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Abstract. We show that many countable groups acting on trees, including free prod-
ucts of infinitely countable groups and surface groups, are isomorphic to dense subgroups
of isometry groups of bounded Urysohn spaces. This extends previous results of the first
and the last authors with Y. Stalder on dense subgroups of the automorphism group of the
random graph. In the unbounded case, we also show that every free product of infinitely
countable groups arises as a dense subgroup of the isometry group of the rational Urysohn
space.
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1. Introduction. There is an extensive, and still growing, literature
concerning countable groups G admitting faithful actions on N which are
highly transitive, that is, such that for any partial bijection o with finite
domain there exists g € G such that g - = o(z) for all x € domo. Such
groups are called highly transitive groups. It is clear that the group &,
consisting of finitely supported bijections of N is highly transitive. For a
finitely generated example, one can consider the group of permutations of Z
which are translations up to a finite set, or more generally Houghton groups.

The first explicit examples of highly transitive non-amenable groups are
the free groups F,, for 2 < n < +o00, as was shown in 1976 by T. P. Mc-
Donough [McD77] (see also the work of J. D. Dixon [Dix90]). The case of
a general free product was studied by A. M. W. Glass and S. H. McCleary
[GM91] and later settled by S. V. Gunhouse [Gun92| and independently by
K. K. Hickin [Hic92]: a free product I' = I} * Iy of two non-trivial count-
able groups I, ¢ = 1,2, is highly transitive if and only if I" is i.c.c.
which is equivalent to asking that at least one the I; has cardinal at least 3.
In the last few years, many new examples of highly transitive groups have
been discovered: non-elementary hyperbolic groups with trivial finite radical
(V. V. Chaynikov [Chal2|), surface groups (D. Kitroser [Kit12]), Out(Fy,)
for n > 4 (S. Garian and Y. Glasner [GG13|), many groups acting on trees
(P. Fima, S. Moon and Y. Stalder [FMSI5]), and finally, acylindrically hy-
perbolic group with trivial finite radical (M. Hull and D. Osin [HO16]).

Note that the class of highly transitive countable groups consists of all
countable groups which are isomorphic to a dense subgroup of &, the group of
all permutations of N. It makes sense to ask a similar question for other groups.

QUESTION. Given a Polish group G, what can be said about the class of
all its countable dense subgroups?

This question is particularly interesting when G is the isometry group
of a homogeneous countable metric space, i.e. a countable metric space with
the property that any partial isometry with finite domain extends to a global
isometry. Indeed, if (X, d) is a countable homogeneous metric space, then a
countable subgroup I" of Iso(X) is dense @ if and only if its natural action
on X satisfies the following definition.

DEFINITION 1.1. An action of a countable group I" on a homogeneous
metric space (X, d) is called homogeneous if every partial isometry of X with
finite domain extends to an element of I'.

(*) A group is i.c.c. (infinite conjugacy classes) when all the conjugacy classes of
nonidentity elements are infinite.

(?) Note that since X is countable, Iso(X) is endowed with the topology of pointwise
convergence, if X is viewed as a discrete space.
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If (X,d) is a homogeneous metric space, we denote by H(X) the class
of all countable groups which admit a faithful homogeneous isometric action
on X . Note that the set N endowed with the discrete metric is a homogeneous
metric space, and its isometry group is G, so H(N) denotes the class of
highly transitive groups. In this paper, we are studying the class H(X) where
X is one of the countable Urysohn spaces.

To define countable Urysohn spaces, one first fixes a countable set S C
[0, +00], containing 0, and considers the class of all S-metric spaces, that
is, the class of all metric spaces whose distances take values in S. Under a
suitable assumption on S (see the next section), there exists a generic object
in this class, which is characterized as being the unique S-metric space which
contains an isometric copy of each finite S-metric space (universality), and
such that any isometry between finite subsets extends to the whole space
(ultrahomogeneity). We call this space the S-Urysohn space (when S = Q,
this space was built by Urysohn in the seminal paper [Ury27]) and denote
it by Ug. For instance, when S = {0,1}, Ug is simply a countable infinite
set with the discrete metric; for S = {0, 1,2}, Us may be identified with
Erdés—Rado’s random graph R equipped with the path metric.

Little is known about the class H(R). It contains Fy (H. D. Macpher-
son [Mac86]), a locally finite group (M. Bhattacharjee and H. D. Macpher-
son [BMO05]), many groups acting on trees such as free products of any two
infinite countable groups (P. Fima, S. Moon and Y. Stalder [FMS16]). A re-
sult of S. Solecki (a proof appears in a paper by C. Rosendal [Ros11]) implies
that the class H(Ug) always contains a locally finite group. Our main result
relies on the following notion, which was introduced in [FMS15].

DEFINITION 1.2. A subgroup X of a countable group I is highly core-free
if whenever F' is a finite subset of I, we may find « € I" such that the map

YXF =T, (of) —ovf,
is injective and its range Yy F' is disjoint from F'.

Easy examples of highly core-free subgroups are provided by the trivial
group and any finite subgroup of an i.c.c. group.

THEOREM A (see Thm. . Let I' be a countable group acting on a
non-trivial tree T . If each edge stabilizer is highly core-free in the two corre-
sponding vertex stabilizers, then I' € H(Ug) for all bounded distance sets S.

COROLLARY B (see Cor. and Cor.[5.2). Let S be a bounded distance
set and 11,15, H be countably infinite groups with a common subgroup X.
Let also 0: X — H be an injective group homomorphism. Then:

(1) If X is highly core-free in both I'y, Iy then I'y xx Iy € H(Ug). In partic-
ular:
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(a) For any infinite countable groups I'1, > one has Iy x I'y € H(Ug).
(b) If Sy is a closed, orientable surface of genus g > 1, we have
71'1(89) S H(Us).

(2) If X and 0(X) are both highly core-free in H then HNN(H, X, 60) €
H(Ug).

We also study unbounded Urysohn spaces, for instance when S = Q™.
In that case, we obtain the following result (see Corollary [7.10)).

THEOREM C. For any infinite countable groups It and Iy one has
InxIy e H(UQ+).

The method of proof finds its roots in a paper of Dixon [Dix90|, and is
an adaptation to the context of S-Urysohn spaces of techniques of P. Fima,
S. Moon and Y. Stalder [MS13l, EMS15|, [FMS16|. Let us describe briefly the
argument in the case of a free product of infinite groups I" * A. First, one
proves that any countable group admits a “sufficiently free” and “sufficiently
rich” action on Ug (notions that are made clear below; this is easier to do
in the case when S is bounded, explaining why we have stronger results
in that case). Then one uses a Baire category argument: start from two
sufficiently free, sufficiently rich actions 71, my of I', A respectively. Then, for
any a € Iso(Ug), one can consider the action 7, of I'x A which coincides with
71 on I' and with amea™! on A; we then prove that {a: 7, is faithful} and
{a: mo(I'xA) is dense} are both dense G in Iso(Ug), thus the intersection O
of these two sets is non-empty; and for any a € O the subgroup 7, (I" * A)
is dense in Iso(Ug) and isomorphic to I" x A.

When S is bounded, this basic strategy can be employed, with some
technical modifications, to cover the case of amalgamated free products over
highly core-free subgroups, and thus surface groups, as well as the case of
free products where one of the factors is finite and the other infinite. Unfor-
tunately, while the basic structure and underlying ideas are the same in all
these proofs, technical aspects involving the triangle inequality differ, forcing
us to write down several times some very similar arguments.

Looking at the results discussed above, one question in particular begs
to be answered: what happens to the class H(Ug) when S varies? Do these
classes all coincide, can there be non-trivial inclusions, etc.? This question
remains largely open; however, we do manage to establish in the last section
the following result.

THEOREM D (see Thm.8.1)). The group S(0) 0f all finitary permutations
of N does not belong to H(Ug) unless |S| = 2, that is, unless Iso(Ug) = S .

Finally, consider the Urysohn space (U, d) which can be obtained as the
metric completion of Ug+. Then Iso(U) is a Polish group for the topology
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of pointwise convergence induced by the metric d, and a result of Cameron—
Vershik implies that Iso(Ug+) is a dense subgroup of Iso(U) [CV06]. Theo-
rem [C] thus shows that every free product of infinite countable groups can be
densely embedded in Iso(U). It is however unclear whether every countable
dense subgroup of Iso(U) belongs to the class H(Ug+ ). The same question
can be asked in the bounded case.

The paper is organized as follows: We first introduce some basic facts
about group actions on metric spaces, and develop the machinery we need to
deal with the bounded case. We then establish the theorems mentioned above
in that case. Once that work is completed, we turn to the unbounded case.
While similar in spirit, this case requires some additional work, including
the construction of some isometric actions of countable groups on countable
metric spaces with interesting combinatorial properties. Finally, we prove
that &) does not belong to H(Ug) unless |S| = 2.

2. Preliminaries

DEFINITION 2.1. Consider a countable set S C [0, +o0[ containing 0 and
at least one other element. We say that S is an unbounded distance set if S
is a subsemigroup of the additive semigroup [0, 4+o0c[, meaning that for all
s,t € S we have s+t € S.
We say that S is a bounded distance set if S has a maximum M =
max(.S) > 0 with
Vs,t € S, min(s+t, M) € S.

Given a bounded or unbounded distance set .S, we say that a metric space
(X,d) is an S-metric space if the metric d takes values in S.

EXAMPLE 2.2. Every graph can be viewed as a {0, 1,2}-metric space
by letting d(x,y) = 1 when there is an edge between z and y, d(z,y) = 0
if x =y and d(z,y) = 2 if + # y and there is no edge between = and y.
Conversely, every {0, 1, 2}-metric space can be seen as a graph equipped with
the above metric.

A map between two metric spaces (X,dx) and (Y,dy) is an isometry if
it is surjective and for all z1, x9 € X we have dy (f(z1), f(x2)) = dx(x1,x2).
We denote by Iso(X,dx) or simply Iso(X) the group of isometries X — X.

A partial isometry between X and Y is a map ¢: domp C X — rngp
C Y which is an isometry for the restrictions of dx and dy to the sets dom ¢
and rng ¢ respectively.

A partial isometry is finite if its domain is. We denote by P¢(X) the set
of finite partial isometries between X and X.

Throughout the paper, by A € X we mean A C X and A is finite.
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For any bounded or unbounded distance set S, the S-Urysohn space Ug
is the unique, up to isometry, countable S-valued metric space which has
the extension property: given a finite S-metric space (X,d), if (Y,d) is an-
other finite S-valued metric space containing (X, d), any isometric embed-
ding p: X — Ug extends to an isometric embedding p: Y — Ug.

The back-and-forth argument allows one to prove that if (X,dx) and
(Y, dy) are two countable S-metric spaces satisfying the extension property,
then any finite partial isometry ¢ : domy € X — rngy € Y extends to
an isometry X — Y. Applying this to the empty map, one sees that the
S-Urysohn space is indeed unique up to isometry.

Before tackling the case S = QN [0, +oo[, we will be focusing on bounded
metric spaces, since our constructions work best in the latter case. Thus we
make the following

CONVENTION. Until Section |7 we assume that S C [0,1] and 0,1 € S.
We thus have a bounded distance set S satisfying

(2.1) Vs,t €S, min(s+t,1) € S.

REMARK 2.3. We make the convention that our bounded S-metric spaces
have diameter at most 1 for the sake of simplicity. This does not affect the
strength of our results because we are interested in isometry groups, so the
results remain the same when multiplying the metric by a constant.

REMARK 2.4. The {0,1}-Urysohn space is the set N equipped with
the discrete metric. The {0,1/2,1}-Urysohn space is the random graph R
equipped with the metric discussed in Example The QN [0, 1]-Urysohn
space is called the rational Urysohn sphere.

