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ABSTRACT. Let G be a countable group. We consider the Polish space of all ac-
tions of G on the Cantor space by homeomorphisms and study the existence of
a comeager conjugacy class in this space and some natural subspaces. We also
develop a general model-theoretic framework to study this and related questions.
We prove that for a finitely generated free group, there is a comeager conju-
gacy class in the space of minimal actions, as well as in the space of minimal,
probability measure-preserving actions. We also identify the two classes: the first
one is the Fraissé limit of all sofic minimal subshifts and the second, the universal
profinite action. In the opposite direction, if G is an amenable group which is
not finitely generated, we show that there is no comeager conjugacy class in the
space of all actions and if G is locally finite, also in the space of minimal actions.
Finally, we study the question of existence of a dense conjugacy class in the
space of topologically transitive actions. We show that if G is free or virtually
polycyclic, then such a dense conjugacy class exists iff G is virtually cyclic.
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1. INTRODUCTION

Understanding generic behavior of dynamical systems is a problem with long
history that, in ergodic theory, goes back at least to Oxtoby and Ulam [OU], and
was later extensively studied by Halmos. One way of formalizing the question
is to consider a Polish space of dynamical systems of interest and ask about the
properties of the “typical system” in the sense of Baire category. Often spaces
of this type satisfy a topological zero—one law: for every isomorphism-invariant,
sufficiently definable property, either it or its negation is generic.
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In this paper, we are interested in actions of countable groups on the Cantor
space, which we denote by Q. For a fixed group G, it is natural to parametrize all
such actions by homomorphisms from G to the Polish group Homeo(Q}); these
form a Polish space that we denote by Z(G). The group Homeo(Q)) acts on
Z(G) by conjugation and we call its orbits conjugacy classes. Two systems are in
the same conjugacy class iff they are isomorphic in the usual dynamical sense.
The space E(G) always has a dense conjugacy class (cf. Proposition 2.3) and
thus the topological zero—one law applies. In particular, every conjugacy class
is meager or comeager and there are two possibilities for the global structure of
E(G), depending on the group G: either there is a comeager conjugacy class or all
classes are meager. The existence of a comeager conjugacy class is a very strong
property which implies that the generic dynamical behavior for the group G is
determined by a single system. This is quite unusual in other dynamical contexts
such as ergodic theory.

The first rather striking result of this type in topological dynamics was proved
by Kechris and Rosendal in [KR], who showed the existence of a comeager con-
jugacy class in E(Z) (see also [AGW] for a more concrete construction). This
was generalized to the finitely generated free groups F; by Kwiatkowska [K2].
Doucha [D] further extended Kwiatkowska’s result to free products of finite and
cyclic groups. In the opposite direction, Hochman [H2] showed that there is no
comeager conjugacy class in £(Z%) for d > 2 and this result was extended in [D]
to finitely generated nilpotent groups which are not virtually cyclic.

From a dynamical perspective, the systems in the comeager conjugacy classes
in the cases discussed above are rather degenerate: for example, they are never
topologically transitive. In order to find more interesting generic behavior, it is
therefore natural to look for generic conjugacy classes in the spaces Emin(G) and
Z¢(G) of minimal and transitive actions, respectively. Here, the only results in
the literature, due to Hochman [H1], are for G = Z: there is a generic conjugacy
class in Enin(Z), which is isomorphic to the universal odometer and E i (Z) is
dense in & (Z). The tools used to prove these results are specific to Z and do not
generalize to other groups.

It turns out that for studying the existence of a comeager conjugacy class in
this and related situations, the most general and flexible tools come from logic.
Fraissé theory is a branch of model theory that studies generic structures and vari-
ations of these techniques have already been used by Kechris and Rosendal [KR].
In its most basic form, Fraissé’s theorem and its extension proved by Ivanov [I],
gives a necessary and sufficient condition for the existence of a comeager iso-
morphism class, based on the family of allowed finitely generated substructures,
when this family is countable: it has to be hereditary and satisfy the joint embed-
ding and weak amalgamation properties. Group actions on the Cantor space fall
naturally in the Fraissé framework if one uses Stone duality to represent them
as actions on a Boolean algebra (which is a countable structure). Then finitely
generated substructures correspond to finitely generated Boolean G-algebras (or,
dually, subshifts), which are the main objects of study of symbolic dynamics. So,
for example, if one wants to study the space E(G), one considers the collection of
all subshifts, for E,in(G), the collection of minimal subshifts, etc. The correspon-
dence between the topology on the space of subshifts and the one on Z(G) was
already observed by Hochman in [H1].

The classes of all subshifts and minimal subshifts are hereditary and satisfy
joint embedding and (full) amalgamation but, crucially, fail to be countable. They
do, however, come with a Polish topology, which can be viewed either as the
Stone topology on the space of quantifier-free types or, more traditionally, as the
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Vietoris topology on the space of subshifts. In model theory, it has been known
for a long time that the generic model is atomic and the existence of an atomic
model is equivalent to the set of isolated types being dense. However, when we
deal with quantifier-free types, the situation is more complicated and the relevant
notion is that of projectively isolated types (cf. Definition A.8). In the context of
topological dynamics, this notion was isolated in [D], where it was proved that
the existence of a comeager conjugacy class in E(G) is equivalent to the set of
projectively isolated subshifts being dense in the space $(A®) of all subshifts of
AG for every finite alphabet A.

In Appendix A, we give a general model-theoretic criterion for the existence of
a comeager isomorphism class in a class of structures based on the topology of
the spaces of quantifier-free types. Moreover, we show that when a comeager con-
jugacy class exists, it can be represented as the usual Fraissé limit of projectively
isolated quantifier-free types. This applies in particular to the space Epin(G),
but also to E(G) (recovering the result of [D]), to the space of marked groups
(recovering a result of [GKEL]; cf. Subsection A.1), and to the space of G-sets
(recovering a result of [GKM]; cf. Subsection A.2). The case of Epin(G) has a
new feature that distinguishes it from the others, namely that the spaces of mini-
mal subshifts are not compact. The lack of compactness leads to a more delicate
proof and makes apparent a surprising topological condition that is not present
in previous work (condition (iii) in Definition A.1). Even though the appendix
is self-contained, it requires slightly more familiarity with logic than the rest of
the paper. While it would be possible to translate the proofs into a more famil-
iar dynamical language, they cannot be substantially simplified, and we believe
that the benefit of the general applicability of the criterion outweighs the cost of
abstraction. Another advantage of the abstract approach is that it is not sensi-
tive to the parametrization space and can be adapted for example to the space of
“generalized subshifts” used by Hochman in [H1].

Applying the criterion to Emin(G), we obtain the following (cf. Corollary 3.5).

Theorem 1.1. Let G be a countable, infinite group. Then the following are equivalent:

(i) There is a comeager conjugacy class in Emin(G).
(ii) Minimal subshifts which are projectively isolated in Smin(AC) are dense in
Smin(AC) for every A.

Minimal actions of the free group. A sufficient condition for a minimal subshift
to be projectively isolated in 8 yin (AC) is for it to be sofic, i.e., a factor of a subshift
of finite type (or SFT, for short); see Section 2 for the precise definitions. We
do not know whether this condition is also necessary (cf. Question 3.7). The
first of our main results for free groups is the following (cf. Theorem 5.9 and
Corollary 6.7; the case G = Z is due to [BDK] and [Hz1]).

Theorem 1.2. Let G be a finitely generated free group and let A be a finite alphabet.
Then the set of sofic minimal subshifts is dense in Smin(AC).

Combining this with Theorem 1.1, we obtain the following.

Corollary 1.3. The space Emin(Fy) has a comeager conjugacy class, elements of which
are isomorphic to the Fraissé limit of the sofic minimal subshifts.

Our main tool for constructing sofic minimal subshifts is a certain family of
graphs, inspired by the Rauzy graphs used for studying SFTs for Z, where the
edges are labeled by the generators of the free group, and which we use for
describing open neighborhoods in the space of subshifts. We call these graphs
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again Rauzy graphs. We start by characterizing the Rauzy graphs whose associ-
ated neighborhood contains a minimal subshift (cf. Theorem 4.8). This characteri-
zation is not obvious and several natural attempts fail (cf. Example 4.9). Then for
each of these graphs, we construct a sofic minimal subshift in the corresponding
neighborhood. On the way, we also recover Kwiatkowska’s result on the existence
of a generic class in E(F;) (cf. Corollary 5.4).

We remark that these techniques cannot work for Z: it follows from the work
of Hochman [H2] that sofic minimal subshifts are not dense in this case and the
following problem remains open.

Question 1.4. Does there exist a comeager conjugacy class in Epin(Z?) for d > 2?

Next we turn to finding the correct generalization of Hochman'’s result that
the generic minimal Z-action is isomorphic to the universal odometer. We recall
that the universal odometer (or the universal profinite action of Z) is the action of Z
on its profinite completion by translation (the profinite completion of a group is the
compact group obtained by taking the inverse limit of all of its finite quotients).
By Theorem 1.1, this is equivalent to the finite Z-subshifts being dense among all
minimal subshifts.

There is a natural generalization of this action to the free group (namely,
the profinite completion of F;) but there is an obvious obstruction for its be-
ing generic: profinite actions are pmp (i.e., preserve a probability measure), and
the subset of minimal pmp actions is closed in Epin(G) and it is proper if G is
non-amenable. It turns out that this is the only obstruction (cf. Theorem 6.5).

Theorem 1.5. The following hold:

o Periodic ¥ ;-subshifts are dense in the space of all minimal, pmp F j-subshifts.
o The space of minimal, pmp actions of F; has a comeager conjugacy class whose
elements are isomorphic to the universal profinite action of F;.

Non-finitely generated groups. Our next results concern actions of groups that
are not finitely generated. While non-finitely generated groups are perhaps less
studied in (geometric) group theory, they exhibit interesting dynamical proper-
ties. For example, the generic behavior of their dynamical systems is markedly
different from the finitely generated case. As a simple example, a generic element
of E(G) is transitive iff G is not finitely generated (cf. Proposition 7.4). In view of
this, it is natural to ask whether the generic action in E(G) is minimal. We have
the following characterization for amenable groups (cf. Corollary 7.13).

Theorem 1.6. Let G be a countably infinite amenable group. Then the following are
equivalent:

o G is locally finite;
o Enin(G) is comeager in E(G).
For locally finite groups, we also obtain more detailed information about the
generic properties of the action and its invariant measures (cf. Theorem 7.11).

The next theorem is the basis of our results concerning the existence of a
generic conjugacy class in E(G) for non-finitely generated groups.

Theorem 1.7. Let G be a countable group which is not finitely generated. Then a subshift
is projectively isolated in the space of all subshifts iff it is minimal and sofic.

From this and Theorem 1.1, we obtain the following.

Corollary 1.8. Let G be a countable group which is not finitely generated. If there exists
a comeager conjugacy class in E(G), then the generic element of Z(G) is minimal.
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Combining the above results and the fact that locally finite groups admit no
sofic, minimal subshifts (cf. Proposition 7.16), we get the following partial answer
to a question from [D].

Corollary 1.9. Let G be a countable amenable group which is not finitely generated.
Then there is no comeager conjugacy class in Z(G). If G is locally finite, there is also no
comeager conjugacy class in Emin(G).

The space E(G) of transitive actions. For E(G), even the more basic question
of the existence of a dense conjugacy class is quite delicate and interesting. First,
for G = Z, it follows from [H1] that Enin(Z) is dense in & (Z), so Ei(Z) admits
even a comeager conjugacy class. It is easy to generalize this to virtually cyclic
groups (cf. Proposition 8.4) but these are all the finitely generated examples we
know.

Question 1.10. Let G be a finitely generated group which is not virtually cyclic.
(i) Is it possible that Emin(G) is dense is E¢(G)?
(i) Can E¢(G) have a dense conjugacy class?

In [H2], Hochman claims that there is a dense conjugacy class in Z¢(G) for
G = Z% and provides a general argument that does not depend on the structure
of the group. However, this argument is incorrect and we have the following
theorem. See Section 8 for more details.

Theorem 1.11. Let G be a group which is free or virtually polycyclic. Then Ey(G) has
a dense conjugacy class iff G is virtually cyclic.

The proof of this theorem proceeds through a general criterion, again based
on subshifts, for the (non-)existence of a dense conjugacy class in E(G) that we
are able to verify in the above cases using the special symbol property introduced
by Dahmani and Yaman in [DY].

Acknowledgments. We are grateful to Alekos Kechris for asking questions which
prompted some of this work, to Yves Cornulier for some advice in group theory,
and to Andrew Marks, Denis Osin, and Ville Salo for useful discussions.

2. PRELIMINARIES

2.1. Minimal and transitive actions. In this section, we fix some terminology
and notation.
Let G be a countable group and let () denote the Cantor space. We denote by

-

E(G) the space of all actions G ~ Q) by homeomorphisms, that is,
(2.1) Z(G) = Hom (G,Homeo(Q))).

We equip Homeo(Q2) with the uniform convergence topology and note that & C
Homeo(Q)® is a closed subset, so a Polish space.

If Z is a compact, zero-dimensional space, we denote by B(Z) the Boolean
algebra of clopen subsets of Z and if B is a Boolean algebra, we denote by S(B)
the space of ultrafilters of B. By Stone duality, an element f € Homeo(Q)) can be
viewed as an automorphism of B((2), and the topology on Homeo(Q2) is given by
pointwise convergence on B(Q)) (seen as a discrete space). This gives a convenient
way to view the topology on E(G): a subbasis consisting of clopen subsets is given
by the collection of sets of the form

(2.2) {C€E(G):a=¢((g) b}, forgeG,abe B(O).
Another useful subbasis is given by the clopen subsets
(2.3) {€B(G):an((g)-b=0}, forgeG,abeB(Q).
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To see this, note that a = ¢(g) - b iff an (¢(g) - —b) = @ and ~aNg(g)-b = @.
If G is generated by a subset S, then in (2.2) and (2.3), it is enough to consider
elements g € S.

Definition 2.1. Let G be a group. A G-flow is an action G ™~ Z on a non-empty,
compact, Hausdorff space Z by homeomorphisms.

If G ~ Z1 and G ~ Z; are G-flows, a factor map 1t: Z1 — Z; is a G-equivariant,
continuous, surjective map. In this situation, we will say that Z; is a factor of Z;
or that Z; is an extension of Zj.

The space EZ(G) is equipped with a continuous action of Homeo(Q2) by conju-
gation:

(f-8)(g) = fe(e)f !, forg € E(G), f € Homeo(Q2),g € G.

An orbit of this action is called a conjugacy class and we will say that two actions
are conjugate if they are in the same class. The following two facts are well-known.

Proposition 2.2. Let G be a countable group, and ¢, ¢» € E(G) be such that ¢ is a
factor of G1. Then ¢y belongs to the closure of the conjugacy class of G1.

Proof. Choose a neighborhood of ¢», which we may assume to be of the form
O={CcE(G):VgeKVac Ai(a)=27_a)},
where K is a finite subset of G and A is a clopen partition of Q). Let r: O — Q)

witness that &, is a factor of &1. Let f € Homeo(Q)) be such that f (7~ 1(&2(8)a)) =
ér(g)aforalla € Aandall g € K. Then f- & € O. O

Proposition 2.3. Let G be a countable group. Then E(G) admits a dense conjugacy class.
In particular, every conjugacy invariant, Baire measurable subset of Z(G) is meager or
comeager.

Proof. 1f {&; : i € N} is a countable dense subset of Z(G), then the conjugacy
class of the action [];; is dense by Proposition 2.2. The second claim follows
from [K1, 8.46]. O

Definition 2.4. Let G ~ Z be a G-set. A subset L C Z is called syndetic if finitely
many G-translates of L cover Z. It is called thick if it intersects every syndetic set,
equivalently, if every finite set of translates of L has non-empty intersection. A
subset L C G is called left syndetic if it is syndetic for the action G ~ G by left
translation and it is called left thick if it is thick for this action. Similarly, right
syndetic and right thick for the action by right translation.

