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situations, both from asymptotic and non-asymptotic point of views. Nevertheless, it
seems necessary to propose test strategies attaining these rates, being easy to implement
and robust with respect to the characteristics of the operator. In particular, we prove that
Keywords: the inversion of the operator is not always necessary. This result provides interesting
Test perspectives, for instance in the specific cases where the operator is difficult to handle.
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1. Introduction

Inverse problems have been extensively studied over the past decades. They provide a non-trivial generalization of
classical statistical models and are at the core of several application problems. In this paper, we consider the model

Y=Tf+0¢,

where T : X— Y denotes a compact operator, X and Y Hilbert spaces, g a noise level and £ a Gaussian white noise.

In this framework, the most common issues mainly concern the estimation of the parameter of interest f, with either
parametric or non-parametric tools. Optimality with respect to a particular loss function have been achieved and some
authors have built adaptive methods leading to general oracle inequalities. Many methods have been considered,
representing the most trends in statistic estimation methods (kernel methods, model selection, projection onto specific
bases).

Actually one of the main differences between direct and indirect problems comes from the fact that two spaces are at
hand: the space of the observations ) and the space where the function will be estimated, namely X, the operator mapping
one space into another, T : X — ). Hence to build a statistical procedure, a choice must be made which will determine the
whole methodology. This question is at the core of the inverse problem structure and is encountered in many cases. When
trying to build basis well adapted to the operator, two strategies can be chosen, either expanding the function onto a wavelet
basis of the space & and taking the image of the basis by the operator as stated in Donoho (1995), or expanding the image of
the function onto a wavelet basis of ) and looking at the image of the basis by the inverse of the operator, studied in
Abramovich and Silverman (1998). For the estimation problem with model selection theory, estimators can be obtained
either by considering sieves on (Yy,),, ¢ Y with their counterpart X, .= T*Y;;, c X or sieves on (Xp),, C X and their image
Y = TX;, c Y (see for instance in Loubes and Ludeifia, 2008, 2010).
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Signal detection for inverse problem has received little attention. If some particular cases such as convolution problems
have been widely investigated (see Butucea et al., 2009 or Holzmann et al., 2007 for general references), the general case of
tests for inverse problem have only been tackled very recently. We refer to Ingster et al. (2010) and Laurent et al. (2010) for a
complete asymptotical and non-asymptotical theory. The previous dilemma concerning the choice of the space where to
perform the study is here also crucial. Indeed, two methods are at hand: the first one consists in performing tests on the
functional space X which implies inverting the operator, while the second method is to build a test directly on the
observations in the space ), which involves considering an hypothesis on the image of the unknown function. Such issues
have been tackled for different alternatives in Bissantz et al. (2009) or Holzmann et al. (2007).

It is obvious that from a practical point of view, for known operators, testing directly the data has the advantage to be very
easy to use, requiring few computations. Indeed, since Tf follows a direct regression model, all well known testing procedures
may apply. In this paper, we will show that in many cases, considering the problem as a direct problem often leads to very
interesting testing performances. Hence depending on the difficulty of the inverse problem and on the set of assumptions on
the function to be detected (sparse conditions or smoothness conditions), we prove that the specific treatment devoted to
inverse problem which includes an underlying inversion of the operator, may worsen the detection strategy. For each
situation, we also highlight the cases where the direct strategy fails and were a specific test for inverse problem should be
preferred. Deviations from an assumption on the function may be more natural to consider rather than assumption on its
image by the operator, Tf, but since we consider signal detection, i.e. tests on the nullity of the function, both assumptions can
be investigated.

The paper falls into the following parts. Section 2 defines precisely the criterion chosen to describe the optimality of the
tests. Section 3 is devoted to testing issues where the signal is characterized by smoothness constraints. In Section 4, we
consider finite dimensional models: we present and develop some tools that will be used to prove the results of Section 3.
Then, some simulation results are gathered in Section 5. A general discussion is displayed in Section 6 while the proofs are
postponed to Appendix A.

2. Signal detection for inverse problems: two possible frameworks

We consider in this paper signal detection of a function fobserved in the following framework. Let Tbe a linear operator on
an Hilbert space X with inner product (-,-), and consider an unknown function f observed from indirect observations in a
Gaussian white noise model

Y(g) =(Tf.g)+0e(g), geH, (M

where &(g) is a centered Gaussian variable with variance ligli? := (g,g). The operator T is supposed to be compact. Then it
admits a singular value decomposition (SVD) (b;,;,¢;); » 1 in the sense that

To;=by;, T Y;=bjd; Vje N*, )
where T* denotes the adjoint operator of T. Considering the observations (Y(¥;));cn-, Model (1) becomes
Y]'=bj9j+(78j=\’j+(78j, Vi>1, 3)

with Y; = Y(¥), & = (), (Tf ;) = b;0; = v; and 0; = (f,¢;). Hence, inference on the sequence 0 = (0));n- provides the same
results for the function f.

