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Introduction

Multivariate risk process

Consider a vectorial risk process

Xk = gains of the kth branch of a compagny, during the nth
period, i.e. XX = GK — L% where GX is the gain and LX the loss.
There may be dependence: vectorial (with respect to k) and/or
temporal (with respect to n).
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Introduction

Multivariate risk process

Consider a vectorial risk process

Xk = gains of the kth branch of a compagny, during the nth
period, i.e. XX = GK — L% where GX is the gain and LX the loss.
There may be dependence: vectorial (with respect to k) and/or
temporal (with respect to n).

u > 0: total capital of the compagny.

How to allocate u = uy + - - + uy between the d branches in an
optimal way? (uy is allocated to the kth branch).
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Introduction

Solvency 2 rules

New european rules Solvency 2: insurance companies have to
better take into account dependencies in order to compute their
solvency margin.

Standard formula vs Internal models.

Once the main risk drivers for the overall company have been
identified and the global solvency capital requierement has been
computed, it is necessary to split it into marginal capitals for each
line of business, avoid as far as possible that some lines of business
become insolvent too often.

= Minimize a risk indicator.
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Introduction

Ruin probability

Consider ij = J,.J:l X,f the total gain of the kth branch on j
periods and Rf‘ =u+ ij. The kth branch is insolvent at time j if
RF <0,

@ Ruin probability widely studied in dimension 1 both for
continuous and discrete models (Cramer, Lundberg, Gerber,
De Finetti, ...):

j
V() =P(Fj=1,....n| Y Xp+u<0).
p=1
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Introduction

Ruin probability

Consider ij = J,.J:l X,f the total gain of the kth branch on j
periods and Rf‘ =u+ ij. The kth branch is insolvent at time j if
RF <0,

@ Ruin probability widely studied in dimension 1 both for
continuous and discrete models (Cramer, Lundberg, Gerber,
De Finetti, ...):

J
V() =P(Fj=1,....n| Y Xp+u<0).
p=1
@ In higher dimension (d), we may consider the probability that
one branch fails:
V(ug,...,ug) =P(Ek=1,....d; 3j=1,....n| RF <0),

not easy to manipulate (not convex).
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Introduction

Multivariate risk indicators (1)

S. Loisel (2004) introduced the two following risk indicators
(continuous time:
@ Ruin cost:

d n
Alur,...,ug)=—-> E ZR{;R{RM} ,
k=1 p=1

Does not take into account the dependence structure.
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Introduction

Multivariate risk indicators (1)

S. Loisel (2004) introduced the two following risk indicators
(continuous time:
@ Ruin cost:

d n
Alur,...,ug)=—-> E ZR{;R{RM} ,
k=1 p=1

Does not take into account the dependence structure.
@ The following indicator takes into account the dependence

structure:

d n
B(u1,...,ud):ZE ZH{R§<O}]1{ZZ:1R,€>O}
k=1 p=1

not convex and does not take into account the ruin-cost.
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Introduction

Multivariate risk indicators (2)

We consider:

I(u,. .. ug ZE ng JLir<oyLisd | gesoy
p=

g« R — Risa C! convex function, with g(0) =0, gx(x) <0
for x >0 and gx(x) >0for x <0, k=1,...,d itis a penalty
function to the kth branch when it becomes insolvable.
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Introduction

Multivariate risk indicators (2)

We consider:

I(ug,. .., ZE ng ]I{Rk<0} (>4, RE>0}
p=

g« R — Risa C! convex function, with g(0) =0, gx(x) <0
for x >0 and gx(x) >0for x <0, k=1,...,d itis a penalty
function to the kth branch when it becomes insolvable.

Remark: gx(x) = —x is a possible choice (then we consider the ruin
amount).

