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Abstract

We propose a variational approach for the reconstruction of a volume from slices. The recon-
structed set is obtained as a minimizer of a geometric regularity criterion, either the perimeter or the
Willmore energy, with inclusion-exclusion constraints associated with the cross-sections. We propose
a phase field approximation of this model, and we analyze it when the regularity criterion is the
perimeter. We derive simple and accurate numerical schemes for both the perimeter-based and the
Willmore-based formulations, and we illustrate with several numerical examples the performances of
our approach, which proves to be effective for a large category of constraints.

The aim of this work is to develop and justify a new approach to reconstruct a surface or a volume
from a collection of given cross-sections. It is motivated by the many applications in medical imaging
(CT or MRI scans) and computer graphics [8, 33].

There is a rich literature on surface or volume reconstruction from cross-sections. Roughly speaking,
methods can be divided into two categories. In the first category, a first rough approximation of the sur-
face is found based on topological assumptions, then a more accurate surface is interpolated using either
a parametric [8, 9, 25, 29, 31, 35, 33] or an implicit representation [1, 3, 13, 14, 17]. The second category
of approaches involves a variational viewpoint: the surface is obtained as the result of an optimization
problem with constraints [15, 20, 22, 26, 32, 40| but, in general, without topological assumptions.

We propose in this paper a geometric variational method for the reconstruction of the best possible
set E* fitting (exactly or approximately, see below) a given collection of cross-sections and minimizing
a geometric criterion as the perimeter or the Willmore energy. For simplicity, we formulate the problem
for planar cross-sections, but as will be seen with the numerical experiments, our approach is general
enough to handle also non-planar cross-sections, or even less structured partial data as point clouds

Let us now describe informally our model (a more rigorous formulation will be given later). We
assume that we are given in R? a finite family of hyperplans {II,,}, on each of which inner and outer
constraints wi w4 C II,, are prescribed. We impose for every reconstruction candidate F C R that

n
win c ENTL, C IL, \w2“*. Obviously, w Nw®** = () but we do not require w’™Uw2*" to cover II,,. This is
an important point: our method is not restricted to spanning-type situations (i.e., the surface boundary
OF must contain a given collection of curves) in the sense that it can handle also loose constraints
where only parts of the interior volume E and the exterior volume E° are prescribed. Among all shapes
satisfying the constraints, which ones may be considered as “natural”? Since area and curvature are key
ingredients in many models which consider real life shapes as optimal shapes, e.g. bubbles, red cells,
etc., it is quite natural to look for shapes which minimize either the perimeter or the Willmore energy
(see below). Therefore, a natural model for the reconstruction of a volume from few slices is variational
and consists in finding a minimizer E* such that

E* = argmin J(E), (1)
wi"CE
Enw"t=0
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where W = | Jwi" and w°"! = [ Jw?*, and J is either the perimeter or the Willmore energy, depending on
the applications and the desired smoothness of the boundary OE*, see [11, 32] where a similar viewpoint
is used.
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Figure 1: Examples of 2D (left) and 3D (right) reconstruction problems. Inner constraints are shown in
red color and outer constraints in green color.

Beyond the theoretical issues raised by this model, which will be discussed later, we also tackle its
numerical approximation. We use a phase-field formulation [5, 7, 6, 18, 37] which allows the approxima-
tion in the sense of I'-convergence of the geometric energy J by a sequence of diffuse energies J. which
are easier to handle numerically. The notion of I'-convergence was introduced by De Giorgi as a suitable
notion of convergence in a variational setting for functionals defined on metric spaces. If (X,d) is a
metric space and (G,,) is a sequence of functionals mapping X onto R, one says that (G,,) I'-converges
in X to G : X — R as n — oo if both following conditions hold [10]:

[ — liminf] Vu € X, VY(u,) C X, up, = u = G(u) < linlinf G (un);

[[' — limsup] Vu € X, I(u,) C X, up — u, limsup Gy, (u,) < G(u).
n— oo
A nice connection between I'-convergence and minimizers is the following: if (G,,) I'-converges to G, and
() € X is such that z,, minimizes G,,, then every cluster point of (z,,) is a minimizer of G.
In the case J=perimeter=P, a phase field approximation is the celebrated Van der Waals-Cahn-
Hilliard energy

Pou) = /R <§|w|2 + %W@)) du.

where ¢ > 0 is a small parameter, and W is the double well potential defined by W (s) = £s%(1 — s)?,
seR.

Modica and Mortola [36, 37| have shown the I'-convergence with respect to the L!-topology of (P.).~
(the convergence is intended for a sequence (g,) converging to 0 as n — co) to the L! extension of AP
defined as

" AP({u=1}) if u is the characteristic function of a measurable set
400 otherwise,

with A = fol V/2W(s)ds. A key element in Modica-Mortola’s proof, which will be used in this paper,
is the property that the indicator function of any set E (of finite perimeter) can be approximated by a
sequence (u.) defined by u. = ¢ (1d(z, E)) and such that P.(u.) — AP(E). Here, d(-, E) is the signed
distance function to F in R? (negative in F, positive outside), and ¢ is the so-called profile function
associated to W and defined by ¢(s) = 3(1 — tanh(s/2)), s € R.



The second regularization energy that can be used in our framework is the Willmore energy, defined
for any set E C R? with smooth boundary by

1
W(E) = 5 /M |H[*dH,

with H the mean curvature on the boundary dE. The (L!-extension of the) Willmore energy can be
approximated by various phase field models, see [21, 5, 6, 38, 39, 41, 43| for more details. We shall
consider here the most classical one [21, 6, 41] defined as:

W (u) = 21? /]R d (EAu _ iW’(u))de.

Using phase field methods for the reconstruction of 3D surfaces from cross-sections has been recently
proposed in [20], where the inclusion-exclusion constraints are imposed with a penalization technique.
Our idea is slightly different, and consists in incorporating the constraints w?® C E and E Nw°* = () in
the phase field approximation as the following linear obstacle constraints on u.:

out

where vl = g (d(z,w™)/e) and u?** = 1—q (d(z,w"*)/e). Having linear obstacle constraints makes the
theoretical analysis of the model much easier, and opens the way to simple and very accurate numerical
schemes. The direct phase field formulation of the original optimization problem (1) reads now as

uy = argmin  J.(ue), (2)

g
ut
uéngusgugu

where J. is a I'-converging approximation of the L'-extension of J.

We will show, however, that such direct phase field formulation is actually not appropriate, in the
sense that the reconstructed sets do not satisfy strictly the constraints. We will therefore propose a
variant model, based on a suitable fattening of the constraints, with the following nice properties which
were the main motivations for this paper:

1. The minimizers of our model, using either the perimeter or the Willmore energy, can be approx-
imated with a simple and accurate numerical method. Numerical results (see Section 3) confirm
that fattening the constraints yields a better approximation of the relaxation of problem (1), and
that using the Willmore energy gives smoother and more natural reconstructed surfaces.

2. A rigorous convergence analysis of the model can be provided (at least in the case of perimeter),
which is new in this context to the best of our knowledge.

The characterization of limit energies when the Willmore functional is used is an open problem. This
is due to the high non locality of the L!-relaxation of the unconstrained Willmore energy, see [5, 6]. In
particular, we expect that the contribution to the energy of volume-less ghost parts cannot be represented
by integration.

The paper is organized as follows: the next section is devoted to setting the problem in the particular
case of perimeter, for which the necessity of fattening the constraints can be easily justified. The same
fattening method can be used as well for the Willmore-based formulation. In Section 2, and in the very
case of the perimeter, we prove the convergence of our phase-field formulation to a limit energy which
coincides (up to a multiplicative constant) with the relaxation in L' of the perimeter under constraints.
In Section 3 we address the numerical approximation of solutions to Problem (2) when J. is a phase-
field approximation of either the perimeter or the Willmore energy, and when the constraints are either
previously fattened or not. We introduce two numerical schemes, and we provide a series of numerical
simulations illustrating the performances of our approach in various situations, with either the perimeter
or the Willmore energy as regularization criterion.