Definition 2.5. A G-flow G ~ Z is called (topologically) transitive if for all non-
empty, open U,V C Z, there is g € G such that g- UNV # @. It is called minimal
if every non-empty, open U C Z is syndetic.

For a G-flow G ~ Z and H < G, we will say that a point z € Z is H-periodic if
H -z = z. We will say that z is periodic if it is H-periodic for some H < G of finite
index. Z is periodic if it is finite.

We note that the two properties of being transitive or being minimal are pre-
served under factors. It is clear that every minimal action is transitive. An action
is minimal iff every orbit is dense in Z and if Z is metrizable, an action is tran-
sitive iff it admits a dense orbit. If G ~ Z is minimal, then Z is either finite or
perfect, but this is not true for transitive actions: it is possible to have an infinite
dense orbit consisting of isolated points.

If Z = Q), in Definition 2.5, we can take U and V to be elements of B(()). We
will denote by Ei(G) and Emin(G) the set of ¢ € E(G), which are transitive and
minimal, respectively.



DENSE AND COMEAGER CONJUGACY CLASSES 7

Proposition 2.6. Let G be a countable group. The sets B (G) and Epin(G) are Gy
subsets of E(G) and, therefore, Polish spaces. Moreover, they are invariant under the
conjugation action of Homeo((}).

Proof. For Ey, this follows from the countability of B(()) and the fact that for fixed
a,b € B(Q) and g € G, the condition §(g) -aNb # @ defines an open subset of
E(G) (see (2.3)). Similarly, for Epn, use the fact that for a fixed a € B(Q), the
existence of some finite F C G such that Ugcr §(g)a = () is an open condition. [

Let 1 be a Borel probability measure (or just a measure, for short) on ). We
note that, by regularity, u is determined by its values on B(Q2) and it follows from
Carathéodory’s theorem that any finitely additive measure on B(()) extends to a
Borel measure on (). The measure y is called invariant under an action G ~ ()
if u(¢g-a) = pu(a) forall g € G and a € B(Q) (and thus, for all Borel sets). We
will denote by Epmp(G) the elements of Z(G) which admit an invariant measure,
and by Emnpmp(G) the intersection Epin(G) N Epmp(G). Note that the property
of having an invariant measure is preserved under factors.

Proposition 2.7. Let G be a countable group. The set Epmp(G) is closed in E(G).
Therefore Emnpmp (G) is a Gs subset of Z(G).

Proof. Let (¢n)nen be a sequence of elements of Z(G) which converges to some
¢ € E(G); let also p, be an invariant measure for ¢, for every n. Then any
limit point y of the y, in the compact space of probability measures on () is
¢-invariant. (|

2.2. Subshifts. Let G ~ Z be a G-flow. We will denote by §(Z) the set of all
subflows of Z. It is a closed subspace of the space of all closed subsets of Z,
equipped with the Vietoris topology, and thus a compact space (metrizable if Z is
metrizable). We recall that the Vietoris topology is generated by sets of the form
{Ke8(Z): KC U} and {K € 8(Z): KNU # @} with U an open subset of Z.
We will denote by 8(Z), 8min(Z), and Sper(Z) the collections of transitive,
minimal, and periodic subflows, respectively. We also let 8pem(Z ) = Sper(Z )N

Su(2).

Proposition 2.8. Let G ~ Z be a G-flow with G countable and Z metrizable. Then
8tr(Z) and 8min(Z) are Gs subsets of $(Z).

Proof. Let {U, : n € N} be a basis for Z. For X € 8(Z), we have that X is
transitive iff for all i,j, XNU; = @ or XNU; = O or there is ¢ € G such that
XNU;ng-U; # @. For fixed i, j this is a G5 condition since in a metrizable space
closed subsets are G4, and a finite union of Gs subsets is a G5 subset. Similarly, X
is minimal iff for every i, U; N X = @ or X C G - U;. Both conditions are Gs (one
is closed and the other is open). O

Proposition 2.9. Let G ~ Z be a G-flow. The collection
{{X € 8min(Z) : X C U} : U C Z open}

forms a basis of open sets of Smin(Z). If Z is zero-dimensional, one can take the sets U to
be clopen.

Proof. Let Xy € Smin(Z). A basic open neighborhood of Xj in the Vietoris topol-
ogy is given by the collection of all X € 8yin(Z) such that X C U and XNV; # @,
i =1,...,n for some non-empty, open U, Vi,...,V;, C Z. We claim that the set

(2.4) {X €8min(Z): XCUNG-ViN---NG-V,}
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contains X and is contained in this open neighborhood. First, by minimality of
Xo, Xo € G-V, for every i. Second, if X € 8yin(Z) and X C G -V, it is clear that
XNV, #Q@.

For the last statement, note that by compactness and 0-dimensionality, if X
is closed, U is open and X C U then there exists a clopen subset V such that
X CV CU Sowecanreplace UNG-ViN---NG-V,;in (2.4) by a clopen
subset. O

Let A be a finite set. The group G acts on the compact space A® by left shift:

(g x)(h) = x(g™'h).
A subshift is an element of §(A®). We note that for any x € AC, the subshift G - x
is minimal iff for any finite F C G the set {g: (¢-x)|r = x|r} is left syndetic.
Let F C G be finite. An F-pattern is a function p: F — A and F is called the
support of p. Each F-pattern p defines a clopen cylinder

(2.5) Cp={xe A% : x| =p}
and two clopen subsets of 8§(G)

WS = {X €8(A°):XNC, # D} and

W, =8(A%)\ U} = {X €8(A°): XNC, =Q}.
We say that the pattern p occurs in a subshift X if X € u;. The pattern p occurs in
a point x € AC if there is ¢ € G such that ¢ - x € Cp. The collection

{W;, U, : pis a pattern}
forms a subbasis for the topology of §(A®). If P is a finite set of patterns, we
denote Uy = Nyep U} and U, = N,yep U, . A subshift X € 8(AC) is of finite type
(or SFT, for short) if it is of the form
(2.6) Xx=A\J Usg G
peP geG

where P is a finite collection of forbidden patterns. In other words, X is the largest
subshift in which none of the forbidden patterns occur. It follows that if X is the
SFT given by (2.6), then the set

$(X) = Uy

is open in 8(A®). It is also clear that SFTs are dense in §(A®). If X is defined as
in (2.6) and F is finite and contains dom(p) for every p € P, then we say that F is
a defining window for X.

We record the following corollary of Proposition 2.9.

Corollary 2.10. The collection
{8(X) N Smin(AC) : X is an SFT}
forms an open basis for the topology of Smin(A%).

A subshift X € §(AC) is sofic if there exists a finite alphabet B, an SFT Y €
8(B®) and a factor map Y — X. It is well known that, by enlarging the alphabet
B, one can always assume that this factor map is induced by a surjection from B
to A (hence extends to a factor map B¢ — AC).

A subshift X € 8(AC) is isolated in §(AC) if it is an isolated point in the
topology of S(AC). 1t is projectively isolated in §(AC) (see [D]) if there exists a
finite alphabet B, a factor map ®: B¢ — AC®, and a non-empty open subset
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U C 8(BC) such that ®[Y] = X for every Y € U. (Here and in what follows, if
f:Z — Wisafunctionand Y C Z, we denote by f[Y] the image of Y by f, that is,
the set {f(z) : z € Z}.) Without loss of generality, we may assume that ® comes
from a map ¢: B — A. As SFTs are dense, it follows that every isolated subshift
is an SFT and every projectively isolated subshift is sofic.

We have the following easy sufficient condition for a subshift to be isolated in
S(AC).

Lemma 2.11. Let X € 8(AC) be an SFT that has an isolated point with a dense orbit.
Then X is isolated in S(AC).

Proof. Let xg € X be isolated and let U C A be open with U N X = {xg}. Then
{X}={Y es8(X): YNnU # O} O

Similarly, if X is sofic and has an isolated point with a dense orbit, then X is
projectively isolated in §(AC).

Another operation on subshifts that we will need is the disjoint union: if X €
8(AC) and Y € §(BC), then X UY is a naturally a subshift of (AU B)C. Here
A U B means that if A and B are not disjoint, we take the union of two disjoint
copies.

Lemma 2.12. Suppose that G is finitely generated and X € 8(AC) and Y € 8(B®) are
subshifts. If X and Y are SFT/sofic/isolated/projectively isolated, then so is X LY.
If X, Y are sofic/projectively isolated in S(AC) then sois X UY.

Proof. First we note that A® LI B® is an SFT (as a subshift of (A U B)®). Indeed,
if S is a finite, symmetric generating set of G not containing 1, it is enough to
forbid the patterns p: SU {15} — AU B with p(1g) € A and p(s) € Bfors € S.
Now the statements for disjoint unions of SFT and sofic subshifts are immediate,
and the other two follow after observing that (A% L B®) is an open subset of

S((AUB)C).
The second statement follows from the first and the fact that there is a natural
factor map XUY — XUY. O

Now let A be a (clopen) partition of (), that is, a finite set of elements of B(Q))
which are pairwise disjoint and whose union is Q). If all of the elements of A are
non-empty, we will say that the partition is non-degenerate. If A is a partition of
Q and w € O, we will denote by A(w) the element a € A such that w € a. For a
fixed ¢ € &, we can define a map H?: Q — AC by

(2.7) 7 (w)(8) = AE(g) ' w) forwe,geG

and we note that Hg‘ is continuous and G-equivariant. Using this, we define the
map 714: &(G) — 8(A®) by:

(2.8) ma(g) = TIA[0]

and note that it is continuous. Moreover, the topology on E(G) is induced by the
maps T4 as A varies over non-degenerate partitions of ().
Every X € 8(A®) admits a canonical generating partition A(X) given by

AX)={{xeX:x(1g) =a}:a€ A},

which is in a bijection with a subset of A.
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3. FRATSSE THEORY FOR CANTOR ACTIONS

As was first observed by Ivanov [I] and more systematically exploited by
Kechris and Rosendal in [KR], Fraissé theory provides a convenient framework
for studying the existence of dense and comeager conjugacy classes. In Appen-
dix A, we prove a general criterion for the existence of a comeager conjugacy class
and here we provide the necessary translations to apply this result in the context
of Cantor dynamics.

First, we use Stone duality to convert dynamical systems into algebraic objects.

Definition 3.1. A Boolean G-algebra is a Boolean algebra A equipped with an
action of G by automorphisms. A Boolean G-algebra A is finitely generated if there
is a finite subset A C A that generates A as a Boolean G-algebra.

It is easy to see that if a Boolean G-algebra is finitely generated, then the
generating set A can be taken to be a partition of 1. In that case, every element of
A can be written as a finite union of elements of the form

g€eF

where p: F — A is a pattern.

Using the Stone functors Z +— B(Z), A — S(A), we see that zero-dimensional
G-flows correspond to Boolean G-algebras and subshifts of AC correspond to
Boolean G-algebras generated by the finite partition A. More precisely, B(A®)
is the free Boolean G-algebra generated by the partition A and subshifts of A®
correspond to its quotients. A subshift is of finite type if the corresponding ideal
in B(AC) is finitely generated (over G). Factor maps of G-flows correspond to
embeddings of Boolean G-algebras.

Next we explain how to see the space of subshifts as a type space in the sense
of Appendix A to which we refer for the relevant definitions. Let £ be the lan-
guage of Boolean algebras {0,1,N, U, =} and let £ be £ augmented with unary
function symbols for all elements of G. Let I be the hereditary £-class of Boolean
algebras and let F(G) be the Ls-class of all G-Boolean algebras. For a finite set
of variables ¥, it is easy to see that S,(¥) is finite and Sy(F(G)) is compact (the
theory of G-Boolean algebras is first-order, universal). We let A = 2* and

t
SET(F(G) ={pesaF(G) :p k= | Ja=1},
acA
that is, the set of types where the variables form a partition of 1. For a € A,
we let t,(x) be the L-term (,c, v4(%), where v! = v and v° = —v. There is a
homeomorphism ®: S,(F(G)) — Siart(ff (G)) given by

®(q) E¢(A) <= g 9((t(x) 10 € A))  for g € Sx(F(G)),
and another homeomorphism ¥: §(A®) — Siart(”f (G)) given by

Y(X)E (g pg)#0 <= XNU, #0
g€F

for X € 8(A®) and for every pattern p: F — A with F C G finite. Moreover, using
these identifications, if y is a finite set of variables disjoint from x and B = 2*,
then the projection map 7y : Sy (F(G)) — Sx(F(G)) can be represented as the
projection 8§(B¢) — $(AC) given by the map B — A, a ~ «|y. This shows that
for all intents and purposes, we may identify the type space Sx(F(G)) and the
space of subshifts §(A®). In particular, it makes sense to say that a certain class
of subshifts is a topological Fraissé class in the sense of Definition A.1.
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Next we consider coding models of F(G), i.e., Boolean G-algebras. We will use
a coding by expansions. Let u be a countable set of variables and let c € B(Q)*
be a tuple that bijectively enumerates B((}). Following Example A.12, we let

E(G) = {5 € Bo(F(G)) : &l = tpe}.
There is an obvious identification between the space defined above and the one
defined by (2.1).

Proposition 3.2. Let G be a countable group. Then the class F(G) of G-subshifts is
a topological Fraissé class and E(G) is an admissible coding for models of F(G) in the
sense of Definition A.5.

Proof. To check amalgamation, let X, Y7, Y, be G-subshifts and let 11: V1 — X,
1yt Yo — X be factor maps. Then

Y1 xx Yo ={(y1,y2) € Y1 x Yo : mi(y1) = m2(y2) }
is a G-subshift which amalgamates Y; and Y, over X. The other two items of

Definition A.1 are satisfied because each 8(A®) is compact.
That the coding Z(G) is admissible follows from Example A.12. O

We also note that the notion of a projectively isolated type (as in Definition A.8)
coincides with the notion of a projectively isolated subshift discussed in Subsec-
tion 2.2. From Corollary A.10, we obtain the following.

Corollary 3.3 ([D, Theorem 3.1]). Let G be a countable group. Then the following are
equivalent:

(i) E(G) admits a comeager conjugacy class.

(ii) Projectively isolated subshifts in 8( A®) are dense in §(AC) for every A.

Next we turn to the class of minimal subshifts that we denote by Fin(G). We
also let Ein(G) = E(G) N Ep(Fmin(G)) and again, there is an obvious identifica-
tion with the previous definition.

Proposition 3.4. Let G be a countable group. Then the class Fmin(G) is a topological
Fraissé class. If G is infinite, then Epin (G) is an admissible coding for models of Fin (G).

Proof. We verify the conditions of Definition A.1.

(i) The proof is the same as in Proposition 3.2, except that now we have to take
a minimal subshift of Y7 X x Y.

(ii) This follows from Proposition 2.8.

(iii) Let A, B be finite alphabets and fix some surjective map B — A. Let
IT: B¢ — AC denote the corresponding projection. We define 7r: §(B®) — 8(AC)
by 71(X) = T1[X]. Let 8min(Z), where Z € 8(BC) is an SFT, be a basic open set in
8min(BC) (see Corollary 2.10). We claim that

ﬂ[smm(Z)] = Smm(T[(Z>),
which is a closed set. The C inclusion is obvious. For the other, let X C 7(Z)
be a minimal subshift and let Y be any minimal subshift of Z NI171(X). Then
n(Y) = X.

To verify that Enin(G) is an admissible coding, according to Example A.12, we
only have to check that every minimal G-subshift X can be realized as a factor of
a minimal action G ~ Q. If X is infinite, then the underlying space of X is home-
omorphic to (), so we may assume that X is finite. Let G ~ Z be any minimal
action on a Cantor space. Then any minimal subset of Z x X is homeomorphic
to the Cantor set and has X as a factor. O

Applying Corollary A.10 to this situation, we obtain the following.
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Corollary 3.5. Let G be a countable, infinite group. Then the following are equivalent:
(i) There is a comeager conjugacy class in Emin(G).
(ii) Minimal subshifts which are projectively isolated in Smin(AC) are dense in
Smin(AC) for every A.

