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Chapitre 1

Introduction

Une image numérique en niveaux de gris u est en général dans la technologie actuelle
une application d’un sous-ensemble de IN x IN dans U'intervalle [0, 255] associant & chaque
point de la grille discrete une valeur entiere de niveau de gris. Une image numérique peut
donc comporter 256 niveaux de gris s’échelonnant de 0 & 255, le noir étant représenté
par la valeur 0 et le blanc par la valeur 255. Les images en couleurs sont généralement
codées sous la forme (u,,uq, up) OU u, est une image en niveaux de gris correspondant au
canal rouge, u, est 'image correspondant au canal vert et u; est associée au canal bleu.
Le processus de formation d’une image & partir d’une scéne naturelle est extrémement
complexe et la formule suivante n’en est qu’'un modele simple:

N

ou

e O est le flux de photons.

e [k est le noyau de convolution optique du capteur.

o [T est le maillage régulier du plan I' composé de cellules & I'intérieur desquelles on
mesure I’énergie lumineuse regue.

e F'y ar est la fenétre d’observation de taille N x M.

e n désigne le bruit photonique et électronique qui s’ajoute a I’énergie lumineuse me-
surée.

e g est un opérateur de changement de contraste qui représente la fonction de transfert
non linéaire du capteur.

e () est un opérateur de quantification uniforme dans l'intervalle discret [0,255] des
valeurs réelles d’énergie lumineuse.

e d, enfin, est le bruit destructif lié & la transmission qui se caractérise par la présence
de taches dans l'image.

Le nombre et la complexité des opérations qui apparaissent dans la formule () font
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que le probléme inverse consistant & retrouver le flux optique original O & partir de I'image
u est impossible & résoudre. Il existe en revanche plusieurs méthodes et théories qui per-
mettent de résoudre partiellement ce probléme inverse. Citons par exemple la théorie de
Shannon qui, sous 'hypotheése que le flux optique a un spectre a support borné et que le
maillage It est suffisamment fin, permet de reconstruire totalement le signal k%O & partir
du signal échantillonné (k x O).IIr. La théorie morphologique de Matheron-Serra a, quant
a elle, trait & la présence de I'opérateur de changement de contraste g. Cet opérateur est
rarement connu et peut différer considérablement d’un capteur & ’autre. On ne peut donc
le déduire de la simple observation de 'image u. En revanche, ainsi que nous le verrons
plus loin, Georges Matheron et Jean Serra ont montré comment 1’utilisation des ensembles
de niveau de 'image permettent de la caractériser et de la traiter indépendamment de la
fonction de changement de contraste utilisée.

Cette these a pour objet ’étude de deux problémes distincts. Dans le premier, nous
supposons que 'image observée s’écrit soit sous la forme u = Q[g(v +n)] ol n est un bruit
additif blanc & distribution gaussienne ou uniforme, soit sous la forme u = Q[g(v)].ds ou
dy désigne un bruit impulsionnel de fréquence f. Rappelons quun bruit impulsionnel de
fréquence f remplace le niveau de gris d’un pourcentage f de points uniformément répartis
dans 'image par une valeur aléatoire entre 0 et 255 suivant une loi uniforme, tandis que les
autres points restent inchangés. Dans les deux expressions précédentes, g désigne une fonc-
tion de changement de contraste strictement croissante entre ses deux niveaux inférieur et
supérieur de saturation et () un opérateur de quantification uniforme. Notre probleme est
alors de définir un opérateur 7' tel que T'u soit le plus proche possible de Q[g(v)]. Il s’agit
donc de filtrer I'image en vue de la restaurer, c’est-a-dire d’éliminer le bruit.

Le second probléme que nous aborderons est un probléme d’interpolation. Partant
d’une image u.d ou d est un bruit destructif, quel opérateur peut-on définir de sorte que
I’image résultante soit proche de u? Plus précisément, 'image u.d se caractérise par la
présence de taches dans I'image qui occultent partiellement ou totalement certains objets
présents dans la scéne. Notre but est de définir une désocclusion, c’est-a-dire une opération
de restauration des objets partiellement occultés. L’approche que nous développerons ne
s’applique pas exclusivement au bruit destructif mais aussi bien a toute source d’occlusion
quelle qu’elle soit. En particulier, elle permet de résoudre le probléme consistant & restau-
rer un objet dans 'image partiellement occulté par d’autres objets.

Dans un souci de plus grande généralité, nous désignerons par image en niveaux de
gris toute application £N-mesurable de R" dans IR, ot LV désigne la mesure de Lebesgue
dans RN. L’emploi d’un espace continu de préférence & une grille discréte permet en effet
une bien meilleure caractérisation des propriétés d’un opérateur agissant sur les images.
Le passage de la grille discrete au plan continu se fait trés naturellement en considérant



qu’une image est une fonction constante par morceaux.

Dans le modeéle d’acquisition d’une image que nous avons présenté, nous n’avons fait
apparaitre comme seuls termes de bruit qu’un bruit additif et un bruit destructif. En fait,
la notion de bruit en traitement d’images est extrémement vague car elle recouvre des
phénomenes trés variés. Ainsi, la saisie, la transmission, la manipulation des images sont
autant de facteurs susceptibles d’introduire des modifications dans 'image originale qui
peuvent étre de natures tres différentes. Ce peut étre un flou dans I'image di & une mau-
vaise mise au point du capteur utilisé pour saisir la scéne; ou encore une perte d’informa-
tions qui survient lors de la transmission d’une image satellitaire entre le satellite et le sol.
Les exemples sont également nombreux de signaux altérés par un bruit gaussien ou impul-
sionnel lors de leur transmission. Citons enfin ’exemple de I'impression d’une image sur un
papier de mauvaise qualité : dans 'image résultante, la texture du papier sera étroitement
mélée aux informations contenues dans l'image originale. Tous ces exemples, absolument
pas exhaustifs, permettent de comprendre en quoi le “bruit” dans une image, c’est-a-dire
I'information qui ne correspond pas & ce que ’on souhaiterait voir, est une notion parfai-
tement subjective et totalement dépendante de I'application traitée. En conséquence, la
définition d’un opérateur universel de restauration d’images est illusoire car il n’y a pas
de définition universelle du bruit. C’est la raison pour laquelle nous nous limiterons dans
la premiere partie de cette these au probléme de restauration d’une image altérée soit par
un bruit additif blanc, soit par un bruit impulsionnel.

