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The Steinhaus property and Haar-null sets
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ABSTRACT

It is shown that, if G is an uncountable Polish group and A C GG is a universally measurable
set such that A™'A is meager, then the set T;(A) = {u € P(G) : u(gA) = 0 for all g € G} is
co-meager. In particular, if A is analytic and not left Haar-null, then 1 € Int(A~'AA™ A).

1. Introduction

The purpose of this paper is to show that there exists a satisfactory extension of the classical
Steinhaus theorem for an arbitrary Polish group. In order to get the extension, one needs,
first, to isolate the appropriate o-ideal on which the result will be applied. For the class of
abelian Polish groups this is the o-ideal of Haar-null sets, defined by Christensen [2]. However,
in non-abelian (and non-locally-compact) Polish groups this o-ideal is no longer well behaved.
Actually, by the results of Solecki in [11], the Steinhaus property of Haar-null sets fails in
‘most’ non-abelian Polish groups. Notice also that the conclusion of the Steinhaus theorem is
rather strong. If A C R is of positive Lebesgue measure, then A — A contains a neighborhood
of 0. If we relax the conclusion to A — A is not meager, then this is valid in every abelian Polish

group.

REMARK. We recall that a subset A of a topological space X is said to be meager (or of first
category) if A is covered by a countable union of closed nowhere dense sets. The complement
of a meager set is usually referred to as co-meager.

To state our result we need some definitions. Let G be a Polish group and let A C G be a
universally measurable set. The set A is said to be Haar-null if there exists p € P(G) (that is,
w is a Borel probability measure on G) such that (g1 Ags) = 0 for all g1, g2 € G. It is said to
be left Haar-null if there exists p € P(G) such that u(gA) =0 for all g € G. By the results in
[9, 11], the notions of a Haar-null and a left Haar-null set are distinct (however, they obviously
agree on abelian groups). We let

T(A) ={p € P(G) : u(g1Age) =0 for all g1, g2 € G}
and
Ti(A) ={p € P(G) : u(gA) =0 for all g € G}.

It is easy to see that, if A is analytic, then both T'(A) and T;(A) are faces (that is, extreme
convex subsets) of P(G) with the Baire property. It follows, by [4, Theorem 4], that the sets
T(A) and T;(A) are either meager, or co-meager. A set A is said to be generically Haar-null if
T(A) is co-meager. The set A is said to be generically left Haar-null if T;(A) is co-meager.
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REMARK. We recall that a subset A of a Polish space X is said to be analytic if there exists
a continuous map f : NNV — X with f(NV) = A. It is a classical result that every Borel subset
of a Polish space is analytic. It is also well known that an analytic set that is not meager is
actually co-meager in a non-empty open set.

For every Polish group G the class of generically left Haar-null subsets of G forms a o-ideal.
Notice that, if A is not generically left Haar-null, then A should not be considered as a small
set (it is null only for a relatively small set of measures). This is indeed true, as the following
theorem demonstrates.

THEOREM A. Let G be an uncountable Polish group and let A be a universally measurable
subset of G. Assume that A=A is meager. Then T;(A) is co-meager.

Thus, if A is analytic and not generically left Haar-null (in particular, not left Haar-null),
then A~'A is non-meager.

The locally compact abelian case of Theorem A can also be derived by the results of
Laczkovich in [7], who proved that, if A is not covered by an F, Haar-measure zero set,
then A~'A is co-meager in a neighborhood of the identity. To see that this implies Theorem
A, one invokes [3, Proposition 5] that states that, if G is locally compact and A C G is covered
by an F, Haar-null set, then T;(A) is co-meager. Both Laczkovich’s result and the result of
Christensen [2] that Haar-null sets satisfy the Steinhaus property in abelian Polish groups are
heavily dependent on the classical Steinhaus theorem. The proof of Theorem A follows quite
different arguments. It is based on the fact that, if H is a dense G5 and hereditary subset of
K (@), then this is witnessed in the probabilities of G.

