)

P(A\,y) =0, P rational in A, monic polynomial in y

into a linear differential equation ([i0x, \] = h):

(/3 ()\7 hd%)) Y(A\h)=07?

P rational in A with same pole structure as P.

Key ingredients

Key ingredient 1: Topological recursion [24].
Key ingredient 2: Integrable systems, Lax pairs:

ha%w(,\,h, t) = L(\, b, )W(A, A, t) | h%\v()\, ht) = A\ B, )W, B t)
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Strategy of the construction

o

Define proper initial data to apply topological recursion (TR)
= Minor technical restrictions on the classical spectral curve
Apply TR to initial data: = Output: (Whn)hn>0: TR
differentials” .

Stack the wp, , into some “perturbative wave functions' (1;(z))<;.
= formal WKB series in A.

Take kind of “formal Fourier transform” to get “non-perturbative
wave functions” and regroup them into a wave matrix WNF()\; h)
= Formal trans-series in 7.

Prove that AO\WNF (X h) = L(\, A)WNF (A k) with L rational with
controlled pole structure. < “Quantum curve”.

Obtain auxiliary systems hO,WNF (X, B, t) = A(\, h, t)WNP (X A, t)
with A; rational with dominated pole structure = Connection with
isomonodromic deformations.
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Known results and applications

@ Review on TR and quantum curves by P. Norbury [36].
@ Elements of the strategy already existing in the literature
[9, 18, 20, 23, 24, 35].
@ Non-perturbative part is not necessary for genus 0 classical
spectral curves.
@ Several examples worked out in details [14, 15, 16, 17, 28, 30, 39].
o Reverse approach also exists [3, 7, 29, 33]:
[Lax pair: (L(A, 1), A(A, h)) + Topological type property] =
W reconstructed by TR applied on the associated classical spectral
curve ?!Limo det(yly — L(\,R)) = 0.
—

@ Applications in enumerative geometry
[2, 5, 6, 10, 11, 12, 19, 37, 38, 40, 25, 26].
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Summary of the general results

@ Results presented following [32] for s/ case (hyper-elliptic case) and
[22] for the general gly case. Similar works for sk case in [21].

e Connection with isomonodromic deformations only in gl case (so
far) in [34, 31].
@ Technical assumptions on the classical spectral curve include
o Pole of any degree including infinity.
o Poles may be ramification points.
o Ramification points are simple and smooth.
@ Main results: Construction of the matrix wave functions,
quantum curve and some compatible auxiliary systems with
same pole structure as the initial spectral curve.

@ Application of the theory to all genus 1 cases in gh(C) recovers the
six Painlevé Lax pairs.
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Classical spectral curve

Classical spectral curve

Let (Ag,...,Ay) be N > 0 distinct points on P!\ {oo}. Let
Ha(A1, ..., AN, 0) be the Hurwitz space of covers x: ¥ — P! of degree
d defined as the Riemann surface

¥ ={(\y) [P(\y) =0},

where d
POLY) =Y (-1)'y*'P(N) =0, P(}) =1
1=0
with each coefficient (P/),c[1,4) being a rational function with
possible poles at \ € P == {A;}Y, [J{oco}.
A classical spectral curve (¥, x) is the data of the Riemann surface X
and its realization as a Hurwitz cover of P!.
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Classical spectral curve with fixed pole structure

Classical spectral curve with fixed pole structure

For I € [1,d], let r. O and ( /)) . be some non-negative integers. We

consider the subspace
Ha (s, (D), s (Aws (). (00, (D)) ) € Mol - A,y 00)

of covers x such that the rational functions (P;)%_; are of the form

=3 X PR &N forl € [L,d],

PEP kesl)

where we have defined
Vie[L,N] : =[1,rY] and SO :=[0,rY],

and the local coordinates {{p(\)}pep around P € P are defined by

Vie [L,N] : ép(\)=(A—=A) and £\ =271
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Canonical local coordinates and spectral times