In order to measure the testing difficulty of a given model, we will consider the minimax point of view developed in the
series of paper due to Ingster (1993). Let G be some subset of an Hilbert space and g € G a function of interest. We consider the
minimal radius p for which the problem of testing “ g=0" against the alternative “ g € G and ligl > p” with prescribed
probabilities of errors is possible. Of course, the smaller the radius p, the better will be the test.

More precisely, a test is a decision rule ¢ with value in {0,1}. By convention, we accept a null hypothesis Hywhen ¢ = 0 and
we reject otherwise. Let o € (0,1) be fixed, a decision rule @ is a level-« test if Py,(® = 1) < « for some « > 0. In this case, we
often write @, instead of @ in order to enlighten the dependence in «. The quality of the test @, then relies on the quantity
0(®,,0,6) defined as

p(Dy,B,G) = inf{p >0, sup Py(P,=0)< [3},
geg,liglh>p
for some fixed . The minimax rate of testing on G is defined as the smallest possible rate on G, namely
PG, ) = Infp(Ps, 5,9,
where the infimum is taken over all possible level-o testing procedures.
A testing procedure @, is said to be minimax for Hy:g=0 on G if there exists a constant C > 1 such that

sup Py(P, =0) < p.
geg,lgll = Cp(G,o.p)
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Let HY be the null hypothesis corresponding to inference on the function f or the corresponding coefficients, namely
HF . f=o0,

associated with the alternative H” : Ifl > p,f € F for some F c X. The corresponding rates of testing have been computed
very recently in Ingster et al. (2010) or Laurent et al. (2010) and different testing procedures have been proposed. We may
alternatively consider the hypothesis image of the assumption H by the operator T

HEP: Tf =0,

with the alternative H?? : ITfll > p,Tf e TF, where TF denotes the image of F by the operator T. Since the operator is known,
note that the assumption H5" is completely specified. In this case the Model (3) may be viewed as a direct observation model.
Previous rates have been computed for the different sets of assumptions that we will consider, conditions on the number of
non-zero coefficients or regularity assumptions. For more details, we refer to Ingster (1993), Lepski and Spokoiny (1999) or
Baraud (2002) for a non-asymptotic point of view.

It seems clear that both assumptions Tf=0 and f = 0 are equivalent since the operator T is injective. So HY and H5" are two
ways of rephrasing the same question. Nevertheless, remark that the associated alternatives and rates of convergence
strongly differ. In some sense, the inversion of the operator may introduce an additional difficulty. Hence, a test minimax for
HB? on TF is not necessarily minimax for HY on . The same remark holds for the reverse. Nevertheless, we can conjecture
that in some specific cases, these hypotheses may be in some sense exchangeable or at least that there exists some kind of
hierarchy. The aim of this paper is to present these situations. More precisely, we will enlighten situations where test
procedures may be used to consider both H3” and HY in an optimal way. For different classes of functions F, we will point out
the cases where

e every procedure ¢, minimax for HY on F is also necessary minimax for H5" on TF,
e every procedure &, minimax for H” on 77 is also necessary minimax for Hy on .

We will see that the answer is not so simple and depends on the spaces F and on the ill-posedness of the problem.

We will consider different spaces F in order to define the alternative to H5" and HY. Hereafter we will consider inference
on the function f = >~,0;¢; or the image by the operator T, Tf = >;b;0;y; = >~;vjs;, expressing the assumptions directly on the
functions or their corresponding coefficients in the appropriate basis. Concerning the operator, conditions will be set on the
sequence (by),n+- The decay of the eigenvalues indeed describes the difficulty of the inverse problem. We will consider two
main cases:

Mildly ill-posed: There exist two constants ¢,C and an index s > 0 such that

vi=1, g <b<G™
Severely ill-posed: There exist two constants ¢,C and an index y > 0 such that
Vi=1, cexp(—yj) <bj<Cexp(—yj).

The parameters s and 7y are called index of ill-posedness of the corresponding inverse problem.

3. Test strategies under smoothness constraints

In the following, the functions of interest are assumed to belong to smoothness classes determined by the decay of their
coefficients in the bases (¢;),~ 1 or ()i > 1- Several explicit rates of testing have been established following the considered
spaces (X or ), the rate of decay of the coefficients, and the behaviour of the sequence (by), -, 1. For more details, we refer for
instance to Baraud (2002) in the direct case (i.e. when T denotes the identity) or to Laurent et al. (2010) in an heteroscedastic
setting, which is equivalent to the inverse problem modeled in (3).

