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Abstract

Consider the general scalar balance law dyu + Div f (¢, z,u) = F(t,x,u) in several space
dimensions. The aim of this note is to estimate the dependence of its solutions from
the flow f and from the source F. To this aim, a bound on the total variation in the
space variables of the solution is obtained. This result is then applied to obtain well
posedness and stability estimates for a balance law with a non local source.
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1 Introduction

The Cauchy problem for a scalar balance law in N space dimensions

{Gtu+D1vf(,x,u):F(t,x,u) (t,x) € Ry xRN (1.1)

t
(0,2) = uo(x z ¢ RN

is well known to admit a unique weak entropy solution, as proved in the classical result
by Kruzkov [12, Theorem 5]. The same paper also provides the basic stability estimate on
the dependence of solutions from the initial data, see [12, Theorem 1]. In the same setting
established in [12], we provide here an estimate on the dependence of the solutions to (1.1)
from the flow f, from the source F' and recover the known estimate on the dependence
from the initial datum u,. A key intermediate result is a bound on the total variation of
the solution to (1.1), which we provide in Theorem 2.5.

In the case of a conservation law, i.e. F = 0, and with a flow f independent from t, z,
the dependence of the solution from f was already considered in [3], where also other results
were presented. In this case, the TV bound is obvious, since TV (u(t)) < TV(u,). The
estimate provided by Theorem 2.5 slightly improves the analogous result in [3, Theorem 3.1]
(that was already known, see [6, 16]), which reads (for a suitable absolute constant C')

Hu(t) HLl (RN;R) = < luo — UOHLl(RN;R) + CTV(u,) Lip (f —g)t
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Our result, given by Theorem 2.6, reduces to this inequality when f and g are not dependent
ont,z and F =G =0, but with C = 1.

A flow dependent also on x was considered in [4, 9], though in the special case f(x,u) =
[(x) g(u), but with a source term containing a possibly degenerate parabolic operator.
There, estimates on the L' distance between solutions in terms of the distance between
the flows were obtained, but dependent from an a priori unknown bound on TV (u(t)).
Here, with no parabolic operators in the source term, we provide fully explicit bounds both
on TV (u(t)) and on the distance between solutions. Indeed, remark that with no specific
assumptions on the flow, TV (u(t)) may well blow up to +o0o0 at ¢ = 0+, as in the simple
case f(x,u) = cosz with zero initial datum.

Both the total variation and the stability estimates proved below turn out to be optimal
in some simple cases, in which optimal estimates are known.

As an example of a possible application, we consider in Section 3 a toy model for a
radiating gas. This system was already considered in [5, 8, 10, 11, 13, 14, 15, 17]. It consists
of a balance law of the type (1.1), but with a source that contains also a non local term, due
to the convolution of the unknown with a suitable kernel. Thanks to the present results,
we prove the well posedness of the model extending [8, Theorem 2.4] to more general flows,
sources and convolution kernels. Stability and total variation estimates are also provided.

This paper is organized as follows: in Section 2, we introduce the notation, state the
main results and compare them with those found in the literature. Section 3 is devoted to
an application to a radiating gas model. Finally, in sections 4 and 5 the detailed proofs of
theorems 2.5 and 2.6 are provided.

2 Notation and Main Results

Denote Ry = [0, +-oo[ and Ry = |0, +-00[. Below, N is a positive integer, Q = R, x RN xR,
B(z,7) denotes the ball in RV with center + € RY and radius r > 0. The volume of the
unit ball B(0,1) is wy. For notational simplicity, we set wy = 1. The following relation
can be proved using the expression of wy in terms of the Wallis integral Wi:

WN
WN-1

w/2
=2Wn where Wy = / (cos0)N dh. (2.1)
0

In the present work, 14 is the characteristic function of the set A and d; is the Dirac
measure centered at t. Besides, for a vector valued function f = f(z,u) with u = u(x),
Divf stands for the total divergence. On the other hand, divf, respectively V f, denotes
the partial divergence, respectively gradient, with respect to the space variables. Moreover,
0y and 0Oy are the usual partial derivatives. Thus, Divf = divf + 0, f - Vu.

Recall the definition of weak entropy solution to (1.1), see [12, Definition 1].

Definition 2.1 A function u € L®°(Ry x RY;R) is a weak entropy solution to (1.1) if:
1. for any constant k € R and any test function ¢ € CX(R, x RV:R,)

/R /RN [(uf k) Owp + (f(t,x,u) — f(t,x,k:)) -V + (F(t,x,u) — divf(t,a:,k:)) ga]
' xsign(u — k) dxz dt > 0;

(2.2)
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2. there exists a set £ of zero measure in Ry such that for t € Ry \ € the function u(t, )
is defined almost everywhere in RY and for any r > 0

lim / ’u(t, z) — uo(x)|dz = 0. (2.3)
t—0,tcR\E J B(0,r)

Throughout this paper, we refer to [1, 18] as general references for the theory of BV func-
tions. In particular, recall the following basic definition, see [1, Definition 3.4 and Theo-
rem 3.6].