Revenons & présent sur le terme g qui modélise la fonction de transfert du capteur
dans I’équation (*). Comme nous I'avons dit, cette fonction peut varier considérablement
d’un capteur a 'autre sans que pour autant la scéne observée ait changé. De fagon plus
générale, c’est le probleme de la pertinence du niveau de gris observé qui est en cause.
Max Wertheimer, le fondateur de I’école de la Gestalt, a initié de nombreux travaux sur la
perception visuelle. 11 faisait remarquer dés 1923 [40] que lattribution d’une valeur précise
de niveau de gris aux objets contenus dans une sceéne est tout a fait arbitraire. En revanche,
c’est 'ordre dans lequel ces valeurs sont prises qui est pertinent. Pour étre plus précis, nous
sommes capables de dire que le ciel est plus clair que la forét dans un paysage donné, mais
il n’y a pas plus de raison d’attribuer au ciel et & la forét les valeurs respectives 120 et
230 que 90 et 150. I1 faut par ailleurs rappeler que les conditions d’illumination d’une
scéne peuvent considérablement évoluer d’un moment & I'autre sans que pour autant la
nature des objets présents dans la scéne ait changé. Matheron [25] et Serra [36] ont déduit
des travaux de Wertheimer un principe que doivent vérifier les méthodes d’analyse en
traitement des images: le principe d’invariance par changement de contraste, ou principe
morphologique. En vertu de ce principe, un opérateur de filtrage ne doit dépendre que de
Pordre des niveaux de gris et non du contraste. Cela revient & considérer qu’une image

u est en fait un représentant d’une classe d’équivalence dont chaque élément v peut étre
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déduit de w par application d’un changement de contraste. Insistons sur ce point: pour
Matheron et Serra, 'image observée n’est pas pertinente et il faut la caractériser d’une
facon qui ne dépende ni du capteur utilisé ni des conditions d’illumination de la scéne. On
peut en déduire une relation que doit satisfaire tout opérateur de filtrage 7' vérifiant le
principe d’invariance par changement de contraste:

ou u est I'image observée et g, par souci de simplicité, tout changement de contraste
continu et strictement croissant.

La plupart des opérateurs de restauration généralement utilisés en traitement des
images ne satisfont pas le principe morphologique. Il en va ainsi des méthodes linéaires
ou non-linéaires basées sur la caractérisation d’une image a ’aide de ses contours, ou “ed-
ges” [6, 22, 23, 24, 41]. On peut adresser deux reproches a la théorie de 1'edge detection.
Le premier est que la définition des contours d’une image est fragile et qu’ils n’en sont
pas une bonne caractérisation. Il est en effet connu que la simple donnée des contours
de permet pas de reconstruire I'image. Par ailleurs, les contours dépendent du gradient
dans 'image et sont donc incompatibles avec la théorie morphologique. A la suite des
travaux de Marr-Hildreth s’est développée la théorie du filtrage “espace-échelle” (ou scale-
space filtering) qui a pour objet la description d’une image a différentes échelles d’analyse.
D’importants travaux d’axiomatisation [1] ont montré le role fondamental en traitement
des images de deux équations: la mean curvature motion %—1; = |Dulcurv(u) a laquelle
se ramene asymptotiquement le filtre médian itéré, et 'affine invariant curvature motion
% = | Dul(curv(u))'/3. Ces deux équations vérifient le principe morphologique mais in-
duisent une évolution des lignes de niveau de I'image en fonction de leur courbure et ne
permettent donc pas de préserver les structures de I'image tout en éliminant le bruit.

L’analyse de Fourier ainsi que sa généralisation, I’analyse par ondelettes [26], per-
mettent une caractérisation compléte de I'image sous la forme d’une combinaison linéaire
d’ondes élémentaires. Toutes les méthodes d’analyse d’image qui en résultent ne rentrent
cependant pas dans le cadre de notre étude car la linéarité des transformations utilisées
est incompatible avec I'invariance par changement de contraste.

Quels sont alors les éléments qui permettent de caractériser entiérement une image
de fagon morphologique? Matheron et Serra ont montré que les ensembles de niveau ont
cette propriété. Rappelons que si u est une fonction £V-mesurable de RN dans IR alors
’ensemble supérieur de niveau A est X : = {z € RN : u(z) > A} tandis que I’ensemble
inférieur de niveau X est X} : = {z € RN : u(z) < A}. On peut facilement vérifier que la
famille constituée de tous les ensembles supérieurs — le résultat est bien sir identique pour
les ensembles inférieurs — est globalement invariante pour tout changement de contraste



continu et strictement croissant. En outre les deux formules de reconstruction

u(z) : = sup{I: z € X,} p.p. z € RN
et u(z) : = inf{A: z e X|} p.p.- z € RN

assurent que les ensembles de niveau caractérisent complétement I'image. Les frontieres
des ensembles de niveau sont appelées de fagon générique “lignes de niveau”, bien que ce
terme soit abusif lorsque N > 2. La “carte topographique” d’une image est I’ensemble de
ses lignes de niveau. Nous avons représenté dans la figure 1.1 certaines lignes de niveau
d’une image et la reconstruction que ’on peut déduire par interpolation [9] de cette carte
topographique simplifiée.

F1G. 1.1: En haut: une image et sa carte topographique simplifiée (lignes de niveau de 24 en 24).
En bas, l'tmage reconstruite a partir de cette carte topographique : méme si l’'on ne prend en compte

que quelques lignes de niveau, on a déja une trés bonne représentation de l’image.

La premiére partie de cette thése a pour objet la restauration des images bruitées a
l’aide d’opérateurs morphologiques & voisinage. L. Yaroslavsky [42, 43] a développé une
approche synthétique des techniques de filtrage local qui consistent & régulariser une image
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u en chaque point en fonction des valeurs dans un voisinage autour du point considéré.
Génériquement, ces voisinages sont de deux types:

1. les voisinages définis en chaque point z du domaine de l'image comme un sous-
ensemble Nj(z) du disque B, (x) de rayon a tel que

Ni(z) = {y € Ba(z) : u(z) — & <u(y) <u(z) + €'}
ot €, e € R' sont deux constantes données.

2. les voisinages définis comme un sous-ensemble de B,(x) s’écrivant
Na(z) = {y € Ba(z) : R(u(z)) — €z < R(u(y)) < R(u(z)) + €z}

ott R(u(z)) : = |{z € By(z) : u(z) < u(z)}| désigne le rang de u(z) et €5, €5 € RT
sont deux constantes données.

Il est clair que les voisinages du type N1 ne sont pas morphologiques car ils font intervenir
le gradient dans I'image, alors que les voisinages du type N2 sont morphologiques. Une fois
le voisinage sélectionné, on peut choisir différents types d’opérateur, tels le médian, I’inf,
le sup, la moyenne et tous les filtres pondérés qui en découlent. Les filtres morphologiques
qui font intervenir un voisinage du type N sont appelés “filtres de rang”.