1 Problem setting: the perimeter case

1.1 Constrained perimeter, relaxation, and phase field approximation
1.1.1 Geometric constrained problem and relaxation

Recall that, for any measurable set £ C R? and t € [0, 1], the set of points with density ¢ with respect

to E is ENB
Bt = [z erd, i EOB@OL_ 1
r=0  [B(z, )|
where B(z,r) is an open ball and | - | the Lebesgue measure. If E has locally finite perimeter then

the limit in the definition of E? exists H? !-almost everywhere, and Federer’s Theorem states that
R = EYUEY2U E' up to a H% '-negligible subset, see [2] for a full account on sets of finite perimeter.
The set E' is the measure-theoretic interior of E, E° is the exterior and E'/? is the boundary. If E
has locally finite perimeter then, for all Borel sets A C RY, the perimeter of E in A satisfies P(E, A) =
HIY(EY2 N A). As usual, we denote P(F) = P(E,R%) the total perimeter of E.

Problem (1) is not well defined for sets of finite perimeter because the constraints are imposed on
Lebesgue-negligible sets. A more convenient reformulation reads as follows:

E* = argmin P(FE), (3)
w%n CEI
wout CEO
The natural energy associated with this new constrained problem is
P(E) ifw™ C E' and w°"* C E°,

400 otherwise.

Pyin ot (E) = {

It is not difficult to see that P,in ,out is not lower semicontinuous with respect to the L'-topology,
thus problem (3) is ill-posed. To be convinced, consider in R? the sequence Ej = [—1,1] x [—h, h] with
Wi = [=1,1] x {0} and w°* = (). Then (for the L' convergence of characteristic functions) Ej, — 0 as
h — 0, but Pin yout(Ep) — 4 whereas P,in ,out(0) = 400. To define a well-posed problem, we proceed
as usual and consider the relaxation Fwin7wout of Pin ,outr With respect to the L'-topology, defined as

Pwin7wout (E) = E;lln—f;E {hzn_:(l;lf {Pwinvwout (Eh)} } .

In the remaining of the paper, we address the new following minimization problem

E* = argmin Pin ,out (E). (4)
E

We shall see in Theorem 2.2 that the relaxed energy Fwin’wout can be identified with Fj ,in ,out, Where
Fy in wout (E) = P(E) + 2H Y (E° nw™) + 2HH(E' nwo™).

In particular, in our previous example with Ej = [—1,1] x [—h, h], we have Fy g in ,out (0) = 4.

1.1.2 Phase field approximation
We define the phase field constrained Van der Waals-Cahn-Hilliard energy on L'(R?) as

1
P (u) = /Rd <;|VU|2 M EW(U)> do  ifue H'(R?) and ug < u < ug,
&,U1,U2 -

+00 otherwise,

and a natural minimization problem to address is

uz = argmin{ P, yin yout (1)}, (5)

u



where ul" = ¢ (d(z,w™)/e) and w2 =1 — g (d(z,w’")/e).
However, we will see in subsection 1.3 that P, ,in you: does not I'-converge with respect to the L'-
topology to AFy in ,out. More precisely, we conjecture that P ,in yout ['-converges to AFy in ,0our where

we denote for every u € L:

F in yout|U) =
aain oo (1) +00 otherwise.

{Flvwm’wm(E) ifu=1g
with '
By yin yout (E) = P(E) + HHE nw™) + HH (B nwo).

We will see in this paper that a technique to obtain the good relaxation, i.e. AFj in out, consists in
fattening the inclusion-exclusion constraints. We will denote Q7% and Q24 the fattened constraint sets
(see Section 1.2.1), which depend on a thickness parameter « €]0,1[ so that the associated fattened
diffuse fields have width of order £, i.e. larger than the initial phase field approximation whose width

is of order e. Therefore, we now consider the new phase field constraints u.", <u < ug“of with

u‘E"a =q (d(x, Q?&)/E) and u?g =1—gq (d(ac, Q‘E’Zit)/s) )
The main theoretical result of this paper is the I'-convergence (with respect to the L!-topology) of
P&-,uin‘l,ugu‘f to AFy yyin gout.

Remark 1.1. As already mentioned, we will prove in Theorem 2.2 that Pwin,wout, i.e. the relaxation of
Pin 0w with respect to the L' convergence of characteristic functions, coincides with Fy yin gyour. We
actually believe that Fy ,in ,0uwt does also correspond to a relaxation of F,in ,0u+ Wwhen phase fields are
used for approximation instead of binary functions. Recalling that, when a set E satisfies the constraints,
Pin y0ut(E) coincides with the total variation |[D1g|(R?), one can define the following relaxation of the
constrained perimeter:

P,in yout (E) = inf {lim inf / |V |dz,
Rd

e—0

u:. € C°, ue — 1g in L', u. > = on w™, u. <

on w"“t} .

i.e., the total variation of 1p is approximated by the total variations of smooth functions which are
constrained on w' and w®*. An equivalent perspective is the following: P,in out(E) coincides with

the mass of the varifold Vg = [D1g| ® d(p1,)+ which can be approximated (with respect to the weak-x

DN | =
N —

convergence of measures) by diffuse varifolds V. = |Vu.|dr ® 6y, )+ with u. € CF, u. > % on w'",
and u. < % on w°", In view of the example discussed in Section 1.3, it is natural to conjecture that

Byin yout (B) = Fygyin gyout.

1.1.3 Comparing minimizers of I} ,in jour and Fy ,in 4out

To understand the main difference between I in out and Iy in ,out, we focus on the local configurations
illustrated in Figure 2, and we compare their energies.

In the left example of Figure 2, P(E) = AB+ BC, H?¥ Y(E°Nw™™) = 0, and H¢ 1 (E' Nw°*) = BD.
In the right configuration, P(E) = AD + DC and H4}(E° Nwi®) = HI"Y(E' Nw®“t) = 0. Thus

Fy yin wout (left configuration) = AB + BC' + BD < AD + DC = F} in ,0ut (right configuration).
For Fy in o0ut, using the triangular inequality, we have
Fyyin gout (left) = AB + 2BD + BC' > AD + DC = Fy yin out (right).

This simple example indicates that, in general, minimizers E of F} ,in 4ou+ need not be suitable
for our reconstruction problem for they will not satisfy the constraints w C E! and E° N w°“ = (.
For this very example, F5 ,in ,out behaves better. More generally, numerical experiments suggest that
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Figure 2: Two local configurations where F is in gray and w®“* is the horizontal half-line starting at D.

minimizers of F, ,in out do satisfy the constraints on reasonable examples where minimizers of Fy in out
do not. Although no theoretical characterization of the minimizers of Fj ,in 0w which satisfy the
constraints is known, here is another simple comparison example. Let w™ = [0,1] x ({0} U {h}) and
w = (). Then for every h, a minimizer of F} ,in ,out is the empty set. In contrast, for h < 1, the set
[0,1] x [0, h] minimizes F5 ,in ,oue and do satisfy the constraints. But for & > 1, the empty set is the
unique minimizer. Summarizing, using I ,in ,0u+ does not guarantee that the constraints are always
satisfied by the minimizers, but this energy behaves better than Fy ,in ,our.

Reformulating for the phase field approximations, and in view of the discussion in the previous
paragraph, the constraints v < u < u2*! are not enough coercive to give a good approximation of our

in out “see figure 6

geometric problem. It will be necessary to consider the fattened constraints u.", < u < u
for a numerical illustration.

e,

1.2 Definitions and notations
1.2.1 Interior-exterior constraints and thickness

Let d € N* and @ be an open bounded subset of R?. We consider a finite collection of restrictions to @
of hyperplanes, denoted as {II,, },,, and we assume that IT,, NII,,, = @) for any n # n’. Our constraints are
given as two subsets w®™,w°" C Q such that, for any n, both w’® N1II,, and w°* N1II,, are finite unions
U wiﬁk and (J, w;’fg’ of disjoint, connected, open, bounded and Lipschitz sets in II,, as a subset of R4~1.