More precisely, let a = (ai),.n+ be a monotone non-decreasing sequence and R > 0. In the following, we assume that the
function fis embedded in an ellipsoid &7 ,(R) of the form

+ 00

=1

The sequence a characterizes the shape of the ellipsoid. Functional sets of the form (4) are often used to model some
smoothness class of functions: the choice a;=j° for all j € N* corresponds to a Sobolev ball with regularity s, namely H*(R)
while a; = exp(s j) for all j € N* entails that the function belongs to an analytic class of function with parameter s. For a given
sequence c, we define the analogue of ijz(R) on Y by

j=1

+o0
sg‘z(R):{hey.ch?<h,xpj>2gR2}. (5)
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Imposing an ellipsoid type constraint on the function f entails also an ellipsoid constraint on Tf. Indeed, using Model (3), we
getthat Tf e ngz (R)yassoonasf e 852 (R), for ¢ = (c)gen = (arbi en- We point out that the operator regularizes the function
and for such a smoothness assumption, function Tf is smoother than f.

On the one hand, the rates for the inverse hypothesis HY highly depend on the ill-posedness of the inverse problem and the
different types of ellipsoids. They are given in Laurent et al. (2010) and recalled in Table 1. In the following, we write u, ~ vy if
there exists two constants ¢; and ¢, such that forall k > 1, ¢; < /vy < ¢. Table 1 presents the minimax rates of testing over
the ellipsoids 52(,2 (R) with respect to the I, norm. We consider various behaviours for the sequences (ay)icn- and (by)gen-- For
each case, we give f(o) such that forall 0 < ¢ < 1, C (o, f)f (0) < pz(ggfz(R),oc,/i) < Gy(o, f)f (o) where Cq (o, f) and Cy(e, §) denote
positive constants independent of ¢. Here D denotes the integer part of the solution of 2vD*+2yD = log(c~2) and t,s,v,) are
positive constants.

On the other hand, in Baraud (2002), the rates for the direct hypothesis H5" are obtained under the ellipsoid condition
Tf ng ,(R) and are presented in Table 2. The terms u,o are positive constants.

Test strategies in this framework are based on the following theorem.

Theorem 1. Let (Y)); ., be a sequence obeying to Model (3). Let o, 8  (0,1) be fixed. Let Ejfz (R) be the ellipsoid defined in (4). There
exists g > 0 such that for all 0 < ¢ < g, in the four cases displayed in Table 1, we have

e Every level-o test minimax for Hg" on £2,(R) is also minimax for Hg on £; (R).
e There exist level-x tests minimax for Hy on £,,(R) but not for H3" on £2,(R),

where for all k> 1, cy=aibi .

Note that under ellipsoid constraint, previous results hold both for mildly and severely ill-posed problems. Hence the
conclusion of this theorem is that testing in the space of observations should be preferred rather than building specific tests
designed for inverse problem which will not improve the rates and will introduce additional difficulties. Remark that we do
not claim that all the procedure minimax for HY will necessarily fail for testing H5", but rather than an additional study seems
necessary.

A part of the proof of Theorem 1 is based on Lemma 1 below and is postponed to Appendix A. This lemma provides, under
ellipsoid constraint, an embedding on the deviation balls for Tf provided that f is bounded away from zero.

Lemma 1. Let ), be a positive sequence such that y,—0 as o — 0. The following embedding holds:
(f € LRI =y,)  {f € ELR)ITAIZ = (1-0)u,},

where ¢ €]0,1[, p, = b}, and m(o) is such that R®a, % < cy,.

Using Lemma 1, we can control the norm of Tf given Ifl2 for all f belonging to £x,(R). Remark that the reverse is not true.
Indeed, we can always construct signals such that IITfI? and Ifl? are of the same order.

4. Rate optimal strategies for finite dimensional models

The aim of this section is to present and develop some tools useful for the proofs of the results presented in the previous
section. In particular, our aim is to exhibit tests that fail to be powerful simultaneously in the inverse and the direct setting (i.e.
for the hypothesis Hg" and Hy). Most of the tests designed for alternatives of the form “f € £, (R),lIfl > p” involve only a
finite number of coefficients. These tests are in some sense biased. The key issue is thus to control this bias with respect to the
rates of testing. As in classical non-parametric estimation problems, finding the best trade-off between these two quantities is
at the heart of the testing approach. A good understanding of such kind of testing procedures is thus necessary.

Table 1
Minimax rates of testing in the indirect case.

Mildly ill-posed Severely ill-posed
by ~ kt by ~ exp(—yk)
ag ~ ks g¥s/(2s+2t+1/2) (log(o.—z))—ZS
a ~ exp(vks) o2 (log(c—2))@?t+1/2/s e 2D (s<1)
Table 2
Minimax rates of testing in the direct case.
o~ k¥ G4/ Qu+1/2)

c ~ exp(okt) o2(log(c-2))!/2
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Hence, in this section, we deal with functions having zero coefficients after a certain level. For a given D > 1, let

Hp = span{¢;,1 <j <D},

Kp =span{y;,1 <j <D},

where span(A) denotes the linear space generated by A c I,(N). From (2), the assertion f € Hp is equivalent to Tf € Kp.