Le chapitre 2 de cette thése est consacré a 1’étude de différents opérateurs locaux
de restauration d’images vérifiant le principe morphologique. Dans la section 2.1, nous
rappelons d’abord qu’une image doit étre considérée comme représentant d’une classe
d’équivalence au regard de plusieurs types de perturbations. Puis nous montrons que tout
filtre de rang équivaut au simple calcul du médian sur un mode de I’histogramme. La
section 2.2 est consacrée au rappel des définitions et propriétés de ’espace des fonctions a
variation bornée dans RN et des ensembles de périmetre fini, que nous faisons intervenir
dans la suite de la thése. Dans la section 2.3, nous nous intéressons au filtre médian, le
plus classique des filtres morphologiques. Nous montrons qu’il n’est pas un projecteur sur
I’espace des fonctions a variation bornée et qu’il peut méme augmenter la variation totale
d’une fonction BV. La section 2.4 est consacrée & la définition et & 1’étude d’un filtre
médian particulier, qui ne s’applique plus sur un disque mais sur un voisinage s’adaptant
a la structure locale des lignes de niveau. Ce filtre, MFCN (Median Filter on a Connected
Neighborhood), a la particularité d’admettre une plus grande classe de points fixes que le
filtre médian classique ce qui le rend plus apte & préserver les structures de 'image tout
en éliminant le bruit. Nous comparons par ailleurs ses performances avec celles d’autres
méthodes de restauration.

Nous introduisons dans la section 2.5 une notion faible de connexité, plus pertinente
lorsque I'on s’intéresse aux ensembles de périmeétre fini que la connexité au sens topologique



classique. Cette notion va nous étre utile tout au long des sections 2.6 et 2.7. Dans la section
2.6 nous nous intéressons a deux filtres morphologiques introduits par Luc Vincent qui
consistent & éliminer les composantes connexes d’ensembles de niveau d’aire trop petite,
et qui peuvent étre considérés comme une simplification du filtre MFCN introduit & la
section 2.4. Nous proposons de les définir comme opérateurs morphologiques agissant sur
Pespace des fonctions & variation bornée et nous montrons leurs propriétés de monotonie,
de continuité et d’idempotence. Nous montrons par ailleurs qu’ils font décroitre la variation
totale.

La section 2.7 a pour objet I'introduction et ’étude du filtre de grains, qui peut étre
vu comme une adaptation des filtres de Luc Vincent a la structure de la carte topogra-
phique d’une image. Les ensembles considérés ne sont plus les composantes connexes des
ensembles de niveau mais les grains de 'image, c’est-a-dire ces ensembles “sans trous”
dont la frontiére est une ligne de niveau. Nous montrons qu’en tant qu’opérateur agis-
sant sur espace des fonctions 3 variation bornée dans une boule bornée de RN, ce filtre
est morphologique, idempotent et fait décroitre la variation totale. En outre, nous pro-
posons une définition qui, contrairement aux filtres de Luc Vincent, permet de traiter
indifféremment les ensembles de niveau inférieur ou supérieur lorsque la fonction a varia-
tion bornée considérée est trés réguliere. Nous présentons ensuite quelques expériences ou
nous comparons le filtre de grain et les filtres de Luc Vincent & d’autres filtres de restau-
ration.

Le chapitre 3 est entiérement consacré & I’étude du probléme de désocclusion, que
nous introduisons dans la section 3.1. Nous montrons dans la section 3.2 'existence d’une
désocclusion optimale qui respecte le principe de “complétion amodale” de Kanizsa lorsque
la fonction & interpoler est & variation bornée. Nous décrivons dans la section 3.3 1'algo-
rithme permettant en pratique de réaliser la désocclusion d’une partie d’une image et nous
présentons quelques expériences dans la section 3.4.

L’annexe A contient une étude numérique dont ’objet est la représentation de I'image
par le filtre médian de la fonction utilisée pour le contre-exemple de la section 2.3.3. 11
est montré a la section 2.3.3 que la fonction résultante a une plus grande variation totale
que la fonction initiale. Nous donnons par approximation numérique dans 'annexe A le
graphe de cette fonction résultante.

Enfin, nous effectuons dans I’annexe B I’étude asymptotique d’un filtre local non
linéaire et non morphologique défini sur un voisinage du type N; (voir ci-dessus) dans
le cas particulier ou la fonction traitée est réguliere et ou ses lignes de niveau sont des pa-
raboles au voisinage du point considéré. Nous montrons en particulier que le filtre est, dans
ce cas, asymptotiquement équivalent & une équation qui ne difféere de la mean curvature
motion qu’a un terme correctif pres.






Chapitre 2

Filtrage local récursif a voisinage

2.1 Morphological filters, rank filters and histograms.

In the sequel, we shall call neighborhood (in a wide sense) of a point z € RN any £V-
measurable subset ¥ C RN containing z. Notice that we do not assume z to be in the
interior of V. In addition, unless specified, V will generally be taken bounded and closed.
Given a £N-measurable function defined on RN, we address here the following problem :
assuming that we only know the values of u on a neighborhood V of z, what is the “best
estimate” of u(x). Let us once more emphasize that images are not reliable data : the
information they contained depends of course on the original scene that was captured
but, in addition, also on the sensor characteristics as well as on the capture conditions.
Therefore, we shall consider that the values of u within V are representatives of equivalence
classes under several groups of perturbations :

Contrast rearrangements : any perturbation of the type u — g o u where ¢ is an
arbitrary increasing continuous function.

Combinatorial rearrangements : when captured at a very local scale, the gray level
is not a reliable information. This can be checked by simply looking at a photograph
with a lens or by zooming on a digital image. It is therefore reasonable to think
that the “true value” of w at =z depends on a small neighborhood V of z. How
this neighborhood must be chosen is a deep question which we shall discuss later.
However, we can assume that the “true value” %(z) depends upon all values of u
inside V. Since V is small, it is reasonable to think that any redistribution of those
values on V shall not alter 4(x). In other words, we consider all possible maps
C : V — V which are measure-preserving and we assume that the observed u is the
result of those perturbations

uy —uy o C (2.1.1)

11
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Projective views we mean here the transformations u(z) — u(Pz) where P is a projec-
tive map. As a simplified case we may consider u(z) — u(Az) where A is an affine
map.

Occlusion the image formation process entails drastic consequences when one is con-
cerned with the correct estimate of u(z). Indeed, in the case of real world images
(N = 2) or in the case of movies (N = 2+ 1), we know that boundaries appear in an
image because most physical objects simply occlude what is behind them. The result
of this operation can be written as (calling u(z) the final image, v(z) the original
image without the occluding object A and u4 the image of the object A, defined on
a subset A C R?) :

u(z) =us(z) ifzeA

u(z) =v(xz)  otherwise (2.1.2)

Clearly, the boundary of A, A, separates on the image two regions where values of
u(z) have nothing to do with each other, so that computing the “estimated” value
@(z) as a mean on a ball would be nonsense if z is close to 9A.