1.1. Preliminaries

Our general notation and terminology follows [5]. By N = {0,1,2,...} we denote the natural
numbers. For any Polish space X, we denote by K (X) the hyperspace of all compact subsets
of X with the Vietoris topology and by P(X) the space of all Borel probability measures on
X with the weak* topology. Both are Polish (see [5]). If d is a compatible complete metric of
X, then by dy we denote the Hausdorff metric on K (X) associated to d, defined by

duy(K,C)=inf{e >0: K C C,; and C C K.},

where A, = {z € X : d(z,A) < e} for every A C X. All balls in K(X) are taken with respect
to dy and are denoted by By. In P(X) we consider the so-called Lévy metric p, defined by

p(p,v) =inf{e > 0: u(A) <v(A;)+¢e and v(A) < p(A:) +¢
for every compact (or Borel) subset A of X}

(see [1] for more details). All balls in P(X) are taken with respect to p and are denoted by Bp.
If G is a Polish group and u, v € P(G), then by p* v we denote their convolution, defined by

prv(A) = JG w(Az=H)dv(x).

A subset H of K(X) is said to be hereditary if for every K € H and every C' € K(X) with
C C K then we have that C' € H. All the other pieces of notation that we use are standard.
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2. Hereditary, dense G sets and measures

Throughout this section X will be a Polish space and H a hereditary, dense G5 subset of K(X).
By d we denote a compatible complete metric of X.

LEMMA 1. Let X and H be as above. Then there exists a sequence (Uy,) of open, dense
and hereditary subsets of K(X) such that H =, Un.

Proof. Write H = (,, V, where each V, is open and dense but not necessarily hereditary.
Fix n and define

C, ={K € K(X):3C C K compact with C' ¢ V, }.

It is easy to check that C,, is closed and C,, N'H = &. Therefore, if we set U,, = K(X) \ C,, then
we see that the sequence (U,,) has all the desired properties. [

In what follows we will say that the sequence (U,,) obtained by Lemma 1 is the normal form
of H. We need the following lemmas.

LEMMA 2. LetU C K(X) be open, dense and hereditary. Also let x, ..., 2, be the distinct
points in X and vy > 0. Then there exist yo, . . . , Y, distinct points in X such that d(x;,y;) < 1
for all i € {0,...,n} and, moreover, {yo,...,yn} € U.

Proof. 'We may assume that B(z;,71) N B(xj,r) =@ for all ¢,j € {0,...,n} with i # j.
Let

V= {K K C UB(xi,rl) and K N B(z;,71) # @Vi:O,...,n}.
i=0

Then V is open. As U is open and dense, there exists K € VNU. For every i € {0,...,n} we

select y; € K N B(x;,r1). As U is hereditary, we see that {yo,...,yn} € U. Clearly, yo,...,yn

are as desired. 0

LEMMA 3. LetU C K(X) be open, dense and hereditary. Also let ¢ > 0. Then the set
Gue={peP(X):3K e U with W(K) >1—¢}

is co-meager in P(X).

Proof. Fix U and £ > 0 as above. We will show that for every V' C P(X) open there exists
W CV open such that W C Gy .. This completes the proof (actually, it implies that Gy .
contains a dense open set). Therefore, let V' C P(X) be open. As finitely supported measures
are dense in P(X), we may select v =Y " a;6,, and r > 0 such that the following hold:

(1) a; > 0foralli € {0,...,n} and 31" ja; = 1;

(2) Bp(v,r) C V.

By Lemma 2, there exist yg,...,y, distinct points in X with {yo,...,yn} €U such that
d(z;,y;) <r/2 for all i € {0,...,n}. We set pn=>"" a;0,,. Then it is easy to see that we
have the following:

(3) plp,v) <r/2.
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Let F = {yo,...,Yn}- AsU is open and F € Y there exists § > 0 such that the following hold:
(4) 0 < min{e/3,7/3};
(5) Bu(F,20) CU.
Then W = Bp(p,0) is as desired. Indeed, by (2)—(4) it is clear that W is a subset of V. We
only need to check that W is a subset of Gy,c. Let A € W be arbitrary. Then p(\, 1) < 6 and so
1= u(F) < A(Fy) +0,

which gives that A(Fy) > 1 — ¢/3 by the choice of 6. By the inner regularity of A, there exists
C C Fy compact such that A(C) > 1—¢e. We set K =CUF. Then dy(K,F) <6 and so,
by (5), K € U. Moreover, A(K) > A(C) > 1 —e. This implies that A\ € Gy and the proof is
completed. |

Our aim in this section is to prove the following proposition.