Assume that f € Hp, or equivalently that Tf € Kp which entails that the signal fis concentrated on the first D coefficients of
the basis (¢ )ken - As said before in Section 2, choosing the best framework for building signal detection tests involves knowing
the minimax rates of testings for the both settings: the direct and the indirect version of the observation model. On the one
hand, rates of testing for the inverse problem (3) have been obtained in Laurent et al. (2010) under such assumptions. For
Cr(o,8),Cy(a, B) two positive constants, we have

D D
Ci(o, p)o? 221 b4 < p3(Hp) < Cy(a, B)a? 2:1 b4,
J} = \J] =

On the other hand, for the direct observation model, Y; = v;+¢&;,j € N, rates are given in Baraud (2002). For ¢ (., 8),cy(., f) two
positive constants, we get

(o, )a*VD < p2(Kp) < cy(at, f)a*~/D.

For fixed D, we are here in a parametric setting, both rates of testing are of order ¢2. In order to compare the hypotheses H5"
and HY in the spirit of Section 3, we have to take into account the dependency with respect to the parameter D of these rates. In
this sense, we introduce a definition of rate-optimality which will provide a framework for potential comparisons between
HE” and HY.

Definition 1. Assume that Y = (Y));..; obeys to model (3). Let «,f €]0,1[. For all D e N*, we consider a level—o test &, p:
Pr— o(P4,p = 1) < o. The collection of tests (®,,p,D > 1) is rate-optimal for HY over the sets (Hp,D > 1) if the following property
holds for some constant C, g > O:

D
VD> 1,Yf e Hp, IfI>>0*Cyp, | > b 4=Pp(Pp=1)=1-f. (6)
j=1

The collection of tests (@, p,D > 1) is rate-optimal for H§" over the sets (Kp,D > 1) if the following property holds for some
constant C'; 3 > 0:

VD > 1,¥f € Hp, ITfI> > 6?C'yyv/D=Pp(®,p=1)>1-p. (7)

Following Definition 4.1, a family is rate optimal if, in some sense, it possesses a similar behaviour for all the values of D.
The following theorem provides a comparison for the two signal detection procedures at hand.

Theorem 2. Assume that Y = (Y));. , obeys to Model (3). Let 0 <o < < 1/2.

Mildly ill-posed inverse problem: Let (®,p)p- ;1 be a collection of level-o tests which is rate-optimal for H® over the sets
(Kp,D = 1) then (®,,p)p - ; is also rate-optimal for Hy over the sets (Hp,D > 1).

Mildly or severely ill-posed inverse problem: There exists a collection of tests (®,,p)p - ; Which is rate-optimal for Hy, over the sets
(Hp,D > 1) but not for H3" over the sets (Kp,D > 1).

Severely ill-posed inverse problem: There exists a collection of tests (®,p)p~ 1 Which is rate-optimal for H3® over the sets
(Kp,D > 1) but not for HY over the sets (Hp,D > 1).

Previous theorem proves that the situation where the function is defined by a fixed number of coefficients differs from the
case where a regularity constraint is added on its coefficients. On the one hand, when considering mildly ill-posed inverse
problems, it seems clear that the both problems of testing respectively H3 and H5" are not equivalent when the function f
belongs to Hp. Every testing procedure that works in the direct case could be used without additional assumptions in the
inverse case. The reverse is not true. On the other hand, the severely ill-posed case is not a straightforward generalization of
the results obtained for polynomially decreasing eigenvalues. Indeed, in this particular setting, testing Hi and H5" seems to be
two different tasks. A good test for HY may fail for H3" and the reverse is true.

Hence, without additional assumption on the function f, different strategies should be used according to the considered
assumption.

5. Simulations

Our goalis toillustrate the difference between direct and indirect testing strategies on some simulations. In Fig. 1, we focus
on mildly ill-posed problems for testing the nullity of two coefficients. We compare and plot here the power of a direct test
@), and an indirect test @5, and with same level 5%.
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Fig. 1. Power of direct and indirect tests.
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Fig. 2. Comparison of direct and indirect tests.

Power of Test 1 - Power of Tect 2

The test dig'ix rejects the null hypothesis Hy: f = 0, if

D

2
DY} > vpa
i=1

where vp, denotes the 1—a quantile of Z]'D=1 sz under Hy. The test qsg) rejects the null hypothesis Hp: f = 0, if

0
D
2: —2y2
bj Y] > Up,o»
j=1

where up,, denotes the 1—o quantile of 37, b;2Y? under Ho.