I is the expected sum of penalties that each line of business would
have to pay due to its temporary potential insolvency (orange area).
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Introduction

R} + R} _
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d k
_— zk:l RP r
____ R Local insolvency Global insolvency
1
cimman RE

The red area has been studied by R. Biard, S. Loisel, C. Macci and
N. Veraverbeke (asymptotic properties as u — oo) for a continuous

model.
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Introduction

Minimization of /

@ Problem: find the minimum u* € Ri with constraint
i+t vy=u:
()= inf I(v), veRe.
(u*) L (v), T
o Tool: a Kiefer-Wolfowitz version of the stochastic mirror
algorithm.

@ Avantages of the stochastic algorithms approach:

e no parametric hypothesis on the law of the X;’s,
o dependence allowed over one period,
e high dimension (d) allowed.
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Introduction

Convexity of /

In what follows, it is assumed that for all /, k, (Y,-k, S;) admits a
d

density, S; = Z Yf : cumulated gain for the ith period.
(=1
@ gy are differentiable and convex,

o gx : R — R with gx(0) =0, gk(x) >0 forx <0,
8k(x) <0 for x > 0.

Then the risk indicator | is convex on the convex set
Z/{u:{(vla-..avd)e (R+)d / V1+"'+Vd: U}.
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

A deterministic version of the Robbins-Monro algorithm

Xn+1 = Xn — A/nf(xn)~
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Robbins-Monro algorithm

Often, we have access only to a perturbation of f. =
Robbins-Monro type algorithms:

Xn+1 = Xn — Yn+1&n+1,

where {1 = f(Xn) + €nt1, (€n)n is an centred i.i.d. sequence,
with €,41 independent of o(xo,. .-, Xn) = Fa-

Wide literature on this algorithm and its variants: from
Robbins-Monro (1951), Duflo, Kiichner and Yin, ...

= convergence of the algorithm a.e. with TCL ... under various
hypothesis.
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Kiefer-Wolfowitz algorithm

e Aim: Minimizing a (strictly) convex C! function f = zero of
Vf.
@ Vf is usually unknown
e Example f(x) = E(F(x,¢))
@ VF is approximated by
F(Xn*‘an%)—’F(Xn—'an%)
2¢y

DC,, - )
with (£1) and (£2) two independent i.i.d. sequences of random
variables of law £. D, is seen as a perturbation of V.
e Kifer Wolfowitz algorithm: consider
F(xn + cn &3) = F(Xn — cn, €3)

Xn+1 = Xn — 7n 2, .

Under standard conditions, the algorithm converges a.e. +
TCL ...
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Why can’t we use K-W algorithm 7

Linear constraint : vy + -+ ug = u =
Lagrange multipliers (= affine part)

= bad convergence properties.
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Mirror algorithm

@ Deterministic mirror descent algorithm introduced by
Nemirovski and Yudin (1983)

@ Stochastic version of this algorithm proposed by C. Tauvel
(2008) in her thesis.

@ Optimization problem: f a C! convex function,

mig f(x), Cisa compact and convex set of E.
X€

@ Observations: we have a noisy observation of V£

P(x) = VE(x) +n(x),

with a martingale difference hypothesis for 7.

18 /51



Stochastic algorithms Classical algorithms
Mirror descent algorithm

Auxiliary functions for the mirror descent algorithm

o Let us fix
@ Xp an initial point
e ¢ a strongly convex function on C, which is differentiable on xg

Construct an auxiliary function V:
V(x) = d(x) = (x0) = (x0 — x,0'(x0)),

which will be used to push the trajectory into C. Wj denotes
the Fenchel-Legendre transform of gV: for z € E*

Ws(z) = sup (z,x) = BV(x)}.

@ (vn)n and (Ba)n are two positive sequences, (3,), is non
decreasing.
o Important property of Wg: VW;3(€) € C.
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Description of the stochastic mirror algorithm

The algorithm constructs two random sequences:

@ (xn)in C
@ (&p) in the dual space E*

Algorithm

@ Initialisation: & =0 € E*, xg € C
o Update: forn=1 to N do

° &y = €n—1 - 'Vnw(Xn—l)
® Xn = VWﬂn(fn)

o Ouput:

N
SN _ Zn:l ’7an71
- N
Zn:l Tn
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Mirror descent algorithm

C compact and convex mirror descent
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Stochastic algorithms Classical algorithms
Mirror descent algorithm

Convergence of the stochastic miror algorithm

Under the hypothesis
© martingale difference hypothesis:

E[n(xn+1)|Fa]l =0, with F,=0(xo0,---,Xn)
where ¥(x) = V£ (x) + n(x) is observable,

@ moment of order 2;: 3o > 0 such that for all n,

E([n(xn+1)||Fn) < 0?