Definition 2.2 Letu € L}OC(RN;R). Define

TV(u) = Sup{/ udivgde : ¢ € Co(RY;RY) and [[¢)]| oo g vy < 1}
RN ’
BV(RV;R) = {u e LL (RV:R): TV(u) < +oo}.
The following sets of assumptions will be of use below.
f € CEQ;RY) F e CYO;R)
(H1) Ouf € L (S RY)
Ou(F —divf) e L*(;R) F —divf € L*(;R)
f € C2(OQ;RY) F e CYO;R)

VO, f € L®(Q; RV*N) / / HV(F—divf)(t,m,~)HL°O(R.RN)dxdt < 400
RJRN ;

(H2)

OOuf € L= (S RY) O F € L>®(;R)

opdivf € L®°(;R)

f € CHORY) FeCYYyR)  0,F € L®(Q;R)
(H3)

Ouf € L (S RY) / / H(F —divf)(t,z, ~)HLOO(R,R) dxdt < 400
R, JRN ’

The quantity F'—divf has a particular role, since it behaves as the “true” source, see (2.6).
We note here that the assumptions above can be significantly softened in specific situations.
For instance, the requirement that f be Lipschitz, which is however a standard hypothesis,
see [3, Paragraph 3], can be relaxed to f locally Lipschitz in the case f = f(u) and F = 0,
thanks to the maximum principle [12, Theorem 3|. Furthermore, the assumptions above
can be obviously weakened when aiming at estimates on bounded time intervals.

Assumptions (H1) are those used in the classical results [12, Theorem 1 and Theo-
rem 5|. However, we stress that the proofs below need less regularity. As in [12], we
remark that no derivative of f or F' in time is ever needed. Furthermore, f needs not be
twice differentiable in u, for the only second derivatives required are V.0, f and V2f.

We recall below the classical result by Kruzkov.

Theorem 2.3 (Kruzkov) Let (H1) hold. Then, for any u, € L¥(RN;R), there exists

a unique weak entropy solution u to (1.1) in L™ (Ry;Li (RN;R)> continuous from the

loc
right. Moreover, if a sequence u?* € L>®(RY;R) converges to u, in Li ., then for allt >0

loc’
the corresponding solutions u™(t) converge to u(t) in Li _.
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Remark 2.4 Under the conditions (H2) and f]R+fRNH(F —divf)(t, z, ')HLOO(R-R) dzdt <

+o0, see (H3), the estimate provided by Theorem 2.5 below, allows to use the technique
described in [7, Theorem 4.3.1], proving the continuity in time of the solution, so that

u e CO (RJF;LI (RN;]R)>.

loc

2.1 Estimate on the Total Variation

Recall that [9, Theorem 1.3] and [4, Theorem 3.2] provide stability bounds on (1.1), in the
more general case with a degenerate parabolic source, but assuming a priori bounds on
the total variation of solutions. Our first result provides these bounds.

Theorem 2.5 Assume that (H1) and (H2) hold. Let u, € BV(RY;R). Then, the weak
entropy solution u of (1.1) satisfies u(t) € BV(RY;R) for all t > 0. Moreover, let

fo = N Wy (2N +1) |V 0uf ey + 10uFlle ) (2.4)

with Wy as in (2.1). Then, for all T > 0,
T
TV (u(T)) < TV(uo) e + NWN/ ero(T=1) / |V(F —divf)(t,a,)|| ~dzdt. (2.5)
0 RN

This estimate is optimal in the following situations:

1. If f is independent from x and F' = 0, then s, = 0 and the integrand in the right
hand side above vanishes. Hence, (2.5) reduces to the well known optimal bound
TV (w(T)) < TV(uo).

2. In the 1D case, if f and F' are both independent from ¢ and w, then x, = 0 and (1.1)

reduces to the ordinary differential equation dyu = F' — divf. Hence, (2.5) becomes

TV (w(T)) < TV(up) + TTV(F —divf). (2.6)

3. If f =0 and F = F(t) then, trivially, TV (u(T)) = TV(u,) and (2.5) is optimal.

The constant NWy is related to the choice of the norm in RY, see Lemma 4.1. If N =1,
then NWy = 1 and this constant is optimal, for instance, in case 2. above. On the other
hand, if N > 1, in the case f = 0 and F(u) = u, then k, = NWyx > 1 and the bound (2.5)
reduces to TV (u(T)) < TV (u,) exp(r,T), whereas TV (u(T))) = TV (u,) exp(T).
A simpler but slightly weaker form of (2.5) is
Kol

TV (w(T)) < TV (u,) el 4 NWN: sup / |V(F = divf)(t, =, -)HLOOd:r
Ko tefo,T] JRN

when the right hand side is bounded.
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2.2 Stability of Solutions with Respect to Flow and Source

Consider now (1.1) together with the analogous problem

{ 0w + Divg(t,xz,v) = G(t,x,v) (t,z) € Ry xRV (2.7)

x
v(0,z) = vo(x) r € RN,

We aim at estimates for the difference u — v between the solutions in terms of f — g,
F — G and u, — v,. Estimates of this type were derived by Bouchut & Perthame in [3]
when f, g depend only on v and F' = G = 0. Here, we generalize their result adding the
(t, z)-dependence. The present technique is essentially based on Theorem 2.5.

Theorem 2.6 Let (f,F), (g9,G) verify (H1), (f,F) verify (H2) and (f — g, F — G) ver-
ify (H3). Let u,,v, € BV(RY;R). We denote k, as in (2.4) and introduce

K = 2NV, f || oo (v x5) | 0uF [l 00 () || 8 (F — G)HLOO(Q;R) and M = [|0ug|ly, (o;rn)-

Then, for any T,R > 0 and z, € RY, the following estimate holds:

/ |u(T, ) — v(T,z)|dz < e“T/ |uo(z) — vo(w)| d
lz—zo|| <R lz—zol|[ <R+MT
enoT . enT
+ T TV (o) ||0u(f — 9)]|
T oro(T—t) _ or(T—t) )
L NWy / = / IV(F = divf)(t, 2, )| e dt ) [|0u(f = )]
0 Ko K RN

T
b e |~ &)~ aivts - g)) (k.| _awat.
0 le—zo|| <R+M(T—t) Loo

The above inequality is undefined for k = k, and, in this case, it reduces to (5.17). This
bound is optimal in the following situations, where u,, v, € L*(RY;R).