Canonical local coordinates

Let P € P! and p € x~1(P). Canonical coordinates on P! near P are

Ep(A) =A—P if P# 0, §p()\)::% if P=o0

Canonical local coordinates near any p € x~1(P) are

¢o(2) = Ep(x(2))7 , d, = order,(&p)

€

Spectral times (KP times)

The 1-form ydx has the following expansion:

rp—1

ydx = Z tp,kgp‘k‘ldgp + analytic at p.
k=0

t = (tp.k) pex-1(P) kef1,r,—1] 2re called “irregular or spectral times".

ty) = (tP>0)pe><—1(73) are called “monodromies”.
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Ramification points and critical values

Ramification points and critical values

We denote by Ry the set of all ramification points of the cover x, and by
R the set of all ramification points that are not poles (i.e. not in

x1(P)),

Ro = {p € X /1 + orderp, dx # j:l},
Ri={peX/dx(p)=0, x(p)¢P}="Ro\x*(P)

We shall refer to their images x(R) as the critical values of x.
v
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Admissible spectral curve

Admissible classical spectral curves

We say that a classical spectral curve (X, x) is admissible if it satisfies:

@ The Riemann surface X defined by P(A,y) = 0 is an irreducible
algebraic curve, i.e. P()\,y) does not factorize.

o All ramification points are simple, i.e. dx has only a simple zero at
aeR.

o Critical values are distinct: for any (a;,a;) € R X R such that
aj # aj then x(a;) # x(aj).

e Ramification points are smooth: for any a € R, dy(a) # 0 (i.e. the
tangent vector (dx(a), dy(a)) to the immersed curve
{(A\,y) | P(A,y) = 0} is not vanishing at a).

o Generic ramified poles: for any pole p € x~}(P) ramified, the
1-form ydx has a pole of degree r, > 3 at p, and the corresponding
spectral times satisfy t, 2> # 0.
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Remarks on the technical assumptions

@ Topology of admissible spectral curves relatively to spectral times is
complicated. = Spectral times are not independent. Tangent space
and deformations hard to define for d > 3.

@ Tangent space defined for d = 2 <+ Existence of deformations 0y, .
Split into trivial deformations (Mobius transformations and
gh — sh) and g isomonodromic deformations.

@ Ingredients to remove some technical assumptions already exist in
the literature: simple ramification points, smooth ramification
points, reducible algebraic curves.

e Defining properly the tangent space (in the spirit of [34]) would allow
to make the connection with isomonodromic deformations for d > 3.

o Condition that ramified poles are generic allows to exclude
ramified poles in the residues of TR.
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Admissible initial data

Admissible initial data

Given an admissible spectral curve (X, x) of genus g, we add
o Choice of Torelli marking (A;, ;)% ;).
< Associated “Bergman” kernel (normalized fundamental second
kind differential) B(AHBIL:
@ A generic smooth point 0 € ¥ \ x 1(P) and some choice of
non-intersecting homology chains C,_,, for each p € x~1(P)
compatible with the Torelli marking:

Vpex}(P), Vie[l,gl, AiNCosp=0=DBiNCosp,

These three ingredients define some “admissible initial data” on which
TR can be applied. Denoted ((X, x), (Ai, Bi)%_;)-
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General considerations

e Initial version [24] of TR dating back to 2007 is sufficient since
ramification points are assumed simple.

@ Some generalizations of TR exist to deal with non-simple
ramification points, non-irreducible curves [8, 13].

@ TR takes admissible initial data as input and provides some
TR differentials (wp ,)r>0,n>0 as output.