© f admits a unique minimum x*.

C. Tauvel proved the convergence to 0 of E(f(SV)) — E(f(x*)).
With an hypothesis of exponential moment on 7, see gets the a.e.
convergence of f(SV) — f(x*) to 0.
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Optimization of the risk indicator / QUOLEEqEloch s i leglin

The risk indicator /

Recall that we consider

/(U1 ZE ng ]]'{Rk<0} {Z; 1 >0}
p=

We are looking for the minimum v* € R under the constrainst
vi+---t+vg=u:

*\ . J
I(U ) - v1+..|.r:||—fvd:ul(v)’ v E R+,

We shall use a Kiefer-Wolfowitz version of the mirror descent
algorithm.
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Optimization of the risk indicator / FGHIGY GG el

The mirror descent algorithm

@ The set of constraint is
={veR? /v;i>0, vi+...+vg=u}
@ A possible choice for V is the entropy function

Ind—i—Z () Ind + 6(x).

which is a strongly convex function.

@ The Legendre-Fenchel transform may be computed easily:

Ws(6) B|n< ZeXP[& D
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Optimization of the risk indicator / FGHIGY GG el

Approximate gradient

\éx |
I(uty...,ug) =E(Z(u1,...,uq,Y)) where Y=|---
vy Y,
Denote
Ik (C,Jray) = I(X%—l? B '7X;(__117X;(—1 + Ci:Xf'(_+117 R 7X?’—17y)7
Ik (Cl_ay) I(X}—l? .. '7X;(:117X5(71 - CI':Xf'(j_117 coe 7X?717y)7

Consider the random vector D, Z whose kth coordinate
Déz(ul, ey Ud,y) is
() =T (6, Y)
2¢; '
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Optimization of the risk indicator / Another stochastic algorithm

Our algorithm

Algorithm
T . 50 =0 e (RM*
Initialisation: { XO cC (R™)
Update: fori=1,...,Ndo
{ g’. :fi—l _’}/I’\UC,'(Xi—l)yi)
Xi = VW (&)
N . .
Output: SN = ZuimLiXi=1
Zi:l Vi

with W (xi—1,Yi) = D, Z(xi—1,Yi) and Y; independent copies of
V.
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Optimization of the risk indicator / Srpthegstochast galz otk

Conditions for the convergence (1)

Condition (on /)

© | is a convex function from RY to R,
Q@ /isC?onldy,,

© | has a unique minimum u* inU,,
Q o > 0 such that for all v e U,

E(Z(v1,. .., va, V)| Fiz1) < o2

Fi_1 is generated by (yo’ o Myifl).
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Optimization of the risk indicator / FGHIGY GG el

Conditions for the convergence (2)

Condition (on the sequences)

Let (Bn)n>0, (7n)n>0 and (cn)n>0 be positive sequences, (Bn)n>0 is
non decreasing and:

N .
o 5N/ Zi:l Vi m 0,
oYY, wc,-/z,-”:l Y O
© >l =5

2
o > (%:) < 00.

—— 0,
1% N— 400
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Optimization of the risk indicator / FGHIGY GG el

Result

With the above conditions,

1
Sy L—) x*.

With an hypothesis of moment of order > 2 on T,

a.s.
SN bt SVl
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Optimization of the risk indicator / FGHIGY GG el

|dea of the proof (1)

Based on the decomposition

wc,, (an].a yn) = v/(anl) + I]Cn(anla yn) +

The condition of C. Tauvel fails because of the term.
Nen(Xn—1,Yn) is @ martingale difference.

