Quantization of spectral curves and integrable systems
proposed by Olivier Marchal and Nicolas Orantin

1 Introduction: the Airy curve

Let us consider the Airy curve y? = = which defines a genus zero spectral curve with a rational

parameterization
z(z) = 22
. 1-1
{ y(z) = = 1-1)
This curve has a local involution z <> —z such that z(z) = x(—z) and y(—=z) = —y(2).

Let us consider as initial condition for the topological recursion

wo(2) :==y(2)dz(z) = 22%dz
. _dzidzy . (1-2)
wo,2(21722) = G2

Remark that the spectral curve having vanishing genus, one does not have any freedom for
choosing wy 2.
The topological recursion then defines differential forms wy, , by induction

‘= Res f—zz wo (%0, )
Whnt1 (20,21, -5 Zn) = 1390 2(y(2) — y(—=))dx(z)

[Wh—l,n+2(za —2, 20, %) F thl,\A|+1(Z, A)wn, 1Bl+1(—

(1-3)
Let us now define the primitives (there is a choice of sheets for the function z(z) to be made)

1 z(x)
Sfl(.ﬁ) = ii/ w0,17 (1—4)
—z(z)

styi=y |3 [ e et —a)] L _ (1-5)

29 = z()

+1)7 z(x) z(x)
Vm >1, Si(z):= > %/ / Whon- (1-6)
n: " —zZ\(T —z(T 7
h>0n>1 (z) ()
2h —2+n=m

and

With these functions, one can define the perturbative wave functions

Yo (x,h) == exp [Z thffl(x)] : (1-7)

m>—1

Theorem 1.1. One has the quantum curve equation

[9° — 2] ¢u(x,h) =0 (1-8)
where p
Ti=x , g = h% (1-9)
satisfy
(9, 4] = h. (1-10)
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Proof. Move the integration contour in the TR formule to get contributions from the poles of ydx
and the coinciding points from wy . After evaluation integration and specialization, this gives the
loop equations which imply the quantum curve formula.

This is a very simple case where the spectral curve has genus 0. Bouchard and Eynard proved
that such a quantization procedure is possible for any genus 0 spectral curve. However, the higher
genus case is much more intricate because of other contributions to the loop equations when moving
the integration contours and non-trivial monodromies for the wave functions.

We shall consider such higher genera curves in the present context.

Remark that the Airy equation can be linearized into

%(ﬁg):“ﬂ<$@> (1-11)

L@y:(gé>. (1-12)

(11,19) = (¥4, hd,1p1) are solutions to these equations (independent away from the branch points).
The associated spectral curve (locus of the eigenvalues) reads

with

det(y — L(z)) =9 =2 =0 (1-13)

and is independent of h. This is a feature of the quantization of genus 0 curves.
One can interpret this as defining a connection hd — L(z)dz on the base curve P!

2 Space of spectral curves and TR

2.1 Space of spectral curves

We shall consider curves ¥ defined by an equation of the form

y* = ¢() (2-1)

where ¢(z) is a rational function. Choosing such a curve is equivalent to choosing a quadratic
differential ¢(z)(dx)? on the base curve P!. In the following, we fix the poles and degree at poles
of ¢(x) so that it reads

2(reo—2)— n  2r,
o(x) = Z Hooka: +3°% x_”’“ (2-2)
v=1 k=1

where ny, € {0,1}. In the following, unless stated explicitly, we consider curves which are not
ramified above infinity meaning that n,, = 0. The notations H refer to Hamiltonians when
equipping the space fo quadratic differentials with a Poisson structure.

For such a curve, there exist two points (a;f, o)) (resp. oo®) above X, (resp. oo) where one

has an expansion of the one form ydx of the form

dzx

o o) (2-3)

ydr = + i T,k

k=1



around o and

ydr = F Z Too x 7" 2da + O (2~ 2dx) (2-4)
k=1
where the coefficients of the singular part are the KP times discussed in Bertrand’s lecture. Let
us denote the set of poles of ydz by P := {oo®, a}.
If the spectral curve does not have genus 0, fixing the KP times does not fix ydx completely as

a one form. One way to fix it is obtained by choosing a Torelli marking by fixing a set of cycles

(A;, B;)J_, so that it forms a basis of H;(X \ P,Z) when completed by small circles around the

poles in P and such that
A’i ﬂ Bj — (51-7]-. (2—5)
With such a choice, one can fix

Vizl,...g,ei:% ydx (2-6)
A;

called the filling fractions.
ydz is uniquely defined by the values of the KP times and the filling fractions. However, it
does not depend on the choice of Torelli marking.

Exercise Show that H., j does not depend on the filling fractions for k > ro, — 3. Obtain a
similar result for the poles X, for £ > r, + 1. Prove that the genus of the spectral curve is equal
to

g:TOO+ZTV—3 (2_7>
v=1

which is the number of coefficients depending on the filling fractions.

From the integrable system perspective, KP-times fix a set of Casimirs and thus a symplectic
leaf in a Poisson manifold while the filling fractions provide local coordinates in the corresponding
symplectic space.