1. In the standard case of a conservation law, i.e. when F' = G = 0 and f,g are
independent of x, we have x, = k = 0 and the result of Theorem 2.6 becomes, see [2,
Theorem 2.1],

HU(T) - U(T)HLI RN.R < ”uO - UOHLl(]Rn;]R) +T TV(UO) Hau(f - g)HLoo Q:RN)Y ¢
(RV:R) (RY)

2. If 9,f = 0yg =0 and 0, F = 3,G =0, then k, = k = 0 and Theorem 2.6 now reads

dt.

T
[(T) = 0(T) | vy < llto = vollp vy +/0 H [(F - G) —div(f - 9)] (t)\ LAEN:R)

3. If (f,F) and (g,G) are dependent only on z, then Theorem 2.6 reduces to

HU(T) - U(T)HLl RN .R < Juo — UOHLl(RN;R) +TH(F —G) —div(f - 9>HL1 RN R)
(RN;R) (RNV;R)
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The estimate obtained in Theorem 2.6 shows also that, depending on the properties of
specific applications, the regularity requirement f € C2((Q; RN ) can be significantly relaxed.
For instance, in the case f(t,z,u) = q(u) v(x) considered in [4, 9], asking ¢ of class C' and
v of class C? is sufficient. See also Section 3 for a case in which the required regularity in
time can be reduced.

In the case of conservations laws, i.e. when F' = GG = 0, one proves that x < k, and the
estimate in Theorem 2.6 takes the somewhat simpler form

/ \w(T,z) — (T, z)|dz < e”T/ |uo(z) — vo(w)| da
[e—zo||<R lz—ol| <R+MT

+ T e T TV(u,) 10u(f = 9)|| g

L ONWNT?eT sup </ HVdivf(t,x,-)HLoodx> 16u(F — )}
t€[0,T] RN

+ TefT sup

/ v = g)(t. ). o
te[0,7) J||z—zo||<R+M (T—t)

when the right hand side is bounded. In the case considered in [3, Theorem 3.1], f = f(u),
ko = 0 and we obtain [3, formula (3.2)] with 1 instead of the constant C' therein.

3 Application to a Radiating Gas Model

The following balance law is a toy model inspired by Fuler equations for radiating gases:
Ou+ Divf(t,z,u) = —u+ K x5 u. (3.1)

It has been extensively studied in the literature when f = f(u), see for instance [10, 11,
13, 15, 17] for the scalar 1D case, [5, 14] for 1D systems, [8] for the scalar ND case.

The estimate provided by Theorem 2.6 allows us to present an alternative proof of
the well posedness of (3.1) proved in [8]. Furthermore, we add stability estimates on the
dependence of the solution from f and K, in the case of f dependent also on ¢, x and with
more general source terms.

Theorem 3.1 Let (f, F) satisfy (H1), (H2) and (H3). Assume that
(K) Ke(C2nL®)(R; xRY;R) and K eL> (R+;W2’1(RN;R)> .
Then, for any u, € (BV NLY)(RY;R), the Cauchy problem

{Btu+Divf(,x,u):F(t,aj,u)—i—K*mu (t,z) € Ry xRY (3.2)

t
u(0,2) = up(x r € RY
admits a unique weak entropy solution u € C° (@_F;LI(RN;R)). Moreover, denoting
k= HK\|LOO(R+;L1(RN;R)), for all'T > 0, the following estimate holds:

TV (u(T)) < et NWNEOT Ty (qy,)

T
+NWy / elroTNWNE)(T—1) / |V (F —divf) (t,2,)]| o dzdt.
0 RN

If F(t,z,0) — divf(t,2,0) = 0 for all t € [0,T] and x € RY, then
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L el gy < € uollpa vz

2. Let K satisfy (K) and call @ the solution to (3.2) with K replaced by K. Then,

kT _ kT )

H’U,(T) - ﬁ’(T)HLl(RN;R) < HUOHLI(RN;R) W (33>

Lo°(R4;L1(RV;R))

Proof. Fix a positive T' (to be specified below) and consider the Banach space X =
c° ([O,T];LI(RN;]R)> equipped with the usual norm [ul| y = [Ju[|geog ;12 ®N r))- Define
on X the map 7 so that 7 (w) = u if and only if u solves

{8tu—|—D1Vf(,x,u)—F(t,x,u)—i—K*mw (t,z) € Ry xRN (3.4)

t
(0,2) = uo(z z € RN

in the sense of Definition 2.1. Note that the source term does not have the regularity
required in (H1). However, by the estimate in Theorem 2.6, we can prove that (3.4) does
indeed have a unique weak entropy solution, see Lemma 3.2 for the details. The fixed
points of 7 are the solutions to (3.1). By Theorem 2.3 and Remark 2.4, 7w € X for all
w € X. We now show that 7 is a contraction, provided T is sufficiently small. Note that

ko = NWy ((2N+ DIV Oufllp- + ||auF||L°°)
£ = 2N|[VOuf|ge + 0uF g -

Moreover, by Theorem 2.6

d(Twi,Twy) = sup ||[Twr —Twa|p1
te[0,7
<  sup o sup || K (7) %z (w1 — w2)(7)||ya
t€[0,T7] Kk refoy
eliT_
< — su [ () [ (| (w1 = w2) (7)]| 2
kT _
< € 1kd(w1,w2).
K

Therefore, 7 is a contraction as soon as 1" is smaller than a threshold that depends only on
[0uF 00 (R [V OuS oo (urvxnvy and on || K|y, (g, ;1 (ryr))- Therefore, we proved the
well posedness of (3.2) globally in time.