2.1. Finitely supported extensions and amalgamation. We now
recall the construction of amalgamations of metric spaces and recast the
notion of finitely supported extension in this context. The material in this
section is standard.

Let (Y, d) be an S-metric space, suppose X is a subset of Y and let y € Y.
A subset F' C X is called a support for y over X if for all x € X, we have

d(w,y) = min(1, min(d(z. /) + d(/. ).

Observe that every subset containing F' is then also a support of y.

We say that a point y € Y is finitely supported over X if it has a fi-
nite support. Note that every element x of X is finitely supported with
support {x}.

We say that a metric space (Y,d) is a finitely supported extension of a
subset X if all its points are finitely supported over X.
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DEFINITION 2.5. Suppose (X1,d;) and (X2, d2) are two S-metric spaces,
such that A = X1 N Xy and djj4 = doja. Then we define the metric amalgam
of (X1,dy) and (X2, d2) over A as the set X; U X5 equipped with the metric d
which restricts to di on X; and dy and X9 and such that for all 1 € X7 and
all o € X5 we have

d(z1,22) = min(L 3g£(d1(x1,a) + d2(a7$2))>~

We denote the metric amalgam by (X1, d;) x4 (X2, dz2). Note that we allow
amalgamation over the empty set, in which case d(z1,2z2) = 1 for all z; € X;
and all 9 € X5. The fact that we have a well-behaved way of amalgamat-
ing S-metric spaces over the empty set is a notable difference between the
bounded case and the unbounded case.

REMARK 2.6. For X C (Y,d), a point y € Y is finitely supported over X
with a support F© € X if and only if X U {y} is the metric amalgam of
FU{y} and X over F.

It is not clear a priori when the metric amalgam of two S-metric spaces
is an S-metric space. However, this is the case when X; and X5 are finitely
supported over A.

PROPOSITION 2.7. Let (X1,d1) and (X2, d2) be two S-metric spaces which
are finitely supported extensions of a common metric subspace A = X1 N Xo.
Then the metric amalgam (X1,dy1) x4 (Xa,d2) is an S-metric space.

Moreover, if Fy is a support of x1 € X1 and Fy is a support of xo € Xa,
and infgea(di(x1, a) +da(a,x2)) < 1, then this infimum is a minimum which
1s attained both on Fy and Fy.

Proof. Pick 1 € X1, x9 € Xo. If d(x1,22) = 1 then this distance belongs
to .S, so we only have to deal with the case when

d(z1,22) = igf‘(dl(iffha) + da(a,z2)) < 1.

By symmetry, we only need to check that if F; € A is a support of z1, then
infaea(d(x1,a) + da(a, z2)) is attained on Fj.

By definition, for each a € A we have d(x1,a) =minscp, (d(z1, f)+d(f, a)).
So for each a € A there is f € F} such that

dl(xl, a) + dg(a,xg) = d1<1’1, f) + dl(f, a) + dg(a,xg).

But d; and dy coincide on A, so di(f,a) + da(a, x2) = do(f,a) + da(a, z2) >
da(f,x2). We conclude dy(z1,a) + da(a,xz2) > di(z1, f) + do(f, x2), so our
infimum is indeed a minimum attained on F}. =

We will also make use of the following fact.

LEMMA 2.8. Suppose (Y, d) is an S-metric space, X CY and y1,y2 € Y
are finitely supported over X, with supports Fy, Fa, and X U{y1,y2} is the
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metric amalgam of X U {y1} and X U {ya2} over X. Suppose moreover that
d(f1, f2) =1 for all f1 € Fy and all fo € Fy. Then d(y1,y2) = 1.

Proof. This follows from Proposition : Assume d(y1,y2) < 1. Then
there exists fi € Fy such that d(yi,y2) = d(y1, f1) + d(f1,y2), and by def-
inition of a support there exists fo € Fy such that d(fi,y2) = d(f1, f2) +
d(f2,y2). Hence d(f1, f2) < 1, contradicting the assumption of the lemma. =

The construction of metric amalgams makes sense with an arbitrary num-
ber of factors: when (Xj,d;);er is a family of S-metric spaces which are
finitely supported over A and for all ¢« # j we have A = X; N X; and
dija = dj;a then we can form the metric amalgam of (X;,d;);cr over A as
the set |J;c; Xi equipped with the metric d which coincides with d; when
restricted to X;, and such that for all i # j and all z; € X; and z; € X; we
have

d(a;,2;) = min(1, int (d(z;, @) + dj(a,,))).

Observe that when restricted to X; U X, the metric is the one of the met-
ric amalgam of X; and X; over A. Proposition then has the following
immediate corollary.

COROLLARY 2.9. Let (X;,d;)ier be a family of S-metric spaces such that
for all i # j we have A = X; N X; and d;ja = djja. Suppose that each X; is
finitely supported over A. Then the metric amalgam of (X;,d;)ier over A is
an S-metric space. w

2.2. S-Urysohn spaces and one-point extensions. Let us now see
how to build Ug, i.e. how to build a countable S-metric space with the
extension property using a slight variation of Katétov’s ideas [Kat88].

Given an S-metric space (X,d) and another S-metric space (Y, d) con-
taining X, we say that Y is a one-point extension of X if |[Y \ X| = 1.
A straightforward induction yields that Ug is characterized by the follow-
ing version of the extension property: for every one-point extension (Y,d)
of every finite S-metric space (X,d), any isometric embedding p: X — Ug
extends to an isometric embedding p: Y — Ug.

One-point extensions are completely determined by the distance to the
added point. Such distance functions can be characterized as the functions
f: X — S satisfying
(2.2)  |f(x1) — f(z2)] < d(z1,22) < f(z1) + f(z2) for all z1,29 € X.
The functions f: X — S satisfying the above condition are thus also called

one-point extensions of X, and we will often switch between the two points
of views.

DEFINITION 2.10. Whenever (X, d) is an S-metric space, we denote by
Es(X) the space of all finitely supported one-point extensions of X. By
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definition these are the functions f: X — S satisfying (2.2)) such that there
is F' € X satisfying, for all x € X,

() = min(1 min(f(y) + d(y. 2))).

Such a subset F' is called a support for f. Supports are not unique: any finite
set containing a support of f is a support of f.

Note that if F' € X, any one-point extension f of (F,d) extends to a
finitely supported one-point extension f of X defined by

fla) = min(l, min(f(y) + d(y, x)))-

This extension is called the Katétov extension of f, and may be viewed as
the metric amalgam of F'U {f} and X over F.

A key idea of the Katétov construction of the S-Urysohn space is that X
embeds isometrically into Eg(X) as the space of trivial one-point extensions,
i.e. extensions of the form & = d(z,-). We moreover have || f — Z||cc = f(x),
so Eg(X) contains as a metric subspace every finitely supported one-point
extension of X, and hence every one-point extension of every finite subset
of X. Also note that Eg(X) is countable if X was countable.

However the metric induced by ||-||cc on Es(X) is not the right one for
us because we want the one-point extensions to be as far from each other as
possible. The reason for this will become apparent when we construct for every
countable group an action on the S-Urysohn space which is as free as possible.

So for f,g € Eg(X) we define a new metric, still denoted by d, by setting

min (1. inf (/(2) +g(x))) i f #g.
zeX
if f=g.
Observe that d is the metric obtained by amalgamating all the finitely sup-
ported one-point extensions of (X, d) over X, which as a set is still Eg(X).
In particular, d is indeed a metric and takes values in S by Corollary
By construction, (X, d) is a metric subspace of (Eg(X),d).

One way of constructing the S-Urysohn space is now to start with an
arbitrary countable metric space (X,d), let Xo = X and then define by
induction X, 11 = Eg(X,). The metric space |J,cny Xn then satisfies the
one-point extension property by construction, and hence it is isometric to
the S-Urysohn space Ug. Moreover, the construction is equivariant in the
sense that if I" acts on X by isometries, then the action naturally extends to
Es(X) so that in the end we get a I'-action by isometries on Ug. In order to
make the action as free as possible, we will however need to further modify
this construction. Let us start by making clear what we mean by “as free as
possible”.

d(f,g) =
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2.3. Freeness notions for actions on metric spaces. Let I be a
countable group. If (X, d) is a metric space, we write I' ~ (X, d) if I" acts
on X by isometries. A ['-action by isometries on X is thus a group homo-
morphism I — Iso(X, d).

We will need the following three notions for an action I" ~ (X, d) where
X is an S-metric space.

DEFINITION 2.11. An action I' ~ (X, d) is mizing if for all z,y € X and
for all but finitely many v € I" we have d(yz,y) = 1.

Observe that if I" ~ (X, d) is mixing, then for any finite subset F' C X,
for all but finitely many v € I" we have d(vyx,y) = 1 for all z,y € F. Also
note that the action of any finite group is mixing. Finally, if I" ~ (X, d) is
mixing then the restriction of the action to every subgroup A < I' is mixing.

DEFINITION 2.12. An action I' ~ (X, d) is strongly free if, for all v €
I'\ {1} and all x € X, one has d(yz,x) = 1.

Note that any strongly free action is obviously free.

DEFINITION 2.13. Let X' < I' be a subgroup. We say that X' is highly
core-free for the action I' ~ (X, d) if for all F' € X, there exists g € I" such
that d(gz,u) =1 =d(ogz,gy) for all x,y € F, u € YF and 0 € X'\ {1}.

REMARK 2.14. The fact that d(ogz,gy) = 1 forall z,y € F, 0 € X'\ {1}
implies that the Y-action on YgF' is conjugate to the Y-action on X' X F
given by o(c’,x) = (00’, x) where we put on X x F the metric d given by

Note that if X' is highly core-free for an action I" ~ (X,d) then any
subgroup of X' is highly core-free for I' ~ (X, d).

Our terminology extends that from [FMSI15]: it is easy to check that, if d
is the discrete metric, then X' is highly core-free for I' ~ (X, d) in the sense
above if and only if Y is strongly highly core-free for the action I" ~ X
on the set X in the sense of [FMS15, Definition 1.7]. If moreover the action
I' ~ X is free, then the previous conditions are equivalent to X being highly
core-free in I" (see [EMS15] Definition 1.1 and Lemma 1.6]). As mentioned in
the introduction, easy examples of highly core-free subgroups are the trivial
subgroup of an infinite group and any finite subgroup of an i.c.c. group. A less
immediate example is the fact that in the free group over two generators
Fy = (a, b), the cyclic subgroup generated by the commutator [a, b] is highly
core-free. This fact will allow us to show that surface groups arise as dense
subgroups in the isometry group of any bounded S-Urysohn space, following
the same strategy as in [FMS15, Ex. 5.1]. We refer to [FMS15, Ex. 1.11] for
proofs and for more examples of highly core-free subgroups.



HOMOGENEOUS ACTIONS ON URYSOHN SPACES 11

Let us now see how these notions behave with respect to Eg(X) (see Def-
inition. Note that we have an injective group homomorphism Iso(X, d)
— Iso(Eg(X),d) defined by ¢ = (f = @(f)), where o(f)(z) = f(¢~(2)).
In particular, from any action I" ~ X we get an action I' ~ Fg(X) defined
by (vf)(x) = f(y~'z) for y € I" and f € Es(X).

PROPOSITION 2.15. Let I' ~ (X, d) be an action by isometries. Then:

(1) If I' ~ (X, d) is faithful then I’ ~ Eg(X) is faithful.

(2) If I' ~ (X, d) is mizing then I' ~ Eg(X) is mizing.

(3) If X < I is highly core-free for I' ~ (X, d) then it is also highly core-free
for I' ~ Eg(X).