Example
Consider n = 0, i.e. a single pole at infinity and r,, = 4. This leads to an expansion of the
form
ydr = Too 42°dx + Too 32dx + T 2dx + T 17~ Hda + O (2 2dz) (2-8)

and the spectral curve equation
y2 = T020,4x4 + 2TOO73T0074£B3 + <2T0074TOO72 + T02073) 1‘2 + (2T0074Too,1 + 2Too73T0072) T + Ho. (2-9)

Using Newton’s polytope (or the picture of a cover), one can see that one has a genus 1 spectral

curve. Let us denote
€= j{ ydx. (2-10)
A

2.2 Topological recursion and variational formulae

In order to define TR, one needs a set of two initial data. On the one hand,

wo1 = ydx (2-11)



is provided by the spectral curve. We shall now choose w2 by imposing that

Vi = 1, NI f UJO72(21, ) = 0. (2—12)

With such initial data, we define by induction

U(z) Wo 2(2’1, )
wh,n(zlv"'a Z ljjzs) 2 w01 ) _w071( (Z))) wh—l,n+1(z7a(z)7227'"az’n)
+ Z Wh1,|A|+1(Z,A) th,\B\Jrl(zaB)
hi+hy=h

AUB ={z,...,2,}
(h, |A]) € {(0,0), (h,n = 1)}

where o : X — X is the hyper-elliptic involution, namely, it is defined by

VzeX\R, z(z) =z(0(z)) and o(z) # z. (2-13)

‘R denotes the set of branch points of the spectral curve.
For h > 2, we define the free energies by

1 z
Wh,o ‘= 5 _an Z 5318) whjl(z) /O Wo,1
PER

where o € ¥ is an arbitrary base point of which wy, o is independent.

Lemma 2.1. From the general theory of TR, one has

Ow n z(p k-1 x(p k—1
vh 22, S Res (.9 - Res oS, (214)
Ownn(z) _ (z(p) — X,) (z(p) — X,) !
Vk>2, ot plii% Whont1(P, 2) ] —pliis;_ Whont1(P 2) P (2-15)
and Duon 1 (2) ) ,
W, (2
Tt = [ ntn) = [ ot (216
For the filling fractions, one has
. Owp n(2) 1 7{
Viell, g —hm® _ 2 il 2). 217
j E [[ ’g]] 66] 27TZ B]. wh7 +1( Z) ( )

Exercise
Show that The expansion of wp; in local coordinates around its poles reads

e around o,

18w _ Ty—
wo1—:|:ZTyk iz 5 8TSZ (z — X,) 2dz 4+ O((z — X,))" 'dx)
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e around oo™,

—10
Wo1 = ¢ZTOO w2 e F Z 5 8;00 v Fdr + O(x~"~"tdx).
00,k

Show that it implies that

2 2
Too - n T de
v o= (Z (N 2) + (Z T”Vk_—)k>
k=1 Xy

v=1

XV7_
n

+ Y Usoil®) g;ii +Y Y Ul 8T,,k (2-18)

k€K v=1 keK,

Here, [f(%)]oo.+ (resp. [f(z)]x,.—) refers to the positive part of the expansion in z of a function
f(z) around oo, including the constant term, (resp. the strictly negative part of the expansion in
(x — X)) around X,) and we have defined

o Koo =[2,r —2] and VEk € K.:

U®7k($) = (/{7 — 1) f: Too,l SL’lik72. (2—19)

I=k+2

e K, =[2,r,+1] and Vk € K,:

Upila) = (k—1) Y T, (x — X,) 72 (2-20)

Example
In the case above this gives

8(4.)0,0

Hy=2Tpo1Too3 + T2 5 + Too, .
0 ooz + 1459+ 48Too,2

(2-21)
We shall now prove that this formula is the leading order in & of a PDE.

2.3 Symmetries (Exercise)

In addition to the variational formulas, the output of the topological recursion is skew-symmetric
under the hyper-elliptic involution o, i.e.

d d
Vh>0,YVn>1: wpn(21,-..,20) +whn(0(21), 22, .., 2n) = Op00n2 7(21) d(z)

2a(m) — oz 22

One also has
A (Zl, ZQ) < (E)z \ A s (.UQ’2<21, 22) = wo,g(a(zl), 0'(22)) (2—23)
where A :={(z,2) € X%z € ©}.



One can use these symmetry properties to easily obtain a few equalities that we shall use
repetitively in the following:

V(Zl722) < 22 \ A / )wog 29, ) = —/Zl WQQ(O’(ZQ), ) (2—24)

o(z1)

which implies, for any ramification point a (thus satisfying o(a) = a)

V (21, 2) € X2\ A, / / Wog = — /Zl /ZQ) (2-25)

3 PDE from TR

3.1 Definitions

Definition 3.1 (Perturbative partition function). Given an admissible initial data, one defines
the perturbative partition function as a function of a formal parameter h and the initial data by

ZP"(h, T, €) := exp (Z hzh_2wh,0(T,e)> ) (3-1)

h=0

Definition 3.2 (Definition of (F}, ,)n>0n>1 by integration of the correlators). Forn >1 and h >0
such that 2h — 2 +n > 1, let us define

1 z1 Zn
Fh,n('zl,---vzn):Q_n ( )... ( )wh
o(z1 o(zn

where one integrates each of the n variables along paths linking two Gallois conjugate points inside
a fundamental domain cut out by the chosen symplectic basis (A;, B;)
For (h,n) = (0,1), we define similarly

1 z
Fou(z) == ) /( )w0,1-

Finally, for (h,n) = (0,2), one cannot define Fyo in the exact same way since wyo has poles on
the diagonal A. One thus needs to regularize it by removing the polar part. Hence, we define

1<j<g(%)"

Foo(or, ) = - / / w2 — 3 In (a(z2) — 2(22)).