Consider the bound on TV (u(t)). By Theorem 2.5,

T
TV (u(T)) < TV(uy) + NWy / efo(T=t) / [V (F = divf)(t, 2, )|| oo gy do dt
0 RN ’

T
+NWy / e T=DE TV (u(t)) dt
0

and an application of Gronwall Lemma gives the desired bound.
We estimate the L' norm of the solution to (3.2), comparing it with the solution to

(3.5)

Ou+ Divf(t,z,u) = F(t,x,u) + K %z u (t,x) € Ry xRN
u(0,z) =0 r € RV,



R.M. Colombo, M. Mercier & M.D. Rosini 8

By assumption, 0 solves (3.5), hence it is its unique solution. Then, evaluating the distance
between the solutions of (3.2) and (3.5) by means of Theorem 2.6, we get

T
TNy < Tl + [ e [ K )] dod

and, thanks to Gronwall Lemma, we obtain:
HU(T)HLI(RN;R) < €(H+k)T||uo||L1(RN;R) :

The final estimate (3.3) follows from Theorem 2.6:

el (w = @) (T)| 1 v
g —Kt T —kt ~
S HK KHLoo (Ry; Ll(RN R))/ € g Hu(t)HLl(]RN;R) dt+k/0 € " H(u_u)(t)HLl(RN;R) dt
ek‘T_l _ T o B
S O e A [V [

and thanks to Gronwall Lemma, we get the result.
The continuity in time is proved as described in Remark 2.4. g

Lemma 3.2 Let f, F satisfy (H1) and K satisfy (K). If w € L¥°(R, x RY;R), then the
estimates in Theorem 2.5 and in Theorem 2.6 apply also to (3.4).

Proof. Fix positive T, R and let w, be a sequence of C* functions converging to w in
L! ([O, T] x RV, ]R). Apply Theorem 2.3 to the approximate problem

{Btu+D1Vf(,x,u)—F(t,w,u)—kK*mwn (t,z) € Ry xRY (3.6)

t
(0,2) = uo(x z € RN

to ensure the existence of its weak entropy solution u,. Apply Theorem 2.6 to estimate

the distance between u,, and u,_1:
T
/ (=) / |K * (wp, — wp—1)(t, x)| dz dt
0 RN

T
< "k flwn — wnellpa o xry R)

IN

llun = tn—1llge0 0,771 &V ;R))

showing that the u, form a Cauchy sequence. Their limit u solves (3.2), as it follows
passing to the limit over n in the integral conditions (2.2)—(2.3) and applying the Dominated
Convergence Theorem. The estimates in theorems 2.5 and 2.6 are extended similarly. [J

4 Proof of Theorem 2.5

Lemma 4.1 Fiz a function 1 € CP(Ry;Ry) with

1 n
supp(p1) C [0, 1], / N (r) dr = Now py <0, ug )(0) =0 forn>1. (4.1)
Ry WN
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Define
1 (sl
M(x):)\wﬂl (/\ : (4.2)
Then, recalling that wy = 1,
/ ple)yde = 1, (4.3)
RN
2 wN-1
- = 4.4
[ ol (lal) o = 52 [l (lel) d. (4.4
/ ol |Vu(o)||dz = —/RN lell i, (o) dz = N, (4.5)
[ el (lal) de = =¥ 1) [ ol (o) o (4.6)
RN RN

Proof. The first relation is immediate. Equalities (4.5) and (4.6) follow directly from an
integration by parts. Consider (4.4). The cases N = 1, 2, 3 follow from direct computations.
Let N > 4 and pass to spherical coordinates (p,01,...,0n_1),

r1 = pcosfy_q
To = psinfy_1 cosOn_o

TN_1 = psinfy_1sinfy_o---cosby
ry = psinfy_1sinfy_o---sinby

with p € R4, 61 € [0,2n[ and §; € [0,7] for j =2,..., N—-1. If N >4

/ 21l () da

2m N-1
N / / / / [cos 1] ™ u1(p) H sin6;)7 " | dfy_1dOn_2---db; dp
R =

27
— / / / sm@ 11 don_s---db

X (/ |cos On_1] (sinOn_1)V 2 d9N1>/ PN 11 (p) dp
0 R

2 1
= (N —-1wy_ — d
V= Dowor g e [l (Jel) da

2 wn-1
= — d
S el (lel) da

completing the proof. O
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Recall the following theorem (see [1, Theorem 3.9 and Remark 3.10]):

Theorem 4.2 Let u € LL _(RY;R), then u € BV(RM;R) if and only if there exists a
sequence uy, in C®(RY; ]R) converging to u in Lloc and satisfying

lim |Vun(z)|[dz =L with L <oo.

n—-+o0o RN

Moreover, TV (u) is the least constant L for which there exists a sequence as above.

Proposition 4.3 Fiz py as in (4.1). Let u € LE (RYN;R) admit a constant C such that
for all positive A, R and with p as in (4.2)

1/ / lu(z) — u(z — 2)| p(z) dzdz < C. (4.7)
A JRN JB(z0,R)
Then, u € BV(RV:R) and TV(u) < C/C}, where

Ci= [ ol (lal) da. (4.