Proof. is obvious since we have a I'-equivariant inclusion X C Fg(X).

Let f,g € Eg(X); let F be a common finite support for f and g.
Since I' ~ X is mixing, for all but finitely many v € I" we have d(yz,y) =1
for all x,y € F. Note vF is a support for v f. It now follows from Lemma [2.8
that d(vf,g) = 1 for all but finitely many v € I".

Let FF C Eg(X) be a finite subset. For each f € F let Yy € X
be a support for f and define Y = UfeF Yy € X. If v € I' is such that
d(yz,u) =1 and d(oyx,yy) =1 forall z,y € Y, u € XY and 0 € X'\ {1},
then it follows from Lemma [2.8 that d(vf, k) = 1 and d(o7 f,vg) = 1 for all
frge F,he ¥YFandoe€ X\ {l}.

Observe that we did not mention strong freeness, which indeed does not
carry over to Eg(X). For instance, if X is finite and we let f € Eg(X) be
defined by f(z) =1 for all z € X, then f is actually fixed by the I'-action.
One can tweak the above construction of Ug to get rid of this obstruction,
as we will see in Section [Bl

2.4. Homogeneous actions on countable metric spaces. When all
the finite partial isometries of a metric space (X, d) extend to isometries, we
say that X is homogeneous. By a back-and-forth argument, Ug is a homo-
geneous metric space.

The isometry group of the S-Urysohn space Ug is endowed with the
topology of pointwise convergence for the discrete topology on Ug. It then
becomes a Polish group, and our main motivation is to understand which
countable groups arise as dense subgroups of Iso(Ug). Recall from the in-
troduction that this is the same as asking which countable groups admit a
faithful action by isometries on Ug such that every finite partial isometry
of Ug extends to an element of I'. Such actions are called homogeneous ac-
tions, and we denote by H(Ug) the class of countable groups which admit a
faithful homogeneous action on Ug.

One can use the methods of K. Tent and M. Ziegler [TZ13a] (see also
[TZ13D] for considerations on the unbounded case) to show that the isometry
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group of any countable S-Urysohn space is topologically simple (every non-
trivial normal subgroup is dense). This yields via the following proposition
some restrictions on the class H(Ug).

PROPOSITION 2.16. Let G be a non-abelian infinite topologically simple
topological group, and suppose I is a dense subgroup. Then every non-trivial
normal subgroup of I' is dense in G and every finite index subgroup of I is
dense in G. Moreover, I is i.c.c. and non-solvable.

Proof. The first statement follows from the fact that for any normal
subgroup N < I its closure N is, by density of I", normal in G. So either
N = {1} or N is dense in G. Moreover, any finite index subgroup X' < I" has
a finite index subgroup N < X' which is normal in I" and non-trivial since
it has to be infinite. It follows that any finite index subgroup of I" is again
dense in G.

To prove the second statement, first observe that the center Z(I") of a
dense subgroup I' < G must be trivial. Indeed, Z(I") is a normal subgroup
of I' which is abelian, but G is not, so the center of any dense subgroup of G
must be trivial.

Now suppose that v € I' has a finite conjugacy class and denote by
C(v) :={y € I': v/ = 4/} its centralizer. By definition C() has finite
index in I', so by the first statement it is dense and thus has trivial center,
from which we deduce that - is trivial since vy belongs to the center of C(7).
We conclude I' is i.c.c.

Finally, for a group A, let us denote by D(A) the subgroup of A generated
by all commutators. Recall that D(A) is normal in A. Now define I := I
and, for n > 0, I',+1 := D(I},). We show by induction that for all n > 0 the
subgroup I, is dense in GG, which implies that I' is not solvable. The case
n = 0 is true by assumption. Suppose I, is dense in G. Then I, is either
trivial or dense in G since it is normal in I},. However, I, is not trivial
since I},, being dense in GG, cannot be abelian. =»

COROLLARY 2.17. If I' € H(Ug) for some distance set S then I is i.c.c.
and non-solvable. Furthermore, every finite index subgroup of I' belongs to

H(Ug). =

When S = {0,1}, recall that H(Ug) is the class of highly transitive
groups. Hull and Osin have furthermore shown the following dichotomy:
a highly transitive group either contains a copy of the infinite alternating
group, or is mized identity free, which has stronger implications than those
of the previous corollary (see [HO16l Sec. 5]).

REMARK 2.18. We do not know whether in Proposition for say
a Polish group G, one can remove the hypothesis that G is non-abelian.
Indeed, there may exist a topologically simple infinite Polish abelian group,
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in other words there may exist an infinite abelian Polish group with no
nontrivial proper closed subgroup (see [Hoo76, end of Section 2|, where it is
also proved that there is an infinite Polish abelian group all of whose locally
compact subgroups are trivial).

3. Strongly free actions on the S-Urysohn space

3.1. Equivariant extension of partial isometries

DEFINITION 3.1. A I'-action by isometries on an S-metric space X has
the extension property if every finitely supported one-point extension over a
finite union of I'-orbits is realized in X.

Let us make a few remarks about this definition. First, it is clear that
the following assertions are equivalent:

e X has the extension property.
e The trivial action on X of the trivial group has the extension property.
e The action of any finite group on X has the extension property.

Also, if I' ~ X has the extension property, then for every A < I the
A-action on X also has the extension property. Indeed if f is a finitely
supported one-point extension over AF where F' € X, then the Katétov
extension of f to I'F is also finitely supported (with the same support), and
hence realized in X. In particular, if there exists a group I" acting on X such
that the action I' ~ X has the extension property then X has the extension
property (since the action of the trivial subgroup of I' has the extension
property).

Finally, note that any action with the extension property has infinitely
many orbits at distance 1 from each other because the one-point extension
f(x) =1 is finitely supported.

DEFINITION 3.2. Let X' be a group, and for k = 1,2 let m: X ~ (X, dy).
A (my,m9)-partial isometry is an isometry between m1(X)F; and mo(X)F,
where F; € X; and F» € Xy which is (71, m2)-equivariant. A (my,m2)-
isometry is a (w1, m2)-equivariant bijective isometry from X; to Xo.

LEMMA 3.3. Suppose I' ~ (X, d) is a mizing action and F is a finite
subset of X. Then for every x € X, the function d(x,-) is a finitely supported
one-point extension of I'F.

Proof. Since the action is mixing, there are only finitely many points
y € I'F such that d(x,y) < 1. These points form a support for d(zx,-). m

The next proposition is the key building block of most of our construc-
tions.
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PROPOSITION 3.4. Fork =1,2, let mi.: X ~ Ug be actions of a countable
group X which are strongly free, mizing and have the extension property.
Then every (w1, ma)-partial isometry ¢ extends to a (w1, m2)-isometry of Ug.

Proof. A straightforward back-and-forth argument implies we only need
to show that for every (71, ma)-partial isometry ¢ and every = € Ug \ dom ¢,
there is a (1, m2)-partial isometry ¢ whose domain contains x and which
extends ¢. Let f be the one-point extension of rngp defined by f(y) =
d(¢~(y), ) for all y € rng .

Because m; is mixing, Lemma tell us that f is finitely supported. By
the extension property, there is z € Ug such that for all ¥ € rng ¢ we have
(e~ (y),x) = dly, 2).

Observe that the extension of ¢ obtained by sending x to z is by con-
struction a partial isometry. By freeness, we may extend ¢ further to a
(71, m2)-equivariant partial isometry ¢: dom ¢ L (X)x — rnge L ma(X)z
by letting ¢(m1(0)x) = ma(0)z.

Let us check that ¢ is indeed a partial isometry. First, by strong freeness
its restriction to m(X)z is isometric. Since ¢ was also isometric, we only
need to check that if 1 € dom ¢ and z9 € m1(X)z then d(p(x1), o(x2)) =
d(z1,x2).

Let o € X be such that x9 = 71(0)z. Then

d(z1,22) = d(mi (0~ a1, x) = d(p(m (o)1), 2) = d(ma(0 ™ )p(21), 2)
= d(p(x1), m2(0)2) = d(p(21), §(22)).
So ¢ is indeed a (7, my)-partial isometry. =
3.2. Extensions with parameters. Let (Y, dy) be an S-metric space,

suppose X C Y and A is a set. Then we can consider the space ¥ x A
equipped with the pseudometric

min (1, inf (dy (y,2) + dy (2,5/)) il #a,
S

d((y.a), (v, d')) = ,
dy (y,1) if d = a.

Then the metric space obtained by identifying elements at distance 0 is
denoted by Y xx A, and the induced metric still by d. Observe that for
z,7’ € X and a,d’ € A,
d((z,a),(2',a")) = ian (dy (z,2") + dy (2",2")) = dy (z,2")
l.//e
so Y x x A is the metric amalgam of |A| copies of Y over X and thus Y x x A
is a S-metric space as soon as Y is a finitely supported extension of X.
We have the following inequality: for all (y,a) and (¢/,ad') in Y x x A,

(3.1) d((y,a), (y',d") = dy (y,y)
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because by the triangle inequality for all  we have dy (y,z) + dy (x,y’) >
dy (y,9/).

We also have for each a € A an isometry i,: Y — Y xx A which takes
y to (y,a). In particular Y embeds in Y x x A isometrically.

For all @ # o/ and all z € X we have i,(x) = iy (z) and we thus let
i: X =Y xx A be the common map.

REMARK 3.5. Every isometry g of Y which preserves X naturally extends
to Y x x A by letting g(y,a) = (gy, a). The construction we need is different,
however.

PROPOSITION 3.6. Suppose that we have a group I acting on Y by isome-
tries which preserve the set X, and suppose moreover that I' acts on A. Then
the diagonal action on'Y x A defined by v(y,a) = (yy,va) induces an iso-
metric action on (Y xx A,d) which extends the I'-action on X.

Proof. Let us check that every «v € I'" defines an isometry for the pseu-
dometric d. Let a,a’ € A and y,y/ € Y. If a = o’ then d(v(y,a),v(y,d’)) =

dy (vy,vy') = d((y,a), (y',d')). If a # o’ then ya # ~va’ and thus
A(+(y,0), 7y, a')) = min (1, inf (dy (9, 2) + dy (2, 7))
= min<1, Inf (dy (vy, 72) + dy (v, 7@/)))
because X = vX. Now using the fact that v is an isometry, we conclude
A(1(y,0), 2y @) = min(1, inf (dy (y. ) + dy (2,9)))

=d((y,a), (¥, ).

Finally observe that the embedding i: X — Y xx A is I'-equivariant and
thus conjugates the I'-action on X to the I'-action on i(X). =

We call the above action the diagonal action of I on Y x x A.

PROPOSITION 3.7. Let I' be a group acting by isometries on (Y,dy), let

X CY be a I'invariant subset and let A be a set also acted upon by I.
Then:

(1) If the I'-action on X is faithful then the I'-action on'Y X x A is faithful.

(2) If the I'-action on'Y is mixing then the I'-action on'Y Xx A is mizing.

(3) If ¥ < AL T and X is highly core-free for the A-action on'Y then X
1s also highly core-free for the A-action on'Y xx A.

(4) If the I'-action on X is strongly free and the I'-action on A is free then
the I'-action on'Y X x A is strongly free.
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Proof. (1) is obvious since the isometry i: X — Y X x A is [-equivariant.

(2) Suppose the I'-action on Y is mixing. Let (y1,a1), (y2,a2) € Y xx A.
By assumption for all but finitely many v € I" we have dy (yy1, y2) = 1, so by
inequality for all but finitely v € I" we have d(y(y1,a1), (y2,a2)) = 1.