T,Cn(X"—].) yn) = Dc,,I(Xn—la yn) - DcnI(Xn—l)a
ren(Xn—1) De,1(xn-1) = VI(Xn-1)-

and
e Law of large numbers for martingales

@ Chow Lemma for martingales
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Another stochastic algorithm

Optimization of the risk indicator /

|dea of the proof (2)

Let ey = /(SY) —I(x*) >0

N
(z 7,-) .
i=1 i=1

N
BRV () = D3 (0 (xim1, ¥, X = x¥)

IA

N '72 5
i Wc,-,ifl i
- 3 g e
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Optimization of the risk indicator / Srpthegstochast galz otk

|dea of the proof (3)

N
Zﬂ/i (n(xi—1, Y, X't — x*) is a martingale

Z i (r(x71),x' 7! = x*) controlled by the fact that r%(x'1)
i=1
goes to 0 a.e.

N
7

P 2a3i-1
controlled a.s. by using the Chow Lemma.

]]\Uci(xi_l,yi)}]i has bounded expectation and
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Optimization of the risk indicator / FGHIGY GG el

Hypothesis on /

@ Unicity of u*: it is sufficient that for some k and all
u < wg < Vg,

-E [gk(ylf -+ Vk)].{zz:l Y,f>—u} . 1{—vk<Y,f<—Wk}] < 0.

This is satisfied if for some k, fs_ y«x >0 on
»Tp
| — u, 00[%x] — o0, —ul.
@ In the case gx(x) = —x, the moment condition for Z is
equivalent to a moment condition (of the same order) on Xj,.
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Simulations

Simulations

Some simulations for some simple models. We considered

@ Normal laws,

@ n =1 observation of several periods of length 1, so that
Xk =YK,

° X, € Rd are independent and identically distributed random
vectors. Some dependencies on the coordinates of X, are
allowed.
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Simulations

Parameters

The algorithm has been performed with the following sequences
(Yn)nens, (€n)nen+ and (Bn)nen+:

1 . 3 1
O'Yn:mWIthOé:Z—f—ﬁ,
— ; _1
OCn—mW”:h(S—Z,
o Bp=1

Also, we have chosen u = 2 and the initialization of the algorithm
(x°) is done at random uniformly in the simplex I/,,.
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Simulations

No dependence between the coordinates

d=2n=1, X,-1 and X,-2 are independent and the vectors X; are
also independent.

o first X! and X? have the same normal laws,

@ then we consider different normal laws.
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Simulations

No dependence between the coordinates

Same normal laws: X9 ~ AN(0.3,1). For N = 10000 independent
simulations we obtain : SN = (0.996; 1.004)

Estimation of the minimum Zoom

first coordinate
first coordinate

0985 0990 0995 1.000 1.005 1010 1.015

T T T T T T T T T T T
0 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000

time time
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Simulations

No dependence between the coordinates

Same normal laws: X9 ~ AN(0.3,1). For N = 10000 independent
simulations we obtain : SN = (0.996; 1.004)

Estimation of the minimum Zoom
©
o 2
3
o 2
3
8
g
@ =
s o
3 3
g g
s s 8
~ g =
3
° °
w
8
< 3
S
8
g
3
8
< 3
T T T T T T T T T T T
0 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000

time time
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Simulations

No dependence between the coordinates

Same normal laws:  For 50 simulations of length N = 1000, with
the same parameters as above. The table below gives for each of
the two coordinates, the mean of the estimation (u1, &) of the
minimum (uy, u2) and the standard error.

first coord. | second coord.
mean 1.01 0.99
standard error 0.04 0.04

39/51



Simulations

No dependence between the coordinates

Different normal laws: 50 simulations of length N = 1000, with two
independent normal laws. X} ~~ N(0.3,1) and X2 ~ N/(0.8,1).
The table below gives for each of the two coordinates, the mean of
the estimation (uy, i2) of the minimum (uy, u2) and the standard
error.

first coord. | second coord.
mean 1.226 0.774
standard error 0.051 0.051
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Simulations