Let d,, denote the signed distance function to subsets of II,, (as a subset of R¥~!), i.e. for any A C I,
and y € I1,,, d,(y, A) = dist(y, A) — dist(y,I1,, \ A), with dist the Euclidean distance in R?. In a suitable
orthonormal system of coordinates in R¢ such that

I, = {(y,O) | Y€ Rdil}

we define for every k, £ the fattened constraints with thickness parameter h > 0 (see figure 3, where in,
out, and k are dropped for simplicity, and h = ¢%):

Qi = {(1.2) € RTUXR)NQ, yewiny, [2] < hlda(y, )]}

Qi ={(1.2) € R XR)NQ, yews, |2l < hldaly w3l }. (6)

Being the II/ s pairwise disjoint, there exists hg > 0 small enough such that any two elements of the
united collection {£2;%; Qfﬁ,h}n,k,f are disjoint. Lastly, we define

m n out __ out
h = U n,k,h and Qptt = UQn,Z,h'
n,k n,l

Remark 1.2. We opt for a conic fattening rather than a rectangular fattening in the normal direction
in order not to prescribe the tangential direction of the reconstructed domain around the slices. Indeed,
if slices are tied (i.e. if wi™ Uwg% = 1I,) then a rectangular fattening forces the reconstructed domain




Figure 3: Constraint fattening with thickness parameter h = €“: being w,, the horizontal half-line, the
fattened set Q0 = {(y,2) € R xR)NQ, y€ Wi, |2] < e¥|dn(y,wn)l} is (partially) represented
in gray.

to be orthogonal to slice hyperplanes. This is not really a problem if we use the perimeter because the
domain may have singularities (typically angles) to balance these tangential constraints. However, for
the Willmore energy, the control of mean curvature prevents angles, thus a rectangular fattening forbids
non-orthogonal reconstructions. This issue is avoided with a conic fattening.

Remark 1.3. A truncated distance function can be used to avoid the overlap of fattened constraints
sets. This does not change the theoretical analysis, but it can be useful for numerical purposes.
1.2.2 Phase field approximation with constraints

Let ¢ : R — [0, 1] be the optimal profile associated with W, defined as the solution to the Cauchy problem

{d = —/2W(q)
q(0) = 1/2.

For the aforementioned potential W (s) = 3s?(1 — s)2, it can be proven that ¢(t) = (1 — tanh(t/2)).
Given £ > 0 and « €]0, 1], we define as before

. 1 . 1
(o) =a (Taw0m) i) = 1- g om).
i € ' €
where, again, d denotes the signed distance function to subsets of ). For all subset £ C ) and the
associated phase field function u.(z) = ¢(d(x, E)/¢), we have the equivalence
ul', <u<ud <= QU CEC RY . Qout,

Remark 1.4. Using standard density arguments, the following convergence results can be proven

1 if z € W 0 if © € wout
. . n : out
uin (@) =0 J1/2 ifze Uanwn,k ,and  uot(x) =0 J1/2 ifze U@nwn,@
s n,k ’ n,l
0 otherwise 1 otherwise

where 0,, is the boundary within the subspace II,,. On the contrary, without the fattening constraints,
there holds

1/2 ifzewn 12 iz e went

uz"(x) 619 1/2 ifx € U 6nwiﬁk , and ugut(m) Eig) 1/2 if x € Uanwzzfet
ok n,t
0 otherwise 1 otherwise



These convergence results can be of interest for the numerical approximation when a sharp representation
of the set contraints is difficult to compute (for instance in 3D) and can be replaced instead by smooth
approximations with phase field functions.

1.3 Necessity of constraints fattening

In this subsection, we give a simple example for which the limit of P; ,in ,out appears to be AF} yin gout
and not AFj ,in yout. In particular, one expects that the limit of P in yout, if it exists, is at most equal
to AFy yin gout. We already gave the drawbacks of using Fy ,in ,0ut, and this example motivates the
necessity of fattening the constraints so as to rather approximate Fy ,in out.

Let E = B C R? be a ball, w'™™ be a segment outside the ball and w°* = ) (see Figure 4).

{u/sr?_l‘/il} - d(x7 B) = d(xa Wm)

Figure 4: An example for which the limit of P, yin yout i8 AF yin gour

We consider the phase field profiles associated with B and w®™:
B 1 in 1 in
ug (r) =¢q gd(:v,B) and ul'(z) =¢q gd(m,w ).

As w™ has no interior, d(z,w) > 0 for all z in R?, therefore the level lines {ul" = t} are empty for
1/2 <t < 1. Then, we define u. = max(uZ,u!"), which is equal to uZ near B, and u’® near w™. In
particular, u. is smooth except on the set {ul® = uZ} which is given by {z | d(z, B) = d(x,w™)}. In
our case, this set is negligible and coincides with some parabolic line between B and w'” (see Figure 4).
In addition, u. is a phase field profile i.e.

1
SIVUc? 4+ SW () = [Vue|y/2W (w2)

except on the parabolic line, and it satisfies u'™ < u. and u. < u2* = 1. By the coarea formula,

1 1
Pr i o (112) = /R (;|Vu5|2 + gW(u€)> dz :/0 VIWBP({u. > 1))t

For ¢ €]0,1[, there exists € > 0 small enough such that {u. > ¢} remains far from the parabolic line
{d(x, B) = d(z,w'™)} and so

1 B __ 1 in _ .
P{u. > 1)) =4 ({fue =th) + W ({u" =1}) HfO<t<1/2
H ({uf =1t}) if1/2 <t <1.

As {uB =t} is a ball and {u'™ = t} is a stadium, we see that

when ¢ — 0. By the Dominated Convergence Theorem,

1/2 _ 1
P yin o (1) =3 / oW (t) (P(B) +2’H1(wm)>dt+ V2W () P(B)dt.
0 1/2



Using the symmetry relation W (1 —t) = W (¢), we get that

lim P o e (1) = A(P(B) + H(w™)) = AP yon o(B).

e—0

n

The key point in this example is that the thin constraint w'™ generates t-level lines only for ¢ €]0,1/2],

but not for ¢ €]1/2,1].

1.4 Approximation with fattened constraints

In view of the above discussion, and extending also to the Willmore regularity criterion, we propose as
a relaxation of the initial problem (1) the following model:

ur = argmin J.(u),

in out
ul", Susuvt

where J; is a phase-field approximation of either the perimeter or the Willmore energy.

2 Convergence and relaxation results for the perimeter-based
formulation

The main theoretical results of this paper are given in the following theorems, whose proofs are detailed
in the subsequent sections. As mentioned in the introduction, no similar results are known for the
Willmore-based formulation.

t

Theorem 2.1 (Fat constraints case). Let Q be a bounded open subset of RY, and let w'™ w°* and

ul™ u? be defined as in Sections 1.2.1 and 1.2.2. Then, for all o €]0, 1],

e, Ye,a
P, yin youwt T'— converges to A Fy in gout,
with respect to the L*(Q)-topology as e goes to 0.
Theorem 2.2 (Identification of the relaxation). With the notations above, for all E CC Q, we have
Pin gout (E) = Fy yyin gout (E),
Remark 2.3. This result implies that for all E. — F CC @, we have

lim l(I)lf Pwin7wout (EE) = FQﬁwinWJout (E),

E—r

and for all £ CC @, there exists a sequence E, — E such that

lim sup Pw'in Jwout (En) g F27Mi7l’wout (E) .
n—0

2.1 Proof of Theorem 2.1: T' — limsup inequality

Let E be a set with finite perimeter in Q). We now give a construction of a sequence (ug)eso which
converges in L'(Q) to the characteristic function of E and satisfies

limsup P, yin qout (Ue) < AFy, gin gyout (E).