(3) Let A < I'; let X < A. Suppose X' is highly core-free for the A-action
onY.Let F €Y xx A and write F = F} x {a1} U --- U F, x {an}. Let
F = J, F;. Then there is A € A such that dy (\y,u) = 1 = dy (o y, \y')
for all y,y’ € F, u € XF and all 0 € X'\ {1}. As before by inequality
we are done.

(4) Suppose the I'-action on X is strongly free and the I'-action on A is
free. Let (y,a) € Y xx A and let v € '\ {1}. Then ~va # a, so
d((y,a),7(y,a)) = inf (dy (y, ) + dy (z,7y))

- “1z)) > i ~12).
Inf (dy (y,2) +dy(y,7" x)) = inf dy(z,7" 2)

By strong freeness for all z € X we have dy(z,7 'z) = 1. We see that
d((y,a),v(y,a)) =1 and the '-action on Y x x A is thus strongly free. =

Suppose now I is a countable group acting on an S-metric space (X, d) by
isometries. Then the I'-action extends to Fg(X), and we define the S-metric
space EL(X) = Eg(X) xx I'. Then the I'-action by left translation on itself
provides us with a I'-action on EL(X) which extends the I-action on X.
We have the following facts.

PROPOSITION 3.8.

(1) If the I'-action on X is faithful then so is the I'-action on EL(X).

(2) If the I'-action on X is mizing then so is the I'-action on EL(X).

(3) If ¥ < A< T and X is highly core-free for the A-action on X then X is
also highly core-free for the A-action on EL(X).

(4) If the I'-action on X is strongly free then the I'-action on EL(X) is
strongly free.

Proof. This is a straightforward application of the previous proposition
along with Proposition [2.15| =

3.3. Induced actions on the S-Urysohn space. Let (X, d) be an S-
metric space on which I acts by isometries. Define the sequence of S-metric
spaces X = X and, for n > 0, X/, = EL(X]"). Consider the inductive
limit X1 = li_1>n XTI along with its natural '-action.

PROPOSITION 3.9. With the notations above, the following hold:

(1) XL ~Us.
(2) If the I'-action on X is mizing then so is the I'-action on X1 .
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(3) If ¥ < A < I' is highly core-free for the A-action on X then it is also
highly core-free for the A-action on XL .

(4) If the I'-action on X is strongly free then so is the I'-action on XL .

(5) The I'-action on XL has the extension property.

Proof. Assertions |(2)| to follow from Propositions and the fact
that these conditions hold on X/ if and only if they hold on X! for each
n € N.

Let I be a finite subset of XL and let f be a finitely supported
one-point extension of I'F'. Pick N large enough that F' C Xf\;. Since XJJ\;
is I'-invariant, we also have I'F' C XJIC,. Let f be the Katétov extension
of fto X ﬁ; observe that f is still finitely supported with the same support
as f and thus f € Es(XL). For all € X& we have d(z, f) = f(x) where
d is the metric on Eg(XZL), in particular d(z, f) = f(z) for all z € I'F.
Since Eg(X%) embeds isometrically in XL via a I'-equivariant map which
fixes X ]I\;, the proof of is complete.

It follows from that XL itself has the extension property. Hence,
X 0o = US. ]

COROLLARY 3.10. Fvery finite group admits a unique strongly free action
on Ug up to conjugacy.

Proof. Let I' be a finite group. Consider the left action of I' on itself
as an action by isometries where we put on I' the discrete metric. This
action is clearly strongly free. By Proposition [3.9) we can extend this action
to a strongly free action of I" on (Ug,d). Now observe that any I'-action
on Ug is automatically mixing and has the extension property. Applying
Proposition to the empty map, we see that our strongly free action is
unique up to conjugacy. m

COROLLARY 3.11. Any infinite countable group I' admits a unique (up
to conjugacy) strongly free mizing action with the extension property on Ug.
This action has the property that, for any subgroups X < A < I' such that
Y < A is a highly core-free subgroup, X' is highly core-free for A ~ Ug.

Proof. Uniqueness follows from Proposition [3.4] applied to the empty
map. To prove existence of such an action, and that it has the property
mentioned above, start from I" acting on X = I' by left translation where
we equip X with the discrete metric d(z,y) = 1 for  # y and d(x,z) = 0. It
is clear that I' ~ X is strongly free and mixing. Consider I' ~ XX . Then by
the previous proposition this action is a strongly free mixing action on the
S-Urysohn space with the extension property. Now fix subgroups X < A < I”
and suppose that X < A is a highly core-free subgroup. It is clear that X is
highly core-free for A ~ X, since d is the discrete metric and A ~ X is free.
It follows from Proposition that X is highly core-free for A ~ XL . u
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4. Actions of amalgamated free products on bounded Urysohn
spaces. Let I7,I5 be two countable groups with a common subgroup X
and define I' = I *x I'5. Suppose that we have a faithful action I" ~ Ug
and view I" as a subgroup of Iso(Ug).

Let

Z :={a €lso(Ug): Vo € X, ac = oa}.

Note that Z is a closed subgroup of Iso(Ug), hence a Polish group. Moreover,
for all @ € Z, there exists a unique group homomorphism 7, : I — Iso(Ug)
such that

W(g):{g ingFl,
“ a"lga ifge .

When X' is trivial, we have Z = Iso(Ug). In this section we prove the
following result.

THEOREM 4.1. If I' ~ Ug is free with the extension property, X ~ Ug
1s strongly free, mizing and X is highly core-free for I'1,I5 ~ Ug then the
set

O ={a € Z: m, is homogeneous and faithful}

is dense G in Z.
Beforehand, we immediately deduce:

COROLLARY 4.2. Assume I, I are two countable groups with a common
subgroup X, highly core-free in both Iy, I'y. Then Iy xx I'y belongs to H(Ug).
In particular:

e For any infinite countable groups I't, I'y we have I't x Iy € H(Ug).

e For any i.c.c. groups 11,15 with a common finite subgroup X we have
INxx I € H(Us).

o If Xy is a closed, orientable surface of genus g > 1, then m(Xy) € H(Ug).

Proof. The first two assertions are a direct consequence of Theorem [£.1]
Corollary and the examples of highly core-free subgroups given in
[FMS15, Lem. 1.10]. Moreover, since in the free group over two generators
Fy = (a,b), the cyclic group generated by [a, b] is highly core-free [FMS15]
Ex. 1.11], we also see that m1(X2) belongs to H(Ug). By covering theory,
the latter admits every m1(X,) for g > 2 as a finite index subgroup, so by
Corollary all such groups belong to H(Ug). =

To prove the theorem, we establish two lemmas; the theorem follows by
applying the Baire category theorem.

LEMMA 4.3. Assume X ~ Ug is strongly free, mixing, has the extension
property, and X is highly core-free for 11,15 ~ Ug. Then the set U =
{a € Z: my is homogeneous} is dense G in Z.
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Proof. For every finite partial isometry ¢, consider the following open
set:

Uy :={a € Z:3g € I' such that 74(9)[dom» = ¥}

Then U = ﬂ«pePf(
that U, is dense for every finite partial isometry ¢. Let ¢ € P¢(Ug), a € Z
and F' € Ug. We need to prove that there are § € Z and g € I' such that

Bir = ajr and 7I-5(9)[domg0 =¥
Since X/ is highly core-free for I ~ Ug, there is g1 € I} such that

Vu € XF Vz,2' € domyp Vo € X\ {1}, d(giz,u) =1=d(cgiz,12).
Define F/ = F U g; dom ¢. There exists hy € I such that
Vu € XF' Vy,y € mgp Vo € X\ {1}, d(hiy,u) =1=d(chiy, h1y').

Us) U, so by the Baire category theorem it suffices to show

Since X is highly core-free for I's ~ Ug, there is go € I'5 such that
Vu,v € aF Yw € YaF' Vo € X\ {1}, d(cgau, gov) = 1 = d(gou,w).

Define A = YF' LU XYhyrngp and B = o(XF') U XY goa(g1 dom ).
Note that YA = A, and since o € Z, YB = B. Since the Y-action is
free, we can define a Y-equivariant map fy: A — B by setting

o Vue XF', By(u) = a(u);
e Vxr € domp Vo € X, Bo(chip(x)) = ogea(gix).

By careful choices of the elements g1, g2, h1 the map [y is a X-equivariant
partial isometry. Since the XY-action is strongly free and mixing with the
extension property, we may apply Proposition to get an extension 8 € Z
of Bp. Note that S = ajp. Letting g = hflgggl € I' we have, for all
x € dom ¢,

m5(9)x = by B g2Bg1x = hi' B e gr1z) = hithaip(z) = p(2)
as wanted. m

LEMMA 4.4. If I' ~ Ug is free with the extension property, and X ~ Ug

is strongly free and mixing, then the set V.= {a € Z: m, is faithful} is dense
Gs in Z.

Proof. We can write V' as a countable intersection V = () geri1y Vo of
open sets, where V;, = {a € Z: m,(g9) # id}, so by the Baire category
theorem it suffices to show that V; is dense for all g € I"\ {1}. Since the
action I' ~ Ug is faithful, we have V, = Z for all g € (I1 U 1)\ {1} and it
suffices to show that V; is dense for all g reduced of length > 2.

Let g = ¢g;, ... gi,, wheren >2and g;, € I, \X. Fixa € Z and F € Ug
and define F" = FU «(F) € Ug. Since I' ~ Ug has the extension property,
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there exists € Ug such that d(x,u) =1 for all w € I'F’. Define

n
A= XYF u(l_lEgil...gilx)uZx,

B:=a(XF)U (l_l Xgi, .. .gi1$> U XYz

Note that YA = A, and since a € Z, B = B. Define a bijection vy: A — B
by v0;xr = ajxr and Y45 = id. Note that by definition of z, any
element of A\ (X'F) (resp. B\ a(XF)) is at distance 1 of any element of
YF (resp. a(XF)). It follows that - is an isometry, and since o € Z, we
have ygo = o7y for all o € X.

Our assumptions on the action of X’ enable us to apply Proposition
and find an extension v € Z of 79. Then vip = op and 7y(g;,, ... gi,)x =
G, ---9i, T F x, since g = ¢;, ...¢;; 7 1 and the I'-action is free. Hence
S V;] u

When one of the factors, say I, is finite, then, as explained in [FMS15],
I has no highly core-free subgroups. However, we have a similar result in
that case.

THEOREM 4.5. Suppose Iy is finite and [I5 : X] > 2. If ' ~ Ug is
strongly free with the extension property and X is highly core-free for It ~ Ug
then the set

O :={a € Z: m, is homogeneous and faithful}
1s dense Gg in Z.

As before, we have a corollary following from Theorem [4.5] Corollary[3.11
and from the examples of highly core-free subgroups given in [FMS15].

COROLLARY 4.6. For every infinite countable group Iy and every finite
group I's with common subgroup X < I, I such that X is highly core-free
in I and [Iy : X] > 2, we have It xx I3 € Hyg. In particular:

o If Il is countably infinite and Iy is finite non-trivial then I x I, € Hy,.
o If I is i.c.c., I'y is finite and [I5 : X] > 2 then It xx I € Huy,.

To prove Theorem we prove the analogue of Lemmal[f.3] The theorem
then follows as before from a combination of Lemmas .7 and 4.4

LEMMA 4.7. Assume I' ~ Ug is strongly free with the extension property,
X is highly core-free for It ~ Ug, Iy is finite and [I3 : X > 2. Then the
set U :={a € Z: my is homogeneous} is dense Gs in Z.