We have the following characterization of minimal subshifts which are projec-
tively isolated in 8min (A®).

Proposition 3.6. Let G be a countable group and let A be a finite alphabet. Then the
following are equivalent:

(i) X € S8min(AC) is projectively isolated in Smin(A®).

(i) There exists a sofic Y € 8(AC) such that X is the unique minimal subshift of Y.
In particular, every sofic minimal subshift is projectively isolated in Smin(AC).

Proof. (i) = (ii). Suppose that X is projectively isolated. Then there exists a finite
alphabet B, a map ¢: B — A, and a non-empty open set U C 8(BS) such that,
denoting by ® the G-map induced by ¢, ®[Z] = X for every Z € UN Smin(BC).
By Corollary 2.10, we may assume that U = 8(Z) for some SFT Zj. Then we can
take Y = ®[Zg]. It is clear that X C Y and if X’ is another minimal subshift of Y,
then any minimal subshift of ®~1(X’) N Zy does not map to X, contradicting the
choice of Z.

(ii) = (i). Let Z € 8(B®) be an SFT and let ®: B® — A® be a factor map such
that ®[Z] = Y. Now @ must map every minimal subshift from the open set 8(Z)
to a minimal subshift of Y, i.e., to X. O

Question 3.7. Do there exist a countable group G and a subshift in Smin(AG) which
is projectively isolated in 8myin(A®) but not sofic?

A negative answer of this question for Z¢ would also imply a negative answer
to Question 1.4.

We finally consider the classes of periodic subshifts and periodic, transitive sub-
shifts, that we will denote by Fper(G) and Fpertr(G), respectively. We also denote
Eper(G) = E(G) NEg(Tper(G)) and Epertr (G) = E(G) N Eo(TFpertr(G)). Actions in
Eper(G) are often called profinite actions and they are exactly the equicontinuous
actions on (). A profinite action is in Epertr( G) iff it is transitive iff it is minimal
(an equicontinuous action preserves a metric, so if one orbit is dense, then all
orbits are). We note that Zper (G) is a G set in E(G).

Proposition 3.8. Let G be a finitely generated group. Then:
(i) Each X € Sper(A©) is isolated in S(A®).
(ii) Fper(G) and Fpertr(G) are topological Fraissé classes.

(iii) Zper(G) is an admissible coding for models of Fper(G).

(iv) If G has arbitrarily large finite quotients, then Epertr (G) is an admissible coding
for models of Tpertr(G).

Proof. (i) Let X € Sper(A G). There is a finite index subgroup Gy < G which
fixes the generating partition A(X) of B(X). As G is finitely generated, Gy is
also finitely generated and “Gy fixes A(X)” is an open condition on X. Now it
remains to notice that AC contains only finitely many Go-periodic points, so there
are only finitely many subshifts in this open set (including X).

(ii) It follows from (i) that each SPer(AG) is open and discrete, so we only have
to check amalgamation. Note that if Yj, Y, are periodic then Y; xx Y; is also
periodic (the intersection of two subgroups of finite index still has finite index).
This allows us to amalgamate periodic actions.
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To amalgamate two periodic transitive actions Y7, Y5, observe that if Y3, Y; are
finite, then Y7 X x Y> is finite and consider an orbit of Y; X x Y>.

(iii) This is clear as every periodic flow G ~ Z is a factor of the flow G ~
Z x ), where the action on the second coordinate is trivial.

(iv) Let I' be the profinite completion of G. By our assumptions, I is infinite
and metrizable, and therefore, homeomorphic to (2. Moreover, every transitive
periodic G-flow is a factor of the left translation action G ~ I'. g

The next result is a direct application of Theorem A.g.

Corollary 3.9. Let G be a finitely generated group and let T’ be its profinite completion.
Then the isomorphism class of the action G ~ I x (), where the action on the first
coordinate is left translation and on the second, is trivial, is comeager in Eper(G). If G
has arbitrarily large finite quotients, then the isomorphism class of the action G ~ T is
comeager in Epertr (G).

4. NEIGHBORHOODS OF ACTIONS OF THE FREE GROUP

4.1. Rauzy graphs. Let G be the free group freely generated by a finite set of
generators Sp. In this section, we will give a description of neighborhood bases
of the spaces E(G) and Emin(G). We let S = SpU S; L.

Definition 4.1. A Rauzy graph (for G) is a tuple § = (V,E,0,p,¢,7), where V is a
set of vertices, E is a set of edges, o, p: E — V are the source and range maps,
£: E — S is a labeling of the edges, and =: E — E is an involution, satisfying the
following for all e € E:

o(e) = ple), p(e) = o(e);

l(e) =t(e)";

themap E -V xV xS, e (0(e),p(e), l(e)) is injective;

for every v € V and s € S, there exists e € E with o(e) = v and /(e) = s.

If there is an edge labeled s from v to v, we will write v; > vy. A morphism
between two Rauzy graphs G and G, is a map 77: V(G1) — V(92) such that for
all v1,v3 € V() and s € S, if v; = vy, then 7(v;) = 7(vz). A morphism
m: G — G induces a map E(G1) — E(92) (because the edge 7t(v1) = 71(vy) is
unique), which we will also denote by 7r. We will say that the morphism 7 is
surjective if the induced map on the edges is surjective. When the Rauzy graph §
is given, we will denote by V(9) and E(9) its vertex and edge set, respectively. A
subgraph §' of G is given by V! C V(9), E' C E(§) such that §' = (V',E/,c,p,¢,)
satisfies the axioms of a Rauzy graph. If §;, §p are Rauzy graphs and 77: G — 9
is a morphism, then 71[G1] = (7[V(G1)], T[E(G1)]) is a subgraph of 9. A Rauzy
graph is connected if the underlying graph (forgetting the labeling) is connected.
A Rauzy graph is deterministic if the map E — V x S, e — (c(e), £(e)) is injective.

We note that a deterministic Rauzy graph defines an action G ~ V by s-v =
p(e), where e is the unique edge with o(e) = v and /(e) = s~!. In that case, the
Rauzy graph is often called the Schreier graph of the action.

An example of a deterministic Rauzy graph is the Cayley graph of G Cay(G)
given by

e V=G E=GXxS;
o 0(gs) =g p(gs) =gs (gs) = (g55)
e /(g,s5)=s.
The action defined by this graph is the right translation action G ~ G, g-x =

-1

xg .
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Every finite Rauzy graph § defines a non-empty SFT X(3) € 8(V(9)®) by
(4.1) X(G) = {m: G — V(9) : wis a morphism Cay(G) — G}.
To see that X(§) is an SFT, note that one can obtain it by forbidding the patterns

p: {1lg,s} — V(9) (for s € S) where there is no edge labeled s from p(1g) to
p(s). To construct a point x € X(§), one can choose x(1) arbitrarily and then

inductively choose x(gs) (for g € G, s € S) such that x(g) = x(gs).
Let now A be a non-degenerate partition of ). A Rauzy graph on A is a Rauzy
graph with vertex set A. Every ¢ € E(G) defines a labeled graph §(¢, A) on A by

(4-2) a5b < anc(s)-b#Q® forabe AscS.
The following lemma is immediate.

Lemma 4.2. For every { € E(G) and every non-degenerate partition A, G(&, A) is a
Rauzy graph.

If B is a partition of () that refines A, then there is a surjective morphism

m: §(Z,B) = G(&, A) defined by
nb) =a <= bCua.
Every Rauzy graph G on A defines a clopen subset N(G) C Z(G) by
N(S) ={¢ € E(G) : §(5, A) = G}
These definitions give us an encoding of a basis of open sets for E(G).
Proposition 4.3. Each N(§) is non-empty and the collection
{N(G) : A is a non-degenerate partition of () and G is a Rauzy graph on A}

forms a basis of open sets for the topology of Z(G). More precisely, for ¢ € E(G), the
collection
{N(S(¢, A)) : A is a non-degenerate partition of ()}

is a basis at ¢.

Proof. N(G) is non-empty because (a conjugate of) the product of X(§) with a
trivial action on () belongs to it.

Let now §p € E(G) and consider its basic neighborhood U consisting of all &
such that a; N ¢(s;) - b; =@ fori =0,...,n—1, where the s; are elements of S and
the a;, b; are elements of B(Q) (cf. (2.3)). Let A be the partition of () generated
by the a; and the b;. It is easy to check that N(G(&, A)) C U: the condition
a; N E(s;) - by = @ is witnessed by the absence of edges labeled s; between the
elements of the partition contained in 4; and the ones contained in b;. g

Rauzy graphs can also be defined from subshifts as follows. If A is a finite
alphabet and F is a finite subset of G containing 1g, we can define the graph
G(AC, AF) on AF in a way similar to (4.2):

p1 ~ p» <= ppands- p, are compatible, for py, p; € AF,

where s - p is the pattern sF — A defined by (s - p2)(f) = pa(s~'f) and two
patterns are compatible if they agree on the intersection of their supports. If X €
8(A®), we can similarly define §(X, AF), which is a subgraph of G(A®, AF), by

V(9(X, AF)) = {p € AT : p occurs in X}
and

p1 = py <= pjand s - p, are compatible and p; Us - p; occurs in X.
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We have a natural equivariant map tp: X (G(A®, AF)) — AC defined by
(4-3) ir(2)(8) = x(8)(1) for x € X(§(A%, AT)), g €G.

Lemma 4.4. Suppose that F~1 is a connected subset of Cay(G). Then:
(i) tr(x)|r = x(1g) forall x € X(G(AC, AF)).
(ii) The map if is an isomorphism from X(G(AC, AF)) to AS. More generally, if
Z C AC isan SFT and F is a defining window for Z, then the map ir defines an
isomorphism between X (G(Z, AF)) and Z.

Proof. (i) Fix f € F. We have to show that
(4-4) x(f)(1e) = x(16)(f)-

Write f = s¢ - - - 5,_1 as a reduced word with s; € S for all i. By the connectedness
of F71,s;---s,_1 € Fforalli <n— 1. Note that for all i,

Si
x(so -+ -si-1) = x(s0- - -si),
so, by the definition of the graph G(A®, AF),
(S0 si—1)(si+su-1) = (si - (S0~ +5;)) (Si+ 5p-1)
= x(s0 - -8i)(Siv1- - Sn-1)-
Applying this consecutively for i = 0,...,n — 1, we obtain (4.4), as desired.
(ii) Define jp: A® — X(G(AS, AT)) by

jr(x)(8)(f) = x(gf) forxe A®, g€ G, feF.
We will check that jr is an inverse of /. By definition, for any x € AG, one

has (1 0 jr)(x)(g) = jr(x)(g)(1g) = x(g). Conversely, given x € X(G(A®, AF)),
g € G,and f € F, using (i), we have:

jr (i (0)) () () = tr () (gf) = tr(g™ - %) (f) = (871 - 1) (1) (f) = x(8)(f).
For any Z € 8(A®) we have jp[Z] C X(5(Z,AF)). If Z is an SFT with a

defining window F, then 1¢[X(5(Z, AF))] C Z since no forbidden F-pattern can
occur in 1p[X(G(Z, AF))]. So, in this situation, tz[X(5(Z, AF))] = Z. O

This lemma allows us, for any SFT Z C A® with defining window F, to view
subshifts of X(5(Z, AF)) as elements of 8(Z).

4.2. Minimal Rauzy graphs.

Definition 4.5. Let § be a Rauzy graph. A reduced path in G is a sequence of edges
(eo, ..., en) such that p(e;) = o(e;11) and £(e;) # £(ei11) ! for all i < n. The
graph G is called minimal if for all edges e, f € E(G), there exists a reduced path

whose first edge is e and whose last edge is f or f.

For fixed ¢ € E(G) and partition A of Q), every w € Q) defines a morphism
Cay(G) — G(&, A), g — A(g7! - w). This gives a natural way to obtain reduced
paths from elements of the free group. More precisely, let § € E(G), let A be a
non-degenerate partition of (), and let § = §(¢, A). Let g € G and w € Q). Write
g =51---5; as a reduced word in S and let w; = (s1 - - -si)’1 - w. Then the path

(45) Alw) " Awy) 25 - 2 A(g
is reduced.

Lemma 4.6. For every & € Enin(G) and every non-degenerate partition A of Q), §(&, A)
is a minimal Rauzy graph.
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Proof. That G(&, A) is a Rauzy graph follows from Lemma 4.2. To check minimal-
ity, lete, f € E be given. Leta = o (e), s = {(e), and ap = aN ¢(s) - p(e). Similarly,
letb =0(f), t =4(f),and by = bN¢(t) - p(f). By the definition of §(&, A), a9 # @
and by # @. Let w € ayp. Let

L ={g € G:gisareduced word ending in s~}

and note that L is infinite and for every g € G, the set gLAL is finite. This
implies that L is left thick, so it intersects the set {g € G : ¢ w € by}, which is
left syndetic since ¢ is minimal. Let ¢! be in this intersection and consider the
reduced path constructed in (4.5), whose first edge is equal to e (because w € a9
and g~! € L). Denoting by s, the label of the last edge of this path, there are two
possibilities. If s, = t, then the last edge of the path is f (because g~ ! - w € bp). If
not, we can add f to the end of the path and it will still be reduced. g

Lemma 4.7. Let G be a Rauzy graph and let x: Cay(G) — G be a morphism such that
for every e € E(S), the set

(4.6) {o(f): f € E(Cay(G)), x(f) = e}

is right syndetic in G. Then every y € G- x is a surjective morphism Cay(G) — §.
(Here we view the morphism x: Cay(G) — § as an element of the subshift X (S) defined
by (4.1).)

Proof. Let y € G-x. Lete € E(G) and let L be the set defined in (4.6). As L
is right syndetic, there is a finite F C G such that LF -1 — G. Let g € G be
such that y|rurs = (¢ - x)|rurs. Then there is h € F such that g=! € Lh7!, i,
¢ 'h € L. Together with the fact that y(h) = x(¢g~'h) and y(hf(e)) = x(g'h{(e)),

this implies that y maps the edge h KON, (e) toe. O
If G is a minimal Rauzy graph on a partition A of (), we denote
Nimin (9) = N(5) N Emin(G).
Theorem 4.8. If G is minimal, the set Nyin(G) is non-empty and the collection

{Nmin(G) : A is a non-degenerate partition of Q
and G is a minimal Rauzy graph on A}

forms a basis of open sets of the space Emin(G).

Proof. We start by showing that Nmpin(5) is non-empty. For each v € V(§) and
s € S, let P, be a reduced path starting from v with an edge labeled s, which
contains e or ¢ for every e € E(§). Such a path is easy to construct, visiting each
edge consecutively, using the minimality of §. We will construct by induction a
morphism x: Cay(G) — G which satisfies the hypothesis of Lemma 4.7. Start
with xp with domxy = {15} and x¢(1g) = vy, where v is an arbitrary vertex of
G. Enumerate all edges of Cay(G) as ey, ey, ... (taking only one edge of each pair
{e,e}). Suppose that x,, has been constructed and let 7, = dom x,,. Let ¢; be the
first edge of the enumeration which is not in E(T},) but is adjacent to T,. We may
assume that v := o(e;) € V(Tu). Let (fo,..., fx) be the edges of the path P, s,
and define x,,;1 to be equal to x,, on T, and set

Xuy1(0l(fo) - £(f;)) = p(f;) forallj=0,...,k

Finally, set x = U, x4. It is clear that x is defined everywhere. Let N be the
maximum length of the paths P, for v € V(G),s € S and let B be the ball in G
around 1¢ of radius N. For e € E(G), let L, be the set defined in (4.6). It follows
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from the construction that L.B = G for all ¢, so the hypothesis of Lemma 4.7 is
satisfied for x.