Exercice
The definition above seems to depend heavily on an integration path. However, it does only
through the first few orders. To see that, prove that, for any p € R,

Res whpnt1(2, 21, - .+, 2n) = 0. (3-2)
z—p

Definition 3.3 (Definition of the perturbative wave functions). We define:
S x) = EFpa(z(x))
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1

Sy P (x) = o Fo2(2(2), 2(2))
+ pert (:l:]')n
VE>1, S a) = ) —Fn(2(2), . 2(@))
h>0,n>1 s
2h—24n=k

where, for any v € P!, we define z(x) € X as the unique point such that z(z(\)) = X\ and
wo.1(2(AN)) = /@(AN)dA. Remark that the + sign refers to the choice of sheet for choosing a point
in the pre-image of \.

Fventually, we define the perturbative wave functions ¥+ by:

Ya(z,h, T €):=exp (Z hks pert(x))
k>—1

3.2 Equation for the wave function

Let us now obtain a PDE for the wave function. For this purpose, let us move the integration
contour for the TR formula. First, let us integrate the recursion formula along the path chosen

above for zs,..., 2, and then move the integration contour for z getting contributions from the
boundary of a chosen fundamental domain D. One gets
1
— K(z1,2)Rpn(z, 220, ..., 2) = Z Res K(z1,2)Rpn(z, 22, .., 2n)
21t [ esp z—a
aeR
+ Res K(z1,2)Run(z, ..., %) (3-3)

where, for 2h —2+4+n >1

Ryn(z1, ..y 2n) = duyduy [Fro1ns1 (U1, ug, 22, . .., 25) )
stable
+ > Fhy a1 (ut, A) Fiy 5141 (u2, B)
hi+hy=h
AUB= {22,...,2 }

= lui=z1, ug=0(z1)

(3-4)

where d,, refers to the exterior derivative with respect to the variable u (which has nothing to do
with a local coordinate),
f;(z) w0,2(217 )

2(wo,1(2) —wo(o(2)))

and d,d, Fya(u,v) := wo2(u,v). In order to derive this expression, one has used that for (h,n) #

(0,2)
1 zZ92 Zn
Aoy Fpn(z1, ..y 2n) = S / / Whn (21555 eye)e (3-6)
o(z2) o(zn)

7
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The first term of the right hand side is the recursive definition of d,, Fj, ,,(21, - .., 2y).
The other terms get only contributions from the poles of wy 2. First of all, one can observe that

K(z,21)Rpn(2, 22, ..., 2n) = K(0(2), 21) Ran(0(2), 22, .. ., 20) (3-7)
meaning that, for ¢ € [1,n],

Res K(z1,2)Ryn(2,...,2,) =2 Res K(21,2)Rgn(2,...,2). (3-8)

z2—2;,0(%i) 224

The same properties imply that

Rh,n(zh ceey ZTL) = _duldug Fh—l,n-l—l(ul) Uz, 29,y . .. 7Zn)+
stable
+ Z Fhy a1 (ur, A)Fy, B4 (u2, B)
hi+hy =h
AUB ={2,...,2,} |
- Z/ WOQ 215 dlehn 1(217 Z{...., n}\{]})
(3-9)
One has a simple pole as z — z; which gives
Res  K(1,2)Ryn e du | Fhr )+
es 21, 2) Ry (2, ..y 2n) = ————dy,dy 11 (U, ug, 29, ..., 2,
z2—21,0(21) b o 20.}071(2’1) 2 A=lnt1\B1) 52, 22
stable
+ Z Fh1,|A|+1<U17A)Fh2,|B|+1<U2aB)
hi+hy=h
AI_IB = {zg,...,zn} I
" wo2(21,-)
+ Z Aoy Frn—1(21, 202, s\ (j}) (3-10)

2 2&)071(21)

Where Z{2"“’n}\{j} = {22, e ,Zn} \ {Zj}.
One can further compute

Res K (z1,2)Run(2,...,20) = 2 Res K(z1,2)Rpn(z,...,2n)
z—24,0(25) e
fzj N Wo 2(2’1 )
e — J(Z]) ’ ) d F A ' 3_11
2&)(),1<Zj) i hv”_l(zjv Z{2 ,,,,, n}\{3}> ( )




Combining all this, one gets
2m fzew K(z1,2)Rpn(2, ..., 2n) = doy Frn(21, ..., 2n)
doy Frn—1(21202, o 5y) 92 Fhn—1(25,202,ni (5}
+§:f Jwoalz1, ) [ 1 2o % ;

2wo,1(21) 2wo,1(25)

+Wdu1duz Fo1ps1(ur, ug, 22, ..., 2n) (3-12)
stable
+ Z Fiuy a1 (u1,24) Fy 41 (ue, ZB)]
hy+hy=h wi=uz=z

AUB={z,...,2,}

By Riemann bilinear identity, the left hand side is a holomorphic form in z;, concluding the
proof.