Proof. We again have to prove that, for ¢ € P¢(Ug), « € Z and F € Ug,
we can find v € Z and g € I" such that v = ar and 7,(9)dom ¢ = ©-
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Since X' is highly core-free for IT ~ Ug and I3 is finite, we may find
g1, h1 € I such that

Yu € IhF Vo € dom g, d(gi1x,u) = 1,

Vo € X \ {1} Vz,y € domy, d(ogi1z,g1y) = 1,

Vu € I F U Thg1 domp Yy € rng e, d(hiy,u) =1,
Vo € X\ {1} Vx,y € dom g, d(chip(x), hip(y)) = 1.

Using the fact that I% is finite, acts strongly freely, and Ug has the
extension property, it is straightforward to build inductively a finite set A
and an isometry ¥: dom ¢ — A such that

e VheIb\ {1} Va,d' € A, d(ha,d") =1,
o Va € AVu € Iha(F), d(u,a) = 1.

Take go € Iy \ X. Then the sets a(XF), YA, and Y go A are pairwise
disjoint. Define

B=YFUXg dompUXhimge and C=«a(XF)UXAL XgA.

Note that ¥’B = B, YC = C and the bijection v9: B — C' defined by
Yo(u) = a(u) for u € IF, y0(0g1z) = o¢(z) and yo(ohip(x)) = ogotp(x)
for all ¢ € X and all x € dom ¢ is, by construction, an isometry such that
Yoo = o for all ¢ € Y. Since X is finite, ) ~ Ug is mixing so we may
apply Proposition to get an extension v € Z of 7. Note that vr = a;p.
Moreover, with g = hl_lgggl € I' and x € dom ¢ we have

T (9)(x) = hi 'y govgrr = hi 'y g (a) = kv yhp(z) = (). =

5. Actions of HNN extensions on bounded Urysohn spaces. Let
Y} < H be a finite subgroup of a countable group H and 6: ) — H be
an injective group homomorphism. Define I' = HNN(H, X', ), the HNN-
extension, and let ¢ € I" be the “stable letter”, i.e. I' is the universal group
generated by H and t with the relations tot~! = 6(o) for all ¢ € X. For

e € {—1,1}, we write
5= X ife=1,
(%) ife=—1.

Suppose that we have a faithful action I" ~ Ug and view I" < Iso(Ug). De-
fine the closed subset (hence Polish space) Z = {a € Iso(Ug): 8(c) = aca™!
for all 0 € X'} C Iso(Ug) and note that it is non-empty (since t € Z). By
the universal property of I', for each a@ € Z there exists a unique group
homomorphism 7, : I — Iso(Ug) such that

o = idg  and  7mo(t) = o

In this section we prove the following result.
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THEOREM 5.1. Assume that I' ~ Ug is free with the extension property,
Xe n Ug is strongly free, mizing, and X is highly core-free for H ~ Ug for
all e € {—1,1}. Then the set
O ={a € Is0(Ug): 1y is faithful and homogeneous}
is dense G in Z.

COROLLARY 5.2. For any subgroup X of a countable group H and any
injective group homomorphism 0 : X — H such that Y. < H is highly
core-free for all e € {—1,1}, we have HNN(H, X, 0) € Hys,.

As is by now customary, we separate the proof in two lemmas.

LEMMA 5.3. Assume that for e € {—1,1} the action X ~ Ug is strongly
free, mizing, with the extension property, and X. is highly core-free for
H ~Ug. Then U = {«a € Z: 74 is homogeneous} is dense Gs in Z.

Proof. We apply the Baire category theorem as before: given ¢ € P¢(Ug),
a € Z and F € Ug, we show that there exists v € Z and g € I" such that
Yir = app and my(9) [dom = ¢-

Since X and 0(X) are highly core-free for H ~ Ug, we produce hi, hs € H
such that
e Vu € XYF Vr,2' € domo, Vo € X\ {1}, d(hz,u) =1 = d(chiz, hha'),
o Vu € a(XF U Xhydomyp) Vy € rng o, d(hay,u) = 1,
o Vy,y' € gy Vo € X\ {1}, d(0(0)hay, hay') = 1.

Define Y = Xhy dom ¢ LI Yo~ (harng ) LI XF and observe that

oY) = 0(Z)a(hi dom @) LiO(Z) (ha g @) U (6()a(F)).

Note that XY =Y and 0(X)a(Y) = a(Y). Define the bijection vp: Y —
a(Y') by setting yo;5p = ajsr and

Vz € domy Vo € X,

Yo(ohiz) = 0(0)hew(x) and yo(oa ™ (hap(x))) = O(0)a(hiz).

By careful choices of elements hi, ho, the map g is an isometry such that
Yoo = 6(o)y for all o € Y. By Proposition there exists an extension
v € Z of 79. Note that v;r = a;F; moreover, with g = hz_lthl € I', we have
for all z € dom ¢, 7,(g)z = hy 'yhiz = hy'yo(h1z) = hy thap(x) = (). =

LEMMA 5.4. Assume I' ~ Ug 1is free, has the extension property and
Ye ~ Ug is strongly free and mizing for all e € {—1,1}. Then the set
V ={a € Z: n, is faithful} is dense G5 in Z.

Proof. Once again we prove that V, = {a € Z: m,(g) # id} is dense for
all g € I''\ {1}, and we only need to prove it for g ¢ H. Let h,t ...t hy

be a reduced expression for g, where n > 1, hy, € H and ¢, € {—1,1}. Fix
a€ Z and F € Ug. Forl € {1,...,n} we define H; C I by
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Yho ifeg =1, Dhy_qt-1 .. . thy if g =1,
Hl = -1 : Hl = -1 € € :
Xt hy if g = —1, Xt hy gttt hy if g = —1

for I > 2. Observe that X H; = Hj for all . Let F' := FU«(F) € Ug and, for
le{l,...,n}, H :=tH; C I'. Using the extension property, we find z € Ug
such that d(z,u) =1 for all u € I'F’ and define

n n

Y:=XFu| |Hz and Y':=6()a(F)u| |Hjz.
=1 =1

We may then define an isometry 7o: Y — Y’ by setting o ixr = QpyF and,

forall 1 € {1,...,n}, Y014, = t1H2-

We have by construction XY =Y, (X)Y’ =Y’ and y90 = 0(0)yo for
all 0 € X. Thus there exists, by Proposition [3.4] an extension v € Z. Then
7 satisfies vip = ajp and 7y (g)z = hyy™ ...y hox = hpt®™ .. .t hor = gx
# x since g # 1 and the I'-action is free. It follows that vy € V. m

6. Actions of groups acting on trees on bounded Urysohn spaces.
We record here that, just as in [FMS15], the previous results apply to groups
acting on trees. The reasoning is exactly the same as in [FMS15], but since
the argument is short we kept it for the reader’s convenience.

Let I' be a group acting without inversion on a non-trivial tree. By
[Ser77], the quotient graph G can be equipped with the structure of a graph
of groups (G, {Ip}pev(g), {Xe}ecr(g)) Where each Y, = Xz is isomorphic to
an edge stabilizer, each I}, is isomorphic to a vertex stabilizer, and such
that I" is isomorphic to the fundamental group m(I,G) of this graph of
groups i.e., given a fixed maximal subtree 7 C G, the group I" is generated
by the groups I, for p € V(G) and the edges e € E(G) with the relations

e=el, sc(z)=erc(z)e tforallz e X, and e=1forallecE(T),

where s.: Y, — Ly(e) and r, = sz: Y. — L) are respectively the source
and the range group monomorphisms.

THEOREM 6.1. Assume I}, is countably infinite for all p € V(G), and
se(Xe) is highly core-free in Iy for all e € E(G). Then I' € Hyg.

Proof. Let ey be one edge of G, and G’ be the graph obtained from G by
removing the edges eg and ep.

CASE 1: G’ is connected. It follows from Bass—Serre theory that I' =
HNN(H, ¥, 0) where H is the fundamental group of our graph of groups
restricted to G’ X = re (Xe,) < H is a subgroup and 0: ¥ — H is given by
0 = Se, © r;ol. By hypothesis, H is countably infinite, and since X' < I,
(resp. 0(X) < Ig(e,)) is a highly core-free subgroup, X' < H (resp. 0(X) < H)
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is also a highly core-free subgroup. Thus we may apply Theorem [5.1] to
conclude that I € Hy,.

CASE 2: G’ is not connected. Let G; and Gy be the two connected com-
ponents of G such that s(eg) € V(G1) and r(eg) € V(Gz). Bass—Serre theory
implies that I" = I'| *x¢, I2, where I is the fundamental group of our graph
of groups restricted to G;, ¢ = 1,2, and X, is viewed as a highly core-free
subgroup of I via the map s., and as a highly core-free subgroup of I
via the map re, since se,(Xe,) is highly core-free in Iyy and re,(Xe,) is
highly core-free in I%(.,) by hypothesis. Since I and I are countably infi-
nite and Y, is highly core-free, we may apply Theorem [£.1]to conclude that
I'e HUS- u

7. The unbounded case. In this section we explain how to extend
some of the above results to the case of the Urysohn space Ug. While the
methods would apply to some other unbounded Urysohn spaces (for instance
they also work for Uy), we chose to focus on the case of the rational Urysohn
space in order to improve the clarity of the exposition.

7.1. Strong disconnection

DEFINITION 7.1. Let D be an unbounded subset of [0, +00[. An isometric
action of I" on an unbounded metric space (X,d) strongly D-disconnects
finite sets if

VF € X IN e NVK € DN[N,4o0[ Iy € I, d(x,vy) = K for all z,y € F.

This definition might be a bit hard to grasp at first, as it involves many
quantifiers. It is meant to capture the idea that one can find v € I" so that
~vF and F are “independent enough”, and in the unbounded case a good
notion of independence is that all elements of F' and vF' are at the same
distance, and arbitrarily far away. We also need some freedom for the choice
of distance, and this is what the set D provides us with (we can pick any
distance in D, if it is large enough).

As in the bounded case, we need to produce sufficiently free actions of
a group G on the Urysohn space; and these actions are built by starting
from the left action of G on itself and then applying a Katétov-type tower
construction. A new feature here is that we first need to produce a suitable
metric on G before starting the tower construction.

LEMMA 7.2. Every infinite countable group admits an unbounded left-
tvariant metric which surjects onto N.

Proof. 1f I' is finitely generated, let S be a finite generating set; then the
Cayley metric associated to S is as wanted.
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If I is not finitely generated, write I" = |J,, I, where I'y = {1} and each
I, is properly contained in I},41, then consider the left-invariant metric
d(g,h) =min{n: g7th e I},}. =

DEFINITION 7.3. Say that two metrics d; and dg on a set X coincide at
scale K if we have

VZEKV%ZJEX, dl(x,y):l<:>d2(:v,y)=l

LEMMA 7.4. Suppose a countable group I' acts on a metric space (X, d)
with an unbounded orbit, and suppose that d takes values in N. Then for
every N € N there is a surjective function f: N — N such that if we let
d = fod, then d is a metric which coincides with d at scale N and the
I'-action on (X, d) strongly N-disconnects finite sets.

Proof. Given a non-decreasing function ¢: N\ {0} — N\ {0}, we can
associate to it a function f,: N — N by defining

fo(m) = min{k: m < Zk:cp(z)}
i=1

It can be checked that f,, is the unique non-decreasing function N — N such
that f(0) = 0 and for every n € N\ {0} we have |f;!({n})| = ¢(n). Using
the fact that ¢ is non-decreasing, it is straightforward to check that f, is
subadditive. We then see that f,, od is still a metric as soon as d is a metric
with values in N. Also observe that if p(n) = 1 for all n < N, then f,(n) =n
for all n < N. We then set d, := f, od.