Transparency this is another perturbation that occurs in the formation of images and
is more generally related to the shadowing. Physical objects cannot only overlap,
they also can intercept the light coming from light sources so that their shadow is
projected on other objects. We can state that by a rough (but somehow reliable)
generic model of shadowing. We call S € IR? the domain of the shadow spot. Inside
this spot, the original gray level is altered by a contrast change u — g o u, where
of course g is increasing and g(s) < s. Calling, as for the occlusion, v(z) the image
without shadowing, we have

u(z) =gouv(z) fzes

u(z) = v(z) otherwise (2.1.3)

Clearly, as in the occlusion process, a new discontinuity front, S, is added to the
image. Now the structure of v is somehow preserved since for example the level lines
of v inside S are not altered in shape, but shifted in gray level.

Like previously said in the introduction, the nature of perturbations and the formation

of images itself lead us to the following definition.

Definition 2.1.1 We call “morphological filter” any operator T : u — T(u) mapping the
space of LN -measurable functions onto itself and which is covariant with respect to any
increasing continuous contrast change g, that is

T(gou)(z) = g(T(u)(z)), Vze RN (2.1.4)

We shall denote by uy, the restriction of u to the “neighborhood” V and shall assume that
V| < 0.
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2.1.1 Repartition functions and rank filters.

Definition 2.1.2 We call repartition function of u on V and denote by H = H, y the
real function H(X) = [{z € V : u(z) < A}.

It is easily seen that H is nondecreasing and satisfies H(—o0) = 0, H(+o00) = |V|. If u is
in L*°(V) then, denoting respectively by supy, u and infy u the essential sup and inf of u
on V, we also have

H(A\) =0 on (—oo,infy u)

H(X) =1|V| on [supy,+0o0)

Among the elementary and useful properties of the repartition function, we have the
morphological covariance. Indeed, if ¢ is a continuous increasing real function, we have

Hyou(X) = {2 : gou(z) <A},

Hyou(N) = ‘{:13 s u(z) < g_l()\)}| , so that

Hyou(N) = Hy(g '())) and therefore,

Hoyeu(9(N) = Hu() (2.1.5)

Definition 2.1.3 We call histogram of uw on V the distributional derivative of H on R.
We shall denote it by h = hyy.

Since H is nondecreasing with respect to the gray level, h is a positive measure, h = H' and
if u is in L*°, the support of h is [infy u,supy, u]. An example of histogram is illustrated in
figure 2.1. In order to see how histograms change with contrast changes g, we can derive
the relation (2.1.5) in the sense of distributions and obtain

Hgo, (9(N)g'(A) = Hy,(}), so that

hgou(9(A))g' () = hu(N) (2.1.6)

Note that this relation is much less easy to deal with than relation (2.1.5).

Definition 2.1.4 We call “rank filter” any map T : (u,V) — Ty(u) such that, for every
z € RN, Ty(u)(z) only depends upon the repartition function of u on z +V and satisfies :

Ty(u)(z) € u(V+x)  (no new gray level is created) (2.1.7)

Tyv(gou)(x) = g(Ty(u)(x)),  for any real continuous increasing function g (2.1.8)

Given a point z € RN, the map : (u,V) = Ty(u)(z) € R is called rank filter at x.
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il Figure 2.1: Top-left : original image
Top-right : fragment

Bottom : histogram of the fragment
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Relations (2.1.7) and (2.1.8) mean that Ty (u)(z) is one of the values of u on z + V, this
value being picked out in a covariant way with respect to contrast changes. We see with
this definition that rank filters are morphological filters.

In general, rank filters are defined on functions assuming a finite number of values on
a finite set of arguments. In the case of digital images, V is a union of pixels, all with the
same size, and u assumes a constant value on each pixel. Since at a small scale, values
assumed on pixels tend to be randomly distributed, we can ensure stability of a rank filter
by imposing that it be invariant under every combinatorial rearrangement C of V. In other
terms, C being an arbitrary perturbation of the pixels of V, we assume that

Ty (u o C) = Ty(u) (2.1.9)

It is easily seen, in this discrete framework, that (2.1.9) is equivalent to the fact that
Ty only depends on the histogram of u, which is invariant with respect to permutations.
Indeed, in this case, the histogram h of u is a finite sum of Dirac masses, h, = Zfil n;0;
where n; represents the number of pixels where u assumes the value i. Thus, if © and v have
the same histogram, one can easily find a permutation C of V such that u = voC. Since the
repartition function is uniquely determined by the histogram (and conversely), we deduce
that the combinatorial invariance (2.1.9) is equivalent, in the case of discrete filters, to the
fact that T'(u) only depends upon the histogram of w. In the continuous case, it is clear
that if T'(u) only depends on H,,, then (2.1.9) is satisfied for any measure-preserving map
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C:V — V. We do not know under which assumptions the converse implication is true.

Definition 2.1.5 (Histogram’s modes)
Let u be a bounded measurable function defined on a measurable set V C RN. We call
mode of u any mazimal interval I such that

Ve € Ce(I, [0, +00)), ¢ 0, /Iqsdh >0

Remark 2.1.6 If I; and I are two modes of u, then I; N I, = (. Indeed, if I; and I,
meet, then I; U Iy also is a mode, which contradicts the maximality. Since u is bounded,
the number of modes is either finite or countable. Before starting with the classification
of rank filters, let us give some basic examples.

Example 1 : The maps defined for every z € RN by Ty(u)(z) = sup, 4pU Or
Ty(u)(z) = infy4+p u are rank filters.

Example 2 : Let r € [0,1] and define

med),(u)(z) =inf{AeR: {yexz+V: uly) <A} >r|V|} (2.1.10)

As a particular case, we define the “lower median filter” as medy (u) = medé which shall
be more precisely studied later. Moreover, it is worth noticing that

med), u(z) = inf w and med}, u(z) = supu (2.1.11)

z+V z+V

Example 3 : Modal rank filters
Assume that for every £ € RN, u is bounded on z 4+ V. Let us call (M;(z));c; the set of
modes of v in x + V and assume that some choice, depending upon H,, has been made in
I, which selects one of the modes, say M;,(z). As an example, M;,(z) can be chosen as the
mode containing a fixed value, u(xg) attained by u on x + V, where of course zg € z + V.
Then we define a modal rank filter as

T(u)(z) = medg+vrm—1(M,-0(:c))(“)(w)’ (2.1.12)

In the sequel and without loss of generality, we shall denote for the sake of simplicity
V:=z+V, M; .= M;(z) and T(u) := T'(u)(z). Remark that T'(u) is simply the median
value computed over the mode M;,.

2.1.2 Classification of rank filters — Special rank filters

We are now in a position to classify the rank filters, assuming that the number of modes of
uwon V is finite and equal to K. Let us order them so that M; = [ug;—1,u],i=1,..., K
and ug; < ugi+1. Then, we set fori =1,..., K,

mi == {2 1 ugi—1 < u(z) < ugl
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Thus, the repartition function H, of u on V is constant on each interval (ug;,u2;+1) and
equal to mq + ... + m;.