PROPOSITION 4. Let H be a hereditary, dense Gs subset of K(X). Then the set
Gy ={peP(X):Ve>03K € H with p(K)>1—¢}

is co-meager in P(X).

Proof.  Let (U,) be the normal form of H. For every n,m € N let
1
Gom=9pePX):3K eld, with p(K) 21— ——
m={uercx) with (K) > 1- b,

By Lemma 3, we have that G, ,, is co-meager. Hence, so is ﬂ m Gn,m- We claim that
Gy = ﬂannm This completes the proof. It is clear that Gy C ﬂ m Gn,m- Conversely,
fix pe ﬂmm n,m and let € > 0 be arbitrary. Choose a sequence (&,,) of positive reals such

that
et
Choose also a sequence (m,,) of natural numbers with 1/(m,, + 1) < &, for every n € N. As

e ﬂ Gn,m - mGn,mna
n,m n

we may select a sequence (K,,) in K (X) such that the following hold:

(1) K, € Uy;

(2) p(Kp)21-1/(mp+1)21—¢,.
For every n € N we let F,, = (I, K; and we set F =), K,,. Then F,, | F. Notice that F' € U,
as FF C F, C K, €U, and U, is hereditary. Hence, F' € [, U, = H. Moreover, by (2) above,
we have

W(F,) =pKoN...NKy) =1 &
k=0

As F,, | F, we obtain that

M(F)—hmu 1—Zan 1—e.
neN

This shows that u € Gy, as desired. Ul
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3. Left Haar-null sets in Polish groups

Our aim is to give the proof of Theorem A stated in the introduction.

Proof of Theorem A. Let G be an uncountable Polish group and let A be a universally
measurable subset of G such that A=A is meager. We select a sequence (C,,) of closed, nowhere
dense subsets of G with the following properties:

(i) 1 ¢ C), for all n € N;
(i) A7*A\{1} CU,, Chn.
For every n € N let
U,={K e K(G): K'KnC, =2}

Clearly, every U, is hereditary. Moreover, as the function f : K(G) — K(G) defined by f(K) =
K~'K is continuous, we see that every U, is open.

Cramm 5. For every n € N the set U, is dense in K(G).

Proof. As finite sets are dense in K(G), it is enough to show that for every finite subset
Zg,...,x;} of G and every r > ere exist yo, . ..,y distinct points in G wi
f G and 0 th ist distinct points in G with

{y; 'y; 14,5 €1{0,...,1} withi # j}NC, =@

such that d(z;,y;) < r for all i € {0,...,1} (here d is simply a compatible complete metric of
G). The points yo, . ..,y will be chosen by recursion. We set yo = x¢. Assume that yo, ...,y
have been chosen for some k <[ so that {yi_lyj 21,7 €{0,...,k} with i # j} NC,, = &. For
every g € G the functions z +— gz~ and z + gx are homeomorphisms. It follows that the
set Fj, = Uf:(J(inE LUy Cy) is a closed set with empty interior. Hence, there exists yi11 €
B(xp41,7) such that yry1 ¢ Fr U{yo,...,yx}. This implies that for every ¢ € {0,...,k} we
have y,;ilyi ¢ C,, and y; 'yr11 ¢ C,. This completes the recursive selection and the proof of
the claim is completed. ]

It follows by the above claim that the set H =), U, is a hereditary, dense G5 subset of
K(G) and that (U,,) is a normal form of H. Notice that, if K € H, then K 1K N A~1A = {1}.
By Proposition 4, we have that the set

By ={pn€ P(G):Ve>03K € H with u(K) >1—¢}

is co-meager. Our assumption that G is uncountable implies that the Polish group G viewed
as a topological space is perfect. Hence, the set of all non-atomic Borel probability measures
on G is co-meager in P(G) (see [6, 8]). It follows that the set

By = {p € P(G) : p is non-atomic and p € By}

is co-meager in P(G). We will show that By C T;(A). This completes the proof. We need the
following fact (its easy proof is left to the reader).