No dependence between the coordinates

Different normal laws: 50 simulations of length N = 1000, with two
independent normal laws. X1 ~» A(0.3,1) and X2 ~ N(0.3,4).
The table below gives for each of the two coordinates, the mean of
the estimation (uy, u2) of the minimum (uy, u2) and the standard
error.

first coord. | second coord.
mean 0.787 1.213
standard error 0.067 0.067
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Simulations

Some dependence between the coordinates

Two simple models of vectorial dependence:

@ a comonotonic example: random vectors in R® with
L
X5 = X3~ N(0.3,1) and X3 = 2X;,

@ gaussian vectors.
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Simulations

Some dependence between the coordinates

Comonotonic example. 50 simulations of length N = 1000 of this
dimension 3 model. As before, we consider n = 1 (the periods are
of length 1).

The table below gives for each of the two coordinates, the mean of
the estimation (U1, U2, 03) of the minimum (u1, up, u3) and the
standard error.

first coord. | second coord. | third coord.
mean 0.8 0.43 0.77
standard error 0.06 0.02 0.05

In this model, X> and X3 fail simultaneously and when they fail, X3
is 2 two times worse than X>.
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Simulations

Some dependence between the coordinates

Gaussian vectors. We have also performed simulations for a
Gaussian vector in R3 with covariance matrix

1 0 0
=0 1 09
0 09 1

and expectation m = (0.3,0.3,0.3). As above, we have performed
50 simulations of length N = 1000, of the Gaussian vector X.
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Simulations

Some dependence between the coordinates

The table below gives for each of the three coordinates, the mean
of the estimation (u1, U2, 03) of the minimum (u1, u2, u3) and the
standard error.

first coord. | second coord. | third coord.
mean 0.785 0.604 0.612
standard error 0.045 0.03 0.028
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Simulations

A example with some temporal dependence

The first two coordinates are independant AR(1) with the same law:

Xi = 0.4X;_1 + €; with (g)ien gaussian white noise (N (0,1)).
The third coordinate is 2 times the second one.

We have simulated 5 times 500 independent periodsof length n = 5.

first coord. | second coord. | third coord.
mean 0.85 0.39 0.76
standard error 0.035 0.012 0.025
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Simulations

@ A deeper study involving other laws (with heavy tail e.g.),
more realistic models and temporal dependencies.

@ Asymptotic theory for u — co.

@ Some dependence on the ); (using Benveniste, Métivier,
Priouret results or methods for example).
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Simulations

Thanks for your attention
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Simulations

Recall the Chow Lemma

Theorem

Suppose (ay)nen Is a bounded sequence of positive numbers ,
N

suppose that 1 < p<2. For NeN, let Ay =1+ Zak and

k=0
A = Nlim An. Suppose that (Zy)nen is a positive sequence of
—00

random variables adapted to Fy and K is a constant such that

E(Zyy1|Fn) < K and supE(Z,'\’,+1]fN) < 00
N

then we have the following properties almost surely :

o
on {Ax < oo} ZAka+1 converges
k=1
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Simulations

Recall the Chow Lemma

Theorem

Suppose (ay)nen Is a bounded sequence of positive numbers ,
N

suppose that 1 < p<2. For NeN, let Ay =1+ Zak and

k=0
A = Nlim An. Suppose that (Zy)nen is a positive sequence of
—00

random variables adapted to Fy and K is a constant such that

E(Zyy1|Fn) < K and supE(Z,'\’,+1]fN) < 00
N

then we have the following properties almost surely :

o
on {Ax =00} AL ZAkaH < K.
k=1
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Simulations

Recall the Chow Lemma

Theorem

Suppose (an)nen Is a bounded sequence of positive numbers ,
N

suppose that 1 < p<2. For NeN, let Ay =1+ Zak and

k=0
A = Nlim An. Suppose that (Zy)nen is a positive sequence of
— 00

random variables adapted to Fy and K is a constant such that

E(Zn11|Fn) < K and supE(Z 4| Fn) < 0o
N

then we have the following properties almost surely :

Back to idea of proof.
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