Note that Cy €10,1[. If moreover u € C1(RV;R), then

TV(u) = Cl/{lg(l))\/RN/RN ) —u(z —z ‘M )dxdz. (4.9)

Proof. We introduce now a regularisation of u: up, = wspup,, with pp(z) = p1 (||z||/h) /BY.
Note that uj, € C*®°(RY;R) and wy, converges to u in L} . as h — 0. Furthermore, for R
and h positive, we have

1
X /RN /B(%’R) |uh(x) —up(r — z)| wu(z)dzdz

1
A /IR{N /B(;co,mh) |u(@) = u(z = 2)| (=) dz d2

IN

IN

and
up () — up(z — A2)

A

Thanks to the Dominated Convergence Theorem, at the limit A\ — 0 we get

/ / ‘Vuh(a:)‘z‘ul(HzH)dxdzgé.
RN JB(z0,R)

Remark that for fixed z € B(z,, R), when Vuy(x) # 0, the scalar product Vuy,(x) - z is

positive (respectively, negative) when z is in a half-space, say H;" (respectively, H, ). We

szﬁ 4w, with a € R and w in the hyperplane H? = Vuy,(x)*. Hence

1
= / Vup(x — Asz) - zds.
0

can write z =

L vu@ - lmnas = [ vu)-zmilds+ [ Gue)- - miia:
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= 2 V) zmel) d:
= 2/IR /OaHVuh(x)Hm(\/oﬂ—}—||wH2)dwda
= [ 1l Ve s (/02 + ul?) dwda

[Vunta)] [ lesl ]

Define C as in (4.8) and note that C; € ]0,1[. Then we obtain, for all R > 0,

C
/ HVuh(m)deS —. (4.10)
(20, R) G
Finally when R — oo we get [pn ||Vup(2)||dz < C/Cy and in the limit h — 0, by

Theorem 4.2 also TV (u) < C//Cy, concluding the proof of the first statement.
Assume now that u € Cl(RN ;R). Then, using the same computations as above,

)lg%/\/RN/RN —uac—z},u, )dxdz
= lim/ / / Vu(z — Asz) - zds| u1(]|2]]) de dz
A—0 JrN JRN
= C1TV(u)
completing the proof. O

In the following proof, this property of any function v € BV (R¥;R) will be of use:
/ ’u(x) —u(r — z)’ dz < ||z|| TV (u) for all z € RY, (4.11)
RN

For a proof, see [1, Remark 3.25].

Proof of Theorem 2.5. Assume first that u, € C'(R;R), the general case will be
considered only at the end of this proof.

Let u be the weak entropy solution to (1.1). Denote u = u(t,z) and v = u(s,y) for
(t,z),(s,y) € Ry x RN, Then, for all k,I € R and for all test functions ¢ = ¢(t,,s,y) in

cl ((]R{+ x ]RN)2;@+), we have

/R /RN[(U — k) 0o + (f(t,z,u) — f(t,2,k)) Vo + (F(t, z,u) — divf(t,z,k)) gp]
+ xsign(u — k)dxdt >0

(4.12)

for all (s,y) € Ry x RY, and

/R /RN[('” — 1) B+ (f(5,5:0) = F(5,9,0) Vo + (F(s,,0) — divf(s,5,1)]
) xsign(v — 1) dyds > 0

(4.13)
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for all (t,7) € Ry x RN, Let ® € C (R, x RV;R,), ¥ € CX(R x RY;R,) and set
o(t,z,s,y) = ®(t,x) U(t — s,z —y). (4.14)

Observe that Oip 4+ 0s¢p = V0P, Voo = UV, + OV, ¥, Vyp = —dV, V. Choose
k = v(s,y) in (4.12) and integrate with respect to (s,y). Analogously, take | = wu(t,x)
in (4.13) and integrate with respect to (¢,x). Summing the obtained inequalities, we get

/R /]RN/]R /slgn u—v [ u—v) VO + (f(t,z,u) — f(t,z,v)) - (VO) ¥
+(f(s.0) — f(s,you) — f(to,0) + f(to,w) - (VE) S (4.15)

+ (F(t,x,u) — F(s,y,v) +divf(s,y,u) — divf(t,x,v)) go] dxdtdyds > 0.

Introduce a family of functions {Yy}g~o such that for any ¥ > 0:

Yy
1 t
Yo(t) = Yy(s)ds
) 1o, (1
Y = —-Y'(=
v 0 v t o) VJ (19
9 Y € CX(R;R)  (4.16)
supp(Y') < ]0,1]
Y > 0
‘ ; / Y'(s)ds = 1.
0 9 t R
Let M = [|0 f[|p00 (;rn) and define for £,0,T5, R > 0, z, € RV, (see Figure 1):
X w
1
f 1 :
0 T T+e To a b

Figure 1: Graphs of x, left, and of ¢, right. Here a = R+M (T,—t) and b = R+M (T, —t)+6.

X(t) =Yo(t)=Ye(t=T) and  4(t,2) =1-Yp ([lo — x|l - R — M(T, — 1)) >0, (4.17)

where we also need the compatibility conditions T, > T and Me < R+ M (T,—T). Observe
that x — 1jp 7] and X — 0o — 07 as € tends to 0. On x and v we use the bounds

X<1lpor4q and  1pe, rem(To—t)) <V < 1B(2y Rt M(To—t)+6) -

n (4.15), choose ®(¢,x) = x(t) ¢ (¢, x). With this choice, we have

0 =yt —MyY, and V&=-\Y] H — %o (4.18)

_$0”‘
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Setting B(t,z,u,v) = |u— v|M+sign(u—v) (f(t,z,u) — f(t,z,v)) -%, the first line
T — T,
(4.15) becomes

/HM/RN/&/RN u =)o +(f(t,z,u) — f(t,z,v)) (VO) \I’] sign(u — v)dx dt dy ds

= /R /RN/R /RN |u—v[x’¢—B(t,x,u,v)xY9’) U drdtdyds
+ +

/ / / / |u —v| X' ¥ drdtdyds
Ry JRN JR, JRN

since B(t, z,u,v) is positive for all (¢,2z,u,v) € Q x R. Thanks to the above estimate and
(4.15), we have

/]R.;./RN/I‘M/RN {“—v X ¥

+ (f(s,9,0) = f(s,y,u) = f(t,2,0) + f(t,2,u)) - (VE) @
+ (F(t,x, u) — F(s,y,v) —divf(t,z,v) + divf(s,y, u)) gp]
xsign(u — v)dz dtdy ds > 0.