@ These differentials are computed by recursion on s = n + 2h starting
from

wo,1 = ydx, Wo2 = B(A,.E)’,)'Llﬁ
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Definition of TR

Definition of Topological Recursion

We have for h > 0, n > 0 with (h, n) ¢ {(0,0),(0,1)}:
f;( ) wo,2(20, ) )
wh,nt1(20,2) = aen?jggm hn+1(2,9a(2):2),
with
1/\/,(12,)1_*_1(27 Z'iz) = who140(2,7,2)
I Z ws,a+1(2, A) wh_s, |8|+1(2, B)
AUB=2,5€ [0, h]
(s,1A]) ¢ {(0,0), (h, n)}

and

Who = T Z Reswhl (2)®(z), Vh>2

and (wo,o,wl,o) deflned by specific formulas (See [24])
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Loop equations

@ Some combinations of the TR differentials have interesting
properties = “Loop equations”

e Following [9], for (h,n, ) € N3

A ava = G0 va) =80 (N2 = 8 080,
(1)
QL/,)M-I()‘;Z) = > > > > IT wgi«‘ﬂipr‘]i‘(“""}")}
BCx—L(\) LES(B) I(1n) () i=1
!

Ji=z 3 gi=h+l(n)—1

i=1 =1

!

()
A1
QL,)nJrl(Z;Z) = > s > > [ljlwg;v\mlﬂlzl(“"’})
i=1 i=1

) . (I=1), ..

Q" (2 1 U Yz (7
T T LG BN b 752\ Az
Qpni1(Ni2) Ny jgldzj (A “xg) | @)l )

Loop equations

For any (h,n,l) € N® and any z € (X \ R)", the function X %()i\z)
has no poles at critical values.
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Generic perturbative wave functions

Perturbative wave functions

((Z,x), (A, Bj)%_,) admissible initial data, D = Za,[p,] generic divisor

on X. Perturbative wave functions associated to D are

s =en (S I [ fonate) ~shotna i )

h,n>0
Vie II].,SE E Qﬁo,i(D,ﬁ) = ’ll)(D,iLL)7
2h+n TR i
Vie[ls], I>1: v (D,h) = {Zzh . /.../D%(’;))}w(o,h).

h>0n>0
v

Definition as a formal power series in i times exponential terms in
finite negative powers of & (formal WKB series):

e_h72wo,oe—h71 fD wovl'gb(D, h) S (C[[h]]
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KZ equations

e Loop equations translate into Knizhnik—Zamolodchikov (KZ)
equations [9]

Generic KZ equations

For i € [1,s] and I € [0,d — 1], we have
ek i(D,h) — (D, h
7% = —Yi11,i(D,h) — I Z o Y1, ) = 1{1,,]'( )

Q; Ix(pi) Jelta\{} x(pi) — x(pj)
Rzt (1+1)
" QU (x(pi); 2) (D, h)
hg,()nzx) L;GD /n h,n+1
- h2h+"+1 CA?i(rl)n+1(Pi; )
a ’ D, h).
aF (a; a) |: (h,n)EN2 / / dx(p;) ( (dx(pi))’ ) Y( )

e Valid for generic divisors (p; not a pole or a ramification point).
e Simplification for two points divisors with (a1, ap) € {—1,+1}2.
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Remarks

@ KZ equations allow to obtain PDEs for ¢(D, h).

@ Generic divisors provide PDEs with derivatives ﬁ up to order d?
generically.

@ Quantum curve is expected to be of order d and not d?.

@ At least two specific choices of divisors allow for order d:
D =[z] - [0c!®] or D = [2] — [0(2)].

@ Open question: are there other choices that provide PDEs of order
d?
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Regularization of perturbative wave functions for

D [2] - [oot*)

Infinity is a pole of the classical spectral curve = D = [z] — [00(®] is not

a generic divisor = Some quantities (wp,1 and wp 2) require regularization
obtained from lim ([z] — [p])

Definition of regularized wave function

P8 (D = [z] — [oo(a)]7 h) == exp (h—l (Vx(o)(z) E /Z(Q)(ydx — d\/oc(“))>>

h2h_2+" z z
. wh
n! /oom) /oo(a> "

°
1
g
y 2

exp <
E(z, Oo(a)) dX(Z)dCoo(a) (Oo(a)) n>368p0
$;°8(D = [z] — [00(¥], ) =

2h+n Q Z2Z1,...92pn
< i / / h, +1( 1 )>¢reg(D =[] - [oo(a)], h)
3350 C)Q(a) ool@) dx(z)

v
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KZ equations for regularized wave functions

KZ equations for regularized wave functions

1oy (0 = [ = L) + 435D = [£] — o) 1
2h+n
N {Zzhnl Y D &p(x(2) 7 Res dep(A) €p (1)
h>0n>0 " PEP kesU

2=z Zp=z (I+1) NE
/1 ( )/ ( )M]wreg(pz [z] — [00(®)], )

z1=00 Zp=00 (d>\)l+1
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Comments and technical issue

@ RHS of KZ equations uses residues, i.e. integrals.