We will conduct two different simulations. First, for an alternative f € H,, we estimate the power of the tests 45(21; and @(2221
for the Y;'s obeying to Model (3), with on the one hand b;=j~", and on the other hand (0,,6,) € (=5,5)? (and 0; =0,¥j > 2).

The simulations are obtained using 10 000 replications. In Fig. 1, we present the estimated powers of the two tests. As
expected, the direct test is powerful outside an ellipsoid while the indirect test behaves well outside a ball. Then, in Fig. 2, we
provide the difference between the two test powers. The comparison of the two tests enlightens that specific tests for inverse
problems are outperformed by a procedure that directly tests the observations.

In a second simulation, we focus on two generic examples of goodness of fit. We consider two different alternatives f; p and
fo.p defined respectively as

C,DV4 ifj=1,

C,D' 14 if j=D,
<f],Dv¢j> 2{0’ Vj>1,

fap:@j> = { 0 Vj%D ®)

where C; = +/6. We perform these simulations for a mildly ill-posed problem: we set bj=j~! for all j > 1.
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Fig. 3. Second kind error for direct and indirect approaches. The dashed lines represent the second kind error for the test 433'; for different values of D while
the solid lines are associated to the test tD(Dz'L. Results for the alternatives f; p and f> p introduced in (8) are respectively displayed on the left-hand and right-
hand sides.

Remark that for a given D, both functions f; p and f p belong to Hp. We plot for different values of D=1,...,50 the second
kind error for the direct test &), in dotted line and for the indirect test #?), in straight line, with o = 5%. Results are displayed
in Fig. 3. For each run, the test is conducted over 10 000 replications.

For the function f; p, the indirect test fails in detecting the non-zero coefficient while the direct test succeeds. We point out
that this function corresponds to the counter-example exhibited in the proof of Theorem 2.

Remark also that the function f, p corresponds to the theoretical case for which the direct test does not perform better than
the indirect test. This statement appears also clearly on the curves since the simulated second kind errors are of the same
order whatever D is.

6. Concluding remarks

Our aim was to be able to decide whether tests for inverse problems should be performed or if direct inference on the
observations could be sufficient or even lead to better results. Note that, we only have considered test problems for which the
null hypothesis was f=0. Actually, this is not restrictive and the same results still hold for any goodness of fit problem of the
type f=fo. As shown in this paper, we promote the following testing strategies according to the nature of the inverse problem.

e Mildly ill-posed problems: in this situation, in most cases, tests built directly on the rough observed data, i.e. in the space of
the observations, outperform tests that invert the operator. Note that we have not investigated the special situation of ¢,
bodies tackled in Baraud (2002) or in Laurent et al. (2010). Indeed, for this case, minimax rates of testing are only achieved
up to a logarithmic term and in this case specific tests should be designed to avoid flawed rates of testing.

e Severely ill-posed problems: for this kind of inverse problem, tests are more difficult and the situation is reversed. Indeed,
in most cases, the operator changes the difficulty of the testing issues and thus a specific treatment must be addressed to
the data. Only the specific frame of signal testing where the function has an ellipsoid-type regularity, enables to get rid of
the inverse problem settings and to use direct testing procedure on the raw data.

Hence a large number of goodness of fit issues for inverse problems can be more efficiently solved by using tests on the direct
observations, with the great advantage that a large variety of tests are available. Moreover, since only the observations are
needed, as soon as the kind of inverse problem is known, tests can be designed without 'inversion’ of the operator in the sense
that it is not necessary to perform a regularization of the data (see Butucea et al., 2009 or Laurent et al., 2010 for instance).
Hence, our results enable to build tests in the cases where the operator is difficult to handle: SVD unavailable, eigenvalues
difficult to compute, ...Such situations are encountered in Cavalier and Hengartner (2005) where the operators are partially
known for instance. Nevertheless, our testing procedures in this direct case only consider alternatives of the form IITfll > p. In
some cases, deviations from Assumptions Hf may be more natural to consider rather than applying the operator T.

To conclude this discussion, we point out that when it is difficult to assess which strategy should be used, we can always
combine two level-a;/2 tests respectively minimax for HY and H5", to obtain a global minimax test.
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Appendix A. Proofs
A.1. Technical tools

Let us recall the following lemma which is proved in Laurent et al. (2010) (see Lemma 2).
Lemma 2. Let D € N¥,
Zj=Jj+ojg, 1<j<D,
where ¢, .. .,ep are i.i.d. Gaussian variables with mean0 and variancel. We define T = Z}L 1 ij and
D D
2=>"ot+2> il
j=1 j=1

The following inequalities hold for all x > 0O:

(T E(T)>2vVZx+2 sup (o} )x) < exp(—x), )

1<j<D
P(T—ET) < —2v/Zx) < exp(—X). (10)

We can easily deduce from this lemma the following corollary.