Let Fy be the set of all bounded measurable functions u with a finite set of modes on
V. For every such function u, we call (M;);=1,... k its modes and my,...,mg the measures
of the domains of the modes, m; = |{z : u(z) € M;}|.

Theorem 2.1.7 (Rank filters are modal rank filters)
Let z € RN. Let T : Fy — R be a rank filter at z. Then, for every u € Fy, there exist

two functions
i: (RMHX 5N
(ml, ...,mK) — i(ml, ...,mK) € {1, ,K}

r: (RT)E —[0,1]
(mi,...,mi) = r(mi,...,mg) € [0,1]

such that
Ty(u) = med%}mu_l(Mi) U.

In other words, all rank filters are “modal rank filters” as defined in example 3.

This theorem states that any filter that depends only on the repartition function and is
covariant with respect to any continuous increasing contrast change, reduces to a median
filter over some particular mode of the histogram. In particular, such filters are covariant
with respect to any measure-preserving map of the neighborhood V onto itself.

PROOF : Since Ty(u) only depends upon the histogram of u on V, H,, there is no loss
of generality in writing T'(H,) instead of Ty (u). Equality (2.1.4) states that for every
continuous increasing real function g, Ty (gou) = g(Ty(u)). In addition, recall from (2.1.5)
that Hgoy(9(X)) = Hy(A), thus

Hu(g()‘)) = Hg—lou()‘)
From (2.1.4) we can deduce that
T(Hyog) =T(Hg10,) =T(g"" o) = g (T(u)) = g ' (T(Hu))
and finally

T(Hu) = Q(T(Hu o g)) (2.1.13)

for any continuous increasing real function g. In order to prove the theorem, we shall
choose g so that the function H, o g depends only on the measures of the modes’ domains,
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mi,...,mg. More precisely, we shall construct a continuous increasing function g such
that

H,og= I:Iml,___,mK =H, where (see figure 2.2) (2.1.14)
(0 ifs<1
mi(s — 1) on [1,2]
mi on [2,3]
my + ma(s — 3) on [3,4]
H(s)=4q ...... (2.1.15)
mi+ ... +mi—1 +mi(s —20+1)) on [2—1, 2]
mi+ ... +m; on [2,2i + 1]
\ M1+ ... +mgk ifs>2K +1

I

Figure 2.2: Normalized H of the
repartition function H,,

In order to obtain (2.1.14), it is enough to define g as a pseudo inverse of H,, :

((up +s—1 ifs<1
H; ' (ma(s — 1)) on [1,2]
ug + (uz — u2)(s — 2) on [2,3]
=93 m-1 2.1.16
9= Bty + oo+ g 4 mi(s—2+1))  on [2i—1, 2] (2.1.16)
ug; + (u2it1 — ugi)(s — 2i) on [2i, 2i + 1]
\ S+ u2k+1 ifs>2K +1

It is easily checked that (2.1.14) is satisfied and from (2.1.13) we deduce that

T(u) =T(Hy,) = g(T(Hml,...,mK)) (2.1.17)
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The formula (2.1.17) must now be interpreted. First of all, we notice that fNIml,___,mK only
depends upon the values mq,...,mg and, therefore, so does T(f{ml,...,mK)- In addition,
we know from (2.1.7) that p := Ty(Ip,,...m,) belongs to [0,2K — 1]. Now, let us define
j = j(m1,...,mgk) := [p], where [p] denotes the largest integer j such that j < p, and

r=r(mi,..,mg) = p—[p] €[0,1). Two cases arise :

1) If j is even, e.g j = 2i, then p € [24,2i + 1) and we get from (2.1.16) and (2.1.17) :
Ty(u) = ugi + (ugi41 — u2i)(p — 29)

Now, if p > 24, ug; + (ugi+1 — ug;)(p — 2i) is not attained by u, since the range of u is
contained in the intervals [ug;_1,u2;] and this is contradictory with (2.1.7). Therefore,
this case cannot happen for a rank filter.

2) If j is odd, e.g. j = 2i — 1, then p belongs to [2i — 1,2i) and we get from (2.1.16)
and (2.1.17) :

T(u) = Hy ' (m1 + ... + mi +miq1r) (2.1.18)

It must be emphasized that H, Ymy + ... +m; +miy17) is well defined in the sense that it
is not an interval since H, is increasing on [2i —1,2i]. Set A := H '(mq +...4+m;+m;y17)
and remark that

Hz e V:ulz) <A} =m1+...+m; + mjpr

In addition
medq,mu_l(MiH) u = inf{\": ‘{x eVNu (M) : uz) < )\'}‘ > |V N ufl(Mi+1)|}
Since |V N u_l(Mi+1)| = mj4+1 we deduce from the uniqueness of A that
T('U,) = med,"Vﬁ’u_l(MH,l) u

This achieves the proof, since both r and ¢ only depend upon (myq, ...,mxg). O

We now consider an important class of rank filters. Recall from the definition of a rank
filter T that, given a bounded measurable subset V C RN and a point z € IRY, the value
Ty(u)(z) is chosen among all the values in u(z + V) in a way covariant with respect to
increasing contrast changes. We wish now to give a specific role to x. The interpretation
is simple and was given at the beginning of this section : we wish the rank filter to give
an “estimate”, a “truer value” to u(z) than u(z) itself. The original value u(x) may have
a special role to play in the evaluation. For instance, when z is close to an edge due to an
occlusion, we would like to pay more attention to points belonging to the same object as
z and therefore where u take values “comparable” to u(x).
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Definition 2.1.8 Let V be a bounded measurable subset of RN and u a bounded measur-
able function defined on RN. We call “special rank filter with neighborhood V” any map
T : (u,V) = Ty(u) such that for all z € RN, Ty(u)(z) only depends upon the repartition
function H = H,, of u on z+V and upon the index ig of the mode M;,(u) containing u(zx).
In addition we assume that T\)(u) satisfies the relations (2.1.7) and (2.1.8) defining rank
filters, that is

Ty(u)(z) € u(z +V)
Ty(gou)(x) = g(Ty(u)(x)) for any continuous increasing real function g

As in the definition of rank filters, we shall call “special rank filter at  with neighborhood
V” the map associating with a bounded measurable function u the real number 7y, (u)(x).
To summarize, the special rank filter at z is like the rank filter at z, except that we allow
in addition an %p-dependence of Ty ,(u). Clearly, the mode containing u(z) may have
some privilege for fixing the “true value”.

Theorem 2.1.7 can be easily adapted to special rank filters.