Exercise Show that f . K(z1,2)Rpn(z, ..., 2,) is indeed holomorphic in z;.
Exercise Show that
1 f;(zz )w072<z1’ .) fo?z )w092(217 ')
—_— K R =d, F, 2 2
27”2 o (21, 2) 20,3(272272’3) 120,3(21722723) +Z doo1(21)
fJéQ) wo,2(217 ) fU(Sz3) Wo,2(22, ) fa(sz3) wo2(21, ) fJ(QZQ) wo2(23, )
4w 1(29) 4w 1(23) '
(3-13)
e 1 (2, 0(20)
wo,2(21,0(21
— K R =d, F - 3-14
2 Jocsp (21,2) 11(2) 1 1,1(21) 2wo,1(21) ( )

An interesting property of holomorphic forms on a hyper-elliptic curve is that they can be
expressed in terms of residue at the poles of ydzx.

Exercise Show that, for any holomorphic differential w on ¥4, one has

w(z2)y(z)
_2d Z zlj%p x(z) — x(21)

where P = {ai", 0ot}

With this property, one can express the holomorphic functions in terms of residues at the poles
of ydx and then express it in terms of variations with respect to the KP times. After evaluating
at z; = z and some simple computations, summing over h and n leads to

825+ pert( ) 85’;; pert (x) 83+ pert
—h ot D
mi1+mo=m—1 2h—2+n=mpeP
(3-15)
Let us now interpret the right hand side in terms of the variational formulas.

Exercise. Prove that [3-15] can be recast into, for m > 2,

8257—; pert(x) as;;lpert (33) aSr—l-LQpert (13)
0 = 0x? + Z ox ox

mi1+mo=m—1

1 ma y Z/ dZ/Fh,n(Z/,Z,...,
o o -2 X B e ST o



7'00_2 aS+ pert( rby+1 as+ pert (:C)

- U - 5 S et

12
Too -2 Tbu +1

0 0
_Zam+12k ZUOOK a;:)kz(z ZUbV a;:;k(;(

v

(3-16)

One can obtain similar results for m € {—1,0, 1} so that summing over m gives the following
result.

Theorem 3.1. The perturbative wave functions are solutions of the PDE

2 _ 12 — _
8332 — B Y Usi() 6T - hz > Usla 8Tyk — H)| Ys(z,h) =0 (3-17)

k€K v=1 k’EKXV

H@) = | Y Unso) 2 4 1S S Uale) | [0 2(h) — 2] + (o)

ke Koo OT ook v=1 keKx, aT”’“
(3-18)
Example

In the preceding example, one gets

" — > 77,2Too4i — H(z)| Y£(x,h) =0 (3-19)
8x2 ’ aTOQQ ’
where 5
H(z) = i*Tho 4 5T [log ZPt(h) — h’zwoyo} +y(x)2 (3-20)
00,2

3.3 Monodromies

The perturbative wave functions v satisfy the following properties.

e For i € [[1, g], the function ¢4 (z, h, T, €) has a formal monodromy along A; given by
Vy(z,h, T, €) — eﬁm%@bi(m, h,'Te€). (3-21)

e For i € [[1, g], the function ¥4 (z, h, T, €) has a formal monodromy along B; given by

ZP'(h, T, e + he;)
zrert (B, T €)

Yi(z,h, T €) — Ya(z,h, T €L he;) (3-22)

where e; € CY is the vector with the i** component equal to 1 and all others vanishing.
Proof. Reminding that the A-periods of the wy,, are vanishing unless for (h,n) = (0,1) where
\V/j - [[1,9]] . Ej = % (.O[)J, (3—23)
Aj
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one immediately gets the first claim.

The second claim follows a simple computation similar to the one for Painlevé 1 written in |?].

The analytic continuation of the perturbative wave function along the cycle B; reads

ni n2
R2h=2 (L) n g N 2
ni
D i D S O ELY I Y e s

h>0 n>1 ni+ngs=n

n2
———
1 gm ’
o 2h—2 n S ——
= exp Z Z h (ih) Z 2m271 1 N (96?1 /U(Z) o /O’(Z) hs

h>0 n>1 ni+ns=n

Factoring out the terms with ny = 0 gives

2h2 n n1 Uz
exp ZZh RS a_“ho *Xp Z nl g”lzzh%zih 2"2n2/

h>0 n>1 : o 95 S0 st

leading to the result.