Corollary 1. Let
Yj = bj@j—l—USj, ] e N*.

Let D > 1, § €]0,1] and denote by q,_z(D) the (1—p) quantile ofzf: 1 b;2Y?, and by q'1_4(D) the (1—f}) quantile ofzj'?: 1 Y7 Then,
setting xg =In(1/f)

q1_p(D) < 262+02Zb +2,/Zxp +20 sup b Xp, (11
]_] j— ,,,,,
i 202 2 2
q1-pD) < bs0: +0°D+2,/X'xp+20°Xp, (12)
= iYi Y
where
D D g2 D
S=0") b*+20° Z—’z and Z’=J4D+2622b]29j2.
j=1 ] j=1

Lemma 3. Let (Y)); .. 1 be a sequence obeying to Model (3). Let o, 8  (0,1) be fixed and consider the ellipsoid EZZ(R) defined by (5).
Assume that

E1emk <, < e, vk e N*,

where ¢1,C2,001 and oy denote positive constants independent of k. Then, there exists 3,4 such that
¢30%(log(a2)'*" < p?(£2,(R),o,f) < E4a*(log(a2)'/*".

Proof. The prooffollows the same lines as in Laurent et al. (2010) (see Corollary 3). Recall from Baraud (2002) or Laurent et al.
(2010) that the minimax rate on Syz(R) verifies

sup(ph A R2Cep?) < p*(€2,(Rou ) < inf(Cpp + R*Cep?),
DeJ <

where C is a positive constant depending only on o, and p3 = O(62+/D) as D— +oo. In a first time, we set

1 > 1/u
Doz[(mllog(a )) —‘

Then

PA(EY,(R),0,B) < Cph, +CR*cp?
< Ca?*(log(o~%))"/?" + Ca?
< Ca?(log(c~2)"/*",
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where C denotes a constant independent of ¢ which may vary from line to line. Concerning the lower bound, we set
1 ) 1/u
D;= K%log(a )) J

PA(EY,(R),0LB) = pp, AR*Ccp?
> Co?(log(c2))V/? A6 = Ca?(log(a2)) /2,

Then

for some C > 0. This concludes the proof. O

A.2. Proof of Theorem 2

For the sake of convenience, we set 0 =1 in the sequel without loss of generality.
Let us prove the first point of Theorem 2. We consider mildly ill-posed inverse problems. Let (?,,p,D > 1) be a collection of
level-a tests which is rate-optimal for H3" on Kp. Then, for all D > 1

Py(Pyp=1)<a and sup Pr(®Py=1)>1-p,
{feHp:ITfI? = C'y 4/D}

for some constant C', g > 0. Remark that (®,,p,D > 1) is also a collection of level-« tests for HY. For mildly ill-posed inverse
problems (¢j—° < b; < G~ for all j > 1), there exists a constant C(s) such that

172
D
P 4
jir%bej (,Z; b; ) > C(s)v/D.
Hence, for all f € Hp such that IIfI? = 37, 01-2 >Cyp(S7_4 by 4!/

D D
ITfI2 = 37 b207 > inf b7 - 07 > C(s) x Gy, pv/D.
ji=1 o j=1

Since (7) holds, for all constant C, z such that C(s) x C, 3 > (', 4, (6) also holds which concludes the first part of the proof.
Let us now prove the second point of Theorem 2. We consider mildly or severely ill-posed inverse problems. We consider
the following testing procedures: for all D > 1, let

D
—2y2
D1 bYF =50,

oy, =1 , (13)
o i

where

D D
Spo= D b?4+2,| > bi%x,+2 sup b ’x,, (14)
ft =1 1<j<D

with x, =In(1/a).Itis proved in Laurent et al. (2010) that forallD > 1, (D{fD is a level-o test which is rate-optimal for HY on Hp,.
We want to show that the collection of tests (@, p,D > 1) is not rate-optimal for H5" over the sets (Kp,D > 1), i.e. that for all
C >0, we can find D> 1 and f € Hp such that ITfI?> > Cv/Do? and

D
Pf(@éfD = 1) = U:Df (Z bj_Zsz > 5D,a> < ﬂ (1 5)

j=1

Let g;_4(D) denote the (1—p) quantile of Z]'-D:1 b;2Y?. Inequality (15) holds if sp, > q1_p(D). Using (11), with o =1, the
condition sp, > q;_p(D) is satisfied if