IN

Now, we aim at bounds for each term of this sum. Introduce the following notations:

I = / / / / lu —v|x ¢ ¥drdtdyds,
Ry JRN JR, JRN

o= L L L G s e ) () @
x sign(u —v)dedtdyds,

o= L L e = e+ s - ) () @

x sign(u — v) dedtdyds,

L, = /IR+ /RN /IR+ /RN (F(t,z,u) — F(t,y,v) — divf(t,z,v) + divf(t,y,u)) ¢

x sign(u — v) dedtdyds,
o= [ [ ][ ) - Pl - divilt + div (s ) ¢
Ry JRN JR, JRN
x sign(u — v) de dtdy ds.

Then, the above inequality is rewritten as I + J; + J; + Ly + Ly > 0. Choose U(t,x) =
v(t) p(z) where, for n, A > 0, p € C(R4; R, ) satisfies (4.1)—(4.2) and

v(t) = 11/1 (t) , /va(s) ds=1, 11 €CP(R;R,), supp(r1)C]-1,0[. (4.19)

n n
We have
I < L+1D where
= /R /RN/R /RN ’U(t,ﬂj) —u(t,y)‘ (Ye/(t) —Y( )) Y Udxdtdyds
L = /R /RN/R /RN u(t,y) — uls,y)| (YZ(t) +Y(t —T)) ¥ Udrdtdyds
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and we get

limsup; < / / [u(0,2) — u(0,y)| pu(z — y) dzdy
RN J||z—zo||<R+MT,+0

e—0
- (T, ) = (T, y)| sl — y) dw dy,
RN J|lz—zo||<R+M(T,—T)

limsuply, < 2 sup / ‘U(t, y) — U(S,?/)’ dy .
e—0 tg]{toii}’[ ly—zo || <RAA+M (To—t)+6
S 5 n

For J,, we have that by (H1), f € C2(£;RY) and therefore
Hf(tayvv) - f(tayvu) + f(t,l’,’lL) - f(t,l',l))” =
v 1
= ‘ / / Vouf (t,:r(l -r) +ry,w) (y —x)drdw
u J0

HvaufHLoo(Q;RNXN)Hx - yH ‘U(S,y) - u(tvaj)’ .

IN

Then, using (4.5)
L2 W0t [ [ [ [ el futte) — uls )99 xwde dedy s
R, JRN JR, JRN

< 190l [ [ [ el [lut) — us )|+ futt.) — ute.o)]
x|V x ¢ dedtdy ds

< NIVOuflp=(T +¢) sup

t€[0,T+e], /|yzO§R+)\+M(TOt)+9
s€|t,t+n[

T+e
Hvousle [ [ ] & =yl Jult.2) — u(t.y)] | Val de dydt
0 RN J B(zo,R+M(T,—t)+6)

/nh/ﬂw/ﬂh/ﬂw /:/Uuatauf(ﬂy,w)dwdr

< wloduflu. [ [ ][ Jutta) — uts. )] V9] drdedyds.
+ +

For L,, we get

’u(t7 y) - U(S, y)‘ dy

Ji

IN

|IV¥| ®dxdtdyds

L, = Li+ Lo where
Ly = / / / / [/ (audivf(t,x,w)+8uF(t,y,w))dw}wsign(u—v)dfcdtdyds,
Ry JRV IR, JRY LY

e L

Then, recalling (4.14), the definitions ¥ = v u, ® = x v, (4.1), (4.19) and (4.17), we obtain

1
/o V(F —divf) (t,rz+ (1 —r)y,u) - (z —y) dr] ©

xsign(u — v) dz dt dy ds.

Ly < (N|VOufllpe + |0uF|g0)
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X [(T +¢e) sup |u(t, y) — u(s, y)‘ dy

t€[0,T+e], /y—xo<R+A+M(To—t)+0
s€Jt,t+n[

T+e
N ut, 2) — u(t, )] sz — y) dody de |,
0 RN J|[o—ao||< R4+-M(To—t)+6
1
/ / / / / HV(F—divf) (t,y—i—r(:p—y),u)HHx—yHX?/),uydrdxdtdyds
R, JRNJR, JRNJO

T+e
< [ HV<F—divf)(t,y,»HLoodydt) [ el nte) da
0 RN RN

THe
— )\Ml/ / IV(F = divf)(t, 9, )| o dydt
0 RN

~
o
IA

IN

where

M= [ el (lel) de (4.20)