We use this construction twice; begin by picking x¢ with an unbounded
orbit. We first set (i) = 1 for all i < N. Then we inductively define (N +7)
and find elements v € I in such a way that (defining the empty sum as
being equal to 0)

k+1
vk >0, N+Z<pN+j)<d(xo,7kx0)<N+ZgoN+j)
Jj=1 Jj=1

Then d and d, coincide at scale N, and f,(d(xo,vx0)) = N + k + 1 for
all £ > 0. In particular, for every n > N there exists some v € I' such
that d,(zo,v2o) = n. So we may as well assume that d already satisfies this
surjectivity condition.

We then let ¢(n) =1 for n < N and ¢(n) = 2n for n > N + 1. Let us
show why d, is now as wanted.

Pick F' € I'; without loss of generality we assume zg € F. Let N' > N
be such that N’ > 2diamg4(F'). By our surjectivity assumption on d, there is

~v € I'" such that
N'—1

d(zo,vro) = N’ + Z (i



26 P. FIMA ET AL.

Then for all x,y € F' we have

|d(z,vy) — d(xo, yxo)| < |d(x,vy) — d(z,vwo)| + |d(z,y20) — d(x0, y0)]
< d(yy,yz0) + d(x, 1) < 2diam(F) < N'.

So since d(zg,yx9) = N’ + Zf\ifl ©(1), we conclude that

N'-1 N'-1
> eli) <dlw,yy) < D p(i) +2N' = Zso
=1 =1

hence dy(x,vy) = N’ as wanted. =

Note that by rescaling, the above lemma applies for any metric taking
values in aN for some a > 0.

PROPOSITION 7.5. Every countable group admits a free isometric action
on Ug which strongly N-disconnects finite sets.

In the proof we make the natural unbounded modification of extensions
with parameters (Section [3.2): if we are given a metric space (Y,d), a non-
empty subset X C Y and a set A, we let (Y xx A,d) be the quotient metric
space obtained from the pseudometric on Y x A given by

d((y, CL), (yl’ CL,)) _ {lnfxEX(/dY(y’x) + dY($’y,)) lf CL: 7é a,
dy (y,y) if o = a.

Proof of Proposition[7.5 Start with I" acting on itself by isometries for
an unbounded left-invariant metric provided by Lemmal[7.2] denote it X and
observe that this action is free. Then consider the set F/o(Xo) of finitely
supported Katétov extensions of Xg taking values in %N and equip it with
the amalgam distance d(f, g) = inf;(f(x) + g(z)). Then let X1 = E; /5(Xo)
X x,I". The diagonal action of I" on (X7, d) is still free and has an unbounded
orbit since Xy embeds isometrically, but we may lose strong disconnection.

So we let d; be a metric provided by the previous lemma with N = 2. At
stage n, (Xy,d,) being constructed, we consider X, 11 = Ey/n1(Xpn) xx, I’
with a metric d,4+1 which is the same as d,, at scale 27+1 but for which the
diagonal I'-action strongly N-disconnects finite sets, which is possible via
the previous lemma.

For z,y € Un X, = Xoo, since 2" — 0o and dn+1 coincides with d,
at scale 2"*1, the sequence d,,(z,y) is stationary and we let d(z,y) be the
limit. It is easy to check that d is still a metric.

Furthermore, X, has the extension property for Q-valued metrics. In-
deed, if we have a Q-valued Katétov function on some finite F' C X, we
take n large enough so that 2" > max(diam(F), || f||«), f takes values in 5N
and I is contained in X,,. Then f is realized in the metric space E1/n!(Xn)~
Since the latter embeds in X, in a way which preserves the metric at
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scale 2”1 f is actually realized in Xp+1 and thus in X since the inclusion
(Xna1,dni1) € (Xoo,d) preserves the metric at scale 27+,

Let us finally show that the I'-action on X, strongly N-disconnects finite
sets. Take F' C X, finite, and let n € N be such that F' C X,,. Since the
I'-action on (X, d,) strongly N-disconnects finite sets, we find N € N such
that for any integer k > N, there is v € I" such that d,(z,vy) = k for all
x,y € F. We may as well assume N > 2"+

Now let £ > N. Observe that the definition of the metrics di implies
that for every [ > N, there is v € I" such that dj(x,vy) = k for all z,y € F
(indeed their restrictions to X,, are obtained by composing d,, with finitely
many surjective maps N — N).

Let [ be such that 241 > k. There is v € I" such that dj(z,vy) = k for
all z,y € F. Since d; and the restriction of d to X; coincide at scale 2!+,
this implies that d(x,vyy) = k for all z,y € F, as wanted. =

7.2. Dense free products. Let I' and A be two countable infinite
groups acting faithfully on Ug and view I', A < Iso(Ug). Then, for all a €
Iso(Ug), there exists a unique group homomorphism 7, : I * A — Iso(Ug)

such that
g ifgel,
7704(9) = {

a"lga ifge A

THEOREM 7.6. Let I' and A be two countable infinite groups acting freely
on Ug. Suppose both actions strongly N-disconnect finite sets. Then the set
of a € Iso(Ug) such that m, is faithful and homogeneous is dense Gs.

As usual we decompose the proof into two parts.

LEMMA 7.7. Let I" and A be two countable infinite groups acting on Ug;
suppose their actions strongly N-disconnect finite sets. Then the set of o €
Iso(Ug) such that m, is homogeneous is dense Gj.

Proof. Let ¢ be a finite partial isometry, 5 € Iso(Ug), and F' a finite
subset of Ug. We must find « coinciding with 8 on F' such that for some
g € I' x A we have m4(9)dom » = ¢-

We first find 1 € I' such that every element of F'U SF is at fixed
distance K from every element of v; dom . Let F/ = F U B8F U~ dom ¢.

We then find 72 € I" and A € A such that every element of -y, Yrng o U
Ay1 dom ¢ is at distance K’ from every element of F” (this is where we use
the fact that strong disconnection works for any large enough K’ € N: this
enables us to find 7 and A simultaneously).

Finally, define the finite partial isometry o with domain F Uy, dom ¢ U
yatng o by a(x) = B(z) for all x € F, a(z) = z for all z € y; dom g, and
a(vy to(x)) = My for all 2 € dom ¢ (see Fig. .
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!/
F o B qdome Ko 45lmgy

B id Ao e

B(F) <. > mdomy <. 5 Ayrdomep
<. K K 7

Fig. 1. « is a partial isometry.

We now extend o to an isometry of Ug, which we still denote by a.
By construction, o extends the restriction of 8 to F. Moreover, if we let
g = Y271, then for all x € dom ¢ we have

Ta(9)T = yea Namz = oo A1z = 1975 Lo(x) = ¢(z),

as wanted. m

LEMMA 7.8. Let I' and A be two groups acting freely on Ug, and w be
an element of I' x A which does not belong to I'. Then for any B € Iso(Ug)
the set Wy = {a: mo(w) = B} does not contain 1 in its interior.

Proof. We use the fact that for any finite subset A € Ug, any a € Iso(A)
such that o? = 1, and any = ¢ A, there exist infinitely many y € Ug such
that one can extend « to an isometric involution of A U {z,y} by setting
a(z) =y, a(y) = z.

Fix an open neighborhood U of 1, which we may assume is of the form

U={a:VzeF, o)=ua}

for some finite subset F' of Ug. Let w = Ai7y2...ypA, be the reduced form

of w (one can obtain such a reduced form of w by multiplying 5 on the left

and/or the right by an element of I"). Below it will be useful to write v; = 1.
For a € Iso(Ugp), we write

w(a) = (O‘)‘la)’YQ(a)\ZO‘)rVS s 'Yn(a)\na)

Our aim is to find an involution o € U such that w(«) # 3, since this will
imply that U is not contained in the interior of W;. We begin by picking
z €U\ F,and find y € Ug \ (FUN Y (F)U{z, A\, 2, B(z), A\, 1 B(x)}) such
that setting

VzeF,a(z) =2 aolz)=y, aly)==x
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defines an isometric involution o of F'U {x,y}. We now proceed induc-
tively to extend « to a partial isometric involution such that the elements
QL A QL AN QLT Y AR QUL « . oy AANLQYs . . . Y Apax are all defined, pairwise
distinct, and do not belong to F'U {x, B(z)}. Then any extension of a to an
isometric involution of Ug is an element of U such that w(a) # . During
the inductive process, we have to deal with two different cases:

(1) We want to define a( g, . .. \pax) for some k > 1 (note that our inductive
conditions ensure that A ... Apax is not in the domain of «). Set

B = {z,ax, \pazx, adoz, ooz, ..., A, ... Apaxt U {B(x)}.

Then we can find an element z which is not in FUB ka_l(B) U’yk_l(F)
such that setting

a(Ag ... dpax) =z, az) = Ag... oz

we get our desired extension of a (note that in our inductive conditions
we also require vz # z for k > 2, but this is automatic since non-trivial
elements of I" do not have any fixed points).

(2) We want to define a(yradg ... A\yax) for some k > 2. Apply the same
reasoning as above, replacing «y, with Ax_; and B with

{z, az, \pax, adpox, yadpax, . .., Yparg ... dpax} U{B(z)} . =

LEMMA 7.9. Let I' and A be two countable groups acting freely on Ug.
Then the set of o € Iso(Ug) such that o is faithful is dense Gy.

Proof. Using the Baire category theorem, it is enough to show that for
any w € I'x A\ {1}, the set {a: mo(w) = 1} has empty interior. This is
true by assumption if w belongs to either I" or A; if this result is false for
some w, then we have some a € Iso(Ug) and a neighborhood V' of 1 such
that mag(w) =1 for any g € V.

We can write w = Y1 A1 ... An, with at least one \; different from 1.
Since

—1 -1 _
Tap(w) = AL LA = (ra)A/Ag Ay e A,

we see that /\f'yg‘_l)\g . .73‘1)\5 = a 'y 'a for all B € V and this contra-
dicts our previous lemma (since the conjugate of the action of I" by a~ ! is

a free action of I'). m

COROLLARY 7.10. Ewvery free product of infinite groups admits a faithful
homogeneous action on the rational Urysohn space.

8. An example: the group of finitely supported permutations.
Having spent quite some time building dense subgroups of isometry groups
of countable Urysohn spaces, we now are naturally led to the question: how
does the class of dense subgroups of Iso(Ug) depend on the distance set S?
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We know embarrassingly little about this problem, but we do know that the
case where Iso(Ug) = G is different from the others.

Recall that & (o is the (countable) group of all permutations of N with
finite support. By studying its primitive actions, we will prove the following
result.

THEOREM 8.1. Let S be a bounded or unbounded distance set. The group
& () embeds densely in Iso(Us) if and only if |S| = 2.

Of course when |S| = 2, Iso(Ug) is isomorphic to S so only one impli-
cation above is interesting.

The above theorem shows that the classes of countable groups which are
isomorphic to a dense subgroup of &4, and, say, the automorphism group
Aut(R) of the random graph are not the same; much remains to be investi-
gated. For instance, we do not know of a countable dense subgroup of Aut(R)
which is not isomorphic to a dense subgroup of G, though it seems likely
that such groups exist.

Our approach is fairly elementary: assume that & . acts faithfully and
homogeneously on Ug. Pick x € Ug, and consider the associated stabilizer
subgroup

A={y€ 6 vv =1}
Since Iso(Usg) acts transitively on Ug, we can identify & .)/A with Ug, and
the action of &) on Ug is simply the left translation action of &) on
& (o) /A. Moreover, since the action is faithful, the subgroup A is core-free,
and since the action is homogeneous, the closure of & in the symmetric
group of &()/A is isomorphic to Iso(Us).

Conversely, if there is a core-free subgroup A such that the closure of
S () in the symmetric group of &(,)/A is isomorphic to Iso(Us), then
obviously & is isomorphic to a dense subgroup of Ug. Thus, we focus on
understanding what kind of subgroups A can arise as point stabilizers.