4 Non-perturbative quantities

At this stage we have perturbative wave functions ¢4 (z, h, T, €) defined as

Yy(z,h, T €) =exp (f: h’“S,ﬂx,T,e))

k=-1

where S,f are directly defined from TR

S,:f(x,T, €) =

h,n>0, 2h 24+n=~k

n whn
2 ”' /<z) /(z>

with some regularizations for S*, and SSE satisfy some KZ equations:

Too—2 n ry+1
[ —ﬁZZUOOA T L—h ZZU”" H(:v)] Yy =0

v=1 k=2
where
Too—2 n r,+1
H(z) = K2 Z Usote( 3T . + K2 ; ; U, (2 aT (log ZP — h~2uwq,)

We recall that

Uplz) = (k=1) > Tule—X)""? Vve[ln],, ke[2r+1]
I=k—1

11
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/ wh,ng

(3-25)

[]
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Usr(z) = (E—1) Z Tooyo' ™2  VE € [2,75 — 2] and ny = 0
I=h+2

Usor(z) = <k: — g) Z Too,lxl_k_2 ,VEk €[2,70 —2] and ny = 1
I=k+2
(4-5)

and K, = [2,7, + 1] for v € [1,n] and K = [2,75 — 2].

Terms in green would correspond to the naive quantization (i.e. replacing y by hd,). Terms in
blue are non-trivial h-corrections having only pole singularities at poles P = {X7,..., X,,;} U {0}
of the initial classical spectral curve . Terms in red are differential terms relatively to KP (spectral)
times, making KZ equations a set of PDEs rather than ODEs.

The second important feature is that the perturbative wave functions do not have good mon-
odromies around (A;, B;)Y_; cycles:
+2ime;
e & i(x,h T, e)
ZP'(h, T, € + he;)
zrert (B, T €)

y(z,h, T €) iﬁ
by, b, T,e) =

Yi(z,h,'T, €+ he;) (4-6)

In order to obtain better monodromies, we need to “sum over filling fractions”; i.e. take formal
discrete Fourier transform in order to absorb the shift appearing in the B-cycles.

Definition 4.1 (Non-perturbative wave functions). We define the non-perturbative partition func-
tion and wave functions by

211 g
2 ke

Z(h,T.e,p) = Y e = Z""'h,T, e+ hk)

k-. .
U (z,h Tep) = ——— Z e = 7P, T, € + hk)y.(x, h, T, € + hk)

(4-7)

o oo
p is a given vector. After exchanging the order of the summations > > — > > we
KEZI k=1  k=——1Kk€LI
no longer have formal WKB series but rather trans-series in & of the following form.

Z(h,T,€,p) = Z*"(h,T,€) > _ 1"O,,(h,T,e,p) (4-8)

m=0
where ©,,, are finite linear combination of derivatives of Riemann 6-functions:

0,(hT.e p) = 20:7) (4-9)

avil e avim ‘V: ¢-;Lrp

. 9%wo,0
with ¢] - 8ejw0,0 and Tij = O¢€;0¢;

tions of the coefficients regarding the trans-monomial expansion.

. All future equalities are do be understood as formal identifica-

The main advantage of this formal Fourier transform is that it cures the monodromy issue.
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Theorem 4.1. The non-perturbative wave functions have good monodromies:

Valwh Toep) S e i (e B, e p)
. — 424
Uy (x,h, Toe,p) 5 e 7 Yu(z,h T, e p) (4-10)

:l:zel

The proof is straightforward using the monodromies of the perturbative wave functions (Easy
exercise for those interested).

The main advantage to deal with wave functions having good monodromy properties is that
it will allow to have rational functions of x as soon as we will have quantities with no essential
singularities at oo later on. Another advantage of the discrete Fourier transform is that it be-
haves well with the KZ equations that are linear equations. Therefore, former KZ equations may
immediately be adapted for non-perturbative wave functions:

Theorem 4.2 (KZ equation for non-perturbative wave functions). The non-perturbative wave
functions satisfies

Too—2 n ry+1
— h2 Uoo — K2 Uy —H =0 4-11
with
Too—2 n ry+1
H(z) = y* + | i2 Z Uso (2 aT . +h2; ; U,z aT ( — h™%wgp) (4-12)

In other words, we only replaced perturbative wave functions and partition function by their
non-perturbative counterpart.

5 Quantum curve

5.1 Expression of the quantum curve

So far (4-11)) is still a PDE rather than an ODE. We need to find a way to turn it into some
ODEs with controlled rational functions. In order to do it, we look at the Wronskians and some
associated quantities:

Definition 5.1 (Wronskian and associated quantities). We define for all p € [1,n] U {oco} and
ke K,

W(x) = h(\ll_aa;\lj+ — \Ij+az\1j_)

WTp’k<(E) = h(\IJ_an’k\I/_i_—\P_i_an’k\IJ_)
o WTp,k<I)
Ryp(z) = W
Quile) = G (0.9)(07,,9) = (0.9) (0, 7-) (5-)

and

R(z) = Y Y Upkl(x)Ryx(x)

pEP peKyp

Qz) = ZZUpk 2)Qp k() (5-2)

pEP peKyp
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R, and @), are defined so that they transform a derivative relatively to 7}, into a derivative
relatively to x:

U, v\ [ 1 0 L (59
hanyk\IjJr han,k\II* - an(l’) Rp,k(x) hax\DJr haxqu )

For example, it is trivial to check that

QpiVs + Ryphd, Vs = hoy, W, (5-4)

Using these quantities, the KZ equations turns into an ODE:

Theorem 5.1 (Quantum curve). We have

{Fﬂ% — hZR(:L*)% — hQ(z) — H(m)} U, =0 (5-5)

The proof is trivial because the PDE part of the KZ equation reads:

Too—2 n ry+l
< %) - 9]

[fﬁ > Uso() i P2 ) Uni(x) T Uy = Q(2)Vy + R(2)hd, V4 (5-6)
k=2 o v=1 k=2 Y

If the quantum curve looks interesting, it does not contain any interesting information if one can-
not control the singularity structure of the coefficients involved. This requires to study the singu-
larity structure of R(z) and Q(z) (since H(x) has a z-dependence given by (Upx(2)) 1 njuioo) kek,
that only have poles in P). We first get that they are rational functions of x because

e Wronskians W (z) and Wz, , (v) are rational functions of x since they have no monodromies
and no essential singularities at oco.

e Consequently R, () are rational functions of x

e Alternative expression (left in exercise) for @), given by

oW (z oW, (z)
Up () ( an(,k) - —5 )

(5-7)

implies that (), is also a rational function of x.

e Since U, ;(x) are rational functions, R(x) and ()(x) are finally rational functions.

5.2 Location of the poles

By definition, ¥, are constructed by TR so that they may be singular at critical values and at
x € P. This implies that the Wronkians and all associated quantities have a priori the same
singularity structure. What we need is to exclude singularities at the critical values. This can be
achieved using the following results

14



1. R, and @, have no pole at the ramification points and thus R(z) and )(z) have no pole
at ramification points
This result is very technical and no proof will be given here. Let us quickly say that it
follows from the identification of 920y, , Wy = 9, , 02V, and identification of the coefficients
in the trans-series. The main tool is to observe that derivation relatively to x preserve the
h-grading while derivation relatively to 7}, ; decreases the h-grading by 1. The proof follows
by contradiction at leading order in A and then from a technical induction for higher orders
in the h-trans-series.

2. We have R(zx) = Wl(x) 86:1: W (x). This is a classical result of second order linear ODE. It
also follows directly from 9, W (z) = h ((0*¥ )V _ — ¥, (92¥_)) and using the ODE to
replace the second derivative.

3. W(x) and Wr, , (7) may only have poles at x € P. Indeed, we know that the only possible
poles are x € P and critical values. However a pole at a critical value would imply that
R(x) = 1@ 8896 W (z) would be singular at that point which contradicts the previous result.
Identity Wr, , () = Ry, x(z)W (x) provides the result for W (z).

5.3 Control of the order of the poles

We know that R(x) and Q(z) are rational functions with only poles in P so that the locations
of the poles in the coefficients of the quantum curve are indeed the same as the initial classical
spectral curve. However in order to have a better understanding of the quantum curve, we need to
control the order of the poles and hopefully prove that they remain similar to the initial classical
spectral curve. This can be achieved by the study of the asymptotics of the wave functions (which
follows from the TR correlators). Indeed, we know that Si(z) = log W:

Sy(z) = —1Zk X,)"E D L hT, log(x — X)) + AL (x — X,)"
k=0
vk kel e 1 S -
Si(z) = :Fh’lzk—_’lxk YFERTIT, logx — §logx+ZAfo’kx ¥ (neo = 0)
=2 k=0

k

Tk 2k 1
Si(z) = Fh! Z o ;k?)x b2 T, logx — Z—llogx + ZAoioykx_i , (e =1) (5-8)
=2 k=0

Inserting this into the Wronskians gives:

Atz =X
r— Xy 2Tz/,7"y
W(a:) ~ (m _ XU)TV Cy
=Xy 201/
WTy,k (ZE) ~ (k’ 1)(ZE Xy)k—l
Wi, (&) "X o) (5-9)

At x = oo when n,, = 0:



2
Wr. (z) = ———cooa®? (5-10)

At x = oo when no, = 1:

W (x) T —Towoocooa:“”_3 (n, =0)

Wr, (x) = O (x’%)
2
WTm,k(x) = 5 3cooxk_2 (5-11)

Using g = 7 + »_ 1, — 3, we finally obtain some formal expression for W(z), R(z) and Q(x):
v=1

Theorem 5.2 (Pole structure of the quantum curve). We have

[T —q)

—_

Wie) = w2 (5-12)
{1(@— X
so that
g
R(x) = —
(x) Z p— Z —
p roo—4 n ry+1 Q
7 v,k
Qa) = Zw_q+ZQookw +ZZ (5-13)
1 v=1 k=1
with p; = —haloagfi g’

At this stage, the z-structure of the quantum curve is fully determined and is the same as
the initial classical spectral curve (even the order of the poles). Pairs (g;, p;)?_, appearing in the
expressions shall be used as Darboux coordinates in relation with integrable systems. Moreover,

inserting the definition p; = hdlog—x‘yilx:q‘ into the quantum curve (5-5|) gives:
D Too—4 n ry+1 Q
v,k
IR SPEES SR R DO S SNV ES ) iy
jAi 1t J g =1 k1 i

(5 14)

which provides g relations between all the coefficients.