@ RHS may be rewritten using generalized integrals, i.e. linear
operators I .

@ Z¢,, is expected to correspond to 9;,,. Valid for d = 2 and
examples.

@ Action of these operators is defined only on a sub-algebra generated

by fcl. . fcn wh.n. < Algebra of symbols

@ One need to check that these operators never act on something else.
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PDE form of KZ equations

d re; « re. a ~ reg sym el
ey V1 (oo D (ool = ev. Zi(x(2)) [ 9™ (1] = [oo()])

with
Lix(2))=>" > ep(x(2) *Lpk

PeP kes,(,’“)
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Definition of the operators

Definition of the operators L, ,

_ I+1 pU) 1t U) —d
A ggl{spwz)r“*l)ep > ox I(x Bhme V)
=0 v/, [1,d] jev' © m=0  9p(j)
o RER(P),
> T ETHY
o<er <y es@quanne’) =0 W)
/(V/I):[//
ENTY
oo ¢ PU)
(25 e,y )]
o c Lo\ U’y jev S m=1 dpgy PO/
I4+1—2/ —2¢""
I+1 I+1 o) Lt ) =t
t Rpo foo (2~ (Vo0 37 D M( Y =fe>?)
o) =0 v/ C p [Ld]\{a} jev’ © m=0 ()
I T CON

=

0<e~<# ! es@([1,d]\ (' U{a})) =19 (V{f+)d (7]
- - :ZI/

I(u/,/) co oo
z m
& )
I1 (hz > £o® Ic . )]
v C [LaNG/urufa}) jev S m=t 4 eem/l

1—el =20
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Monodromies

Perturbative wave functions have bad monodromies on B-cycles.

@ Monodromies are directly connected to a shift of the filling fractions
€ = fA,- wo,1 by K.

@ Monodromies issues only arise for genus g > 0 classical spectral
curves.
@ Solution is to “sum over filling fractions” = Formal Fourier

transform = non-perturbative corrections.
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Non-perturbative wave functions
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Non perturbative wave functions

Integrals of TR differentials

For any divisor D, let us define G((I.(l)) (D) = dk,0 and for r > 1:

yeeaik)

r ¢
") _ 1 _ o :
G('l,iz,,_‘,ik)(D) = ZZE( Z 5(/’— k—l—ZZhj 2—|-n_,)
=1

hy,n1),y...5(hg,ng) J=1

4 1 ¢ . »
IB; ...IB’v 7// Whi,n;
( ' ‘ Jl:! <nj! 2 ® o stable

1 1
V(D) = /w1,1+7///w0,3,G((}))(D):/ w171+7/// wo,3
D 6.J/pJpJD 1 B; 2JpJp /By
1 1
G((?).)(D) = 7/ w1,1/ w1,1+*/// / wo,4
1,12 2 B: B; 2 DJD JB; B
. i i 1 ip 7Py
+7/ wl,l/// wo,3+*/ wl,l/// wo,3
2 /s, pJD /B, 2 /s, DJD /B,
1
5 Jo oo, o Jo Jo o
8JpJp /s pJD /B,
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Non perturbative wave functions

Non perturbative wave functions

np(D; B, p) = e w0 0twr0h ! fp wot % > " G((D; p)

where E prime form on X and

3r

G(')(D; p) = Z Z ol "‘)(v T)G(’)

k=0 (ir,....ix)E[L,g]*

with
_ Pt (@ 1 (@) .—
e e N CE e = 5 wo1, f55(2) = o= b wo.
Moreover
() symbo. [e%
Yixp (2,h,p) = > (HICB 1> Re (2] = [00!¥); B, p)
Bg(rl(x z \{z})

and d x d wave functions matrix

~ ")o(“) @
Unp(\, b, p) = [w,,LNP(A J(A), k, p)]

1<l,a<d’
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Trans-series in h

o Non-perturbative quantities are formal trans-series in 7 of the form

g
oo %Z"jﬂﬁj
DD Me T Fn
r=0 ncZs
@ Equalities should only be considered coefficients by coefficients in
the trans-monomials.