e—0

Let 7 > 0 and consider the set E, = (E'U Q") ~ Q7“*. Notice that for ¢ sufficiently small and
satisfying e* < 7, the set I, satisfies the fat constraint, i.e

Qi C B, C QN Qo

The canonical phase field function associated with E,, is

ul(@) = g (‘“E)) ,

3



out

o . ..
oo as soon as € < 1. Then, using the original

which satisfies phase field constraints, i.e. uf, <ul <wu
result of Modica and Mortola [37], we get that

Ps,ugna,ug"of (ug) ﬂ AP(Env Q)

Let us now consider the sequence (v.)c>o defined by v, = u§6” which satisfies v, Enaly | g almost every-

where on (). Indeed,

o ifz € @~ (EUw™) then d(x, EUw™) > 0 and there exists £9 small enough such that d(z, Ea.,) > 0.
Then, for all € < eq, d(x, Ea.) > d(x, Ea,) > 0, which leads to

ve () =9 lim q(s) =0.

s—+oo

o if 2 €F ~w’" then d(z, E Uw®") < 0, and there exists 9 small enough such that d(z, Es.,) < 0
and, for all € < eq, d(z, E2.) < d(z, E2e,) < 0, which implies that

ve () =9 lim q(s) =1.
S§——00

Without loss of generality, we can assume thanks to [34, Proposition 12.19] that £¢(0E) = 0. Since, in
addition, |w'"| = |w°*| = 0, we have v, =¥ 15 almost everywhere on Q.

Furthermore, the sequence (v.) satisfies the constraints v < v, < w2 as 2e* > %, which implies
together with Lemma 2.4 below that

limsup P, i yout (Ve) < lim sup lim sup P yin_ yout (ul)
e—0 ’ ’ n—0 e—0 ’ ’
< Alim sblp P(E,,Q) < AFy in gout (E),
n—

and the proof is complete.

Lemma 2.4. The sequence (E,), with E, = (EUQ)") \ Q0% satisfies

limsup P(E,,Q) < P(E,Q) + 21 Y (E* nw™) + 21 (E* nwo t)
n—0

Proof. See Section A.1 in the Appendix. O

2.2 Proof of Theorem 2.1: T' — liminf inequality

Let (ue)eso be a sequence such that
ue = u in LYQ)
and

M inf P yyin oue(ue) < oo,

Using the same arguments as in the original proof of Modica and Mortola [36], we can prove that
there exists a Borel set E such that u = 1g and

“+o0
lim iglf P, yin qyout(ue) = / Vv 2W (s) lim i(I)lf P({ue = s}, Q)ds.
e,00 e, 0o e

E—

Using Lemma 2.5 below, it follows that

+oo
liminf P, in out(ue) = V2W (s) lim i(I)lf P({u: > s},Q)ds
e,a'%e, o e

e—0

> VA imint P({u. > 5}, Q)ds

0
1
/ 2W(S) (P(E, Q) + QHd—l(EO N wln) 4 2Hd—1(E1 n UJOUt))dS
0
= >\F‘2’win’wout(:[I.E)7

WV

which completes the proof.
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Lemma 2.5. Assume that o €]0,1[ and u. satisfies ul", < ue < u'. Then, for almost every s in [0, 1],

e,a”

liminf. 0 P({us > s},Q) > P(E,Q) + 2H 1 (E® Nw'™) + 2HI"H (BT nwo™).

Proof. See section A.2. O

2.3 Proof of Theorem 2.2
Take a sequence (E.).~o converging to E for the L'(Q) topology and satisfying

Pw'in#)out (Eg) < +OO

Notice that for all € > 0, we have w C E! and w®"! C E?. Let o €]0, 1] and consider the sequence (u.).
defined by u. = 1, for alle > 0. It is not difficult to see that u. satisfies the constraints u", < ue < u2'%
as soon as ¢ is sufficiently small. In particular, we can apply Lemma 2.5 to deduce that

liminf Pin ,out (E:) = lim iélf P({uc. > 1/2},Q) = Fy yyin gout (E).
E—r

e—0

Let E be a set with finite perimeter in Q. The sequence E, = (EU Q") N\ Q2% — E for the L'(Q)
topology. Furthermore, for all 7 > 0, E,, satisfies the constraints w** C E, and w’* C E), and Lemma
2.4 implies that

lim sup Pwin Jwout (En) g F27wi71 wout (E‘)7
n—0

which completes the proof of Theorem 2.2.

3 Numerical approximations for both perimeter- and Willmore-
based formulations

This section is devoted to the design of a numerical algorithm for the approximation of local minimizers
to the following phase field optimization problem:

uy = argmin J.(u), (2)

u SuLus

where J. is a phase-field approximation of either the perimeter or the Willmore energy. More precisely,
we consider three different problems in space dimension d = 2 or d = 3 (with Q = [0, 1]¢ the computation
box, see the beginning of Section 1.2.2 for the other notations):

(P1) Perimeter with sharp constraints:
1 )
Je(u) = P(u) = / <€|VU|2 + EVV(U)) dz and wy =ul, ., us = ul" .
Q
(P2) Perimeter with fat constraints:
2 1 n out
Je(u) = Pe(u) = / <€|Vu| + EW(u)) dz, and wp =uy )5, uz =uly),.
Q
(P3) Willmore energy with sharp constraints:

1 1 ? :
Je(u) = W (u) = 26/@ (5Au — 8VV'(u)) dz and wy =ul o, up = ul%.

11



3.1 Approximation of phase field constraints

We assume that inner constraints w®® and outer constraints w°* belong to the box @ (see Section 1.2.1
for notations). In order to simplify the numerical construction of Q" and Q2% , we extend the constraint
only in the direction orthogonal to the slice plane II,, with a thickness of size ¢ (see Figure 5). A Fast
Marching method [42] can be used to compute the signed distance functions d(-, Q") and d(-, Q%) on

Q, and the phase field functions ", and uZ"!

) d(x, Qi d(x, Qo 1
u’ =gq (QT’EE)) and ul =1-¢ <($’€5>> with ¢(s) = 5(1 — tanh(s/2)).

are simply estimated using the expressions

£,x

Notice that from a numerical point of view, it is sometimes easier to consider the following approximating
phase field constraints (see Section 1.2.1):

uaa:?]l%g and u

1
- 1 - 7]]. out .,
9~

out
€,x

!

05 0 05

Figure 5: Examples of inner /outer constraints and the associated phase fields. On first row with o = oo,
on second row with a = 1/2. Left image: Q2 (in red) and Q2% (in green), middle image: uZ",, right
image: u2%

e,
3.2 A projected gradient descent approach
We propose a classical iterative splitting approach to approximate (local) solutions of the problem:

. _ .
uy = argmin J.(u).
u KuLuz

The approach consists in alternatively applying one step of a L2 gradient descent for the energy J.,
followed by a projection onto the set of inclusion-exclusion constraints. Therefore, we introduce an
approximating sequence (u"),, defined recursively with an artificial time step J; as:

1. 4% is the phase field function u® = q(d(x, Ey)/e), where Ej is an initial set built so as to satisfy
the constraints, i.e. Q% C Ey C RY\ Q2ut.

2. u"*t1/2 is an approximation of v(d;), with v the solution to the Cauchy problem

{vt =-VJ:(v) onQ
v(,0) = u"(x);

12



3. u"t! is the L? orthogonal projection of u"*1/2 onto the constraints, i.e.

1
u™! = argmin {25 / lu — w22 de 4 Yoy s (u)} = min(max(u" 2 uy), ug).
tJQ

u

Here, Xu, u, is the constraints indicator function defined by

(w) 0 if up <u<ug
, u) = .
Xui,uz +o00 otherwise.