Let Y be any minimal subshift of G - x and consider first the case where Y is
perfect. Recall that A is a non-degenerate partition of Q, V(3) = A and thus
Y C AC. Denote by 7 the shift action on Y. By Lemma 4.7, every y € Y is
surjective on A, so A(Y) is a non-degenerate partition of Y. Let ¢: Y — Q be
a homeomorphism sending the partition A to the partition A. It is clear that
¢np 1 € Nimin(G). If Y is finite, we can consider instead a minimal action G ~ Q
which admits Y as a factor (cf. the proof of Proposition 3.4).

For the second part, it follows from Proposition 4.3 that the sets Nyin(5(, A)),
for A a non-degenerate partition of (), form a basis at ¢ and by Lemma 4.6, the

graphs §(¢, A) are minimal. O
s s t s s t t t s
) , (0 ) . Gt 9 (
s t s s t s t t
t t s
N N
£ s S ? s 9 gs\f/?

(ii) = (iii) (@) = (ii)

FIGURE 1. Two examples of Rauzy graphs

Example 4.9. We give two examples showing that some natural variants of Defi-
nition 4.5 do not characterize minimality. We consider the following three condi-
tions on a Rauzy graph G:

(i) For any two vertices v,w € V(9), there exists a reduced path (e, ..., e,)
with o(eg) = v and p(en) = w.
(ii) G is minimal in the sense of Definition 4.5.
(iii) For any two edgese, f € E(G), there exists a reduced path (e, ..., e,) with
ep=eand e, = f.
It is clear that (iii) = (ii) = (i). The two examples in Figure 1 (for the free
group on two generators s, t) illustrate that both implications are strict.

5. SOFIC MINIMAL SUBSHIFTS OF THE FREE GROUP

In this section, we set to prove that for free groups, sofic minimal subshifts
are dense among all minimal subshifts. We retain the notation of the previous
section.

We start by describing a device that produces sofic subshifts.

Definition 5.1. Let § be a Rauzy graph for G. An edge selector for G is a triple
T = (vo, Ty, T1), where vy € V(9), To: S — E(SG), T1: E(9) x S — E(G) are such
that o(Ty(s)) = vo, €(To(s)) = s, o(Ti(e,s)) = p(e), and ¢(Ty(e,s)) = s for all
(e,s) € E(G) x S.
If T = (v, Tp, T1) is an edge selector, the function T; can be extended induc-

tively to a function E(G) x G — E(§) by:

T1 (6,1(;) =€

Ti(e,ws) = T1(Ti(e,w),s) for a reduced word ws.
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[ ]
S
p(s)
[ ] ? 5 [ ] t [ ]
p(s7) r(lc) lﬂ(f)1
-
p(t™h)
[ ]

F1GURE 2. The rules for Z if * does not appear

An edge selector T defines a morphism x7: Cay(G) — § by

xr(1g) = o
xr(sw) = p(Ty(To(s),w)) for a reduced word sw.

This morphism defines a subshift X(T) C X(9) by
X(T) =G- XT.

We note that while for simplicity of notation, the map T is defined everywhere
on E(G) x S, the values Tj(e,s) with s = £(e)~! will never be used and can be
arbitrary:.

We also observe that edge selectors exist in abundance for any Rauzy graph 9:
in particular, there is one with vy = v for every v € V(9).

Proposition 5.2. Let G be a Rauzy graph and let T be an edge selector for G. Then the
subshift X(T) is projectively isolated in $(V(G)©) and, in particular, sofic.

Proof. Let * be a new letter and let B = E(G) U {*}. Define a word zy € BC as
follows: zo(1g) = *, zo(s) = To(s) for s € S, zo(ws) = T1(zo(w), s) for a reduced
word ws. We note that

(5.1) l(zo(ws)) =s for all reduced words ws.

Also, if wyw, is a reduced word, then
(5.2) Zo(wle) = Tl (Zo(wl),ZU2).

Let ¢: B — V(§) be given by ¢(x) = vy, ¢(e) = p(e) for e € E(SG), and let
®: B — V(9)C be the corresponding G-map. It follows from the definitions
of xr and zg that ®(zg) = x7. Now let Z € 8(B®) be the SFT defined by the
following rules for patterns p: SU {1} — E(9) (see Figure 2):

(i) ranp C ranz;
(ii) if p(1g) # * and p(s) # *, then £(p(s)) # £(p(1g)) ! fors € S;
(ii) if p(1g) = *, then p(s) = Ty(s) fors € S;
(iv) if (p(1g)) = s, then for all t € S\ {s7'}, p(t) = Ti(p(1g),t), and
p(s) ==orp(lc) = Ti(p(s™'),s).

We will show that Z = G - zp. A direct verification shows that z; satisfies the
rules, so we only have to prove that G - zg is dense in Z. Let z € Z. Suppose first
that the symbol * occurs in z. By translating by an appropriate element of G, we
may assume that z(1g) = *. But then, as z is constructed inductively using rules

(iii) and (iv), we conclude that z = zj. This shows that z is an isolated point in
Z.
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Next suppose that the symbol * does not occur in z. Define inductively se-
quences (s, )uen of elements of S and (h,,),eN of elements of G by:

hg=1g, sp=4L(z(h))"Y,  hyyq = hpsa.

It follows from rule (ii) that for all n, s, # s;}rl, and therefore, h,, is a reduced
word of length n. It also follows, using rule (iv), that for all n and for all g € G
that do not start with s,,,

(5:3) 2(hng) = Ta(z(hn), 8)-
Let now F C G be a finite set, let n be larger than the length of all elements of F,
and fix f € F. The word h;; ! f starts with sn 1,80 by (5.3),

2(f) = z2(hn(ly " f)) = Ta (2(ha), 1 f)
By rule (i), there exists g9 € G such that zo(go) = z(hy). It follows from (5.1) that
the last letter of gp is s, !, so we can apply (5.2) to the word go(h;,; ! f) and obtain

20(80(hy ' f)) = T1(20(80), 1ty L f) = Ta(z(ha), byt f) = z(f).

Thus (hng, ). 2y agrees with z on F and as F was arbitrary, we conclude that
ze G- z.

Therefore X(T) = ®[Z] and Z is an isolated SFT by Lemma 2.11. This implies
that X(T) is projectively isolated. O

Theorem 5.3 ([D]). Let G be a finitely generated free group and let A be a finite alphabet.
Then projectively isolated subshifts are dense in S(AC).

Proof. A basic open set in 8(A®) is given by 8(Z) NUT(P), where Z € §(A®) is
an SFT, F C G is finite, and P is the collection of F-patterns occurring in Z. We
may further assume that F 1 is connected. Let Gy = 5(Z, AF ) and recall that
V(S0) = P. For every p € P, let T, be an edge selector with v9 = p. Let X =
Upep X(Tp) and note that by Proposition 5.2 and Lemma 2.12, X is projectively

isolated. There is a natural map ®: X — A®, which is given by i (as defined
in (4.3)) on each X(Ty). It follows from the definition of X(T,) and Lemma 4.4
that p occurs in ®[X] for every p € P. Thus ®[X] belongs to the neighborhood
8(Z)NUT(P) and it is projectively isolated. O

The following corollary is due to Kechris and Rosendal [KR] for G = Z (see
also [AGW] for a different proof) and to Kwiatkowska [K2] in general. It implies
that the group Homeo(Q)) has ample generics, which has many further conse-
quences. See [K2] for more details.

Corollary 5.4 ([K2]). Let G be a finitely generated free group. Then the space Z(G) has
a comeager conjugacy class.

Proof. This follows from Theorem 5.3 and Corollary 3.3. (]

Next we isolate a special type of edge selectors T for which the shift X(T)
is minimal. Let § be a Rauzy graph for G. A sequence of distinct edges C =
(eo,...,en—1) of G is called a simple reduced cycle if (ey,...,e,—1,€0) is a reduced
path. We denote by C the cycle (¢,_1,...,&). Sometimes, we will abuse notation
and also use the letter C for the set of edges of the cycle. We will say that an edge
selector T follows the cycle C if

Ty (e, £(eiy1)) =eiq  foralli < m.

Here and below all calculations with the indices of the cycle are done mod n.
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Definition 5.5. Let § be a minimal Rauzy graph for G, let T = (vo, Ty, T1) be an
edge selector for G, and let C = (e, ..., e,—1) be a simple reduced cycle. We will
say that T is recurrent for C if the following conditions hold:
(i) T follows C and C.

(i) vo = o(eo) = p(en—1)-

(iii TO (6(60)) =€ and To (Z(en,l)_l) =€,_1-
Ti(e;,s) = Ti(8i41,s) foralli < nand s # £(e;) "L, £(eir1).
for every edge e € E(G), there exists a reduced word w such that ¢(e)w is
reduced and Ty (e,w) € CUC.

(iv
(v

~— — — —

Proposition 5.6. Let G be a Rauzy graph, let C = (e, ...,e,_1) be a simple reduced
cycle in G, and let T be an edge selector for G that is recurrent for C. Then the subshift
X(T) is minimal.

Proof. Let By denote the set of elements of G that can be written as a reduced
word of length at most k. As X(T) = G - xr, it suffices to show that for every k,
the set of h € G such that (b1 - x7)|p, = x7|p,, is right syndetic. To that end,
let k be given. Let g9 = sowp be some non-identity element of G (with sp € S
and spwg reduced). Let e = Ty (Ty(so), wp). By the definition of x7, we have that
x7(80) = p(e) and the last letter of gg is ¢(e). By Definition 5.5 (v), there exists
w1 such that ¢(e)w; is reduced and Ty (e, w;) € CUC. By prolonging w; to follow
the cycle if necessary, we may assume that wy is non-empty and T (e, w1) = eg or
Ty (e, wy) = €. Suppose that Ty (e, wq) = eg (the other case is treated analogously).
For i < n,lett; = {(e;) and note that the last letter of w is t, i.e,, w1 = wity. Let
c=ty---t,_1 and
h = sowow)ck

and note that the word on the right-hand side above is reduced. We claim that
(h=-xr)|p,, = x7|B,,. This is enough because the length of the word wjc* is
uniformly bounded (w] depends only on the edge e and there are only finitely
many edges).

We aim to show that for every u € By, x7(u) = x7(hu). First consider the case
u = 1g. Then

xr(h) = Tl(To(so),wow’lck) =Ti(e, wick)
=Ty (eo, (t1 -~ tnfl)ck_l) = v = x7(1g),

where the next-to-last equality uses the fact that T follows C. The same argument
shows that x7(hu) = x7(u) if there is no cancellation in the concatenation of & and
u, i.e., if the first letter of u is not t;}l. Suppose, finally, that there is cancellation.

(5-4)

Recall that the length of u is at most nk and write u = t;}luoul as a reduced
word so that

hu = sqwow)cTty - - - ty 111
and the right-hand side of the equation above is a reduced word, where 0 < g < k
and 0 < m < n. Note that the last letter of u is t,;,! and the first letter of u; is
neither t,, nor t%l_l. On the one hand, using Definition 5.5 (iii), we have

(5.5 xr(u) = P(Tl (To(t, %), M0M1)> = P(Tl(énflruoul)) = P(T1(ém,u1))-
On the other, using the same calculation as in (5.4), we get
(5.6) xr(hu) = xr(sowow)cty - - - ty_q1q) = P(Tl (€m71,M1))-

We conclude by noticing that, by Definition 5.5 (iv), the expressions on the right
in (5.5) and (5.6) are equal. O
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Next we turn to the existence of recurrent edge selectors. From this point onward,
we assume that |Sg| > 2, i.e., G is non-abelian.

Lemma 5.7. Let G be a non-abelian, finitely generated free group, let G be a mini-
mal Rauzy graph for G, and let v € V(SG). Then there exists a simple reduced cycle

(eo, .-, en—1) with o(eg) = p(ey—1) = .

Proof. First note that if we find a cycle that is reduced but not necessarily simple
(i.e., one with possibly non-distinct edges), then we can convert it to a simple one
by repeatedly replacing subcycles of the form (e,...,e) with the edge e. So for
the rest of the proof, we will ignore the requirement that the edges be distinct.

Lets € Sand lete, f € E(9) with o(e) = p(f) = v and ¢(e) = ¢(f) = s. By
minimality of G, there exists a reduced path (e, ...,e,) with ey = eand e, = f
or e, = f. In the first case, (e, ..., e,) is a reduced cycle and we are done. In the
second, p(e,_1) = v and if £(e, 1) # s}, then (ep,...,e,_1) is a reduced cycle
from v to v. So we may assume that £(e, 1) = s~

Let t € S\ {5,571} and repeat the same argument as above to produce either

/

a reduced cycle or a reduced path (e, ..., e, ;) from v to v with {(ej) = t and

l(em—1) =t L. Then (eg,...,€4-1,€),...,¢, 1) is a reduced cycle. O

Lemma 5.8. Let G be a minimal Rauzy graph for G and let C be a simple reduced cycle
in G. Then there exists an edge selector for G recurrent for C.

Proof. Write C = (eq,...,e,—1). We will construct T = (vp, Ty, Ty) according to
Definition 5.5. First use (ii) and (iii) to define vy and Ty (condition (iii) gives only
partial constraints for Tp; for the other letters, define it arbitrarily). Next define
T1 on C and C in order to satisfy conditions (i) and (iv).

We will build collections of edges Eg C E; C --- and inductively extend the
definition of T7, so that at step k, condition (v) is satisfied for all edges in E; and
the projection of dom T; on E(9) is contained in E. Set Ey = C UC and note that
for edges in Ey, (v) holds trivially (one can take w to be the empty word). Suppose
now that E; has been defined and that E; # E(G). Lete € E(S) \ Ex and using the
minimality of G, let (fo,...,f;) be a reduced path such that fo = e and f; € E,.
Let m be the least such that f;; € Ex. By the inductive assumption, condition
(v) is satisfied for fy,, so there exists a word w such that ¢(f;;)w is reduced and
Ty (fm,w) € Eg. Moreover, T; is not defined on f; for any letter for any i < m.
Now define Exq = ExU{f; : i < m} and set Ty (f;, £(fis1)) = fira fori < m.
Then for all i < m,

Tl(fife(fiﬂ) e E(fm)w) = T1(fm,w) € Eo

and the word £(f;)¢(fi+1) - - - £(fm)w is reduced, thus verifying (v) for the edges

As E(§) is finite, for some k, Ex = E(9). At this point, condition (v) is satisfied
for all e € E(G) and we can extend T arbitrarily to obtain a fully defined edge
selector. O

Theorem 5.9. Let G be a non-abelian, finitely generated free group and let A be a finite
alphabet. Then the set of sofic minimal subshifts is dense in Suyin(A°).

Proof. Using Corollary 2.10, it suffices to find a sofic subshift in all neighborhoods
of the form 8.,in(Z), where Z € 8(A®) isan SFT. Let F C Gbe a defining window
for Z with 1g € F and F~! connected. Let Xy € 8min(Z) and let Gy = G(Xo, AF).
By Lemma 4.6, 9p is minimal. Moreover, as Xg C Z, the patterns in V(Gp) are
allowed in Z and using the map ir from Lemma 4.4, we can identify X(Gp) with
a subshift of Z.
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Let v € V(9Gp) be arbitrary and use Lemma 5.7 to produce a simple reduced
cycle starting at v. By Lemma 5.8, there exists an edge selector T for Gy recurrent
for C. Then by Proposition 5.2 and Proposition 5.6, the subshift X(T) is sofic and
minimal. We have that X(T) C X(Go) C Z and thus X(T) € 8min(Z), completing
the proof. O

Remark 5.10. It follows from Theorem 5.9 that for a non-abelian free group G, the
minimal subshifts which are projectively isolated among minimal subshifts are
precisely the sofic minimal subshifts. Indeed, let X C AC be projectively isolated
among minimal subshifts; then there exists a non-empty open subset U of some
Smin(B®) and a factor map 7: B¢ — AC such that 7[Y] = X for every Y € U.
Since U contains a sofic subshift, X is itself sofic.