@ Non-perturbative wave functions satisfy same KZ equations as the
perturbative wave functions.

o Non-perturbative wave functions have good monodromies. =
rational functions of \.
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Lax pairs




Lax systems

We have the Lax systems

dUnp (), A - .
p R T nBe(0n)
htev.Lp i UREP LR = Ap (N h)Wnp (N, )
with
wn = N+hD D NBek(A )
PeP keN
[AP,k(A,h)] .= [APkI()\ h)] , VjeL,d],
2,j
and
—P(A\) 1 0 0
—P(\) 0 1 0
I/D\()\):: :
—Py_1(A) 0 0 1
—Py\) 0 0 0
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Gauge transformation to recover companion-like matrix

when A — 0

Define
1 0 0 0 0
P1(\) -1 0 0 0
Pa(\) —P1(N) 1 0 0
G = : : : . ; :
Poa() —Pus() Paa() . (-1 0
Pg_1(A)  —Py—2(2) Pg_3z(A) ... (=1)I72Pi()) (-1)¢7?
and
VAR = (G(N) T WUnp(A )
hdw((ji’h’) = LRV R
ﬁilev.ﬁp,kJ\T’()\,ﬁ) = /Zp,kil(A.ﬁ,)\TJ()\)
with

L(\h) = [ )+h D> RN AN)Ap k(A 1)

PeP keN

ﬁ()\) companion-like matrix associated to the classical spectral
curve.
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Main result: pole structure of the Lax system

Pole structure of the Lax system

Matrices Zp7k,/()\, h) are rational functions of A with no pole at
critical values u € x (R).

Matrices L(X, ) and L(), k) are rational functions of A with possible
poles only at A € P and at zeros of the Wronskian det Uyp (), 7) (i.e.
apparent singularities).

@ Long and technical proof by induction relatively to the order in the
trans-series.

@ Proof uses some of admissibility conditions (distinct critical values,
smooth and simple ramification points).

@ Proof should adapt without the admissibility conditions but involving
more technical computations.



Quantum curve

Vj € [1,d], ¥gxp(29)(N), ) is solution to a degree d ODE of the form

d k
o a ool -
Vil : 3 o) (g ) w000 =0,

k=0

Coefficients (by(A, 1)) /cqo,q) With bo(A, h) = 1 are rational functions of
A with poles only at A € P and zeros of the Wronskian.

. i—1 - i
< Matrix form: W(\, 7)== {(ﬁ(;&) Lﬁ‘)gﬁéri(z(f)()\), h)} satisfies:
: 1<ij<d
0 1 0
o wonn = g g WX, h)
200 0 0 1 ’
—bg(M ) —bg_1(MA) ... —by(\ )

= L\ R)W(AR)
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Gauge transformation to remove apparent singularities

@ Apparent singularities < zeros of Wronskian:

G
[T~ ai(h)
W(\, h) = det W(\, k) = n"ZNli exp (ﬁ—l /* Pl(A)dA) ,
T =AY ’
i=1

e Explicit gauge transformation J(\, /1) to remove apparent
singularities

1 0 0
Y(A,h) = 0 . 1 0 WA, h)
Qu(\,h) Q(\,h) Q1 (N, )
G tT G G
[T(A—qi(Rh)) [T(A—qi(Rh)) [T(A—qi(Rh))

i=1 i=1 i=1

e Qj: polynomial of degree G — 1 at most defined by interpolation.
@ Gauge transformation does not introduce new poles because