Remark 3.1. Our formulation being non convex, the initial choice for Ey and the initial value of ¢
have a strong influence on the final solution. The non convexity arises in particular from the locality
of the energies integrands. In practice, choosing initially a large value for ¢ reduces the influence of Ej
for it tends to convexify the problem, in the sense that the locality of the energy is reduced and more
topological changes are allowed. Therefore, a possible strategy is to set a large initial value for € and to
reduce it gradually during the evolution, in order to improve both accuracy and sharpness of the phase
field. This multiscale approach for ¢ gives more freedom for the initial choice of Ey, and it is coherent with
the I'-convergence of the approximating energies. In practice, however, for all the numerical experiments
presented in this paper, using a fixed value for € seems to be enough to obtain consistent results.

3.3 Numerical schemes for the L? gradient flow

Various numerical methods have been proposed to approximate the solution to the Cauchy problem:

{8tv =-VJ:(v) on@
v(z,0) = u"(x).

For the particular case of Allen-Cahn equation, i.e. J = perimeter, there are efficient finite difference
methods [4, 19, 30], or finite element methods [27, 28, 23]. We opt as in [16, 24] for a Fourier method
with periodic boundary conditions on ), which yields very accurate solutions and is computationally
light. The method is based on the following Euler implicit discretization in time:

Y2 oyt = 5,V I (u"TY?), (7)

which ensures that the energy .J. decreases. Indeed, the solution u™*1/2 also satisfies

u" Y2 = argmin 1 / (v —u™)?dz + J.(v) ¢,
v 25t Q

therefore )
Jg(un+1/2) < ﬁ\/(unJrl/Z fu”)zdx+J5(u"+1/2) < Je(un)
tJQ

Schemes to solve (7) using either the perimeter or the Willmore energy are described in the two following
sections.

3.3.1 Perimeter case

For the perimeter case, the L? gradient flow of P. reads as the rescaled Allen Cahn equation

1
O = elAv — gW'(v).
1
Equation (7) gives that u™*/2 — " = §, <5Au”+1/2 - EW’(u”+1/2)), thus

(Id — 5tA)un+1/2 ="+ %W/(un+1/2).

13



It follows that u"+'/? is a fixed point of

4
dp(v) = (Ig — 6ieA)~! Ku” + ;W’(v))] :
Moreover, as ¢/p(v)(w) = (Iy — 6:eA) LW (v)w, it is not difficult to see that

[6p(0) < %o where ¢y = sup (IW"(5)]).
s€0,1]

Typically, when W(s) = %52(1 — )2, we have c; = 1. We then deduce that the fixed point iteration
converges as soon as d; < ¢. In practice, the operator (I; — d;¢A)~! can be computed in Fourier domain
using the Fast Fourier Transform and by remarking that its associated symbol simply reads as

1

or(&) = 1+ 4m2ed,)€|2°

3.3.2 Case of Willmore energy

In the case of the Willmore energy, notice that the L?-gradient flow of W, reads as

O = Ap — ZW"(v)u,
p=1W'(v) —eAv,

and Equation (7) becomes

un+1/2 ="+ 51‘, [A‘un+1/2 o E%W”(Un+1/2),un+1/2]
Iun+1/2 _ %W/(UHJFI/Q) o sAun+1/2'

Obviously, (u™+'/2, u"*+1/2) is a fixed point of

w\ [ Is —6A - u” — LW (u)p
ow w)  \+eA I LW (u) ’

I, —&A\ ' w1 I, &A
+€A Id - (Id +6t€A ) —eA Id

domain. Note that the fixed point iterative scheme is locally stable if

where the operator can be easily computed in Fourier

0 < C'min {53, %}

where N is the number of Fourier modes in each direction and C' is a constant which depends only on
the double well potential W [12].

Iy —=5A
+€A Id
Transform and observing that its associated symbol simply reads as:

- 1 1 —47T26t|€|2
O'W(E) - 1+ 16774(5t€‘§|4 <47‘l’2€§|2 1 .

3.4 A first experiment in dimension 2

-1
As above, the operator ) can be computed in Fourier domain using Fast Fourier

In this first example, we compare various results obtained by solving numerically problems (P1), (P2),
and (P3) with the following numerical parameters: N = 2% and € = 1.5/N. Concerning time-step, we
set §; = ¢ for problems (P1), (P2) which involve the perimeter, and §; = 1/N3 for problem (P3) where
the Willmore energy is used as regularization criterion.

In the first picture (top left) of figure 6, inner constraints are shown in red and outer constraints in
green. The second picture (top right) shows the reconstruction obtained with the sharply constrained

14



perimeter where the boundary of the optimal set E* is plotted in black. We can observe that E* is not
smooth and does not satisfy the constraints. For the perimeter with fat constraints (problem (P2)) the
numerical solution is plotted on the third picture (bottom left). As expected, E* satisfies the constraints
but the use of constraints fattening can be seen on the numerical solution.

Lastly, the last example on the bottom right figure shows a result obtained with the Willmore energy
(problem (P3)). The reconstructed curve is visually smooth, and it satisfies the constraints despite they
are not fattened.

Another numerical experiment using the Willmore energy is plotted on Figure 7, for which we use
non complementary inner-outer constraints, i.e. wi* Nwo"* # I1,,. As explained in the introduction, our
approach does not require that the two constraints be mutually complementary. Again, the reconstructed
surface looks smooth and natural, and it satisfies the constraints (right picture in Figure 7).

To conclude, we can deduce from this first set of experiments that the Willmore approach allows the
reconstruction of very natural sets, and we will focus on problem (P3) for 3D cases in the sequel.

0.5 0.5

0.4 @out 0.4
0.3

0.2

T_\)a/_T

0.1

l_/@\i

0.5 T 0.5

0.4 0.4

N e R

0.1 0.1

) Sy
. ;/@ ~_) . gbv

-0.5 -05

Figure 6: Reconstruction example with three different methods: (top left) input data: interior/exterior
constraints - (top right): reconstruction using perimeter with sharp constraints - (bottom left): recon-
struction using perimeter with fat constraints - (bottom right): reconstruction using the constrained
Willmore energy.

3.5 3D numerical experiments using Willmore energy

We present here a few numerical tests in space dimension 3 using the reconstruction with the constrained
Willmore energy from a given set of 2D slices. In each experiment we used N = 27, ¢ = 1.5/N and
(St = ]./N3

In the experiment of Figure 8, we use as initial data two sets of 2D slices of the Standford Bunny: as
can be observed, the reconstruction is effective even when the number of slices is low, although in this
latter case rabbit’s feet cannot be reconstructed since the associated information is fully missing in the
slices input data.
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Figure 7: Reconstruction example where interior-exterior constraints are not complementary (i.e., w'™ U
wot =£ 11,,). Left: input data constraints and initial reconstructed set Ey - Right: final reconstructed
surface using the constrained Willmore energy.

Figure 8: Two experiments with Stanford bunny using either 24 slices (first line) or 12 slices (second
line). On each row, the given interior constraints are shown on the left column, the initial reconstruction
Ey is shown in middle, and the final reconstructed surface is provided on the right column. Observe on
the second line that bunny’s feet cannot be properly reconstructed since they are missing in the initial
cross-sections.

In the second example (see Figure 9), we test how the method behaves with respect to topology
changes between slices, each slice being either a circle of the union of two circles. Similar configurations
are very common in medical imaging. Our experiment illustrates the efficiency of the reconstruction
using Willmore energy, which yields a surface close to branching cylinders when the density of slices
is large enough. In contrast, even with many slices, using perimeter as regularization energy will yield
undesirable surfaces made of glued catenoids. Remark also that the Willmore energy ensures a smooth
closure of the surface at top and bottom, whereas minimizing with the perimeter and fat constraints
yields a surface with almost two disks as closing caps.

The last example shows an application to the reconstruction of real MRI data (Figure 10), which was
the initial main motivation of this work. Although no information is provided about the topology of the
surface, using the constrained Willmore energy yields a very realistic solution.
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Figure 9: Reconstruction of branching cylinders. Top: initial data (inner constraints). Bottom left:
reconstruction using perimeter and fat constraints. Bottom right: reconstruction using Willmore energy
and fat constraints.