8.1. Classification of point stabilizers for homogeneous actions.
We recall some facts and definitions from permutation group theory.

DEFINITION 8.2. Let X be a countable set, and G be a group acting
transitively on X. A block for this action is a non-empty set A C X such
that for all g € G one has either gA = A or gAN A = (). A block is trivial if
it is either a singleton or the whole set X.

The action of G on X is primitive if all blocks for this action are trivial
(equivalently, there is no non-trivial G-invariant equivalence relation on X).

This property is particularly relevant to us because of the following two
facts (the first of which is a standard fact in permutation group theory,
while the second is probably well-known. We include the short proofs for the
reader’s convenience).
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LEMMA 8.3. Assume that G is a group that acts transitively on X. Then
the action is primitive if and only if the stabilizer of some (any) x € X is a
mazximal proper subgroup.

Proof. Given x € X, denote by H its stabilizer. We can identify the
action of G on X with the regular action of G on G/H. If there exists a
subgroup K of GG such that H C K C G, then the K-cosets form a family
of non-trivial blocks for this action. Conversely, assume that A C G/H is a
block for this action, containing H (seen as an element of G/ H ). By definition
of a block, we see that

K:={geG:gH € A} ={ge€ G: gA= A},
so K is a subgroup of G, and if A is non-trivial then H C K C G. n
LEMMA 8.4. The action of Iso(Ug) on Ug is transitive and primitive.

Proof. Transitivity of the action is obvious. As for primitivity, assume
that A is a block for this action, with two elements x,y such that d(z,y) =
r > 0. For any z such that d(y, z) = r, there exists an isometry a of Ug such
that a(y) = y and a(z) = 2. Since A is a block, a(y) = y implies a(A) = A
so z belongs to A. Now, note that for any s € SN [0, 2r] there exists z € Ug
with d(x, z) = s and d(y, z) = r, so A has an element z such that d(z, z) = s.
Switching the roles of z and y, we conclude that A contains all z such that
d(x,z) € [0,2r]. From this we deduce that A = Ug. =

It is straightforward to check that transitivity and primitivity are inher-
ited by dense subgroups, so we have the following result.

PROPOSITION 8.5. If I' is a dense subgroup of Iso(Ug), then for any
x € Ug its stabilizer I'y is a maximal proper subgroup of I'.

In particular, if &4 acts faithfully homogeneously and A is the stabi-
lizer of a point, then A is a maximal proper subgroup of & ..). We now turn
our attention towards understanding these maximal subgroups; probably the
description we obtain is well-known, but cannot indicate a reference.

DEFINITION 8.6. Assume that H is a group that acts transitively and
not primitively on a set X. We say that H is almost primitive if there exists
a maximal non-trivial block, and totally imprimitive otherwise.

In the classification of maximal subgroups of &4, it is natural to dis-
tinguish groups with finite/infinite biindex, a notion that we introduce now.

DEFINITION 8.7. The biindex of a subgroup H of a group G is the min-
imal cardinality of a set F' such that HFH = @, that is, the number of
double cosets.

It is straightforward to check that the biindex of H corresponds to the
number of orbits for the H-action on G/H.
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Maximal subgroups of &) which do not act transitively on N are easily
described.

LEMMA 8.8. Let X be a subset of N different from O and N. Then the
setwise stabilizer of X is a mazimal proper subgroup of & (o).

Proof. Since the setwise stabilizer of X is equal to the setwise stabilizer
of its complement, we may as well assume that X is infinite.

Given zg,z; € N the transposition (z¢ x1) is the permutation o defined
by o(xzp) = x1, o(x1) = 29 and o(z) = z for all x & {xg,z1}. We use the
fact that if G C N x N is a graph on N, then the set of transpositions of
the form (z y) with (7,y) € G generates &4 if and only if the graph G is
connected.

Let A be the setwise stabilizer of X, and let us show A is a maximal
subgroup of & (). Observe that the graph of (z,y) such that (z y) € A
contains both the complete graph on X and the complete graph on N\ X.

Now let g € &) \ A. Then we find z € X such that g(z) ¢ X. Since g
has finite support and X is infinite, we find y € X with x # y and g(y) = y.
Now g(z y)g~* = (g(x) y). We conclude that the graph of (x,y) such that
(z y) € (4,9) is connected, which shows that (4, g) = &) as wanted. =

Using a famous theorem of Wielandt, it is also not difficult to identify
maximal proper subgroups of &, which act transitively on N.

LEMMA 8.9. Let A be a mazimal proper subgroup of &), and assume
that A has infinite index and acts transitively on N. Then there is an equiv-
alence relation E on N, all of whose classes have the same cardinality k > 2
(possibly infinite), and such that A consists of all elements of &) which
preserve E. These groups are indeed maximal, and have infinite biindez.

Proof. Suppose otherwise. If A is primitive, A must be either &, or
the group of even permutations by Wielandt’s theorem [DM96, Thm. 3.3D],
contradicting the assumption on the index of A.

If A is almost primitive, let A be a maximal non-trivial block for the
action A on N. Note that all the maximal blocks are of the form §A, § € A,
and denote by E the equivalence relation defined by

Vi, j €N, (iFj) < (36 € A, §i € A and §j € A).

Then all the E-equivalence classes have the same cardinality |A| > 2. By
maximality, A must coincide with the group of all elements of &) which
are automorphisms of FE.

Say that a block dA is perturbed by v € G if 70A is not equal to
any &’A, & € A. Let N(v) be the (finite) number of blocks A which are
perturbed by «y. Since A respects the equivalence relation F, any element of
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Ay A must perturb as many blocks as ; there are elements of &,y which
perturb an arbitrary number of blocks, so the biindex of A in &) is infinite.

If A is totally imprimitive, we get an increasing sequence of blocks
Ay € Ay C --- whose union is equal to N . By maximality, each element
with support in some A; must belong to A, so A = G(,, a contradiction
(i.e. there is no proper, maximal, transitive, totally imprimitive subgroup

It remains to prove that groups of finitary permutations which preserve
equivalence relations whose classes have fixed cardinality k& > 2 (k can be
equal to Ny here) are indeed maximal. Let FE be an equivalence relation all
of whose classes have fixed cardinality k& > 2; let A be its automorphism
group. Pick 0 € &) \ A and consider the graph G of (z,y) such that
(x y) € (A,0). As in the proof of the previous lemma, it suffices to show
that this graph is connected. First, note that each FE-class is contained in
a connected component. Since o ¢ A, there exist z,y € N with (z,y) € F
such that (o(x),0(y)) € E. Now observe that for every z € N\ [o(2)]p
there is 7 € A such that 7(o(y)) = z and 7(0(z)) = o(x). Conjugating the
transposition (x y) by 7o, we conclude that (o(z),z) € G, which proves
that G is connected, as wanted. =

We can now list the maximal proper subgroups of &,; from this de-
scription we will then be able to understand the corresponding Schlichting
completions.

THEOREM 8.10. Assume that A is a mazimal proper subgroup of &),
of infinite index. Then there are three possibilities:

(1) A has finite biindex k + 1; then A is the setwise stabilizer of a finite set
of integers with cardinality k.

(2) A has infinite biindex and does not act transitively; then it is the setwise
stabilizer of an infinite, coinfinite set of integers.

(3) A has infinite biindex and acts transitively; then there exists an equiv-
alence relation E, all of whose classes have the same (possibly infinite)
cardinality k > 2, such that A consists of the elements of &) which
are automorphisms of E.

All the groups described above are indeed maximal.

Proof. Assume first that A does not act transitively on N. By maximality,
we must have exactly two disjoint A-orbits, say X and Y'; at least one of
them (say Y') is infinite. By maximality, A is the setwise stabilizer of X,
which is indeed maximal by Lemma [8.8

If X is infinite then A is the stabilizer of a point for the action of &
on the set (2 of all infinite and coinfinite subsets of N. It follows that A has
infinite biindex.
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If A has finite biindex k£ 4 1, then X is finite of cardinality K € N and
A is the stabilizer of a point for the (transitive) action of &, on the set
[N]x of all subsets of N whose cardinality is equal to K. Then the biindex
of Ais equal to K 41 (indeed the A-orbit of Y € [N]g is determined by the
cardinality of its intersection with X') and we conclude k = K as wanted.

The case where A acts transitively has already been described in the
previous lemma. =

8.2. Associated Schlichting completions. As explained at the be-
ginning of this section, we want to understand the closure of &, in the
symmetric group of &(.))/A when A is one of the subgroups from the above
theorem, in other words we want to understand possible Schlichting comple-
tions of &) with respect to maximal subgroups (see the definition below).
It is not necessary to go into that much detail if one simply wants to prove
that &) is not isomorphic to a dense subgroup of a nontrivial Urysohn
space, but it seems interesting to work out this example in complete detail.

DEFINITION 8.11. Let A be a subgroup of a countable group I'. The
Schlichting completion of I' with respect to A is the closure of I' in the
symmetric group of I'/A.

This notion was introduced by Schlichting when A was commensurated
in I', and he proved that the completion is then a locally compact group
[Sch&0].

Note that the Schlichting completion of a group I" comes with a canonical
map from I' with dense image. This map will always be clear from the
context, so we will not explicitly write it down.

We will now define concrete representations of the Schlichting comple-
tions of &y, with respect to the subgroups that we found in the above
section. We will often make use of the following fact without further men-
tion: if G and H are Polish groups and n: G — H is an embedding of
topological groups, then 7 has closed image (see [Gao09, Prop. 2.2.1]).

Let us start with item from Theorem

PROPOSITION 8.12. Let A be a maximal proper subgroup of (o, and
assume that A has infinite index and biindex k 4+ 1. Then the Schlichting
completion of & ) with respect to A is Soo. In particular, & is a normal
subgroup of its Schlichting completion with respect to A.

Proof. By Theorem we know that A is the stabilizer of a subset of
N of cardinality k. Denote by [N]; the set of subsets of N of cardinality k.
Then &4, acts transitively on [N]i, so we can identify & )/A with [Ny,
and the & -action on &) /A extends to the natural &-action on [NJj.
Denote by 7 : 6o — S([N]j) the associated continuous group morphism.
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Let us show 7 is a homeomorphism onto its image. Suppose 7 (0y,)
— idpyy,,, and let x € N. We find A, B € [N]; such that AN B = {z}, so for
large enough n we have 0,(A) No,(B) = AN B = {z} and thus o,(x) = x.
Hence o, — idy, so 7 is indeed a homeomorphism onto its image.

We conclude that m;(S) is a closed subgroup of &([N];) and thus the
Schlichting completion of &) with respect to A is Go. =

Let us make explicit the reasoning we used in the above proposition so
as to identify a Schlichting completion.

LEMMA 8.13. Let A be a countable set; let G < S(A) be a closed subgroup
acting transitively on A. Suppose I' is a countable dense subgroup of G.
Then for every x € A, the Schlichting completion of I' with respect to I,
is isomorphic to G as a topological group.

Proof. We have a natural identification of A with I"/I, which induces an
isomorphism @ : §(A) — &(I'/I;). Notice that ¢(I") is then dense in ¢(G),
and since the closure of @(I”) is the Schlichting completion of I" with respect
to Iy, we find that ¢(G) is the Schlichting completion of I" over I,. =

We now move on to case from Theorem As it turns out, the
study of this group as a Polish group was initiated by Cornulier [dC]. We
need a few preliminary definitions.

DEFINITION 8.14. Let X be an infinite, coinfinite subset of N. The com-
mensurating subgroup of X is the group &(N, X)) of all permutations o € G
such that o(X) A X is finite.