Concerning the latter term L,
Ly < noy (R+MT)N (T +e) (|0ndivflpe + 10:F |l g) -

Letting €,7,0 — 0 we get

limsupl; = / / |u(0,2) — u(0,y)| p(z — y) dz dy
RN J||z—xo||[<R+MT,

,n,0—0
- / / (T, 2) — (T, )| pl — ) de dy,
RN le—zo||<R+M(To—T)
0,

limsuplp, =
€,n,0—0
T
limsup J, < HV@ufHLoo/ / / El ‘u(t,x)—u(t,y)‘
£,n,6—0 0 JRN JB(zo,RHM(T,—t))
XHV/A(:B—y)dedydt,
limsupJ; = 0,
&,n,0—0
limsup Ly < (N[ Vufllye + 10uFlgx)
€,n,0—0
T
<[ [.] lut, ) — u(t, )| sz — y) dz dy dt
0 JRN J|o—ao||<R+M(Tp—1)
T
limsup Ly < )\Ml/ / HV(Ffdivf)(t,y,-)HLoodydt,
€,m,0—0 0 JRN

limsupL; = 0.
g,n,0—0
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Collating all the obtained results and using the equality HV,u(x)H = _ﬁﬂﬁ <le|)

By
lz —yl|
uw(T,z) —u(T,y)| — 1 ( dx dy
/]RN /|z—xo<R+M(To—T)‘ (T2) - ) )\N A
1 ||$y||)
u(0,z) —u(0,y ,u1< dx dy
/RN /:1: on<R+M(TO T)‘ ( ) ( ) AN A
Vol [ / [u(t,2) ~ u(t, )|
RN |lz—zo||<R+M (To—t)

x—y
)\N+1‘u <” s ”) |z — y|| dz dy dt (4.21)

T
(N V0uS g + [0 F ) / / / fu(t, ) — ult,y)|
0 JRVJ|z—zo| <R+ M(T,—t)

1 —
X wha (M) daxdydt

T
+>\M1// IV(F = div/)(t,y, )| dydt
0 RN

If |[VOufllpe = ||0uF ||~ = 0 and under the present assumption that u, € C1(RY;R),
using Proposition 4.3, (4.8) and (4.20), we directly obtain that

TV (u(T)) < TV (u,) +/ /RN |V(F —divf)(t,y, )| -dy dt. (4.22)

The same procedure at the end of this proof allows to extend (4.22) to more general initial
data, providing an estimate of TV (u(t)) in the situation studied in [3].

Now, it remains to treat the case ||[VO,f|y~ # 0. A direct use of Gronwall type
inequalities is apparently impossible, due to the term with Vu. However, introduce the
function

T
]:(T,)\):/ / / lu(t,z) — u(t,z — z)| Nu (H ||>d dzdt
0 JRN J|z—zo||<R+M(T,—t) A

so that

OF = —=

‘7:
w1y ([1211/2)
A tyx) —ult,z z||dz dzdt.
/ Jir e remonsn 108 2 = 2 E S e

T

Denote C(T') = Ml/ / HV(F —divf)(t,y, -)HLoodydt and integrate (4.21) on [0,7"]
0o JRN

with respect to T for T < T,. It results

1 T
SF(T, N < / / |u(0, ) — u(0, )| p(z — y) dzdy
A A JRN J|o—a,||<R+MT,

AT [VOufllpee NF(T,N) +
+T'C(T").

~ CNIVOufllgee + [10uFllge) F(T',A)
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Denote o = (2N||V8uf||Loo |00 F |00 — TL) (IV0u fll) ", s0 that limg_ga = —oo.

The previous inequality reads, using (4.11) for w,,

OFI N +a A ‘(MITV(%)*C(T/))!V&;I!LOO’
1
ONFTN) 2 =X (MTV (o) + C(T")

Finally, if 77 is such that o < —1, then we integrate in A on [\, +00[ and we get

1

1
SF(T N < -
) Vouflm

A —a—1

(MyTV (uo) + C(T")) (4.23)

Furthermore, by (4.1) and (4.2), there exists a constant K > 0 such that for all z € RY

=]l

(D < K (2) | (1.24)

Divide both sides in (4.21) by A, rewrite them using (4.23), (4.24), apply (4.11) and obtain

1 / / ! (Hx—yu)
- u(T,z) —u(T,y)| — —— | dxdy
A JRN Jo—a,||<R+M(To—T) ’ (T,2) ( )‘ WV \

F(T,2)) F(T, A)
A

IA

MlTV(UO) + T 2N+2 K ||vaufHLoo +

T
+M1// |V(F = divf)(t,y,)|| pdy dt .
0 RN

(2N|| V0 f o0 + [0uF |00 )

An application of (4.23) yields an estimate of the type
1 .
- / / ‘u(T7 x) —u(T,x — z)‘ p(z)dedz < C', (4.25)
A JRN JB(2o, R4 M(T,~T))

the positive constant C' being independent from R and A. Applying Proposition 4.3 we

obtain that u(t) € BV(RY;R) for t € [0,27}[, where

1
T ‘ (4.26)
2 ((142N)[[VOuf g + 10uFllpe)

The next step is to obtain a general estimate of the TV norm. The starting point
is (4.21). Recall the definitions (4.20) of M; and (4.26) of T;. Moreover, by (4.6),

LR itz dz = =¥+ 1) 01

Divide both terms in (4.21) by A, apply (4.9) on the first term in the right hand side,
apply (4.11) on the second and third terms and obtain for all T' € [0, T1] with T3 < T,

M, [T
TV (u(T)) < TV(uo)—l-((2N—|—1)||V8uf|1,oo—|—||auFHLoo)Cl/o TV (u(t)) dt

My [T :
-1-01/0 /]RN HV(F—dlvf)(t,ac,-)HLoodxdt.
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An application of Gronwall Lemma shows that TV (u(t)) is bounded on [0, 71]. Indeed,

T
Ml/ e”’)(T_t)/ |V(F —divf)(t,z, )| g dodt  (4.27)
Cl 0 RN

for t € [0,T1], My, Ch as in (4.20), (4.8) and K, = [(2N +1)[|VOuf|ree + [|0uF 1,00 | M1/ Chr.
We now relax the assumption on the regularity of u,. Indeed, let u, € BV (RY;R)
and choose a sequence u? of C'(RY;R) functions such that TV (u?) — TV(u,), as in

Theorem 4.2. Then, by Theorem 2.3, the solutions u" to (1.1) with initial datum u
satisfy

TV (u(t)) < €™ TV(u,) +

lim u"(t)=wu(t)in L, and TV (u?)) < lim}_nf TV (u"(t)) ,

n—+oo
where we used also the lower semicontinuity of the total variation. Note that (4.27), as
well as the relations above, holds for all ¢t € [0,71], 71 being independent from the initial
datum. Therefore, the bound (4.27) holds for all BV initial data.