4 Conclusion

We propose in this paper a phase field model for the consistent reconstruction of d-dimensional surfaces
from (d — 1)-dimensional slices, using approximations of either the Willmore energy or the perimeter
as a regularization criterion. A crucial property of the phase field approximation in this context is
that constraints admit a linear obstacle formulation v™ < u < uw°“t, which is very useful both for
the convergence analysis and the design of our numerical scheme. Due to the dimensionality of the
constraints, we show that no consistency can be expected unless the constraints are fattened in the phase
field model. In the particular case of perimeter, we prove that the associated phase field approximation
with fat constraints I'-converges to some L!-relaxation of perimeter with sharp constraints. Qur approach
is flexible enough so that similar convergence results can be expected for more general, not necessarily
parallel and not necessarily (d — 1)-dimensional, input slices, e.g. non planar slices, slices living on a
manifold, volumetric point clouds, etc.

In the case of the Willmore energy as regularization criterion, a fine characterization of the limit
energy remains an open problem due to the non locality of the L!-relaxation of the (unconstrained)
Willmore energy.

We propose efficient schemes for the numerical approximation of critical points of both constrained
phase-field models, either Willmore-based or perimeter-based. Our schemes are not restricted to planar
or parallel constraint slices, as illustrated in Figure 11 where non planar slices or volumetric point clouds
are used as constraints. We also emphasize that constraints need not be complementary, i.e. some
freedom can be allowed between inner and outer constraints (see figure 7). This is potentially very useful
for considering noisy or statistical data for which uncertainties arise naturally.

The extension of our approach to multiphase and/or anisotropic situations is a work in progress. Pre-
liminary reconstruction results of multiphase surfaces using Willmore energy is shown in Figure 12, which
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Figure 10: Three different views of a reconstruction from real MRI data - Left: input data (interior
constraints) - Right : reconstructed surface using the constrained Willmore energy.

opens interesting perspectives for the reconstruction of segmented data. More generally, we strongly
believe that our method is very promising for numerous applications to surface reconstruction or inter-
polation.
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Figure 11: Possible adaptations of the method - Left : interior constraints - Right : reconstructed surface
- First line with non parallel bowed surfaces - Second line : with point clouds filling the interior of the
domain.

A Technical proofs

A.1 Proof of lemma 2.4
Let 17 > 0 and consider the sequence (E,),o defined by E, = (EUQ") \ Q2“". We will now prove that

limsup P(E,, Q) < P(E,Q) +2H" 1 (E° Nw™) + 21" (B! nw™) (8)
0

n—

The idea consists in introducing a partition of Q = By U (Un,kaL’fk) U (URJBZ%) where the boxes

B and B2 are associated with w7, and wg'/, respectively. We recall that w'™ NI, and w*** NI,

both are a finite union of disjoint, connected, open, bounded and Lipschitz sets in II,, denoted as wfffk

out | respectively.

More precisely, for each (n, k, £), we can define respectively (see definition 6) the boxes B, = Qi

and BYY = Qo'/, where h > 0 is assumed to be well chosen (see Lemma A.1 below). We define also the

and w

free part box By = Q \ ((UnkB;"k) U (unkBg“,;f)) For convenience, we introduce the boxes {B,,} as a

simple reindexation of boxes B, and B2, i.e.

Q=Bu(JBr |v|UB | =Bn
n,k n, m

We use the following lemma to set h > 0 (proof is given in Section A.3 of Appendix):

Lemma A.1. There exists h > 0 such that the family of sets {Bm}m is pairwise disjoint and, for all m,
HIYEY2NB,,) =0.
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Figure 12: Possible adaptations of the method in a multiphase context - Reconstruction of two surfaces
E! (red surface) and E? (green surface) with two sets of inclusion-exclusion constraints ; First line with
E'N E? = () - Second line with E* C E? ; Left - inclusion constraints - Right : reconstructed surfaces.

Therefore h is independent of ¢ and (n, k, £), and it satisfies that each intersection of two boxes is
empty and for all (n,k, ) and H41(E'/? N OBl) = HI-Y(EY? N OBgY}) = 0. Then, as {By,}m is a
pairwise disjoint family of sets, we have P(E,, Q) = Em>0 P(E,, Bp).

Inequality (8) will be established locally by considering the following three cases:

1) if B,, = By, prove that lim sup, o P(Ey, B,,) < P(E,By,).

2) if By, = Bi", prove that limsup, o P(En, By,) < P(E, By,) + 2H* ! (wiry, N EO).

3) if By, = B2, prove that limsup, o P(Ep, Bm) < P(E, Bp) + 2H (wo% N EY).

n,l>
We then gather these three cases to have a global inequality.

1) On the free part: B,, = By.
In this case, the result follows immediately as P(E,, By) = P(E, By).

2) Near an inside constraint: B,, = Bi",.
First, notice that P(E,, B,,) = P(EUQ™

ke Bm). We use the classical following inequality for perimeter
(see [2, Proposition 3.38]):

Proposition A.2.
P(AUB,Q)+P(ANB,Q) < P(A,Q)+ P(B,0Q).
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Taking A=FE, B = Qn gy and = By, we obtain

P(EU nkn?B ) P(E,B )+P( nkn?B ) P(Em nkn’B )

We can also apply the following lemma (see Section A.3 for a proof) in the case A = EN Q" and

n,k,n
I =11,.
Lemma A.3. Let A be a set with finite perimeter and I1 be a hyperplane of R®. Then
P(A) > 2HY(II N (AT U AY/?)).

As EN Q™ is included in B,, (except possibly along anwm which has zero H?~!-measure), we have

n,k 77
P(ENQY ., B,) =P(EN Q7. ). Notice also that on IT,,, we have (EN Q" ) = E'NQir,  up to
a H?~1- negligible set because Q”’ , 1s open. Indeed, using the notation
|[AN B(x,r)|
00 (A) = ——————
S EXy

we have:

o if x € I, N, . then 07 (EN Qe ) = 05(E);

o ifz eIl N(2N Q;L”k n) then 67(E N Q;”k ) <0 (Q;”k ) = 0 for r small enough;

e otherwise x belongs to 8Qn ke N 1L, = anwﬁfk which has zero H%*!-measure.
Similarly we have (E N Q& Y2 = EY2nQiry . Consequently, we obtain

i1 <Hn n(Enain,)tu(ENQn hn)l/?)) = (LN, N (BY U EY?)

HEH win, N (BT U EY?)).
which shows that P(E N QY . By) > 2H4 ! (wi, N (E' U E/2)), and then

P(EUQY, . By) < P(E, By) + P(Q . Br) — 2H N (wi, 0 (BT U EY?)).

n,k,n’
Finally, taking the lim sup when 1 — 0 and using the following lemma (see Section A.3 for a proof) leads

to 5 )
hmsgpP(EUQn"kn, m) < P(E,Bp)+ 21" win) — 21 (win, 0 (BY U EY?))
n—

< P(E,By)+2H" (win, N EY).

as E' U EY2 U E° is a H% '-almost partition of R%.

Lemma A.4. The fat constraints Q" , and Q0% satisfy P(Q7 . BiY.) 129 opqd- Ywi,) and P(Q0Y ., BYY) =9
2H ().
3) Near an outside constraint: Bm = B‘mt
There holds P(E,, B,,) = P(E ~ Qfl“jn, m)s and taking the complementary set in @ leads to
( Qzugna 3 ) “nln/o ((Q\E) Qzuéfn’ ~m)

P(EN(Q~ Q% ) B
P(Q

= m) =
< P(QNE), B) + P2, Bu) = PU(Q~ E)N QY. By).

né’r]’

We use exactly the same argument as in the previous case with @ \ F instead of E and we obtain
limsup P(E~ Q%% B,) < P(Q~E,B,)+ QHd_l(wa% N(Q~ E)%)

n—0 b B
< P(E,Bp) 4 2H" w4 N EY).
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From local to global
Then we have

limsup P(E,,Q) = limsup Z P(E
n—0 =0 730
< hlglj})lp P(E,, Z hm sup P(E,, By ) ; lim sup P(E Z“Ztm)
< P(E,, Bo) +Z L)+ 2H (Wi, N EC))
+ Z Byf) + 21wt N EY))

< P(E,Q)+2Hd*1(E0mw ) + 2HY(EY nweut).