FacT 6. Let p€ P(G). Then p € Ti(A) if and only if for every v € P(G) we have v *
n(A) =0.

Fix p € By. By the above fact, in order to verify that p € T;(A) we have to show that v
w(A) = 0 for every v € P(G). Therefore, let v € P(G) be arbitrary. Also, let € > 0 be arbitrary.



[Review Copy Only]

382 PANDELIS DODOS

As € By C By, there exists K € H with u(K) > 1 —e. Then

v * p(A) = L v(Ay~Y)du(y) < jK v(Ay~Y)duly) + (G \ K)

< J v(Ay~Nduly) + e
K

We set [ = {y € K :v(Ay~1) > 0}.
CramMm 7. The set I is countable.

Proof. Notice that, if y, z € I with y # z, then Ay~' N Az~! = @. For, if not, then we would
have that 1 # y~'z € K"K N A~'A, which contradicts the fact that K € H. It follows that
the family {Ay~! :y € I} is a family of pairwise disjoint sets of positive v-measure. Hence, I
is countable, as claimed. ]

The measure p is non-atomic as pu € Bs. Hence, by Claim 7, we see that p(I) = 0. It follows
that
| vtayauty) = | vyt < niny = .
K I
and so v * u(A) < e. Since ¢ is arbitrary, this implies that v % u(A) = 0. The proof of Theorem
A is completed. |

Combining Theorem A with Pettis’ theorem (see [5, Theorem 9.9]) we obtain the following
corollary.

COROLLARY 8. Let G be an uncountable Polish group and let A be an analytic subset
of G. If A is not generically left Haar-null (in particular, if A is not left Haar-null), then
1ent(A1AALA).

Clearly, Theorem A implies that, in non-locally-compact groups, compact sets are generically
left Haar-null. Another application of this form concerns the size of analytic subgroups of
Polish groups. Specifically, we have the following corollary that may be considered as the
non-locally-compact analog of Laczkovich’s theorem [7].

COROLLARY 9. Let G be an uncountable Polish group and let H be an analytic subgroup
of G with empty interior. Then H is generically left Haar-null.

What about Haar-null sets? We would like to remark on the possibility of extending Theorem
A to Haar-null sets, instead of merely left Haar-null. As it has been shown by Solecki in [11],
that the Steinhaus property of the o-ideal of Haar-null sets fails in a large number of Polish
groups (in a sense, it fails for most non-abelian Polish groups). Precisely, by [11, Theorem
6.1], if (H,,) is a sequence of countable groups such that infinitely many of them are not FC
(see [11] for the definition of FC groups), then one can find a closed set A C [] H, that is
not Haar-null and A~'A is meager. Therefore, there is no analog of Theorem A for Haar-null
sets in arbitrary Polish groups. Yet there is one if we further assume that the group G satisfies
the following non-singularity condition.

(C) For every analytic and meager subset A of G, the conjugate saturation [A] = {x : g € G

Ja € A with © = gag™'} of A is meager.
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Clearly, every abelian Polish group satisfies (C). Moreover, we have the following proposition.

PRroOPOSITION 10. Let G and G2 be Polish groups. If both G1 and G4 satisty (C), then so
does G1 x Gs.

Proof. Let A C G x G2 be analytic and meager. By the Kuratowski-Ulam theorem (see
[5, Theorem 8.41]), we have that

V*z € Gy the section A, = {y € Gy : (x,y) € A} of A is meager.
As G satisfies (C), by another application of the Kuratowski-Ulam theorem we obtain that
Ay ={(2,2) : 3g2,y € Go with (z,y) € A and y = go2zg5 '}
is analytic and meager. With the same reasoning, we see that the set
Ay = {(w,2) : g1,z € Gy with (z,2) € Ay and z = grwg; '}

is analytic and meager too. Noticing that Ay = [A], the result follows. U

For groups that satisfy (C) we have the following strengthening of Theorem A.