G
det J(X, 1) = (H(/\ A G“k) <H(A qf(h))>

i=1

-1
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Remarks

4 equivalent gauges:

o Gauge \TJ()\, h): Natural gauge from KZ equations and provides
compatible auxiliary systems. But leading order in % of L(), k) is not
companion-like = Classical spectral curve is not easily recovered.
Contains apparent singularities.

o Gauge \TI(A, h): Same properties as the previous gauge (7° gauge
transformation) except leading order in 7 is companion-like and
recovers the classical spectral curve.

o Gauge W(A,Rh): L(\, h) is companion-like = Quantum curve is
directly read in the last line of L(\, /). Classical spectral curve
directly obtained as i — 0 limit of L()\, &). But contains apparent
singularities. Natural framework for Darboux coordinates and
isomonodromic deformations.

o Gauge U Z()\,h) has no apparent singularity. But no longer
companion like so less adapted to read the classical and quantum
curves.
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Lax systems and isomonodromic deformations
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Meromorphic connections in gl,(C)

e Start from a differential system hd\W = L(A\)W with L()) rational in
A with poles in P = {oco, Ay,...,An}

o Classical spectral curve is defined by r“mo det(yly — L(A\)) =0
11—

@ Choose orders of poles (0, r1,. .., rn) to get same type of classical
spectral curve and define

roo—1 n rs—1 T1Xs,k]
N _ § Tloo,kl yk—1 j :Z L
k=1

s=1 k=0
@ Fr, has a Poisson structure (loop algebra [27, 1]). Representative
normalized at infinity [ (I:[O"”‘x’*l] diagonal and [Z["o"&dl] =1 for
1J
Jj=>2).
@ lIrregular times t = (5 «)peP,1<k<r,—1 and monodromies to = (tp,0)peP
are given as singular part of the local diagonalization of L at each pole.

@ Symplectic manifold of dimension 2g (g genus of the spectral curve):

MRty = {I:()\) € Fr,r / L(\) has irregular times t and monodromies to}
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Isomonodromic deformations

@ Existence of g isomonodromic deformations
ho W = A, (AW

A, rational in A with dominated pole structure [4].

@ Existence of a Hamiltonian system and 2g Darboux coordinates
(xi, yi)1<i<g parametrizing the Lax pairs.

OH,; OH,;
I Xi — [ I Y — —
O = Gy MOn¥i = =5

@ Explicit expression of the Lax pairs, Hamiltonians in gl in terms of
the apparent singularities g; and dual coordinates p; in [34, 31].

@ Lax matrices are the same as the one produced by the quantization
procedure in gh.

@ Monodromies and Stokes matrices are independent of the
isomonodromic times. Help for analytic understanding?



Lax systems and isomonodroi
Determinantal formulas

For any differential system hO\W = L(X, A)¥ with L rational in A and
formal Taylor series in /i, one may associate determinantal formulas.

Definition

Define (X, x(z)) the classical spectral curve: hlimodet(yld —L(\) =
—
Let E; = diag(O,-,l, 1705/,1,,') for i € [[17 d]] and

M(z; E;) :== V(2)EW(z) !
Set of correlators W, (“determinantal formulas”) for n > 1:

W1(21 ® Eil) =Tr [L(X(Zl))M(Zl; Eil)] dX(Zl)
Wizi® Ejp, ...,z ® E;)

_ Z TI’[M(Zg(l);EiU(l))"'M(ZU(“) io(n) ] HdX(Z,)

n

oES, H(x z ) X(ZU(,+1) ) =1
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Properties of determinantal formulas

o Correlators W, satisfy loop equations.
o Correlators (W,),>1 can be defined for any linear differential
systems (no need for Lax pairs)

o If correlators W, satisfy “Topological Type Property” then they are
reconstructed by (wh,n), ,»o TR differentials:

Wn()\l, cey An; h) = ZOJk,n()\l, cey )\n)ﬁ"_2+2k
k=0

@ Topological Type Property requires genus 0 and some additional
pole structure. Can it be generalized to higher genus? W (and W,)
are expected to be transseries in A, how is the reconstruction
formula adapted?