A.2 Proof of Lemma 2.5
As in the proof of the I-limsup, we consider a partition of the computation box Q = By U (Unk Bf;}k) U

(Un ‘ Bg%) =U,, B,,, and we will first prove the lemma locally in each box B,, and then globally.

A.2.1 Near an inside constraint B,, = Bfl"k

Let us look at one constraint ka and its box B, B;?k. As u. — 1g in L' we have, up to a
subsequence, for almost every s € [0, 1]

{us > s} Y E  in measure in Q.

Due to P yin your(uc) < 400, we have v < u. and then {u* > s} C {u. > s}. Notice that
uM@) 2 s e d@, O ) <eq(s).
e If s < ¢(0) = 1/2 then e¢~!(s) = 0 and so, for every e* < h,
Qi co C{a € By | d(2, Q) co) <eq”'(s)}

That means Q;’fk@a is an open subset enclosing w;”k and separating le”k into two parts (see Figure

13 [left])
B ={wa) e @ XBNQ | yewl 2> 0, [z < ldaly. i)}
and By, = {(,2) € R xR)NQ, | yewl, 2 <0, 2] < =lduy, )]}

We denote S, 1. = ank o

o If s > ¢(0) = 1/2 then eg*(s) < 0 and so {z € By, | d(2, Q" _.) < £¢7'(s)} does not enclose
necessarily w;y, anymore (see Figure 13 [right]). Thus we have to reduce By, ), in order to be in the

previous case (see Figure 14). Let § > 0 and consider Bn ks = = Q" o s and Sy ks defined by

n,k,eq,
Ontees = {(2) € BT X R)NQ, y € wilt, Iy, 00| > 6, 2] < e ldn(y, ity },

and Sn,k,e,& = {(y7z) € (Rd_l X R) va Y€ wfzr,tk’ |Z‘ < Eev |d (yv )l > 6}

where £ = §e® — eq71(s)V/1 + 2 (see Figure 14). For ¢ small enough, S, s is an open subset
enclosing Wy N Q. kco,s and separating B, s into two parts B:k sand B .
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{ue > s}

Figure 14: The small open S, j s for the second case.

In both cases, the proof is the same and we denote B and S to treat both cases together (B;”,C and
Sh ke for the first and Bf;‘k’é and Sy k¢ s for the second). As S is an open subset included in {u. > s} and
containing w;”k N B the interface between B™ and B~, we have the following relation on the perimeter:

P({u. > s},B) = P{uc>s},BY)+ P({us > s},B™)
= P({u.>s}UB",B")+ P({u. > s} UB",B") (9)
= P({u.>s}UB",B)+ P({u. > s} UBT,B).

Moreover, recall that for almost every s, {u. > s} 9 F in measure in . Then, it holds that

{ue > stUB* == EUB? in measure in B, and {u. > s} UB~ =¥ EUB~ in measure in B. So, taking

the liminf in (9), we have
limicr)lfP({uE >s},B) > P(EUB ,B)+ P(EUB"', B). (10)
e—
In the case B = BJJ, it means that liminf. .o P({u. > s}, B,) > P(E U B;k,BfL’}k) + P(E U
B:; k> Bfl"k) In the case of B = B;"k 5> let us consider (J,) a decreasing sequence converging to 0, then
Bfl’fk’ép - Bf{}k’épﬂ C Bfl’fk, P(EU B;,k,spv Bnyks,) = P(EUB, ., Bnks,) and P(EU B:;kﬁp, Buks,) =

n,k’
P(E U B;k,Bn7k75p). Using the increasing limit property of measures B:L"k = U By ks, for A —
peEN
P({ue > s},A), A~ P(EUB',  A) and A — P(EU B, ,,A), we can take the limit p — 400, and

p—r+o0

thus P({ue > s}, Bnk.s,) P2 P({u. > s}, Bi"), P(EUB, ,, Buks,) " — P(EUB, ,,B"), and
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p—>+oo

P(EU B;k, Bpks,) — PEU B:k, B;”k) So, taking the liminf on §, — 0 in (10), we have

lim inflim inf P({u. > s}, Bpxs) =2 P(EUB, ;, B, )—}—P(EUB;;,C, ;’fk)

§—0 e—0

Noticing that the quantities are increasing as d, and ¢ decrease to 0, we have:

lim inf lim inf P({ue > s}, Buk,s) = supsup inf P({uer > s}, Bnk.s,)

6—0 e—0 peEN e>0 €'<e

= supsup inf P({ue = s}, Bnk.s,)
e>0 peN&'<e

< sup inf sup P({uer > s}, B k,6,)
e>0€ '<e peEN

= sup inf P({ue > s}, Bn"k)
e>0€'<e

= hmlnf P({ue > s}, Bi™%).
Thus, (10) is valid for almost every s in [0, 1] with B = B}, We use the following lemma (see Section A.3
for a proof).

Lemma A.5. Let E be a set with locally finite perimeter. If By 1 is a box enclosing wfﬁk, then P(E'U
B, 4 Bng) + P(EUB By i) = P(E, By ) + 2H (B Nw™ N By ).

We finally obtain lim inf P({ue > s}, Bi™) > P(E,Bi") + 2H*Y(E° nw™ N B™).
e— ’ ’ ’

A.2.2 Near an outside constraint B,, = BZ“}

For a constraint wom and its associated box Bfl“g, we apply the "inside constraint" result to the comple-
mentary set in Q. As ue — 1g in L'(Q) we have, up to a subsequence, for almost every s € [0, 1]

0 : :
Q~{uc > s} =5 Q~ F in measure in Q.

The constraint u. < u2* leads us to @ ~ {u2™ > s} C @ ~ {u. > s}. The same proof using these
complementary sets shows that

lim inf P(Q ~ {ue > s}, BYY) = P(Q~ E,BJY) + 21 ((Q ~ E)° Nw™ N BYY).
E—>

Notice also that as for any Borel set A, @ \ A coincides with B" \ A in ijf}? we have P(A, B,,) =
P(Q~ A, B,). Moreover, as (Q \ E)" N B% = E' N By} implies that

liminf P({u. > s}, BeY) > P(E,BY)+2H Y (E' nwl N BYY).
e—

A.2.3 On the free part B,, = By

Asu. — 1 in LY(Q), then, for almost every s, {u. > s} 29 F in measure in By, and liminf. o P({u. >
S},Bo) 2 P(E, Bo)

A.2.4 From local to global.

As (Bm) are pairwise disjoint, we can gather the results of the previous subsections in one inequality:

lim inf P({ue > s}, Bn) > P(E,Bp)+2H"YENw™ N B,,) + 21 Y E nw N B,,).
e—

Remembering we have chosen our boxes B,, in order to have H¢ '(E'/2NdB,,) = 0 and knowing that

{{wm N By by {0 0 Bm}m} is a pairwise disjoint family of set covering w™ and w°*!, we can write

. . > > — . . > -
hgﬂ_}lglfP({uE >s},Q) > hm 1an ({ue > s}, U h?i}élf Z P({u. > s}, Bp)

m>0~ m=0
> im i >
> ;h?ﬂ_}%lfP({ug > s}, Bm)
> [P(E, Bp)+2H"  (E°Nw™ N By, ) +2H* (B! Nw*™ N B,y )]

m

P(E,Q) + 2H4Y(E® Nw™) + 2HI~1 (B nwovt),

WV
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which concludes the proof of lemma 2.5.

A.3 Sublemmas

Lemma (Lemma A.1). There exists h > 0 such that the family of sets {Bu}m is pairwise disjoint and,
for all m, H*Y(EY? N B,,) = 0.