Corollary 5.11. Let G be a non-abelian, finitely generated free group. Then the sofic
minimal subshifts of G form a Fraissé class.

Proof. This follows from Remark 5.10 and Corollary A.11. O

Corollary 5.12. Let G be a non-abelian, finitely generated free group. Then the space
Emin(G) has a comeager conjugacy class elements of which are isomorphic to the Fraissé
limit of the sofic minimal subshifts.

Proof. This follows from Theorem 5.9, Proposition 3.6, and Corollary 3.5. O

Remark 5.13. Theorem 5.9, Corollary 5.11, and Corollary 5.12 also hold for G = Z.
One just has to notice that in this case, the sofic minimal subshifts are precisely
the periodic transitive subshifts. See Corollary 6.7.

6. MEASURE-PRESERVING ACTIONS OF THE FREE GROUP

We keep the notation of the previous two sections; we allow again the case
G=L1

6.1. Measured Rauzy graphs.

Definition 6.1. A measured Rauzy graph is a Rauzy graph §, equipped with two
functions : V(§) — R™ and m: E(G) — R' (where R™ is the set of non-negative
reals) such that m(e) = m(e) for all e € E(G) and

(6.1) ) m(e) = ) m(e) = u(v) forallve V(G),s€S.
{e:0(e)=v,l(e)=s} {e:p(e)=0v,Ll(e)=s}

We will say that a measured Rauzy graph has full support if m(e) > 0 for all

e € E(9).

If an action § € E(G) admits a finite invariant measure y and A is a partition
of ), then the graph §({, A) becomes a measured Rauzy graph by defining

(6.2) m(e) = u(o(e)nt(e)-p(e)) foralle e E((E, A)).

If ¢ is minimal, then §(¢, A) is minimal by Lemma 4.6 and m and y are strictly pos-
itive because in a minimal, measure-preserving system, every non-empty open set
has positive measure (as it is syndetic).

Lemma 6.2. Let (G, u, m) be a measured Rauzy graph with full support. Then there exist
y and m', which take integer values, such that (G, ', m’) is again a measured Rauzy
graph with full support.
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Proof. The equations in (6.1) form a homogeneous system of linear equations with
unknowns p(v), m(e) for v € V(§),e € E(G). Let M be the matrix of this system
and note that it has integer entries. It follows from Gaussian elimination that
ker M has a rational basis, so rational solutions of the system are dense in all
solutions. It follows that it has a strictly positive rational solution, which can be
converted into an integer one by multiplying it by an appropriate integer. O

6.2. Density of the periodic flows.

Lemma 6.3. Let G be a finitely generated free group and let (S, u, m) be a measured
Rauzy graph for G with full support. Then there exists an action G ~'T W with W finite
and a partition A of W such that G(n, A) = G.

Proof. By Lemma 6.2, we may assume that m and u take integer values. For an
integer n, we denote [n] := {0,...,n — 1} and we let

(63) W= |] {o}x[u@)

veV(9)

We define m: W — V(§) by 7t(v,i) = v and our goal is to define a deterministic
Rauzy graph with vertex set W such that 7t becomes a surjective morphism. A
partial edge relation is a subset E C W x W x S such that:

(i) forallw; € W,s €S, |{wy € W: (wy,wy,s) € E}| < 1;

(i) for all wy,w, € W,s € S, (wy,wy,s) € E = (wo,wy,s 1) € E;

(iii) for all wy,wy € W,s € S, (wy,wa,s) € E = m(wy) > mw(ws);
)

(iv) forall vy,v, € V(G),s €S,
[{(w1,ws,s) € E: m(wy) =0y, w(wy) =02} < m(vq SN V7).

A partial edge relation is fotal if the inequalities in (iv) are equalities. For a total
Eand v € V(§),s € S, we have that

{(wy,wy,s) € E: m(wy) =v} < |{w; € W: (wy) = v}
= ()
= Y me>9)
v'eV(9)
= [{(w1,wo,s) € E: m(wy1) = v},

so we must have equality also in (i).

Thus a total edge relation makes (W, E) into a deterministic Rauzy graph by
defining o (w1, wy,s) = w1, p(wy, wy,s) = wy, and ¢(wq,wy,s) = s. The map 7 is a
morphism because of (iii). It is also surjective because of the equality in (iv) and
the fact that (S, u, m) has full support.

To finish the proof, it suffices to check that to any partial edge relation which
is not total, we can add an edge. Let E be such a relation and let v1,v, € V(G)
and s € S be such that we have strict inequality in (iv). Then

Yo m(o; 2 0') > [{(wy,wy,s) € E: mt(wy) =01}
VeV(9)
and, using the same computations as above, we conclude that there exists w; €
7~ 1(vy) such that {w) € W : (wq,w),s) € E} = @. Using (ii) and applying the
same reasoning to {(wp, wy,s ') : m(wp) = v}, we find wy € 711 (vy) such that
{w) € W : (w],wy,s) € E} = @. Then EU{(wy,wy,s), (wp, wy,s 1)} is still a
partial edge relation. 0
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Lemma 6.4. Let G be a finitely generated free group and let (G, u, m) be a connected,
measured Rauzy graph for G with full support. Then there exists a transitive action
G T W with W finite and a partition A of W such that G(n, A) = G.

Proof. We define W as in (6.3) and 7r: W — V(G) as above. Let E be a total edge
relation on W as constructed in Lemma 6.3. Our goal is to modify E to become a
connected total edge relation. Note that for E to be connected, it suffices that for
every v € V(9), the vertices in 777!(v) are in the same E-connected component.
Indeed, assume this holds and let R be the equivalence relation on W generated
by E and suppose that R has at least two classes C; and C,. Then, by assumption,
n1(n[Cy]) = C1 and w1 (7[Cy]) = Cy, and by surjectivity of 7, there is no edge
in G between 71[C;] and 7[C,]. This contradicts the connectedness of G.

Fix now t € S and let T: W — W be the bijection with graph {(wy, w;) :
(wy,wy,t) € E}. Suppose that there is v € V(G) such that 7~ !(v) intersects two
distinct T-orbits, say in the points wq, wy. Define v: W — W by 7/(w) = t(w)
for all w # wy, wy, T'(w1) = T(wy), T (wp) = T(wy). Then 7’ is a bijection which
merges the T-orbits of w; and w,. Moreover,

(E\(tx{thut ' x ) u (@ x{Furtx{t1})
is a total edge relation. By iterating this procedure, we obtain a total edge rela-

tion such that for every v, all vertices in 77! (v) are in the same t-cycle. By our
observation above, this is enough. 0

Theorem 6.5. Let G be a finitely generated free group. Then:
(1) Emnpmp(G) has a comeager conjugacy class whose elements are isomorphic to
the left translation action of G on its profinite completion.
(ii) Forevery A, Spertr(AG) is dense in Smnpmp(AG).

Proof. (i) By Corollary 3.9, it suffices to prove that Epertr (G) is dense in Emnpmp (G).
Let ¢ € Emnpmp(G) and let N(G) N Emnpmp(G) be a neighborhood of ¢, where
G is a minimal Rauzy graph on some partition B of () (cf. Theorem 4.8). As ¢
admits an invariant measure, we can use (6.2) to convert G into a measured Rauzy
graph (G, u,m). As ¢ is minimal, (G, 4, m) is connected and has full support. Let
G ~1' W and the partition A of W be as given by Lemma 6.4. We can realize 7
as a factor of a profinite action ¢’ of G on (), so that A can be identified with a
partition of Q. Now if f € Homeo(() is such that f - A = B, we have that f - ¢’
is profinite and belongs to N(G).

(ii) This follows from (i) and the facts that the map 74 from Emnpmp(G) to
Smnpmp(AG) defined by (2.8) is continuous and surjective and that for a profinite
¢, ma($) is periodic. O

Remark 6.6. Lemma 6.4 only requires that the graph § be connected, so the proofs
above imply the following more precise result: if § is a transitive action of G on ()
and  is any G-invariant measure with full support, then there exists a sequence
of profinite actions (&), such that {, — ¢ and u, — p, where p, denotes the
unique y-invariant measure on ().

Moreover, it follows that, for measured Rauzy graphs with full support, the
three conditions in Example 4.9 are all equivalent to being connected.

Applying Theorem 6.5 to G = Z and using the fact that Ennpmp (Z) = Emin(Z)
and Smnpmp (A%) = Smin(A%) (because Z is amenable), we obtain the following.

Corollary 6.7 ([H1]). The following hold:

(i) Emin(Z) has a comeager conjugacy class whose elements are isomorphic to the
universal odometer.
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(ii) For every A, Spertr(A%) is dense in Smin(A%).

Remark 6.8. Periodic subshifts of free groups have also been studied by Pianta-
dosi [P]. Among other results, he has a combinatorial characterization of the SFTs
containing a periodic point. It is a consequence from the results of this section
that the SFTs defined by measured Rauzy graphs contain periodic points; it fol-
lows that measured Rauzy graphs satisfy the combinatorial condition of [P, Theo-
rem 3.4]. Conversely, any SFT with a periodic point admits an invariant measure,
so its corresponding graph can be made measured (but the measure may not have
full support). We are grateful to Ville Salo for making us aware of the paper [P].

7. NON-FINITELY GENERATED GROUPS

7.1. Co-induction. If G is a group and H < G, the restriction functor takes a
G-flow and produces the H-flow which is the restriction of the action to H. Co-
induction is the right adjoint functor to restriction. It takes an H-flow and it
produces a G-flow whose restriction to H is an extension of the given H-flow and
which is universal with respect to this property. The construction is similar to the
classical notion of induced representation in representation theory.

Co-induction is particularly useful for understanding properties in E(G) when
G is not finitely generated: the topology on Z(G) is defined by looking at finitely
many elements of G at a time, which implies that actions co-induced from finitely
generated subgroups are dense (see the proof of Proposition 7.4).

We briefly recall the construction and some of its basic properties. Let H ~
Z be an H-flow. Then G acts on ZC via left-shift on the coordinates. Define
m: Z6 — Z by n(Z) = 2(1g) and consider the set

Z={2c7z%:VgeGVheH 2(gh)=h"2(g)},

where the symbol - refers to the action of H on Z. By definition, 7 is a closed, G-
invariant subset of ZC; furthermore, 77: Z — Z is H-equivariant. The co-induced
action of H ~ Z (from H to G) is the action G ~ Z.

Let T be a transversal for the left cosets of H in G. Then any Z € Z is uniquely
determined by its values on T, since for all i € H, we have Z(th) = h~! - 2(t); and
conversely, any element Z of ZT can be extended to an element of Z by the same
formula. In particular, Z is homeomorphic to ZT.

Lemma 7.1. Let H < G and let H ~ Z be a flow which is not minimal. Then the
co-induced flow G ~ Z is not minimal either.

Proof. Let U be an H-invariant, non-empty, open subset of Z and let zp € Z \ U.
We claim that G- 7~1(U) is a proper subset of Z, where 71: Z — Z denotes
the natural projection. Let T be a transversal for the left H-cosets in G and set
Zo(th) = h~' -z forallt € T,h € H. Then it is clear that 2y € Z\ G- 7~ 1(U). O

It is straightforward to check that the co-induced action X of an H-subshift
X € 8(AH) is a G-subshift in the same alphabet. Indeed, in that case X can be
identified with

{x € A®:Vg € G (h+ x(gh)) € X}

via the G-equivariant, continuous, injective map 7: X — A® defined by 7(%)(g) =
%(¢)(1g). In other words, elements of X are obtained by copying independently
elements of X inside each left H-coset. It follows that the co-induced action of an
SFT is an SFT (with the same forbidden patterns) and the co-induced action of a
sofic subshift is sofic (because of functoriality).
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Definition 7.2. Let G be a group and n € N. A G-flow G ~ Z is (topologically)
n-transitive if the diagonal action G ~ Z" is transitive.

Proposition 7.3. Let G be a group, let H be a subgroup of G of infinite index, and let
H ~ Z be an H-flow. Then the co-induced action G ~ Z is n-transitive for all n.

Proof. Fix n and two non-empty open subsets U, V of Z". Let T be a transversal
for the left H-cosets in G. Identifying T with G/ H, the transitive action G ~ G/H
gives us a transitive action G ~ T (explicitly, g - t1 = t; if gt1H = t, H).

We may assume that there exist a finite subset F of T and two finite families of
open subsets U; ¢, V; ¢, fori <mn, f € F, of X such that

U={zeZ":YfeFVYi<n%(f) e Uy}
V={zeZ"VfeFYi<nZx(f) eV}

Pick some j € U and Z € V. Since G/H is infinite, Neumann’s lemma gives
us ¢ € G such that gFHNFH = @. Then we can define @ € Z" by setting
W;(f) = §;i(f) and w;(gf) = Z;(f) for all f € F, and extending @ arbitrarily to the
other cosets. By definition, @ € Uand ¢! - @ € V. O

This has the following immediate consequence.

Proposition 7.4. Let G be a countable group which is not finitely generated. Then a
generic element of Z(G) is n-transitive for all n.

Proof. Being n-transitive is a Gs condition, so we only need to prove that n-
transitive actions are dense in Z(G). Consider a basic open set U in E(G) of
the form
U={¢cE(G):VfeFVacAg(f)a=ZGo(f)a}

where ¢y € E(G), F is a finite subset of G, and A is a finite subalgebra of B(Q}).

Let 1 be the restriction of ¢y to the subgroup H of G generated by F, and
denote by 7j: G ~ Q) the co-induced action of 7|. Note that () is homeomorphic
to Q. Denoting by 71: QO — Q the H-equivariant factor map, we may pick a
homeomorphism ¢: Q) — Q such that ¢(n~1(&(f)a)) = &(f)aforalla € A
and all f € F.

Then for every f € F and every a € A, we have (¢p7ip—1)(f)a = &o(f)a, which
shows that ¢7j¢~! belongs to U. On the other hand, by Proposition 7.3, 7 is
n-transitive for all n and we are done. 0

As pointed out in [FKSV, Corollary 4.4.7], Proposition 7.4 admits a converse.
Indeed, let G be finitely generated and let {1, 4} be a non-degenerate partition
of Q). Then the set of { € E(G) satisfying the condition “a; is ¢-invariant” is open,
disjoint from the set of transitive actions, and non-empty (because the trivial
action belongs to it). Thus we obtain a dynamical characterization of finitely
generated groups: a group G is finitely generated iff a generic element of E(G) is
not transitive.

7.2. Density of minimality. We saw above that the density of Ei(G) in Z(G) is
characterized by G not being finitely generated. It is natural to ask for which
groups G, Emin(G) is dense in Ey(G) (this problem was brought to our attention
by A. S. Kechris). For instance, it is easy to see that this is the case when G is a free
group on infinitely many generators. While we do not have a general criterion,
we provide an answer for the class of non-finitely generated amenable groups (cf.
Corollary 7.13). Before turning to that, we point out the following obstruction.

Proposition 7.5. Let G be a countable group such that its center Z(G) contains an
element of infinite order. Then Epin(G) is not dense in E(G).
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Proof. We fix a clopen partition {ay, a5, a3} of (), with each 4; non-empty, as well as
a homeomorphism ¢ of Q) such that ¢(a1) Nay # @, p(az) = a3, and ¢(az) C a,.

We first observe that the centralizer C(¢) C Homeo(Q2) does not act minimally
on Q. To see this, consider b = a; N ¢~1(ay), which is clopen and non-empty.
Assume that C(¢) acts minimally; then there exists a finite F C C(¢) such that
for all w € Q) there exists f € F with f-w € b. Now pick some w € b; since F is
finite, there exists f € F such that f - ¢" (w) € b for infinitely many n € N. Since
f-¢"(x) = ¢"(f - x) for all n, we see that as soon as ¢"(f - x) € b, we must have
¢™(f -x) € apUagz for all m > n+1, a contradiction.