Theorem 2.1.9 Let V be a bounded subset of RN, z € V, u a bounded measurable function
on RN with a finite number K of modes on V and iy the index of the mode containing
u(z). Let T : Fy — IR be a special rank filter at . Then there ezxist two functions

i: (RHExIN—-IN
(ml, ...,mK,io) — i(ml, ...,mK,io) € {1, 2, ,K}

r: (RT)X xIN —[0,1]
(ml, ...,mK,io) — ’i(ml, ...,mK,’io) € [O, 1]

such that
Ty (u) = medy,,—1(y,) -

PROOF : The proof is identical to the proof of Theorem 2.1.7. We only need to replace
everywhere T'(u), T(H,) and T(H) by respectively T'(u, i), T(Hy, i) and T(H, i) and
to notice that 7o is unaltered by any increasing continuous contrast change g. O
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2.2 BV functions and sets of finite perimeter

Roughly speaking, a function of bounded variation is an integrable function which is
not too much oscillating (see the definition below) and which has a finite energy when
defined in the plane. Because of these properties, it is very natural to identify an image
with a function of bounded variation. In contrast with other functional spaces that
might be used, the space of functions of bounded variation (BV) allows a geometric
characterization of the level sets structure.

The total variation of a function measures in some way its oscillations. It is therefore
logical to think that a denoising filter which introduces more regularity in an image should
decrease the total variation. This approach has been used by L. Rudin and S. Osher [34]
to perform a global denoising of an image ug, assuming that ug is blurry and corrupted by
a Gaussian white noise. More precisely, their problem was to recover the function uy such
that ug = Auy + n where A is the blurring operator and n is a noise with zero mean and
standard deviation o. They consequently introduced the following minimization problem

Minimize / | Dul|
Q

with the assumptions that / Au = / up and / |Au—1ug|?> = 0. The results obtained by

Rudin and Osher and later l?y A. Ch;?mbolle an?l P.L. Lions [10] showed that this method
works well for Gaussian noise removal. However, the results may look somewhat artificial
with very strong edges due to the total variation that prefers high steps to slowly increas-
ing slopes. It appears anyway that the total variation is a good characterization of the
presence of noise in an image and we shall take it as a criterion for the quality of denoising.

We now recall the definition and main properties of BV functions and sets of finite

perimeter.

Notations

e A ~ B means that the symmetric difference of A and B, AAB, is Lebesgue negligible.
o |A| is the Lebesgue measure of A.

e Unless otherwise specified, Q shall denote either an open bounded subset of RN with
Lipschitz boundary or RN itself.

For each k>0, § > 0 and A C RN one defines

HE(A) = % inf{Z(diamAi)k t Ac | A, diam 4; < 5}
i€l 1€l
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where I is finite or countable, diam A; = sup{|z — y| : z,y € A;} and wy, is the volume of
the unit ball in IR¥. The k-dimensional Hausdorff measure of A is defined as

HE(E) := lim HE(E)

The Hausdorff dimension of A is given by
dimy (A) := inf{k > 0: H*(E) =0}

with the property that if h = dimy/(A),

E<h=HA) =40

0 < HMA) < +o00

k>h=HA) =0
and for any Borel set B ¢ RN

|B| = #Y(B)

Let Q be an open subset of IRN. The space of functions of bounded variation on Q is
the set BV(Q2) of all those functions u € L!(Q) whose distributional derivative can be
represented by a IRN-valued measure Du = (D1u,...,Dyu) in Q, ie.

N
. _ . . 1 N
/Q wdivpdz — ; /Q $idDu Ve € [CL()]

The total variation of a function of bounded variation u is defined as the total variation
of Du

|Dul(R) = sup / udivgdz, ¢ € CLQ; RY), |¢] < 1)
Q

The total variation is also denoted by / |Du|dz. The space BV () is endowed with the
Q
norm

[ullBv = [lullLs + [Du|(€)

For any function u of bounded variation and from the Radon-Nikodym Theorem, the
measure Du can be decomposed in an absolute continuous part Dugc and a singular part
Dug with respect to the Lebesgue measure £V. Moreover Dugc = LV | Vu where Vu is
the Radon-Nikodym derivative of v with respect to £V. As a consequence, Vu exactly
coincides with the distributional derivative of u when u € Wh1(Q).

The reader may refer to [3, 13, 15, 44] for more details on the following properties of
functions of bounded variation.

Theorem 2.2.1 (Lower semicontinuity of variation measure)
Suppose {un}nenw C BV(Q) and up, — u in LIIOC(Q). Then

|Du|(2) < liminf|Du,|(S2)
n—oo
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Theorem 2.2.2 (Approximation by smooth functions)
Assume u € BV(Q). There exist functions {u,}5°; C BV(2) N C*°(Q) such that

up — u in L1(Q) and
|Duy|(©2) = |Dul(2) as n — oo

Theorem 2.2.3 (Compactness)
Let Q be open and bounded, with 02 Lipschitz. Assume that {u,}5>, is a sequence in
BV(Q) satisfying

sup [unllBy < o0

Then there exists a subsequence {un, }7°, and a function u € BV(Q) such that
Un, = u in LNQ) as k=00 and |ullpy < likminf||unk||BV
— 00

A consequence of the next theorem is that any function of bounded variation defined in
IR? has finite energy.

Theorem 2.2.4 (Sobolev’s inequality) Let u € BV(IRY). Then, there exists a con-
stant C such that
lullp /-1 < C|Dul(RY)

The perimeter in Q of a £V-measurable subset E C RN is defined as the total variation
of the indicator function of FE, i.e.

P(E, Q) = |xz/(?) = sup{ /E divpdz, ¢ € CHQ; RY), |4 < 1}

If P(E,Q) < +oo then we shall say that E has finite perimeter in Q. If we can only
state that P(E,U) < 4oo for each open set U CC Q2 then E is said to have locally finite

perimeter in 2.

Theorem 2.2.5 (Isoperimetric inequality) Let N > 1. For any set of finite perimeter
in RN, either E or RN \ E has finite Lebesgue measure and

min{|E|, [R" \ B|} < C[P(E,RY)]V/NY
for some dimensional constant C'.
The upper level sets of a measurable function u defined on 2 are given by
Up:={z€Q: u(z) >t}

and the lower level sets by
Ly :={ze€Q: u(z) >t}
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Theorem 2.2.6 (Coarea formula)
Let uw € BV(Q). Then Uy, L; have finite perimeter in Q for L'-a.e. t € R and

+o00 +oo
|Dul|(Q) = P(U, Q)dt = / P(L, Q)dt
+o0 +oo
Conversely, if u € LY(Q) and P(U, Q)dt < 400 (or P(L,Q)dt < +00) then
— o0 — 0o

u € BV(Q)

The coarea formula associated with the reconstruction formula and the following property
ensure that the level sets offer a complete representation of a function of bounded variation.
If ut and u™ respectively denote the positive and negative parts of u so that v = u™ —u~
and since