6 Sl connection with no apparent singularities

As for any linear differential equations of degree d = 2, the quantum curve is equivalent to a
companion-like matrix (size d x d) differential system of degree 1:

e U B 0 1 T, U_
r \hZV, nEZV_) = \H(z)+hQ(z) R(z)) \hZ¥, hZU_
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def 2 s U_
& L(x)( ; ) (6-1)
WU, hZU_

However, there are two issues with the companion-like matrix form. First, L does not belong
to Sly while we would expect a quantization procedure that should preserve this initial symmetry.
Moreover, the Lax matrix L exhibits some apparent singularities at z € {¢}7_,;, i.e. some
entries have singularities that are not singularities of the wave functions. This happens because the
choice (¥, hd, ¥, ) is not a good choice of basis. Indeed, one may choose any linear combinations
(possibly depending on x) of W, and hd, ¥, as a possible second line, and such a choice would
modify the Lax matrix L without changing the quantum curve itself. In order to remove these
apparent singularities, we perform a change of basis:

for some (at this time) unknown rational function P(z). This corresponds to a gauge change:

U(z) = (ﬁ(}j(’”)‘h Th0:Vs) i (P) V- +ha$\11_)) . (vlé((% W?z)) ( i ) = Ga)U(z)

v, v 1 0 ho, ¥,
(6-3)
In this gauge, the differential system turns into
10,0 (z) = (é;(é)) i‘ﬁ(%) W(z) & L(2)0(x) (6-4)
with )
M(z) = Wl(x) {”H(x) — P%(x) + hQ(x) + hP'(x) — P(z) I%;g; (6-5)

Equation implies that M is regular at = ¢; if and only if P(q;) = p;. However, we need
to be careful because we need that the pole of M(z) remains as low as possible. And this is not
obvious because of the P?(x) term. Even with this condition, some degree of freedom to choose
P(z) remain. In order to fix them it is conventional to ask for the leading order at infinity of L(z)

to be of standard form (g _Oa> for n =0 or (8 (1)) for no, = 1 (plus an additional condition

for the subleading term that should be of the form (0 in this degenerate case). This can be

10
achieved by setting:
For n,, = 0:
g—1
Too @™+ (Tog o1 + 5) 29 + 3y
P(x) = - = (6-6)

[1(x — X,)m

v=1

with the g coefficients («y);_, determined by interpolation using P(g;) = p; for all i € [1, g].
For n, = 1:
g—1
Syt
P(r) = 5= (6-7)
[T (z = X,)m

v=1

17



with the g coeflicients (ay)]_, determined by interpolation using P(g;) = p; for all ¢ € [1, g].
The proof is straightforward by direct computation of L(z) and in particular computing the
orders of the poles of each entry.

The existence of a Sly connection allows to define a h-deformed spectral curve by taking the
characteristic polynomial of L(x). It reads:

0 = det (ydzl, — L(x)dr) = y*(dz)?* — ¢n (6-8)
with -
S (hP’(x) —h W((;C)) P(x) + hQ(x) + H(x)) (dx)? (6-9)

Note that the y? coefficients in H(x) is the only surviving in the limit # — 0, thus recovering
the initial spectral curve. All other terms are h-corrections that are not obvious from the naive
quantization perspective.

7 Lax pairs

In addition to the Lax matrix L(z), we may also look at spectral times derivatives of the wave
functions. However spectral times are not well-suited for the study, and it is better to trade them

to isomonodromic times (¢,;)!" ", (tes);=, . These are obtained by the conditions:

o ry—Il+1 P
Vie|l,r,—1] : = T, kri—
[Lre =1 5 ; BT,
P ry—I+1 P
Vie|[l,re —3] : = kE—1)Ty ——— , ifne =0
[Lr I Dt ; ( ) ’kHHaToo,k In
) "ok -3 )
Vie[l,re—3] : = Tw — ,ifn,=1 7-1
[Lr I Dt 2 5 ’kHHaToo,k 1rn (7-1)

This provides a one-to-one map between spectral times and isomonodromic times. Moreover, they
are defined in such a way that the time differential terms in the KZ equations read:

) &0
Z Uoo,k(x) aToo,k = Z ’Il latoo,l

kEK, =1
B vl )

U, = — X)) D _—_ 7-2

k;; k(7) AT ZZI:(SU ) o (7-2)

These isomonodromic times allow to construct Lax pairs (one of the main building blocks of
integrable systems) for all p € {co} U [1,n] and k € K,:

oV
hatp7k = Atp,k (I')\I/ (7-3)

18



for which the compatibility equations read

DA
Wy, L~ 4 [L, Ay, ] =0 (7-4)

i

In order to determine these matrices A; ,, there are two options:

e Analyze the asymptotics of the Wronskian W; , at x = X,» and x = oo and obtain the
general dependence in x of the matrix A; ,. The remaining unknown coefficients are then
given by solving the compatibility equations ([7-4]).

e Define L; _, = [x*kL(x)}ooJr and L, = [(z — X,)"L(z)] L (explicit

derivation relatively to t, only) then A, ,(7) = Ly, ,.