Now let i € Z(G) be of infinite order and consider the action (k) ~ Q) given
by h-w = ¢(w). Using co-induction, we see that the open set U of all actions
¢ € E(G) such that ¢(h)(a;) = ¢(a;) for i = 1,2,3 is non-empty. For any ¢ € U,
¢[G] € Homeo(Q)) is contained in the centralizer of ¢(h), which does not act
minimally by the argument given in the previous paragraph. Hence no element
of U acts minimally. O

Now we focus on amenable groups and we consider two cases depending on
whether the group is locally finite or not. We start with the latter.

Definition 7.6. Let G be a countable group and let G ~ Z be a zero-dimensional
flow. We say that a € B(Z) is shrinkable if it can be equidecomposed with a
proper subset of itself, i.e., if there exist a clopen partition ap,...,a,_1 of 2 and
80,---,8n—1 € Gsuch that||;g;-a; C a.

We say that the flow is shrinking if there exists a shrinkable a € B(Q}).

We note that being shrinking is an open condition in Z(G).
The shrinking condition is an obstruction to the existence of an invariant mea-
sure with full support. In particular, we have the following.

Lemma 7.7. Assume that G is an amenable group and G ~ Z is a minimal, zero-
dimensional flow. Then it is not shrinking.

Proof. Suppose that a € B(Z) is shrinkable, as witnessed by ao,...,a,_1 and
Q0,---,8n—1- Then b = a\ | |g; - a; is open, non-empty. Let u be a G-invariant
probability measure on Z. On the one hand, by invariance, u(a) = u(Ll; gi - a;),
so i(b) = 0. On the other, by minimality, finitely many translates of b cover Z, so
#(Z) = 0, contradiction. O

We also need the following well-known fact.

Lemma 7.8 (K6nig). Let I' be a connected, infinite, locally finite graph and let vy be a
vertex of I'. Then I has an infinite ray starting at vy.

Proposition 7.9. Let G be a non-locally finite, countable group. Then the set of shrinking
actions of G is an open, dense subset of E(G). If G is moreover amenable, then Emyin(G)
is not dense in E(G).

Proof. The set of shrinking actions is open and conjugacy-invariant, so by Propo-
sition 2.3, we only need to build one shrinking action on a Cantor space. Let
H be a finitely generated, infinite subgroup of G and fix a finite, symmetric
generating set S of H. Consider the left Cayley graph I' for H and S: that is,
the graph with vertex set H and edges between h and sh for every & € H and
s € S. Then we can apply Lemma 7.8 to find an infinite ray (h,),en in I'. Let
T={h,:neN}andfors € S, letTs = {h, € T : hyy1 =shy}. Then|JsesTs =T
and sTs = {hy41 : hyy1 = shan}, s0 [ sessTs = T\ {ho}.

Now consider the flow G ~ BG, where BG denotes the Stone-Cech compactifi-
cation of G. It follows from the calculation above that T, which is a clopen subset
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of BG, is shrinkable. Let A be a countable, G-invariant subalgebra of B(BG)
which contains all T;. Then the Stone space of A gives us a metrizable, shrinking
G-flow Z, with the same witnesses as in BG. If Z has isolated points, we can take
the product of Z with the trivial action on the Cantor space to obtain an action
on () that is still shrinking.

The second claim follows from the first and Lemma 7.7. O

Next we turn to the locally finite case. We start with a simple observation.

Lemma 7.10. Let K < H be finite groups and let K ~ A be an action on a finite set
with |A| < [H : K]. Then there exists a free, transitive action H ~ B and a K-factor
map B — A.

Proof. Set B = H and let T be a transversal for the right cosets of K in H. Let
rt: T — A be an arbitrary surjection and extend it to all of H by K-equivariance:
define rt(kt) = k- 7t(t) forallk € K, t € T. O

For locally finite groups, we also obtain information about the invariant mea-
sures for a generic action. In order to state the theorem, we recall that the clopen
value set of a Borel probability measure y on () is the countable set

{u(a) :a € BQ)} € [0,1].

Following Akin, we say that a probability measure y on () is good if it is atomless,
has full support, and is such that for any two a,b € B(Q) with p(a) < p(b), there
exists ¢ € B(Q) such that ¢ C b and p(c) = p(a). Using results of Akin and
Giordano-Putnam-Skau, the clopen value sets of good invariant measures can be
used to characterize orbit equivalence (see Corollary 7.12).

Theorem 7.11. Let G be a countably infinite, locally finite group. Then a generic element
of E(G) is minimal and uniquely ergodic, its unique invariant measure is good, and the
clopen value set of the measure is equal to

Ve ={i/|K|:i€{0,...,|K|}, Kis a finite subgroup of G}.

Proof. We will show that the set of § € &(G) satisfying the condition

(*) for any non-degenerate partition A of () and any finite set F C G, there
exist a finite subgroup H < G containing F and a non-degenerate partition
B refining A such that B is {(H)-invariant and |y is free and transitive
on B

is dense G;.

By the Baire category theorem, it suffices to see that the condition (x) for fixed
A and F is dense (it is obviously open). Let U be a non-empty open set in Z(G).
By refining A if necessary, we may assume that there is a finite subgroup K < G
such that A is K-invariant and U is given by the action of K on A. Let H be a finite
subgroup of G containing K and F such that [H : K] > |A]. Apply Lemma 7.10
to produce a free transitive action H ~ B that factors onto K ~ A. Let By be a
partition of ) refining A that realizes the factor map B — A. Let 7 be the action
of G co-induced from H ~ B on the space B. Let ¢: B — () be a homeomorphism
sending B to By (here we view B as a partition of B using the canonical factor map
B — B). Then ¢n¢~! belongs to U and satisfies (x) for A and F.

We have established that set of { € E(G) satisfying (x) is dense G4. Let now §
satisfy (x) and let y be any ¢-invariant measure. Let a € B(Q)) be arbitrary and
apply (*) to the partition {a, )\ a} to obtain H and B. As the action H ~ B is
transitive, we get that H - a = (), which proves the minimality of . As this action
is moreover free and yu is H-invariant, we must have u(b) = 1/|H| for all b € B.
Since a is a union of elements of B, this determines y(a) uniquely and u(a) € V.
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To see that every element of V; is realized, let K and i be given and apply (*) to
the trivial partition and K to obtain H > K and B. Then the union of i|H|/|K|
elements of B has measure i/|K]|.

Finally, to check that u is good, let a,b € B(Q) with p(a) < u(b). Let B and H
be given by () such that 2 and b can be written as unions of elements of B. Now
we can take c to be the union of |H|u(a) elements of B contained in b. O

Akin [A] has shown that if y; and yy are two good measures with the same
clopen value sets, then there is f € Homeo(Q)) with f.y; = pp. By the work of
Giordano-Putnam-Skau, this is connected with the notion of orbit equivalence.
Recall that two actions G ~ ), H ~ Q) are orbit equivalent if there exists f €
Homeo(Q) such that f[G-w] = [H - f(w)] for all w € Q.

Corollary 7.12. Let G be a countable, locally finite group. Then a generic pair of actions
in Z(G) are orbit equivalent. More generally, if G and H are locally finite, a generic
action of G is orbit equivalent to a generic action of H iff Vg = V.

Proof. We prove the more general statement. One direction follows directly from
Theorem 7.11. For the other, let { and # be actions of G and H, respectively,
satisfying condition (x) in the proof of Theorem 7.11. In particular, they are free.
To show that they are orbit equivalent, we will employ [GPS, Theorem 2.3]. Using
Akin’s result mentioned above and the conclusion of Theorem 7.11, we only need
to check that the orbit equivalence relations of ¢ and # are generated by AF
actions in the terminology of [GPS]. We will do this for ¢, the argument for 7
being analogous.

Let [¢] be the topological full group of ¢, i.e., the group of all homeomorphisms
f of O for which there exists a clopen partition A of () such that for all 2 € A,
there is g, € G with f|; = ¢(ga)|a. It is clear that [{] generates the same orbit
equivalence relation as ¢. As ¢ is free, the set {w € Q) : f(w) = w} is clopen for
every f € [¢]. The only remaining condition to check is that [¢] is locally finite.
To simplify notation, we will identify G with its copy in [¢]. Let F C [¢] be finite
and let L = (F). Let A be a clopen partition of () and K < G be finite such that
for every f € F and a € A, there exists ¢ € K with f|, = g[s. Let A be a finite
K-invariant subalgebra of B(Q)) containing A and note that A is L-invariant. By
(¥), we may further assume that the action of K on the atoms of A is free. We
claim that the map L — Aut(A), f — f|4 is injective, which will complete the
proof. Indeed, let f belong to the kernel of this map and let a be an atom of A.
By the construction of A, there exists g, € K such that f|, = g4|s. In particular,
ga(a) = f(a) = a, and by the freeness of the action of K, we must have that
a = 1g, ie., f|s = id |4. As this holds for all atoms a, we are done. O

In view of Corollary 7.12, it is natural to ask whether there is a comeager
conjugacy class in &(G) for G locally finite. This is not the case by Corollary 7.17.

Combining Theorem 7.11 with Proposition 7.9 we obtain the following charac-
terization.

Corollary 7.13. Let G be a countably infinite, amenable group. Then the following are
equivalent:

o G is locally finite;
® Enin(G) is dense in Z(G).

7.3. Comeager conjugacy classes in Z(G). It was asked in [D] whether there
exists a non-finitely generated group G such that Z(G) has a comeager conjugacy
class. In the end of this subsection, we provide an answer for amenable groups.
We know from Corollary 3.3 that this is equivalent to the density of projectively
isolated subshifts in §(A®) for every finite A.
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Theorem 7.14. Let G be a countable group which is not finitely generated, let A be a
finite alphabet, and let X € 8(A®) be a subshift. Then X is projectively isolated iff it is
minimal and sofic.

Proof. One implication is obvious, since minimal sofic subshifts are projectively
isolated for any group. Similarly, a projectively isolated subshift is always sofic.
So we only need to prove that a projectively isolated subshift in §(A®) is minimal.

If X € 8(A®) and F C G is finite, we denote by X the collection of F-patterns
that occur in X. For H < G, denote by X|y the image of the restriction map
AG — AH and note that X|p € S(AH).

Let X € 8(A®) be projectively isolated. Then there exist a finite set F C G, a
finite alphabet B, a map 7: B — A giving rise to a map I1: B® — A®, and an
SFT Y C BC such that TI[Z] = X for any Z € §(B®) with Zr = Y. Suppose,
towards a contradiction, that X is not minimal. By enlarging F if necessary, we
may assume that there is an F-pattern py occurring in X, and xg € X such that py
does not occur in x.

Let

Q={g€B" :mog=po}
and let yy € Y be such that II(yp) = xo. No element of Q occurs in .

Let H = (F) and note that Y is the subshift co-induced of Y|y, i.e., elements
of Y are obtained by copying independently elements of Y| on each left H-coset.
As Il is defined using a map on the alphabets, the same is also true for X.

Let Z C Y be the subshift consisting of all y such that patterns in Q occur in y
in at most one left H-coset. Explicitly,

Z={yeY:Vg1,8 (& Ve (8" vreQ = s1H=gH)}.

For each p € Yr, pick some y, € Y|y such that y,|r = p. Let T be a transversal
for the left cosets of H in G with 1 € T. For each p € P, define z;, € Y by setting,

forte¢ Tand h € H,
2y (th) = J ¥t ifE=Tg,
P yo(h) otherwise.

Since patterns in Q do not occur in yg, z, belongs to Z. Thus Z realizes all the
patterns in Yr, whence Zr = Yr.

On the other hand, I1[Z] is a proper subshift of X: indeed, let x; € X|y be
a point in which pg occurs and copy x; on every H-coset to obtain an element
of X which is not in II[Z] (note that as H is finitely generated and G is not, we
must have H < G). This contradicts our choice of neighborhood that projectively
isolates X. g

Corollary 7.15. Let G be a countable group which is not finitely generated. If there exists
a comeager conjugacy class in E(G), then the generic element of E(G) is minimal.

Proof. A generic element of Z(G), if it exists, is obtained as an inverse limit of
projectively isolated subshifts (see Theorem A.g and Section 3 or [D]). We just
proved that if G is not finitely generated then projectively isolated subshifts must
be minimal. An inverse limit of minimal flows is minimal. O

Proposition 7.16. Let G be an infinite, locally finite group. Then the only minimal sofic
G-subshifts are singletons.

Proof. Let X be a minimal sofic subshift. As in the proof of Theorem 7.14 and
adopting the notation thereof, we see that there exists a finitely generated (so,
finite) subgroup H < G such that X is co-induced of X|y. Furthermore for any
finite K such that H < K < G, X is co-induced of X|g (from K to G) and X|g is
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co-induced of X|y (from H to K). It follows from Lemma 7.1 that X|g is minimal,
which, as K is finite, implies that | X|g| < |K|. We have that

: K|/|H

K] 2 [X[x| = |(X]2n) <) = x|,

which, applied for big enough K, implies that X|p, and therefore, X is a singleton.
O

Corollary 7.17. Let G be a countable amenable group which is not finitely generated.
Then there is no comeager conjugacy class in Z(G).

Proof. If G is not locally finite, then En,in(G) is not dense in E(G) by Proposi-
tion 7.9, so Corollary 7.15 applies and there is no comeager conjugacy class in
E(G).

If G is locally finite, then by Theorem 7.14 and Proposition 7.16, projectively
isolated subshifts are not dense, whence there is no comeager conjugacy class in
E(G) by Corollary 3.3.

Question 7.18. Does there exist a non-finitely generated group which admits:
(i) non-trivial, minimal SFTs?
(ii) non-trivial, minimal, sofic subshifts?

8. TRANSITIVE ACTIONS

We now turn to the study of the space Z(G) of transitive actions of a count-
able group G. It is claimed by Hochman in [H2] that there is a dense conjugacy
class in Ei(G) for G = z4 (see Proposition 4.4 of [Hz2]). However, the argument
given there is incorrect, and the statement is not true for d > 2 (cf. Theorem 8.12).
Hochman’s approach, which is general and does not depend on particular prop-
erties of Z¢, is as follows. Let {&, : n € N} be a dense set in Z(G) and let x,
be a transitive point for §,. Then the closure Z of the orbit of (x0,x1,...) in the
product [T, & is a transitive system whose conjugates can approximate all of the
&n. While this is indeed true, the problem is that the point (xg,x1,...) may be
isolated in Z and even worse, sometimes Z cannot even be realized as a factor of
a flow on a perfect space. We are thus led to characterize the flows which can be
realized in such a way.

If Gis agroup, G~ Zisa G-flow, z € Z,and U C Z is open, we denote

(8.1) Ret(z,U) :={ge€ G:g-z€ U}.

We say that a point z € Z is recurrent if Ret(z, U) is infinite for every open U > z.
We note that if G is infinite, then every flow contains recurrent points because
every point belonging to a minimal subflow is recurrent. A basic observation is
that a transitive point which is not isolated is necessarily recurrent (because all of
its neighborhoods have infinitely many disjoint, non-empty, open subsets). This
leads to the following criterion.

Proposition 8.1. Let G be a countable group, let G ~ Z be a zero-dimensional, metriz-
able G-flow, and let zy € Z be a transitive point. Then the following are equivalent:

(i) The flow Z is a factor of a transitive flow on a Cantor space;
(ii) The point z is recurrent;
(iii) The point z is not isolated or it has infinite stabilizer.