D D
Z 9]»2+2, [Zxp <2 Z b4x,+2 sup b2 (x,—Xp).
i=1 = 1<j<D

Using the inequality va+b < +/a++/b for a,b > 0, the above inequality holds if

D D D
S0 +2 $ 2507 <2 $ 3 b;4(m—\/&;)+21 i?EDb;Z(xa—xﬁ). (16)

j=1 j=1 j=1
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One can check that if

D D
Se Z H(Vxa—/ /3)+ sup bj* Xy —Xg)—Xp, 17)
i=1 \

then (16) holds, and thus Pp(®},=1)< f.
For the sake of simplicity, we assume that b;=j~* for mildly ill- posed inverse problems and b; = exp(—yj) for severely ill-
posed inverse problems. We consider the functlonf € Hp defined by 91 = C+/D with C >0, and 0; =0 for all j > 1. Then

ITFIZ = Z b?07 = Z 07 = CVD.

j=1 j=1
Moreover, the right-hand term in (17) is respectively bounded from below by
C(o, B,5)DV2+25 x5
in the polynomial case and by
C(a, B,y)exp(2Dy)—xg

when b; = exp(—yj).

Hence, for D large enough (16) holds and (&% ,,D > 1) is not rate-optimal for Hg" over (Kp,D > 1).

Let us now prove the third point of Theorem 2. We consider severely ill-posed inverse problems. We introduce the
following testing procedure: for all D > 1, let

ooF =1 with 8p, = D+2+/Dx; +2X,.
* {Zj“): 1 sz = E‘M}

It is proved in Baraud (2002) that the collection of level-u tests (CD%,D > 1) is rate-optimal for H3” on (Kp,D > 1). Forall C > 0,
we want to find D> 1 and Tf € Kp such that If1? > C(7_ by 41/2°3nd
Pr(®L, =1) <.

Let q';_g(D) denote the (1-p) quantile of 37, Y2 If 5p, > q'1_p(D), we have PH(®L%, = 1) < B. Using (12) with ¢ = 1, the
condition Sp, > q'1_p(D) is satisfied if

b292+2,/2x < 2v/Dxy+2(Xy—Xp). (18)
j= 1
By similar computations as for the second point, this condition holds if

D
STb207+2, | 2% Z D207 < 2/D(/Xo— /X )+ 2(Xs—Xp).
j=1 =1

We consider the function f € Hp defined by 0p = Cb,;1 with C> 0, and 0; =0 for j#D. Then
D 52
j=1

Hence (18) holds for D large enough.
A.3. Proof of Lemma 1

Assume that
felve&l,R),IVIZ=>y,).
Then, for allm>1

ITfI2 = > b3 6; Z b30; > b2, Z 07 = b2, <|f|2 > ek)

k=1 k=1 k>m
Since f € £ 2(R)

S0 <a;2 > ai0; <Ra?.

k>m k>m
Hence

ITFI2 > b2,(y,—R*a;?).

We conclude the proof choosing m = m(o) such that R?a2 < c¢y,, for some 0 < ¢ < 1 independent of 4.

m(o')
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A4. Proof of Theorem 1
Let o and S be fixed. Denote b.y P*(Eq2(R),0.p) and p2(£Y,(R),o ) the: minima{( rates of testing on respectively £;,(R) and
SZZ(R). Let &, a level-o test minimax for H5" on €ZZ(R). Then there exists a positive constant C; such that

sup Py(®,, =0) < p.
Tfe€2, (), ITFI? > G PAEL, (R, B)

Let G, > 0, thanks to Lemma 1 with y, = C2p2(£X2(R) o, p)

{f € ELRLIFIP = CGp*(ELH R0 P} C If.Tf € EL,R)ITAIP = (1—-0)Cabhy,) p* (E32(R), 01 B)).
Hence, &, is a level-a test minimax for HY as soon as

R? amw) <cCyp?(&7 2(R) o, p),
for some 0<c<1, C; >0and

Cip*(EY 2(R) ,p) < (1-c)Gyby, m() P 2(Ex, (R, P).

We verify that these both inequalities hold for the four different cases given by the two degrees of ill-posedness of the
operator and the two different sets of smoothness conditions displayed in Table 1. To this end, we use the minimax rates of
testing established in Baraud (2002) and Laurent et al. (2010).

In the following we write u(o) ~ v(0) if there exists two constants ¢, and ¢, such that for all 0 > 0, ¢; < w(9)/v(0) < c;. For
all x > 0, we denote by | x| the greatest integer smaller than x and by [x] the smallest integer greater than x. In each of the four
cases displayed in Table 1, we have to define in the proof below a quantity m(c), which will be greater than 1 for ¢ < g for
some o > 0. g that depends on the coefficients of the ellipsoids and on the ill-posedness of the inverse problem.