Lax systems and isomonodroi
ooe

Several types of solutions

@ Hamiltonian system, Lax pairs, spectral curves are independent of
the type of solution W (formal WKB, formal trans-series, etc.)

@ Formal WKB solutions of the Lax system < O-instanton solutions of
the Hamiltonian system (i.e. formal power series in /) < Classical
spectral curve genus drops to 0 < Degenerate classical spectral
curve: ramification points coincide by pairs

@ Auxiliary matrices are crucial to prove “topological type property”
(no pole at double zeros) in the formal WKB solutions case.

@ General solutions are expected to be A-transseries (k-instanton
solutions, etc.). How auxiliary matrices could help in this case?






Classical spectral curve

Classical spectral curve

We take d =2, N =0, r\}) =2 and r2) = 4. Two points above infinity
denoted by 0o and co(® non-ramified.

y* = Pi(N)y + P>(\) =0,

with
Pi(A) = Pc(x1>),2)\2 + Péi),v\ + cho
Py(\) = Péi),4>‘4 + Péi)s)‘?’ + P§32)\2 + PQM + Pi?,o

Six spectral times (t; j)1<i<2,0<j<3 are defined by Vi € {1,2}:

y(z) = —1',-,3,x(z)2 —tiox(z)—ti1— 1.‘,-70x(z)*1 +0 (x(z)*z) , as z — ool

Associated isomonodromic system is the Painlevé 2 Lax pair.

A




Connection with spectral times

Relations between spectral times and coefficients of the classical spectral

curve:

P;),z = —ti3—tg3

Pﬁi),l = —ta2—tp

PS),O = —ti1—tna

Pé?A = tgahgs

Pfﬁ,),g, = tioth3+ ti3tro

PQQ = tipho+ izt +t1t3

Péi),l = tizto+tiotes+ tiota1 + t 1t
0 = —tig—typo

Only Pf:?o remains undetermined (genus 1).



KZ equations

Using the general theory, we get:

YR (zh o) o)
h— NXFE 2) + Urne (z,h) = Pl(X(Z))’% ne (2, 1),

hw = Pz(X(Z))'I,!}o NP (Z fL) + hev. ﬂKz( (Z)) [ 5 NP) Symbol( ,h)]
where

ﬁKZ()\) = ht1>3ICoo(2),1 + ht2’3ICoo(1),1 = t2,3)\ —t22

.




Lax pair from KZ equations

a)

hoAUEH (2D (V) B)  hoxugs (2P(N), h)
KZ equations are equivalent to

ool@) (1) co(@) )
Define \U(A,h):( vone (Z7(A), h) Ponp (217(A), ) >

0 1

RONW(A B) = (*Pz()\) PN + H = 522 +hax  PL(A) + ﬁ) MG
1
A=q ) V(A R)

_ _H P
aX— 5+ 5o

ev.[:KZ()‘)[wsymbOI(/\’h)]:( [AKZ]2’1()\,h)q [AK;];;FA,h)

for a = t1 3 + 2t> 3 and some unknown H.
Equivalently defining

L= CKz(/\) + t2,3/\ +tro = ht1¢3Ix(z)_1 + }I/t2ﬁ3zx‘(1)_’1

we have

1) _H P _ 1
ev.cfuymbol(y by = (P2t R2 % T ang S—a | w(nh)
A1 (M) Aza(\ )

A\, B)W(A, R)