- If athp’k - 5t

Xv, P,k

Compatibility equations (7-4)) provides all 8;’::/ as well as all 82:; and a‘iffk.

the evolution (g;,p;) relatively to isomonodromic times is Hamiltonian, i.e. there exists some
Hamiltonians Ham,, ;, such that for all i € [1, g]:

In general,

qu 8Hamp k
h = ——
Oty k opi
Op; OH
hoth = Tk (7-5)
atp,k 66]@
8 Application to Painlevé 2
The Painlevé 2 system corresponds to the case n =0, ro =4 and n,, =0, i.e.
y2 = [—IooA':C4 + HOO,3x3 + ]g’oo,%r2 + Hoo,lx + Hoo,O (8‘1)
with (infinity is not ramified)
T d
’yd&: ==+ (TOOALUZ + Too,gl’ + Too,Z + ’1> dx + O <—:§) (8—2)
x x
The coefficients (H, oovk)iﬂ are Casimirs and are expressed in terms of the spectral times:
Hoo,4 - To20747 Hoo,3 - 2Too,4Too,37 Hoo,l - 2(Too,1Too,4 + Too,QToo,3) (8‘3)
We have:
Uoo,Z(x) = Too,4 (8_4)

The genus of the curve is 1 so that we may write (p, ¢) instead of (py, ¢1) to lighten notations. The
coefficients of the quantum curve reads:

W(x) = w(f:—q>

R@) = ——

Q) = T+ Qug

H(z) = Si(x)+ Huoop + PP Tooscx (8-5)
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where
Si(x) = T2 4t 4+ 2T 4 Too 32° + (T2 5 + 2To0 2To0,0)8” + 2(Too 1 Too it + Too 2T ) (8-6)

and

0

“= a72)0,4

(log Z — h™%wy,) (8-7)

Conditions (p-14) is equivalent to p* = H(q) + hQs 0 which provides
Hoo,O + hQTOOACM + tho,O = p2 — 54(q) (8—8)
Therefore the quantum curve reads

, 0 R* 0 hp

02 r—qdr T —q

T (Sulg) — Sala) - p2>} T (8-9)

In particular it only depends on (T 4, Too 3, Tho2s Too.1, P, ¢) but no longer on o, Qoo 0r Heo p.

D(z) h
The construction of the Sly connection implies the gauge transformation G(z) = (Wl(’f) W(()‘f))

and provides a Lax matrix:

with

W(z) = w(z—q)
P(Z‘) = 7—100,4372 + Too,Sx +P - T‘oo,élq2 - Too,Sq

1
M(.’L’) = - 27—100,4(7—‘00,4(]2 + Too,?)q + Too,2 - p)l’
w

+2To2074q3 + 4fToo,4Too,3q2 + Q(Tozo,g + Too,2Too,4 - Too,4p)q
2T Toos + 2T s Too s — 2T 3p + hTooA]

(8-11)
The associated h-deformed spectral curve is
on = (Sa(x) — Su(q) + p*)(dz)? (8-12)
We define
_ —1 _ Too,4x + Too,3 QTZJOA [Too,4q2 + Too73q + Too,2 - p] _
Ly=[27"L] , = ( " T 4 T s) (8-13)
Compatibility of the equations:
0
h—WV¥ = LV
%
h—V¥ = LV 8-14
- t (5-14)
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ie. hO;L — ho,Ly + [L, L;] = 0, provides:

airoo 4 aT‘oo 3 aT’oo 1 air’oo 2
) — ) — ) — O 2 — TOO 8_15
ot ot ot Y . (8-15)
and
ow
h— = 2wqT
%t WYL 00,4
q
h— = -2
ot P
@ 72 3 2 2 B _
h@t - 4Too,4q 6Too,4Too,3q 2(Too,3 + Too,2Too,4)q 2(T00,1T00,4 + Too,QToo,Iﬂ) hTooA
(8-16)
Thus, we may choose T\ 2 = T 4t so that
Too4x+To<>3 ML‘I (_p+Too4q2 +Too3q+Too4t _p)
L = ’ ’ w ’ ’ ’ —1
t<x> < w —(TOOAZL' + Too,S) <8 7)
The evolution of (p,¢) is Hamiltonian:
0 OH 0 OoH
dq _  OHam P _ am (8-18)

ot~ odp ot oq

with
Ham(pa q, t) = p2 - To20,4q4 - 2Too,4Too,3q3 - (Tzos + 2T02074t)q2 - 2(T00,1T00,4 + Too,4Too,3t>q (8_19)

It provides a Painlevé 2 like equation for ¢:
82
hzwq = 8T02074q3 + 12T 4 Too3q” + 4(T2% 5 + 2T2 4t)q + 4Toe 4 (Too + tT03)q (8-20)
Quantities may be rescaled to obtain a standard Painlevé 2 equation:
2

hz%u =20 + tu — 0 (8-21)
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