PROPOSITION 11. Let G be an uncountable Polish group that satisfies (C). If A is an
analytic subset of G such that A=A is meager, then T'(A) is co-meager.

Proof. The proof is similar to the proof of Theorem A, and so we shall only indicate the
necessary changes. Let A C G be analytic such that A~'A is meager. Notice that A=1A4 is
analytic. The group G satisfies (C). It follows that the set [A~!A] is meager too. Arguing as in
the proof of Theorem A, this implies that there exists a co-meager set By of non-atomic Borel
probability measures on G such that, for every u € By and every € > 0, there exists K C G
compact with u(K)>1—¢ and K 'KN[A71A] = {1}. We claim that By C T(A). To this
end, it is enough to show that for every u € Bs, every v € P(G) and every = € G we have
v* pu(Ax) = 0. Let € > 0 be arbitrary and choose K C G compact as described above. Then

venlde) < | v(dey du(y) + =
K

We set [ ={y € K :v(Azy~!) > 0}. Observe that, if y,z € I with y # 2, then (Azy=1)N

(Azz=1) = @ (for, if not, then we would have that 1#y '2e€ K-'KN[A1A]). By the

countable chain condition of v, we obtain that I is countable and the result follows. ]

REMARK 1. The o-ideal of generically left Haar-null sets is a quite satisfactory o-ideal
of measure-theoretic small sets in arbitrary Polish groups. Besides Theorem A, this is also
supported by the results in [3] asserting that every analytic and generically left Haar-null
subset A of G can be covered by a Borel set B with the same property. The fact that this
ideal is well behaved is also reflected in the complexity of the collection of all closed generically
left Haar-null sets (in the Effros—Borel structure). It is much better than the one of closed
Haar-null sets, at least in abelian Polish groups. Specifically, it follows by the results of Solecki
in [10] that, in non-locally-compact abelian Polish groups, the o-ideal of closed generically
Haar-null sets is IT}-complete. The corresponding collection of closed Haar-null sets is much
more complicated (it is both ¥} and IT{-hard).



[Review Copy Only]

384 STEINHAUS PROPERTY AND HAAR-NULL SETS

References

1. Y. BENYAMINI and J. LINDENSTRAUSS, Geometric nonlinear functional analysis, AMS Colloquium
Publications 48 (American Mathematical Society, Providence, RI, 2000).

2. J. P. R. CHRISTENSEN, ‘On sets of Haar measure zero in abelian Polish groups’, Israel J. Math. 13 (1972)
255-260.
P. Dopos, ‘On certain regularity properties of Haar-null sets’, Fund. Math. 181 (2004) 97-109.
P. Dopos, ‘Dichotomies of the set of test measures of a Haar-null set’, Israel J. Math. 144 (2004) 15-28.
A. S. KECHRIS, Classical descriptive set theory, Graduate Texts in Mathematics 156 (Springer, New York,
1995).
J. D. KNOWLES, ‘On the existence of non-atomic measures’, Mathematika 14 (1967) 62-67.
M. LACZKOVICH, ‘Analytic subgroups of the reals’, Proc. Amer. Math. Soc. 126 (1998) 1783-1790.
K. R. PArRTHASARATHY, R. R. RAO and S. R. S. VARADHAN, ‘On the category of indecomposable
distributions on topological groups’, Trans. Amer. Math. Soc. 102 (1962) 200-217.

9. H. Su1 and B. S. THOMSON, ‘Haar null sets in the space of automorphisms of [0, 1]’, Real Anal. Exchange

24 (1998/1999) 337-350.

10. S. SOLECKI, ‘Haar null and non-dominating sets’, Fund. Math. 170 (2001) 197-217.
11. S. SOLECKI, ‘Size of subsets of groups and Haar null sets’, Geom. Funct. Anal. 15 (2005) 246-273.

s

© N>

Pandelis Dodos

Department of Mathematics
Texas A&M University

3368 TAMU

College Station, TX 77843-3368
USA

pdodos@math.ntua.gr



	1. Introduction
	1.1. Preliminaries

	2. Hereditary, dense G sets and measures
	3. Left Haar-null sets in Polish groups
	References