Proof. Firstly, consider B,, = B;"k Remember hy > 0 was defined in (6) to ensure that the family
{07 1> Q0% 1 Y ke s pairwise disjoint. Using the affine system coordinates of IL,,, let wp, & : Q5,0 — R

be defined by ¢p 1 (y, 2) = |d(y|zw”‘)| The function ¢, 1 is bounded by hg and its level set {pn 1 <
n\d>%“n k

e} is exactly the open set Q. ... However it is only locally Lipschitz continuous and we want to
apply a result requiring a Lipschitz continuous function. Let 6 > 0 and Qigk,ho,é = {(y,z) ‘ Yy €
Wiy ldn(y, Wil )| > 6, |2 < ho\dn(y7wfﬁk)|}. The restriction of ¢p . to QU , 5 is 1/§°-Lipschitz

continuous and then, using [2, Lemma 2.95 p.102] and |E'/?| = 0, we have, for almost every ¢ such that
0 < e < hy,

H (B2 000 5 0 pr k(7)) = 0. (1)
Let (d,) be a decreasing sequence converging to 0 and N, ;. , the negligible set of ]0, ho[ where (11) is

not true. Then, except for the negligible set N,, = U Ny k,p, we have
peEN

H! (E1/2 N i:bk,ho,ép N 90;}@({&})) =0

and ka,ho,ép C ngkyhﬁpﬂ. Thus, by increasing limit Q7 ,, = U Q;’fk)hw;p, we recover, for all
peN

e €]0, ho[\ Ny, HIL <E1/2 N Qf:k,ho N @52({5“})) = 0. We have the same result with Q7"/, ~and a

similar function ¢, , with a negligible set denoted by N, ,.

Secondly, since there are finitely many indexes n, k, £, we can define a negligible set N = (Un & Nn,k> U
(Ume Nn,g) and choose h €]0, hg[\ N such that the equality above holds for all n, k, ¢ with ¢* = h. We
have then B, = Qe ny N go;ﬁc({h}) = Qi and BYY = Qo N gogle({h}) = Q0" ), which satisfies
HIY(EY2 N OB,,) = 0 as expected, for all m, independently of e. O

Lemma (Lemma A.3). Let A be a bounded set with finite perimeter and 11 be a hyperplane of R?. Then
P(A) > 2H¥ Y (TN (At U A/?)).

Proof. We denote by ITT and II~ the open half-spaces whose boundary is II. If |[ANIT*| > 0 and |ANIT| >
0 then, using [34, Proposition 19.22] we have P(A,II+) = P(ANII*, II+) > Hé! (a*(A A1) mn) and

P(A,T17) = PANTI,T17) > #4-4 (97 (AnTm) Nl

We recall that for a set A with locally finite perimeter, we denote 0* A the set of points for which
the generalised normal v exists. Using [34, Theorem 16.3] we obtain 0*(ANIIT) = ((H‘")1 n 8*A> U
(Al N a*(n+)) U{va = e} and 9*(ANTT) = ((nf)l N a*A) U (A1 no* (nf)) U{va = v}, where
{va=vp+}={z € *ANI*Y) | va(z) = v+ (v)}.

Moreover, as we consider open half-spaces, we have (II*)! = IT*, (IT7)! = I, 9*(I") = 9*(II) =11
and v+ = —vp-. Furthermore,

HITH (0" (AN ) NI = HHAT N ID +H ({va = v )

and MO (ANTI) AIT) = HO7HA AT + HO (fva =~ ).
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Denoting e a normal vector to II, we have {v4 = v+ } U{va = —vp+ } = IIN {vg = e} and, using
[34, Proposition 10.5] as in the previous lemma, we obtain

HI! (5‘*A N H) =H" ({va = v+ }) + HE {va = —ve D).

Therefore
P(A) = P(ATY) + P(A ) +HTHO*ANT)
= PANTT, O+ P(ANTT—,II7) + HI"L(9*ANTI)
i1 (97 (AN T N H) +Hd1 (a*(A ATI-)N H) +HIN(9F AN
QHIHAY NI + HE ({va = vp+ }) + HE W ({va = —vp+ }) + HEL(O*ANT)
2HH (AN NID) + 211 (9" ANTD)
= it ((Al Ud*A) NI

WV

To conclude, we use the fact that 0*A = A'/? up to a H? '-negligible set.

Notice that if |[ANTI*| = 0 then A NTIT =) and {v4 = v+ } = 0. The proof remains valid in that
case. The same holds if [ANTI~| = 0. If both [ANIIT| =0 and [ANII~| = 0 then |A] = 0 and the
statement of the lemma is clearly true. O

n—0

Lemma (Lemma A.4). The fat constraints Qi . and Q0% satisfy P(Qi, . Bily) — 2HAI(w! W'k

n,k,n n,l,m n,k,n’
out out 7]~>O d—1(, ,out
a’ndP(Qnéan,E) 2H ( 6)

Proof. The key point is that the boundary of Qm oy 18 Lipschitz continuous and we can write it as two

graphs over w},. Indeed, we recall that QU7 =12 lye wn w121 < nldn(y,w))[}. Introducing,
for y € 1I,,, fgt( ) = Endn(y,w,’,), we have
aank m graph( vaffk) U graph( T;,wiﬁk) U anwfﬁk?

where sets are disjoint. The functions f;‘ and f,~ are differentiable H?1-almost everywhere on II,, and
as H 1 (9pwi",) = 0, we have

de 1 nkn / /1+|Vf+|2d7'[d 1 / /1—|-|Vf |2d7-[d 1

Moreover, |Vd,(y,w))| < 1so 4/1+|V fif2 729 1. The set wi. is bounded so, by Lebesgue
dominated convergence theorem, we have ’Hd_l(aQiL"k ) — 129 994~ Hwt w,'x). Recall that P(Q;L"k 2 Bnk) =
HIL (00, N Bug) = Hd71(89%7k7n) because Q" iy C B and

BQn koy N 0B, 1 = (“)nwfl’fk has zero H% '-measure. We have exactly the same result for Qg"lf and then,
the lemma is proved. O

n,k,n

Lemma (Lemma A.5). Let E be a set with locally finite perimeter. If By, x is a box enclosing w! g then
P(EUBy ., Bux) + P(EUB,, Buy) = P(E, By ) + 2H (B Nw™ N By, 1),

Proof. Using [34, Theorem 16.3], we have
P(EUB, ,,Bnk) = P(E, <B;,k)0 N B,) + P(B;k,EO N B,x) +H? ({VE _ VB’k} n Bn,k)
where vg stands for the generalized exterior normal to E and

{vp=vp- }={2 € ENOB,, |vp(r) = vy (2)}

n,k

with 0*F the set of points where vg exists. Notice, for set with finite perimeter, 9* E = E'/? modulo a
'Hd’l—negligible set. As we work with open boxes Bn -k, we have (Bf )°NByx = B;k and 8*B;ﬁkﬂBn’k =
wi™.. We define e the unit vector orthogonal to w;/ . pointing in BJr Then, we can write

P(EUB, . Bui) = P(E.B) + M (win, 0 B + 1 ({a € 0B Nty | v(a) = o)) (12
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Similarly, we have
P(BUB; 4. Ba) = P(B, Byy) + M- @it N E) + 11 ({z € 0B el | vis(a) = —¢}). (13

Moreover, w;’fk and 9*E are (d— 1)-rectifiable then, using [34, Proposition 10.5], we have, for H9~1-every
red*EN wg”k, vg(x) = +e. Therefore,

HTN O E Nwih)=H""! ({m €O'ENWy | ve(z) =e ) + HAt ({x €EVENWy | ve(z) = —e}).
Finally, summing (12) and (13), we obtain
P(EUBy ., Bux) + P(EUB/,, Byy) = P(E) + 21" (w0 EY)

since P(E, B, 1) = P(E, B;k) + P(E,B, )+ HTYO*ENwi). O
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