The commensurating subgroup is a Polish non-archimedean group for
the topology of pointwise convergence on the countable set Commy (N) of
subsets Y of N commensurated to X, i.e. such that X A'Y is finite. Note
that S(N, X) acts transitively on Comm y (N).

Define the transfer character tr on S(N, X) by

tr(o) =|leX \ X| — | X\ oX]|.
It can be shown that tr is a continuous homomorphism &(N, X) — Z (see
[AC|, Prop. 4.H.1]). Its kernel is denoted by &°(N, X); it contains & as
a dense subgroup [dC| Prop. 4.H.3, Prop. 4.H.4]. Moreover, G°(N, X) acts
transitively on Comm$ (N) := {V € Commx(N) : |[ X \ Y| = [V \ X|}. We
have the following basic lemma on the relationship between Comm$-(N) and
Commy (N).

LEMMA 8.15. Every element of Commx (N) can be written either as the
reunion or the intersection of two elements of Comm% (N).

Proof. Let Y € Commy (N). Write Y = (X \ F1) U F, with F; € X and
e N\X If’F1| > |F2|, we find F3 C N\(XUFQ) such that |F3| = |F1‘—|F2|
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and Fy C I} such that ‘F4| = |F2| Let Y7 = (X \ Fl) ] (F2 (] Fg) and
Yo = (X \ F4)UFy. Then both Y] and Y5 are in Commg((N), and Y = Y1NYs.
The case |F1| > |F| is similar, and one sees that Y can be obtained as the
union of two elements of Comm$ (N). m

PROPOSITION 8.16. Let X be an infinite coinfinite subset of N. Denote
by A the group of finitely supported permutations o such that o(X) = X.
Then the Schlichting completion of &) with respect to A is &(N, X).
In particular, & ) is a normal subgroup of its Schlichting completion with
respect to A.

Proof. Let m be the continuous morphism obtained by restricting the
GY%(N, X)-action to Comm% (N). By the previous lemma, if 7(o,) —
idCommg( vy then o7 — idcommy (), 80 7 is an embedding. Hence &(N, X)

may be viewed as a closed subgroup of &(Comm%(N)). Its action on
CommY (N) is moreover clearly transitive. Since G°(N, X) contains &, as
a dense subgroup, the action of &) on Commg((N) is also transitive, and
the stabilizer of X for this action is our subgroup A. Since G°(N, X) contains

& () as a dense subgroup, the desired conclusion follows from Lemma .

Our third and last possible Schlichting completion (case from The-
orem arises as follows. Let us say that an enumerated partition of
N is a sequence P = (A;);en of disjoint subsets of N which cover N. Let
k€ NU{RXo} with k£ > 2, and consider an enumerated partition P = (A;);en
of N where each A; has cardinality k. We then define the almost full group
of the enumerated partition P as the group

A[P] = {0 € 6: 0(4;) = A; for all but finitely many i € N}.

The topology on A[P] is obtained by declaring that a basis of neighbor-
hoods of the identity is made up of the neighborhoods of the identity of the
full group of P,

[P] = {0 € 6: 0(A;) = A, for all i € N},
equipped with the topology induced by &. In particular, [P] is an open
subgroup of A[P].

LEMMA 8.17. The topology obtained by declaring that a basis of neighbor-

hoods of the identity in A[P] is formed by the neighborhoods of the identity

in [P] does define a group topology on A[P], which is Polish and moreover
locally compact when k is finite.

Proof. To prove that we have a group topology, it suffices to show that
for every g € A[P] and every neighborhood V' of the identity in [P], the set
gVg~t NV is still a neighborhood of the identity in [P]. We may assume
that V' is the pointwise stabilizer in [P] of a finite set B;, U --- U B;,, where
B;; € A, for all j. In other words, V' is the set of all permutations which fix
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every point in B;, U --- U B;, and leave every A; invariant. It is clear that
gV g~!is the set of all permutations which fix every point in gB;, U---UgB;,
and leave every gA; invariant. But g € A[P] so there are only finitely many
A;’s such that gA; # A;. In particular, we can find F' € N containing
{i1,...,4;} such that gA; = A; for all i € N\ F and ¢B;, U--- U gB;
C | lier Ai- Then gVg~' NV contains the set W of all permutations which
fix pointwise every element of B;, U ---U B;, U gB;, U---UgB;, and leave
every A; invariant. Since W is a neighborhood of the identity in [P], this
ends the proof that gV g~! NV is still a neighborhood of the identity in [P],
and we conclude that our topology is a group topology.

Now observe that since [P] is open of countable index in A[P], the asso-
ciated topology is Polish because A[P] is homeomorphic to the Polish space
N x [P]. The fact that the topology is locally compact when k is finite follows
from the fact that in this case [P] is compact, since it is a closed permutation
group and all of its orbits are finite. m

We now consider a more concrete way to view the topology we defined
above so as to apply Lemma [3.13

Given a (possibly infinite, countable) £ > 2 and P = (A;);en an enumer-
ated partition of N into subsets of cardinality &, we denote by O(P) the orbit
of P under &, (for the natural action of &, on the set & of enumerated
partitions of N into subsets of cardinality k).

When £k is finite, one has o(O(P)) = O(P) for any o € A[P]; indeed,
in that case O(P) is simply the set of all enumerated partitions of N whose
elements all have cardinality k, and with only finitely many elements not
equal to an element of P. When k is infinite, this is no longer true, as the
orbit of P under the action of A[P] is uncountable. We denote

A[P] = {0 € A[P]: (O(P)) = O(P)}.
When k is finite, we simply have A[P] = A[P]
PROPOSITION 8.18. A[P] is closed in A[P].

Hence A[P} is a Polish group in its own right. Before giving the proof,
we would like to note that our original argument was flawed; the correct
proof below is due to the referee. The proof itself is fairly routine, but we
feel like it is worth mentioning the unusual level of care and precision of the
referee’s work (which we could also have pointed out in several other places)
and express our gratitude again.

Proof of Proposition When k is finite, there is nothing to prove.
Assume k = Ng, and let O'(P) denote the orbit of P under the action
of A[P]; explicitly, O'(P) consists of all enumerated partitions Q = (B;)ien
with |B;| = Rg for all 4, and B; = A; for all but finitely many i.
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Since [P] is the stabilizer of P for the action of A[P] on O'(P), and [P] is
an open subgroup of A[P], the morphism 7: A[P] — &(O'(P)) is continuous
(as usual S(O'(P)) is endowed with the topology of pointwise convergence
for the discrete topology on O'(P); one should perhaps note here that O'(P)
is not countable, but that does not affect the argument).

Observe that A[P] = {o € A[P]: ¢(O(P)) = O(P)}, which proves that
A[P] is closed in A[P]. =

PROPOSITION 8.19. &4 is dense in A[P].

Proof. Pick g € A[P]. We may find o € S () such that o(P) = g(P),
hence 0~ 1g € [P]. The desired result now follows from the density in [P] of
the group of finitely supported elements of [P]. m

PROPOSITION 8.20. The topology on A[P] coincides with the topology of
pointwise convergence on O(P).

Proof. The natural map 7 : A[P] — &(O(P)) is continuous (as above,
this follows from the fact that [P] is the stabilizer of P for the action of G
on & and [P] N A[P] is open in A[P]).

Next, 7 is injective. To see this, observe that any element of the kernel
of 7 must belong to [Q] for any Q € O(P). Pick such a o € A[P].

Then let x € N, write again P = (A4;);en and let iy € N be such that
x € Ay, Let jo # io, and fix y € Aj;. Define a new enumerated partition
Q = (Bi)ien by letting

{z} U (A5 \{y}) ifi=io,
B = {y} U (A, \ {z}) if i = jo,
A; otherwise.

Observe that @ € O(P), and since o belongs to both [Q] and [P], it must fix
Ai, N Bi, = {x}, so o(x) = x. We conclude that ¢ = 1, so that 7 is injective
as promised.

Suppose that (o,,) € A[P] is such that m(c,) converges to 1 in &(O(P));
pick z € N and define @ € O(P) in the same way as above. For n large
enough, one must have o(P) = P and 0(Q) = Q, hence o(z) = x. This
proves that m is a topological group embedding. =

COROLLARY 8.21. Let Hy be the group of finitely supported bijections
which fix an enumerated partition Py of N into sets of (possibly infinite)
cardinality k. Recall that A[Py] denotes the closure of S0 in A[Py]. Then
the Schlichting completion of &) with respect to Hy is equal to A[Pk].
In particular, &) is a normal subgroup of its Schlichting completion with
respect to Hy,.
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Proof. This follows from the previous two propositions, combined with
Lemma [8.13] =

8.3. Proof of Theorem Combining Propositions and
and Corollary with the classification of the maximal proper subgroups
of G« of infinite index, we obtain the following result.

PROPOSITION 8.22. Let A < &) be a mazimal proper subgroup of
S(x0) of infinite index. Then &) ts a normal subgroup of its Schlichting
completion with respect to A.

QUESTION. Is there a way to establish that result more directly, without
first having to describe the maximal proper subgroups? In the case of &)
this was not hard to do (and is sufficient to establish the result above, since
then the homogeneous spaces & (o) /A are easy to understand) but that sort
of hands-on approach seems unlikely to work in more general settings.

Recall from Proposition that if S < Iso(Ug) is dense, then the
S (0)-stabilizer of any point in Ug is a maximal proper subgroup of infi-
nite index. As we observed before, Iso(Ug) must then be isomorphic to the
Schlichting completion of &4, with respect to that subgroup. To finish the
proof of Theorem [B:1] it is thus enough to prove the following fact.

PROPOSITION 8.23. Assume that |S| > 3. Then the conjugacy class of
any non-identity element of Iso(Ug) is uncountable. In particular, Iso(Ug)
does not admit a non-trivial countable normal subgroup.

Proof. Assume that g € Iso(Ug) has a countable conjugacy class; then
its centralizer C'(g) is a closed subgroup with countable index, so it is clopen.
Hence, there must exist a finite subset F' of Ug such that g commutes with
any element h satisfying h(z) = z for all x € F. We want to prove that
g = id and assume for a contradiction that this is not the case.

We first claim that there must exist ¢ F' such that g(z) # z. To see
this, pick y such that g(y) # y. Since |S| > 3, we can find s1 # s2 € S such
that the map f: {y,g(y)} — R defined by setting f(y) = s1, f(g9(y)) = s2 is
Katétov. Thus there exist infinitely many x € Ug such that d(x,y) = s; and
d(x,g(y)) = so; in particular there exists such an z which does not belong
to F, and since d(x,y) # d(z, g(y)) we have g(z) # .

Next, pick h € Iso(Ug) such that h coincides with the identity on FU{z}
vet h(g(z)) # g(x). Then hg(x) # gh(x), so h does not commute with g,
a contradiction. Hence g = id. =

Another nice consequence of Theorem is that & (o) has only one
2-transitive action on N up to conjugacy.

PROPOSITION 8.24. Let &) ~ N be a 2-transitive action. Then the
action is conjugate to the natural action of &) on N.
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Proof. Let A = Stabg_, (0). Then A has infinite index and by 2-transit-
ivity its biindex is 2. This implies that A is maximal proper: if A < I" then
I" must contain a A-double coset distinct from A and is thus equal to & ).
The desired conclusion now follows from Theorem [R.10l m

REMARK 8.25. In |[LMI1§]|, the second author defines a transitive action
of a countable group I" on a countable set X to be highly faithful if for every
F & I there is x € X such that for all distinct fi, fo € F, fi - x # fo - x.
The natural action of &) on N is highly transitive but not highly faithful,
so the above proposition implies that &) has no highly transitive highly
faithful action, answering a question raised in [LMIS§].
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