“+0o0o +oo
/|u+|dx:/ {ut > ¢}t and /|u\dac:/ u~ > tdt
Q 0 Q 0

we deduce that oo
/ luldz = / (fu > £} + {u < —t}]) dt
Q 0

If E is a set of locally finite perimeter in €2, one defines the reduced boundary 0*F as all
those points z € RN such that

(¢) P(E,By(z)) =|Dxg|(By(z)) >0 for all p >0

(17) vp(z) = —lim exists in RN and satisfies
(131) |ve(z)| =1

The function vg is called the generalized outer normal to E and

Dxg = —vg|DxE|

A fundamental property of the reduced boundary is that 0*E is a countably (N — 1)-
rectifiable set, that is

o0
O'E = U K,
n=0
where HN~1(Kj) = 0 and each K,,, n > 1 is a compact subset of an (N — 1)-dimensional
embedded C' submanifold of RN. Moreover,

Dxg =—-vgHN 1L O'E

Theorem 2.2.7 (Gauss-Green’s formula)
Let E be a set of locally finite perimeter in Q2. Then

/ divpdi — / (vis, )L Vo € [CL@Q)N
E o*FE



24 CHAPITRE 2. FILTRAGE LOCAL RECURSIF A VOISINAGE

Definition 2.2.8 (Points of density ¢ and essential boundary)
For every t € [0,1] and every LV -measurable set E C RN the set of all those points where
FE has density t is defined as

B'= (z e RN : im E0 5@
0 |By(z)]

The essential boundary of E, Oy E, is the set RN\ (E°U EY) of all those points where E
has density neither 0 nor 1.

=}

Theorem 2.2.9 Let E be a set of finite perimeter in 2. Then

HN-L(9yE\ O*E) =0
FENQC EV2coyE and
HN-LQ\ (E°US*EUEY)) =0

In particular, E has density either 0, 1/2 or 1 at HN"'-a.e. 2 € Q

Definition 2.2.10 Let u be a Lebesgue measurable function from € into R.

Define the lower approxzimate limit of u at

|B(z,r) N{u < t}| _

Bla.r)] o)

u”(z) :=sup{t € R: lim
rl0
and the upper approximate limit of u at x

—in ] im\B(:I:,r)ﬁ{u>t}| B
ut(z) == inf{t e R: lMO Bla.r)] =0}

We speak of the approzimate limit of u at = in case

u(z) = u”(2) = ap lim u(y)

u is said to be approzimatively continuous at x if aplimy_,; u(y) = u(z).
Sy:={zecRN: u (z) <u'(2)}
is called the approrimate discontinuity set.

It is worth noticing that u (z) and u*(z) do not depend on the representative u for
the reason they are defined with measures and not pointwise values. Moreover, it is a
consequence of the Lebesgue Theorem that a Lebesgue measurable function defined on 2
is approximatively continuous at £V-a.e. z € Q.

Theorem 2.2.11 (Rectifiability of S,) Let u € BV(Q2; R). Then

Sy is countably (N — 1)-rectifiable and
—oo <u~(z) <ut(z) <+oo  for HN"1-almost every z €
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Theorem 2.2.12 (Boundary trace) Let Q C RN be an open, bounded set with
Lipschitz boundary and u € BV(Q). There exists a bounded linear mapping

T : BV(Q) — L0, N 1)

such that for HN"1-almost every x € 00

lim lu(y) — Tu(y)ldy =0
™0 JonB, (z)
and so
Tu(z) = lim u(y)dy

=0 JonB, (z)

Theorem 2.2.13 (Extensions) Assume Q C RN is open and bounded, with 0
Lipschitz. Let u; € BV(Q) and ug € BV(IRN \ Q). Define

(z) = ui(z) ifz € B
' us(z) if z e RN\ Q

Then u € BV(IRN) and

| Dul(RY) = [Dus|(Q) + | Dus| (RN \ ) +/ Ty — Tug|dHN !
o

25
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2.3 Median filter and total variation

Let u be a £N-measurable real function on IRN. The median of u with respect to a
bounded subset B C RN is defined at every z € RN as the set of real numbers ¢ such that
B . Bl (B . < 1Bl
(B+z)N{y: uly) >t} < = and  [(B+a)N{y: uly) <t} <=

and denoted as med g u(z). It is easily seen that med g u(z) is a nonempty compact interval

[med 5 u(z), med ) u(z)] where

medzu(z) = inf{teR: {yeB+z: u(y) < }|2%}
medfu(z) = sup{teR: {yeB+z: uly) >t }|2%}

are respectively the lower and upper median values over B at z. In the sequel we shall call
median filter the operator which maps every £N-measurable real function v on RN onto
the function medy u. It is worth noticing that the properties that shall be stated remain
valid if one replaces med; u(z) with any other value in the interval [med u(z), med} u(z)].

If m := medj u(z) is such that |[(B + z) N {u = m}| = 0 then
Hy€B+a:uly) <m} =y € B+a: uly)>m)| = |B| /2

More generally, if u is continuous and B is connected then medpu = medg u. In-
deed, let us assume that u is continuous but medzu < med}g u. Let A\ and Mg
be such that medgu < A\ < A2 < medfu. Then [{y€ B: u(y) <A} > |B|/2
and |[{y € B: u(y) > Xo}| > |B|/2 so that |[{y € B: A\ <u(y) < A2}| = 0. Since u
is continuous we deduce that u~!((\1, X)) is open and thus u~!((A;,X2)) = @ which
is in contradiction with the property of any continuous mapping to preserve connectedness.

We shall call in the sequel conventional median filter the median filter defined over a
bounded ball B. This definition can be of course generalized by replacing the Lebesgue
measure with any other positive measure on IRN. As an example, the weighted median
filter is defined by using the measure kL" where k is a radial, positive and continuous

function on RN such that / . k(z)dx = 1. The reader may refer to [16] for more details.
R
As pointed out in the general introduction, the iterated conventional median filter is
asymptotically equivalent to the mean curvature motion ‘?9—;‘ = |Du|curv(u) [16] under the
assumption that u is smooth enough. This can be equivalently formulated by writing
that the evolution of a level line C of u follows the equation 2¢ = curv(C) which clearly
means that the level lines of u are evolving with respect to their curvature.
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It is well-known that the median filter is a morphological monotone operator. However,
it is not continuous with respect to the convergence in Llloc(]RN). Let us indeed consider

the real step function f such that f(z) = 0 if z < 0 and f(z) = 1 if z > 1. Clearly,
medy f(0) =0 and medg1 f£(0) = 1. Since the functions fy such that

0 ifr<—1/n
fn(z) = H’% if —1/n<z<1/n
1 ifx>1/n

converge to f as n — oo in L'(IR) and medy fn(0) = medg1 frn(0) = 1/2 we can infer that
the median filter is not continuous with respect to the convergence in Llloc(IR). Analogous
counter-examples can be found to prove that the median filter is more generally not con-
tinuous with respect to the convergence in L _(IRN). We shall now study the relationship

between the median filter and the space of functions of bounded variation.