1st case: Assume that (ay), > 1 ~ (k%) 1 for some s > 0 and that the problem is mildly ill-posed: (by), s 1 ~ (k") 1. In this
setting, recall that

PHEL,(R),0,B) ~ o¥/2+241/D and - p2(e¥ L (R),%B) = ~ g4s+a0/@s+2t+1/2)
We define
m(a) = [o~2/@5+2t+1/27.
Then
RPagl ) ~m(0) > ~ g®/E 24D < oCy p2(E7,(R), o),
where C; >0 and 0 < c < 1. Moreover
by P (Eqr(R),0B) = m(0) p*(£5,(R), 00, f) = W T4/ @212~ p2(£7, (R), 00, B).

2nd case: Assume that (ay);. 1~ (exp(vk®)),-; for some v,s>0 and that the problem is mildly ill-posed:
(b1~ (k) 1. In this setting, remark that the sequence (ayb; ),y satisfies the inequality ¢;e’® <ayb, ! < e for
all k e N*. Hence, using Lemma 3

P* (xR, B) ~ a*(log(a ) H /25 and  p*(EY,(R),op) ~ o*(log(a—2)"/*.
We define

Then, for ¢ small enough, m(¢) > 1 and
Rza;m) ~R%0%2 <R? Gz(ln(afz))(zwl/z)/s < CCsz(SiZ(R),oc,B),
where C; >0 and 0 < ¢ < 1. Moreover

b P* (a2 (R0 ) = o?(Ina ™)1/ = p2 (€2, (R). o B).

3rd case: Assume that (a)icy ~ (K*)i - 1 for some s > 0 and that the problem is severely ill-posed: (b); - 1 ~ (e77%), - ; for
some y > 0. In this setting, remark that the sequence ¢ = ()i » 1 = (axb} )iy Satisfies the inequality ¢j " < ¢, < G e?"* for all
k € N*. Hence, using Lemma 3

PAEL, (R, ~(oga2) > and  p*(EY,(R),0p) ~ a*(log(c~2)'/2.
We set

m(o) = L—/log(a‘z(logo‘z)‘”z)qL o log((loga‘z)‘zs)J
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Then

2,2
Roa,s)

< CR?m(0)* < C(log(c7%) % < cC2p*(EX,(R), 0 B),
where (; >0,0<c<1, and
b o) P* (Ear(R), 0 B) = Ce*™ P (logo %)™ > Ca?(log(a~2)'/* ~ p2(£2,(R), 0 B).

4th case: Assume that (ay)s~ (€xp(vk®)),.; for some v,s>0 and that the problem is severely ill-posed:
(b > 1~ (€77 - 1 for some y > 0. In this setting, remark that the sequence ¢ = (c}); » 1 = (arb;, iy satisfies the inequality
G ek < ¢, <Ge?* for all k e N*. Hence, using Lemma 3

PPELRLP~e P and pA(EY,R)up) ~ o>(logc )2,

where D denotes the integer part of the solution of 2vD*+2yD = log(c—2). Then, we set

m(c) = {21/ log(c2(loga2)1/2)— %DSJ .

Remark that for ¢ small enough, m(c) > D since s < 1. Therefore

x5
RZa;I%J) — RZe—va(a)S < Ccze—2vD ,

where G; >0 and 0 <c< 1. Then
b} o) P*(Ear(R), 0L ) ~ e 2m@-20" 5 Ca2(logg2)1/2,

This concludes the first part of Theorem 1. In the second part, we have to find a level-« test minimax for HY on EX,(R) but
not for H5” on €gf ,(R). For the sake of convenience, we assume that the problem is mildly ill-posed and that b=k ~". The proof
follows essentially the same lines when (by), . ; is an exponentially decreasing sequence. Recall that from Laurent et al. (2010)

PAEL,R),ap) = SUI\IJ) (p3 AR?ap?)  with p3 ~g?D?+1
DeN*

and

P*(EY,(R),0LB) = su’\l?*([)z,) AR?b3ap?) with p3 ~ a?vD.
S

Hence, we are looking for a function f and a level-a test &, minimax for H on ngz(R) verifying:

Tf € £2,(RLITFI? = Cpp 3uNQ(f)D ARbpap?) and Py(®y,=0)> .

To this end, introduce
D* =inf{D : p} > R*b3ap?}.
Clearly

ITfI? > Cy pp3. = ITfI% > C, gsup(p3 AR?bpap?).
DeN*

Let f be the function defined as
07 =C,p30%vD+ and 0;=0 Vj>1. (19)
The function f belongs to the space Hp. and IfI”> = ITfI* > C, 46+/D+. Moreover, Tf e £2,(R) since

+ 00
> @b (Tf > = @262 ~ G, po® VD < Q,

k=1

at least for ¢ small enough. Moreover, from Theorem 2, we deduce that the global test d);” p. defined in (13)-(14) is not
powerful for H}Y when the alternative is defined by (19).
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