Evolution equations

o Compatibility equations L[L(X, k)] = hO\A(N, 1) + [A(N R, L(A, R)]:

lP?,] = ciPZjl=0
PR, = —21‘1/3(2 +h[P
[P = —nPP, +rPY Pl)
P2 ) ] = 2f‘zF’(2 g +ﬁP2)3q—Poo o+ hPY PO,
H = h2 — Pi(q )h+P2(Q) hPl(q)+h(Poo,2_t2,3)q
Llg) = Piq)-22
Llpl = —Pi(q)p+hPy(q)+ h’tos

e Equivalent to
Lty 3] = L[tz 3] = L[t1,2] = L[t1,0] = L[t2,0] =0, L[t1,1] = hta 3, L[t2,1] = ht1 3

e Equivalent to £ = hty30;, , + ht1 30,



Hamiltonian evolution

Hamiltonian evolution

“Time" (L£)-evolution is Hamiltonian < (p, q) are Darboux coordinates

clg = —r2% o) =

OHo
J—
op

dq

for Hamiltonian Hy(p, g, h):

2
Ho(p,,h) = 25 — Pi(a)% + Pa(q) — hPi(q) + ha(2PY, — t23)

giving H = Ho(p, q,h) + h(t13 + t23)q.




Connection with the Painlevé 2 equation

@ ¢ satisfies the evolution equation:

L£2lq] = 2(tis— tz,a)zqz +3(t13 — t2,3)(t12 — 12,2)q°
+ (2 — t22)? +2(t13 — t23)(t11 — t21)) g
+(t1o —t2)(t11 — to1) + (2tro — h)(t13 — t23)

e Change of variables (1,1, t2.1) <> (7,7) and affine rescaling:

1 . 1
T = m (g —t11), F= m (t1,3t1,1 — l‘2,3t2,1)

1 o 1)
t = (—2(1‘1,3 — t273)2) 3 (T + M)

4(t13 — tr3)?

1
. —(t13—t23))§( tip—tp )
= PR St bt A + Pk ek
q ( 2 q9 2(1‘173 — t2’3)

Then §(t, h) satisfies the Painlevé 2 equation

i
W20%G = 263 + tG — (tlfo . 2L)



Gauge without apparent singularities

@ Gauge transformation to remove apparent singularity:

V(X h) = < 1,, ? )W(A,h) = J(\, R)V(\, R)

T h(—a9)  A—gq

@ Provides another Lax pair (Jimbo-Miwa type) without apparent

singularity:
P _
[()\,h) = h P pA 7
(A + @)tz +t23) o+ t12)F + Q(ANE)  —2+Pi())
Ann) = (—(t1,3 + o)A+, -1 )
’ (t13+03)7 + @A\ h) (13 +t23)g+tio+ 202 — %
where
Qs(Ah) = 7P((i)74)\3 - (Pg)Aq + P<(>3>),3))‘2 - (Pg),4q2 + Pfi{_,)q + Pgi),z))‘
+P§),4q3 + Pﬁ)‘3q2 + Péi),zq + Pc(i),l + ht1,3)
Q0 = P 260+ P 0P 1 26201 P



Connection with isomonodromic deformations

@ Classical spectral curve corresponds to isomonodromic deformations
of
Z()\) —_ L[oo,3]>\2 4 L[oo,2])\1 4 L[oo,l]

@ Results of [34] immediately recovers the previous Lax matrices and
the Hamiltonian system.

@ Hamiltonian system is proved invariant under the choice of trivial
times. A canonical choice is equivalent to t;» = —t; 1 for all
0<i<3 (g/2 — 5/2) and t31 = 1, 1= 0 (I\/lobius
transformations). Equivalent to the invariance of TR under rational
reparametrization and y — y + f(A).

@ Results of [34] provide explicit formulas for the quantum curve, Lax
pairs and Hamiltonians in terms of the apparent singularities
(gi)1<i<g and dual coordinates (p;)i1<i<g. Results only available for
gh connections so far.



Open questions



Open questions

@ Can we give some analytic meaning to the formal WKB solutions or
formal h-transseries? Compute Stokes matrices? Write a
Riemann-Hilbert-Problem for W?

@ What about the underlying Hamiltonian structure coming from
isomonodromic deformations? How is it helpful?

@ How can the auxiliary matrices be useful to describe analytic
solutions of the quantum curve?

o Are determinantal formulas (reverse approach) easier to use than the
wave matrix?

@ Can we obtain explicit expressions for the isomonodromic
deformations for gl,?
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