2.3.1 Median filter and projection onto BV

The regularizing effect of the median filter has already been pointed out. Then, the
question occurs whether the median filter is a projector of L'(IRN) onto BV(IRY). Un-
fortunately the answer is negative, as shown with the following example in IR. Define a
partition of the interval [0, %] by all those intervals [s;, sp+1] with

n
s1=0 and s,= Z(g)", n>2
k=2
and let f be the function such that

flz) = { 5—1 on [s1, s2)

S(=1)™ on [sy,s041), n>2
%
Clearly, f is in L([0, %]) and / |f(z)|dz = 24/9 but f has an infinite total variation.
0
Indeed, P({f > t}) = 4oo for any ¢t € (—5/2,5/2). Let us compute medB(z,%) f(z) for

z+2
every = € [0, 3]. It is easily seen that medB(z,%) f(x) depends on the sign of/0 ’ f(x)dz.

If it is positive then medp, ») f(z) = 2, otherwise medp, 2 f(z) <0. Remark now that
'3 ’3

n—1

[ @ = Y s — s
’ k=0 n—1
= 3P+ (DG (using §=1+)
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Thus, any point z € [0, %] is associated with a median value alternatively positive and
negative depending on which interval of the form [sg,sk+1) the point z + % belongs to.
Consequently medp, f is not a function of bounded variation.

3

2.3.2 The median filter decreases the perimeter of bounded and convex
sets

Let E be a £V -measurable set in IRN. We define

B
med, B:= {z+ [B(a,r) 5] 2 2@

}

which is equivalent to let u := xx be the indicator function of E, v := med;” u and define
med, E := x,

Lemma 2.3.1 Let E be a convez set in RN. Then Vr > 0, med, E is a closed and convez
set. Moreover, if E is closed then med, E C E.

PROOF : The result is obvious when med, E is empty so we assume that med, E # (). We
now recall the Brunn-Minkowski Theorem (see [14])

Theorem 2.3.2 (Brunn-Minkowski) If A and B are two nonempty subsets of RN then
where A+ B={z+y:z€ A, y€ B}

Let z,y € med, E and z := tz + (1 — t)y for some t € (0,1). Let 2’ € B(z,r), ¥’ € B(y,r)
and 2’ = tz' + (1 — t)y'. Remark that |2/ —z| = [t(z' —z) + (1 —t)(¥ —v)| < t|z' —z| +
(1—1)|y' —y| < r thus

B(z,r) D tB(z,7) + (1 —t)B(y,r)

Since E is convex, if z,y € E then tz + (1 — t)y € E and thus
B(z,r)NE D t(B(z,r)NE)+ (1—1t)(B(y,r) N E)
It follows from the Brunn-Minkowski Theorem that
|B(z,7) N E[Y™ > /" |B(z,r) N E|Y" + (1 — )/ |B(y,r) N E|'/"
Since |B(z,r) N E| > 1/2 and |B(y,r) N E| > 1/2, we infer that

(tl/n + (1 . t)l/n)n
2
and thus z € med, E. Therefore, med, F is convex. The property of med, E to be closed

|B(z,r) N E| >

>1/2

follows from the Lebesgue measure continuity.
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Assume now that E is closed and let z ¢ E. Obviously, B(z,7) N E is convex, closed
and does not contain z. Thus, the Hahn-Banach separation Theorem ([5]) gives

|B(z,7) N E| < 1/2 so that = ¢ med, E. Therefore, med, E C E. O
The following result is known (see for instance [2]).

Theorem 2.3.3 (Comparison Theorem) For any set E of finite perimeter in RN and
any closed conver set C C RN we have

P(ENC) < P(E)
with equality if and only if |[E\ C| =0

A trivial consequence of this result is the following.

Proposition 2.3.4 Let E be a bounded, closed and convez subset of RN. Then Vr > 0,
P(med, E) < P(E)

PROOF : Since E is bounded and convex, it has finite perimeter ([14], Thm. 3.2.35). It
follows from Lemma 2.3.1 that med, E is bounded and convex for all » > 0. Moreover,
med, F is closed and med, £ C E. The proposition ensues by a simple application of
Theorem 2.3.3. O

The question whether such a result could be established for any set of finite perimeter
has not been solved in the general case. We shall exhibit in the next section a counter—
example proving that the perimeter may increase if the set is not connected. We conjecture
that there exist also counter-examples when the set is assumed to be connected.

2.3.3 The median filter may increase the total variation

Since the median filter is used for image denoising, a nice property of this filter would be
that it decreases the total variation, and thus removes oscillations in image that may be
due to noise. Unfortunately, the median filter does not have this property, mainly for the
reason that even if E and F are of finite perimeter and such that P(med, E) < P(E) and
P(med, F) < P(F) it may happen that P(med,(EUF)) > P(EUF). As a consequence, we
can find a counter-example where the median filter does increase the image total variation.

Let u = up g, be the characteristic function of the gray set shown in figure 2.3a. We
shall prove that there exists some 0 < h <1 and some 0 < 6y < 7 such that the level lines
of the function v := med; u are longer than the level lines of u. A similar argument could
be developed for med; u. From the coarea formula this will imply that the total variation
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Figure 2.3: Left(a) — density plot of u, Right(b) — density plot of med; u

of v is larger than the total variation of u. Practically, we shall see in Appendix A with a
numerical argument that v is the characteristic function of the gray set in figure 2.3b.
Let the apex of the lower angular sector be the origin of our coordinates system.
Let us denote the upper and lower angular sectors by S; and S, respectively. For obvious
5]
such that the area A(z,y) of the intersection between the ball Bi(z,y) and the angular

symmetry reasons, the problem may reduce to find the set of points (z,y) in R x (—oo

sectors is more than 7. Let us begin with the following lemma

Lemma 2.3.5 Let h = 0.5. There exists some 0y such that
v(0,y) =1 for everyy € R
v(2,0.25) =0 for every y € R\ {0}
v(z,y) =1 if (z,y) € S1 U Sy and inf(z? + 4%, 22 + (y — 0.25)%) > 1
v(z,y) =0 if (z,y) ¢ S1 U Sy and inf(z? + 42,22 + (y — 0.25)%) > 1

PROOF : Let us begin with proving that

Yy € R, A(0,y) > A(0, g) (2.3.1)

This arises from figure 2.4. Let % < y1 < y2 < 1. For obvious symmetry reasons

A A

Figure 2.4:

A(0,y2) — A(0,y1) = P1 + 2P, — P, = 2P, > 0 so that A(0,y2) > A(0,y1). If 1 <1 < yo
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then the ball does not intersect anymore the lower angular sector. On the other hand, the
area of the intersection between the ball and the upper angular sector is clearly increasing.