Proof. (i) = (ii) = (iii). Suppose that 7: Q — Z is a factor map for some tran-
sitive flow G ~ Q. If zp is not isolated, we are done by the observation above.
Suppose now that zg is isolated. Let Uy = m'({z0}). Then U is open in O
and therefore contains a transitive point wy. Then 71(wp) = zo and Ret(wy, Up) is
infinite and is contained in the stabilizer G, .
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(iii) = (i). Assume that zg is isolated with infinite stabilizer H (otherwise, there
is nothing to prove). The shift action H ~ 2© is transitive; let xg € 2° be a point
with dense orbit. Let Y = G - (x0,29) C 2° x Z. We will prove that Y is perfect,
which amounts to showing that (xo, zg) is not isolated in Y. Since 26 is perfect and
xo has a dense orbit, there exists a sequence (hy,),eN of elements of H such that
hy - xo # xo for all n, and hy, - xg converges to xo. Then hy, - (xo,20) = (hn - X0,20)
converges to (X, zg), and we are done. O

Theorem 8.2. Let G be an infinite countable group. Then the following are equivalent:
(i) Ee(G) has a dense conjugacy class;
(ii) For all SFTs Xy € S(AY), X, € 8(AS), and all patterns py, pa, if there exist
recurrent points x; € X; such that p; occurs in x; for i = 1,2, then there exist
x} € X; such that p; occurs in x, for i = 1,2, and (x},x}) is recurrent in
X1 X Xp.

Proof. (i) = (ii). Let &y € E¢(G) have a dense conjugacy class. Let X, p;, x; fori =
1,2 be given. Identify A; and A, with some arbitrary non-degenerate partitions
of ). Let

(B2) U ={€€Eu(G): ma (&) C X;,ps occurs in 4 (&)}, i=1,2,

where the maps 71,4, are defined as in (2.8), and note that U; and U, are open.
They are also non-empty by the assumptions and Proposition 8.1. Then there
exist ¢; € Homeo(Q2) such that ¢; - §p € U;. If wy is any transitive point for &y, we
can take x| = Hg’: & (¢i(wo)), where the maps I are defined by (2.7).

(ii) = (i). Let U; and Uy be two non-empty open subsets of E(G), which, we
may assume are given by (8.2). Let §; € U; and let w; be a transitive point for ¢;.
Then it follows from Proposition 8.1 that H?i (w;) witnesses that the hypotheses of
(ii) are satisfied. Let xﬁ, x5 be as in the conclusion of (ii). By Proposition 8.1, there

exists an action ¢ € Zi(G) which factors onto G - (x,x}). Then § has conjugates
in both U; and Us,.

Next we study how this property behaves with respect to finite index sub-
groups.

Lemma 8.3. Let G ~ Z be a G-flow and let H < G be a subgroup of finite index. If the
point z € Z is recurrent for G, then it is also recurrent for H.

Proof. Without loss of generality, we may assume that Z = G - z and apply Propo-
sition 8.1. If z is isolated, then the stabilizer G, is infinite, and H, = G, N H is also
infinite. Suppose now that z is not isolated. Then Z is perfect. Let T be a set of
representatives for the left cosets of H. We have that Z = TH -z = ;1 tH - 2, s0
H - z has non-empty interior. Therefore H - z contains a perfect open subset and
z cannot be isolated in H - z. It is therefore H-recurrent. 0

Proposition 8.4. Let G be an infinite countable group and let H < G be a subgroup of
finite index. If . (H) has a dense conjugacy class, then so does E¢(G).

Proof. We use Theorem 8.2. Let X; € S(AZG), pi, and x; be as in Theorem 8.2 (ii).
Let T be a set of representatives for the right cosets of H in G and consider the
map ®: A — (AT)H given by

D(x)(h)(t) = x(ht).
Note that @ is an isomorphism of H-flows and it is not difficult to see that ®[X;]
is an SFT as an H-shift (see, e.g., [B, Lemma 1.5.11]). It follows from Lemma 8.3
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that x; is recurrent for H. Thus there exist x{,x} such that p; occurs in x} for
i=1,2and (x},x}) is recurrent for H and therefore also for G. O

We do not know whether Proposition 8.4 works in the other direction: that is,
whether the property of having a dense conjugacy class in E¢(G) goes down to
subgroups of finite index.

Definition 8.5. Let G be a group and let H < G. We denote by xy € 2C the char-
acteristic function of H and we say that G has the special symbol property relative
to H if the subshift G - yg € 8(2©) is sofic. We say that G has the special symbol
property if G has the special symbol property relative to the trivial subgroup.

We note that the point xp is isolated in G - xy because it is the only point in its
orbit which belongs to the open set {x € 20 : x(15) = 1}. Its stabilizer is equal
to H and therefore it is recurrent iff H is infinite.

The special symbol property (in its non-relative version) was introduced by
Dahmani and Yaman in [DY]; the equivalent formulation that we use here comes
from [ABS]. It was proved in [DY] that hyperbolic groups have the special symbol
property and that it is stable under group extensions. All groups that have the
special symbol property are finitely generated.

The following gives a simple criterion for the non-existence of a dense conju-
gacy class in E(G), which applies, for example, to the free group.

Proposition 8.6. Let G be a countable group and let Hy, Hy be two infinite subgroups
of G such that:

o G has the special symbol property relative to Hy and to Hp;

e forevery ¢ € G, gH1g ' N Hy is finite.
Then there is no dense conjugacy class in Eu(G).

Proof. Let y; = xp, for i = 1,2. We verify that Theorem 8.2 (ii) fails. We let
mi: X; — G- y; witness the soficity of G -y;, where X; is an SFT. Consider the
set ni_l({yl-}) C X;. Itis closed and Hj-invariant and, as H; is infinite, it must
contain a recurrent point x;. Let p; be a pattern which occurs in x; and such
that if p; occurs in x/, then 7;(x!) € G- y;, and in particular, 77;(x}) is isolated
(here we use that y; is isolated in G-y;). Now X;, x;, p; witness the hypothe-
sis of Theorem 8.2 (ii). On the other hand, if p; occurs in x/ for i = 1,2, then
Ret (x/, ;1 ({7;(x!)})) is equal to the stabilizer of 7t;(x!), which is a conjugate of
H;. As the intersection of a conjugate of H; and a conjugate of Hj is always finite
by hypothesis, we conclude that (x}, x}) cannot be recurrent. O

Lemma 8.7. Let G be a free group with a free finite generating set So and let 59 € So.
Then G has the special symbol property relative to (sg).

Proof. Let S = Sy U 50_1 and let A be the alphabet S LI {x}. We let X € 8(A®) be
the SFT with defining window S U {15} and the following rules for patterns p. If
p(lg) = *, then p(sy) = p(sgl) = xand p(s) = s for all s € S\{so,sgl}. For
s,t €S,if p(1g) =sand s # t~1, then p(t) = ¢.

Let m: A — {0,1} be given by 7t(x) = 1 and 7t(s) = 0 for s € S. Denote
by T1: AG — 2C the corresponding factor map. Let xg € A® be defined by:
xo(g) = = if ¢ € (so) and x((g) is equal to the last letter of g otherwise, and note
that I1(xg) = x(s,)- The following are easy to check:

e xg€X;
e forevery x € X and g € G, if x(g) = *, then x(gsf}) = x forall n € Z;
e forevery x € X, if x(g) = x(h) = %, then g(so) = h(so).
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It follows from these three properties that IT[X] = G - x(y), which implies that
the latter subshift is sofic. O

Theorem 8.8. Let G be a non-abelian, finitely generated free group. Then there is no
dense conjugacy class in Eq(G).

Proof. This follows from Lemma 8.7 and Theorem 8.2 applied to the subgroups
(s1), (s2), where sq,s; are distinct members of a free generating set of G. O

Next we give a different sufficient condition for the non-existence of a dense
conjugacy class in E¢(G) that applies to some group extensions.

Lemma 8.9. Let G be a group and let H < G be finitely generated. If G/H has the
special symbol property, then G has the special symbol property relative to H.

Proof. Let X C AS/H be an SFT that witnesses the soficity of (G/H) - x (1,5} Via

amap AG/H — 26/H induced from a map 7: A — {0,1}. Define the embedding
1 AG/H — AG by 1(x)(g) = x(gH) and let X’ = ([X]. It is clear that the map
AG — 26 induced by 7t sends X’ onto G - xy, so we only have to check that X’
is an SFT. This follows from the fact that H is finitely generated: we just have to
copy the rules for X (using arbitrary representatives of the cosets) and add the
rules that x(s) = x(1g) for all and all s from a finite generating set for H, thus
ensuring that all x € X are constant on H-cosets. O

The following fact is a relativized version of [DY, Proposition 4.2].

Proposition 8.10. Assume that K < H < G are finitely generated groups such that H
has the special symbol property relative to K and the quotient G / H has the special symbol
property. Then G has the special symbol property relative to K.

Proof. Let Xy C Al be an SFT that witnesses the soficity of H- xx via a map
(O A{I — 2" induced from a map ¢1: A; — {0,1}. Let E; be a finite defining
window for X;; we may assume that E; generates H and contains 1¢.

Similarly, let X, C Ag /H be an SFT witnessing the soficity of (G/H) - x (o)}

via a map y: AE/H — 26/H induced from a map ¢,: Ay — {0,1}. Let E, be
a finite defining window for X, which generates G/H and contains 15,5 = H.
We pick a map r: E; — G such that r(H) = 1; and for every e € Ej, one has
e=r(e)H.

We set B = A; x Ap and denote by &1, ay the coordinate projections. Consider
the SFT Z C B, with defining window {gh : ¢ € r[Ey], h € E;} for which a
pattern p is allowed iff it satisfies the following conditions:

e For every g € r[Ep], the pattern h +— &y o p(gh) (with support equal to
E;) is an allowed pattern for X;. This ensures that for any z € Z and any
g € G the map h — a; o z(gh) belongs to Xj.

e For every h € E1, ap o p(h) = az 0 p(1g). This implies that for any z € Z
the map gH — ap 0 z(g) is well-defined.

e The pattern f — ay o p(r(f)) (with support E) is an allowed pattern for
X5. Along with the previous condition, this guarantees that for all z € Z
and all ¢ € G the map gH — ap 0 z(g) is an element of X;.

We define ¢: B — {0,1} by ¢(a1,a2) = ¢1(a1)¢p2(a2) and denote by &: B¢ —
2€ the associated factor map. We now prove that ®[Z] = G - xk.

Choose x1 € Xj such that ®1(x1) = xk and x € X such that ®>(x2) = x1.,,,-
Let S C G be a transversal for the H-cosets of G which contains 15 and define
z € BC by setting

aq 0z(sh) = x1(h) and ay 0 z(sh) = xp(sH) foralls € S,h € H.
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It is straightforward to check that z € Z and ®(z) = xk.

Finally, we prove that ®[Z] C G- xk. Pick z € Z. Since gH +— ap 0 z(gH) be-
longs to Xj, there is at most one H-coset on which ®(z) is non-zero. If ®(z)
is the constant 0, necessarily 0 must belong to H - xyx in 2 or 0 belongs to
(G/H) - X{15,}- hence K has infinite index in G and 0 belongs to G - xx in 26,
We are left with the case where there exists a unique coset ¢H on which ®(z)
is not identically 0. Since h + a3 0z(gh) € X1, h — ®(g~' - z)(h) belongs to
the closure of H - xx in 2/, Since ¢! - ®(z) is equal to 0 on all H-cosets other
than H, it follows that ¢~! - ®(z) belongs to the closure of H - xx in 2C. Hence
CD(Z) €G- xk. O
Proposition 8.11. Let G be a group and let H < G satisfy the following conditions:

o H is normal, finitely generated, infinite, and of infinite index;
o H and G/H have the special symbol property.
Then there is no dense conjugacy class in Eq(G).

Proof. We check the failure of Theorem 8.2 (ii). First, using Lemma 8.9, as in the
proof of Proposition 8.6, we find an SFT X; € S(AY¥), a recurrent point x; € X3
and a pattern p; which occurs in x7 such that for all x| € Xj in which p; occurs,
there is an open set U; such that Ret(x], Uy) is a subset of a conjugate of H. As
H is normal, we can replace this by simply

(8.3) Ret(x}, U;) C H.
Next let Y = H - xq,,) and let X, be an SFT witnessing the soficity of Y. Let

Y and X, be the corresponding subshifts co-induced to G and recall that X, is an
SFT. The subshift Y has a simple description: it contains all § € 2¢ which have
at most one occurrence of the symbol 1 in each left H-coset. Let 7z: X, — Y be
the map co-induced from X, — Y. Let p, be a pattern occurring in X, such that
if p» occurs in ¥ € Xy, then 1 occurs in 7(%). By the remarks before Lemma 7.1
and Proposition 7.3, X, is perfect and transitive, so recurrent points are dense,
and in particular, there exists a recurrent point £, € X, in which p2 occurs. Now
let ¥} be any point in X, in which p, occurs. Then there exists ¢ € G such that
(%) (g) =1. Let Up = A~ 1 ({§ € Y : #(g) = 1}). We claim that

(8.4) Ret(fﬁ, Uz) NH= {1(;}.

Indeed, let i € H be such that h- %, € Up. Then 7(%,)(h 'g) = 1. However,
7t(%5)(g) = 1 and there is at most one occurrence of 1 in each right H-coset (as H
is normal, left and right cosets coincide). This implies that 1 = 1.

Combining (8.3) and (8.4), we see that whenever p; occurs in x} and p, occurs
in X}, the point (x}, £,) cannot be recurrent, which concludes the proof. O

Theorem 8.12. Let G be a virtually polycyclic, infinite group. Then there is a dense
conjugacy class in E(G) iff G is virtually cyclic.

Proof. One direction follows from the fact that Z¢(Z) has a dense conjugacy class
(see [H1]) and Proposition 8.4.

For the other, note that, by [DY, Proposition 4.2], virtually polycyclic groups
have the special symbol property. By [S, p. 16, Lemma 6], there exists a short
exact sequence

1572 5G—>Q—1

with d > 1. We have two cases. If Q is infinite, then we are done by Proposi-
tion 8.11. So assume that Q is finite. As G is not virtually cyclic, we have that
d>2 Leta=(1,0,...) € Z%and let {ay, ..., a,_1} C Z% be the (finite) conjugacy
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class of a in G. As d > 2, Z is not the union of finitely many cyclic subgroups,
so there exists b € Z¢ which does not belong to ;. ,(a;). We claim that the sub-
groups (a) and (b) of G satisfy the hypotheses of Proposition 8.6, which allows
us to conclude. First, by Lemma 8.9, Z% has the special symbol property relative
to both (a) and (b) and, by Proposition 8.10, so does G. Second, (b) N (a;) = {1}
for all i because 4; is the image of a by an automorphism of Z?, so if b* = a?* for
some k,n € Z, then k|n and b € (a;), contradicting the choice of b. O

APPENDIX A. ToPOLOGICAL FRAISSE CLASSES

The classical Fraissé theorem ensures that every countable amalgamation class
JF has a Fraissé limit, i.e., a homogeneous structure with age J. It is well-known
that the isomorphism class of this Fraissé limit is comeager in the space of all
countable structures with age included in F (in an appropriate Polish topology).
Here, we establish a criterion for the existence of a comeager isomorphism class
in the case where J is no longer countable but is equipped with a natural Polish
topology. The theorem below is inspired by the classical results about model-
theoretic forcing and atomic models, however, it differs in two important points.
First, we do not assume compactness, and second, we work exclusively with
quantifier-free types. The lack of compactness assumption is important because
the spaces of minimal subshifts, to which we apply the theorem, are not compact.
A version of this criterion for general Cantor actions was proved in [D].

We quickly recall some definitions from model theory. A language £ is a collec-
tion of function and relation symbols, together with their arities. An £-structure
is a set equipped with interpretations for the £-symbols. A term is an expression
using variables and function symbols. An atomic formula ¢ is an expression of the
form R(ty,...,tx_1), where R is a relation symbol of arity k and fo,...,t_1 are
terms. A quantifier-free formula (or simply a formula in the sequel) is a Boolean
combination of atomic formulas. If ¢ is a formula and x is a set of variables, we
will write ¢(x) to mean that all variables that appear in ¢ are in x. Two formu-
las ¢1(x) and ¢, (x) are equivalent if for all L-structures M and tuples a € M?*,
M E ¢1(a) <= M |= ¢p(a). Formulas in the variables x modulo equivalence
form a Boolean algebra and the compact space of ultrafilters of this algebra, de-
noted by S (L), is called the space of quantifier-free L-types (which we will call
simply fypes in what follows). A type in Sy(£) can be viewed as an isomorphism
type of an L-structure with generators x. A type p € Sy(£) satisfies a formula
¢(x) (in symbols: p |= ¢) if ¢ € p. A clopen basis of the topology on Sy (L) is
given by sets of the form

[¢] = {p €S:(£) : p = ¢}
If M is an L-structure and a € M¥, the type of a, denoted by tp 4, is the element of
Sx(£L) defined by

tpal=¢ < M =¢(a), forall formulas ¢(x).

If £ is countable, the type spaces are Polish. If f(x) is a y-tuple of terms, then
there is a natural projection 71;: Sy(£) — S,(£) defined by

m(p) F ¢y) <= p = ¢(tx)
We will use this most often when y C x and ¢ is the inclusion map, and then we
will denote the projection by 7.

Let £ be a countable language. A hereditary L-class J is a collection of non-
empty subsets Sy(F) C Sy(£), for all finite x, such that for all x, y, all y-tuples
of terms t(x), and all p € S(F), we have that 71;(p) € Sy(F). If u is a countable
set of variables, we will denote by S, (F) the collection of types p € S, (£) such
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that 7ty (p) € Sx(¥) for all finite x C u. A model of F is an L-structure M such
that tpa € Sy(F) for all finite x and a € M*. Every type p € Sy(F) defines a
structure generated by x, which is a model of F. In the case where the sets Sy (F)
are Borel (which is the case which will interest us), a hereditary class is given by a
universal Ly, (£)-theory. For a formula ¢(x), we will denote [¢] 5 := [¢] N Sx(F).
A formula ¢(x) is consistent with F if [¢] 5 is non-empty.

Definition A.1. Let £ be a countable language and let F be a hereditary £L-class.
We will say that J is a topological Fraissé class if the following conditions are satis-
fied:

(i) F has the amalgamation property: for all disjoint sets of variables x, 1,12,
and all p € Sy(F), 1 € Sxy, (F), 92 € Sy, (F) with 71(q1) = 7x(92) = p,
there exists s € Syy,y, (F) with 7y, (s) = g1, 7Txy, (s) = q2. (Here, as usual,
xy1 is a shortcut for x Uy, etc.)

(ii) For all finite x, Sx(F) is a G5 subset of S, (£) (and therefore a Polish space).

(iii) For all finite x C y and all open U C S, (JF), the set 7, [U] is Fy in Sy (7).

Remark A.2. In condition (i) above, we allow x = @, so the amalgamation property
includes the joint embedding property. For a classical Fraissé class, one also
requires that each Sy () is countable. Each classical Fraissé class can be made into
a topological one by modifying the language, so that each Sy (F) becomes discrete.
Finally, condition (iii) is automatically satisfied if 7ty is open or closed, but also in
other situations. In particular, if J is given by a universal, first-order theory (i.e.,
a collection of finitary forbidden configurations) then Sy(¥) is compact and the
only remaining condition is amalgamation.

The notion of an existentially closed model is inspired from algebra and is key
in Robinson’s theory of model-theoretic forcing.

Definition A.3. Let F be a topological Fraissé class. A model M |= F is ex-
istentially closed if for all formulas ¢(x,y) and a € M?*, if there exist N D M,
N = F, and b € NY such that N |= ¢(a,b), then there exists b’ € MY such that
M= ¢(a,b').

The following proposition summarizes some of the basic properties of existen-
tially closed models.

Proposition A.4. Let F be a topological Fraissé class. Then:

(i) Let M |=F, a € M*, and q € Syy(F) be such that a |= 1,(q). Then there exist
NDOM,N |=5,and b € NY such that (a,b) = q.

(ii) A model M is existentially closed iff for every formula ¢(x,y), for every a € MY,
and every q € Syy(F) such that 7ty(q) = tp(a) and q = ¢, there exists b € MY
satisfying M |= ¢(a, b).

(iii) Every model of F embeds into an existentially closed one.

Proof. (i) This follows from repeated amalgamation and the fact that models of F
are closed under unions of chains.

(ii) Suppose that M is existentially closed and let 4,4, and ¢ be given. By (i),
there is a model N O M and b € NY with (a,b) |= q. Now by the fact that M is
existentially closed, we have that there is b’ € MY with M = ¢(a,b’). The other
direction is obvious.

(iii) This follows by a standard argument from (i), (ii), and taking unions of
chains. 0
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Next we turn to different ways to code models of F as elements of a Polish
space. Let u be a countable set of variables. Define

(A1) Eg(L) ={¢ €Su(L): for every finite x C u and function symbol F(x),
there exists v € u ¢ = F(x) = v}.

Every ¢ € Eg(L) defines an L-structure as follows. Let 2 € M" be a realization
of ¢ (where M is arbitrary). Then {a(v) : v € u} is a substructure of M whose
isomorphism class depends only on ¢ and which we denote by M. We let

EO(?) = EO(L) N Su(g:)/

so that each element of E(F) codes a model of F. We note that if F is a topological
Fraissé class, then Eg(F) is a G subset of S, (£) and therefore a Polish space. In
an abstract setting, the elements of Ey(F) are perhaps the most natural way to
code models of F. However, in concrete situations, sometimes different codings
are desirable. The framework we propose below is quite flexible and includes
most codings that appear in the literature.

Definition A.5. Let J be a topological Fraissé class. We will say that a set & C
Eo(F) is an admissible coding for models of F if the following conditions are satisfied:
(i) Eis a non-empty Gy subset of Eo(F).
(ii) For every finite x C u, 714[E] is an open subset of S, (F).
(iii) If x C u is finite, y is a finite set of variables, and ¢(x) and ¢(x,y) are
formulas such that [¢]5 C 7y[E] and ¢(x) A p(x,y) is consistent, then
there is { € E and i’ C u with |y'| = |y| such that ¢ = ¢(x) A p(x,y/).

The following is clear.
Lemma A.6. Let F be a topological Fraissé class. Then E = Eo(F) is an admissible
coding.
For an admissible coding &, we denote
Eec = {& € E : Mg is existentially closed}.

Note that we do not require that the models coded by & meet every isomor-
phism class. However, it follows from the following proposition that there are
many existentially closed models in E.

Proposition A.7. Let J be a topological Fraissé class. If B is an admissible coding for
models of &, then Eec is a dense G5 subset of E.

Proof. By Proposition A .4 (ii), we have that

£ € Bee = Vx CuVp(x,y)(3q € [9ls (&) = mx(q))
— Iy Cuikpxy).

This condition is G5 because the left side of the implication can be rewritten as

Nx(g) € nx[[[gb]]?]r
which is an F; set by condition (iii) in Definition A.1. To verify density, by the
Baire category theorem, it suffices to check that for fixed ¢ and x, the set of { € &
satisfying the implication is dense. Let z C u be finite and let ¢(x, z) be a formula
such that [¢] N E is non-empty. Let {p € [¢] N E. We may assume that there
is g € [¢]5 with 71x(Eo) = 7mx(q) (otherwise (y satisfies the implication). By
Definition A.5 (ii), we may also assume that [¢]5 C 7my;[E]. By amalgamation,
the formula ¢(x,z) A ¢(x,y) is consistent, so by Definition A.5 (iii), there is { € &
and ¥’ C usuch that & = ¢(x,z) Ap(x,y'). O
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Definition A.8. Let F be a hereditary £L-class. A type p € Sy(¥) is called isolated
if p is an isolated point in S,(F) (in the relative topology). It is called projec-
tively isolated if there exists a set of variables y and a formula ¢(x,y) such that
e [[¢]5] = {p}. In that case, we will say that ¢ isolates p. A model M = F
is called projectively atomic if for all finite x and all 2 € M¥, tpa is projectively
isolated in S (F).

We recall that a model M is homogeneous if for all n and a,b € M" with tpa =
tp b, there exists an automorphism f of M such that f(a) = b.

In classical model theory (where formulas are allowed to have quantifiers), the
type projection maps 71, are open and being projectively isolated is equivalent to
being isolated. In that case, it follows from the omitting types theorem that the
generic model (if it exists) is the atomic one, that is, the model that only realizes
isolated types. Moreover, atomic models are always homogeneous. The following
theorem can be considered a generalization of these facts to the quantifier-free
setting. Being existentially closed provides a sufficient “quantifier elimination”
condition.

Theorem A.9. Let £ be a countable language, let F be a topological Fraissé L-class, and
let B be an admissible coding for models of F. Then:
(i) An existentially closed, projectively atomic model of F exists iff the projectively
isolated types are dense in Sx(F) for every x.
(ii) If it exists, the existentially closed, projectively atomic model of F is unique up to
isomorphism and it is homogeneous.
(iii) Let My [= F. The following are equivalent:
o M)y is existentially closed, projectively atomic;
o {{€E: M= My} is dense G; in E;
o {{ €&: M= My} is non-meager in Z.

Proof. (ii) Let M; and M, be existentially closed, projectively atomic. We will
show that
{(a,b) e M| x M} :tpa=tpb}, neN

is a back-and-forth system, thus proving both statements simultaneously. Sup-
pose thata € M{, b € M3, tpa = tpb, and let c € M;. As tpac is projectively
isolated, there is a formula ¢(x, y, z) such that for every q |= ¢, 71, (q) = tpac. As
M, is existentially closed, by Proposition A 4 (ii), there are d € M, d’ € Mj such
that M, = ¢(b,d,d"). Then tp bd = tp ac and we are done.

The direction from left to right of (i) follows from the fact that the types real-
ized in any existentially closed model are dense (because of Proposition A.4 (ii)
applied to x = @). For the other direction and the first implication of (iii), we will
show that if projectively isolated types are dense, then the set of ¢ such that M;
is existentially closed, projectively atomic is dense Gs;. For existentially closed,
this is given by Proposition A.7. To complete the proof using the Baire category
theorem, it suffices to check that for every finite x C u, the set
(A.2) {€ € Bec : 71() is projectively isolated }
is open dense in E¢. To see that it is open, let ¢y belong to this set and let ¢(x,y)
be a formula that isolates 71,(5p). As Mg, is existentially closed, there exists
y' C uwith |y/| = |y| such that &y = ¢(x,y’). Then every ¢ satisfying & = ¢(x, 1)
belongs to the set (A.2). We finally check that the set (A.2) is dense. Let y C u
and let ¢(x,y) be a formula such that [¢] N E is non-empty. By Definition A.5
(ii), we may assume that [¢]g C 7y, (E). Let g € [¢]5 be projectively isolated
and let ¢(x,y,z) be a formula that isolates q. Then, in particular, ¢(x,y,z) implies
¢(x,y). By Definition A5 (iii), there is z’ C u with |z/| = |z| and ¢ € E such that
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& E ¢(x,y,2'). By Proposition A.7, we may also assume that ¢ € Zec. Then 71 (¢)
is projectively isolated and ¢ € [¢] N Eec.

The second implication of (iii) being trivial, we prove the third. It follows from
Proposition A.7 that M is existentially closed. We will show that if x C u is finite
and p € Sy(¥) is not projectively isolated, then the closed set

{eB:mx(C) = p}
is nowhere dense in E. Suppose to the contrary that it has non-empty interior.
Then there exist y C u and a formula ¢(x,y) such that Z N [¢] # @ and for all
& € EN[¢], mx(&) = p. By Definition A 5 (ii), we may assume that [¢]5 C 71y, [E].
We claim that ¢ isolates p. Indeed, let 4 € [¢]5. Then there exists { € E with
Txy(¢) = q and it follows that 71,(q) = 71x(¢) = p. This is a contradiction.

The same argument shows that for any z C u with |z| = |x|, the set { € E :
72,x(§) = p} is nowhere dense. Thus the set {¢ € & : Mg realizes p} is meager
and it follows that My does not realize p. As this is true for all non-projectively
isolated p, we conclude that My is projectively atomic. O

Corollary A.10. Let F be a topological Fraissé class and let Z be an admissible coding
for models of F. Then the following are equivalent:

(i) The set & admits a comeager isomorphism class;
(ii) The set of projectively isolated types in Sy (F) is dense for every x.

Corollary A.11. Let F be a topological Fraissé class. If the projectively isolated types are
dense, then they form a classical Fraissé class and their Fraissé limit is the projectively
atomic model of F.

Proof. 1t is clear that the set of projectively isolated types is countable (as there
are only countably many formulas) and they form an amalgamation class by the
classical Fraissé theorem (as the projectively atomic model is homogeneous). [

Example A.12 (Admissible codings and expansions). A common way to code struc-
tures is as expansions of a fixed infinite homogeneous structure My. Let £ be the
language of My and let ) be its age. Assume that S,(F) is discrete for every
finite x. Let £ O £y and let J be a topological Fraissé class with the property that
every type in Sy (&) can be realized in a model whose £y-reduct is isomorphic to
M. Let u be a countable set of variables and let c € M{ be a tuple that bijectively
enumerates My. Then

E={0€E():Cle, =tpc}
is an admissible coding for F. Via the bijection ¢, we can think of the variables u
as indexed by Mj. Then the group Aut(Mj) acts on E by permuting the variables
and its orbits are exactly the isomorphism classes.
The simplest special case of this is where £ is the language consisting only
of equality and My is an infinite set. Then E is the collection of all bijective
enumerations of models of F and it is equipped with an Se.-action.

We conclude the appendix with two concrete examples.

A.1. Groups. Let £ be the language of groups, containing function symbols for
multiplication, inverse, and the identity, and let F be the hereditary class given
by the (universal, first-order) theory of groups. Then Sy (&) is the compact space
of marked groups with generators x. The class I has the amalgamation property
by the construction of free product with amalgamation. Also, the maps 7, are
closed (because Sy (¥) is compact), so F is a topological Fraissé class.

The following characterization of projectively isolated groups is essentially due
to Rips and it is based on a theorem of Boone and Higman which states that every
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finitely generated group with a solvable word problem embeds into a simple
subgroup of a finitely presented group.

Proposition A.13 (Rips). Let G be a finitely generated marked group (that is, an element
of Sx(F) for some finite x). The following are equivalent:

(i) G is projectively isolated;

(if) G has a solvable word problem.

Proof. This follows from the proof of the main theorem of [R]. One only needs to
observe that the formula P(%) that isolates G can be taken to be existential. [

Miller IIT [M] has constructed a finitely presented group Gy = (x) such that
all of its non-trivial quotients have an unsolvable word problem. Thus the set of
quotients of Gy forms a non-empty open neighborhood in Sy(F) which contains
no projectively isolated group. (This example has already been used in [dCGP]
to show that isolated groups are not dense.) Applying Corollary A.10, we re-
cover the result of [GKEL] that there is no generic isomorphism class in the space
of countable groups. The proof of [GKEL] uses the construction of [M]; this is
perhaps not surprising, as both Proposition A.13 and Corollary A.10 are equiva-
lences, so computability theory seems intrinsic to the problem. Similar questions
were also considered by Ivanov and Majcher in [IM].

A.2. G-sets. Let G be a fixed countable group and let £ be the language consist-
ing of unary function symbols for each element of G. Let J be the hereditary class
given by the (universal, first-order) theory that says that the function symbols are
interpreted by bijections that compose according to the law of G. The models of
J are the G-sets. The type of a singleton a is determined by the stabilizer of 2 in G
and one can identify the type space S;(F) with the compact space Sub(G) of sub-
groups of G. The amalgamation property is easy to check. The projection maps
Tty are open, so a type is projectively isolated iff it is isolated. Finally, it is easy
to see that a type p € Sy(7) is isolated iff 7, (p) is isolated for all y C x, |y| = 1.
Combining all of this with Corollary A.10, we recover the result of [GKM] that
the group G admits a generic action iff isolated subgroups are dense in Sub(G).
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