Remark that the bound (4.27) is additive in time, in the sense that applying it iteratively
for times 71 and ¢ yields (4.27) for time T3 + t:

TV (u(Ty +1t))

]\41 Ty +t
et TV (u(Th)) + / e“"(ts)/ |V(F = divf)(s,2,)|| [ dzds
Cl Tl RN L

My
Ch

T+t
+/ e“om*t—S)/ |V(F —divf)(s,2,)|| g dzds
RN

IN

Kol

IN

e efoTn TV (u,) +

T
/ ! eno(T15)/ HV(F—dIVf)(Sax?)HLOO dzds
0 RY

Ko(T1+t) M, it Ko(T1+t—s) .
= eUNTYTV (u,) + — efet [V(F —divf)(s,z,) || dzds.
Cl 0 RN

The bound (4.27) can then be applied iteratively, thanks to the fact that 77 is independent
from the initial datum. An iteration argument allows to prove (2.5) for ¢ € [0,T,]. The
final bound (2.5) then follows by the arbitrariness of T, thanks to (2.1). O

5 Proof of Theorem 2.6.

The following proof relies on developing the techniques used in the proof of Theorem 2.5.
Proof of Theorem 2.6. Let ® ¢ CX(Ry x RV:R,), ¥ € CP(R x RY;R,) and set
o(t,x,s,y) = P(t,z)VU(t — s,z —y) as in (4.14).
By Definition 2.1, we have VI € R, V(¢,z) € Ry x RV
\/R /RN|:(U - l) 8890 + (f(svyv 'U,) - f(87y7 l)) ' Vy‘P + (F(S, Y, 'LL) - din(S, Y, l)) Q0:|
+
xsign(u — 1) dyds >0

(5.1)

and Vk € R, V(s,y) € Ry x RY

/R /RN{(U — k) Orp + (g(tw, v) —g(t, z, k)) -V + (G(t, x,v) — divg(t, x, k:)) go}
' xsign(v — k) dxdt > 0.

(5.2)
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Choose k = u(s,y) in (5.2) and integrate with respect to (s,y). Analogously, take | = v(¢, x)
in (5.1) and integrate with respect to (¢,z). By summing the obtained equations, we get,
denoting u = u(s,y) and v = v(t, x):

Lk o fommaes Gton gtz v

(g(t T u) g(t T U) f(S Yy, u )+ f(S,y,U)) ’ (V\IJ)(I) (53)
+ (F(s,y,u) — G(t,z,v) + divg(t, z, u) — div f(s, y,v)) go]
xsign(u — v) dz dtdy ds >0.

Introduce a family of functions {Yy}y>o as in (4.16). Let M = [|0ug|lg(qrw) and define

X,V as in (4.17), for £,0,T,,R > 0, ©, € RY, (see also Figure 1). Remind that with
these choices, equalities (4.18) still hold. Note that here the definition of the test function
 is essentially the same as in the preceding proof; the only change is the definition of
the constant M, that is now defined with reference to g. We also introduce as above

the function B(t,z,u,v) = M|u — v| + sign(u — v) (g(t,z,u) — g(t,z,v)) - ﬁ that is
T — 1,

positive for all (t,z,u,v) € Q x RV, and we have:
/ / / / {(u —0)O® + (g(t,z,u) — g(t, x,v)) - th)] Usign(u — v) dedtdy ds
R, JRN JR, JRN

/I‘Q /RN/R \/RN “u o U|Xlw - B(taxau7v)XYg] Udzdtdyds
+ +

//// lu —v|x ¢ ¥drdtdyds.
Ry JRN JR,JRN

Thanks to the above estimate and (5.3), it results

fo o Lo

(g(f T U) g(t,a:,v)—f(s,y,u)+f(s,y,v)) (V\IJ)(I)
+ (F(s,y,u) — G(t,x,v) + divg(t, z,u) — div (s, y,v)) go]
xsign(u — v) dz dtdy ds > 0,

IN

IA

iee I+J,+Ji+ K+ L+ Ly > 0, where

I = / / / / lu — v}y drdtdyds, (5.4)
Ry JRN JRy JRN

R N A A R R (R R RV AL EIC)

xsign(u —v)dz dtdyds,

Jy = /R+ /RN/R+ /RN (f(S,y,v)—f(S,y,u)—i-f(t,y,u)—f(t,ym)).(V\I,)(I)
xsign(u — v) de dtdy ds,

k= [ L L L e - pa)- g 5.6
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xsign(u —v)dz dtdyds,
Lo= [ [ [ ], Fw -Gt + divgltou) - diviit..0) ¢ (5:7)
Ry JRN JR, JRN
xsign(u —v)dz dtdyds,
o= [ ][ Fe) - Pt + vt - divi(sp0)
Ry JRN JR, JRN
xsign(u —v)dzdtdyds.

Now, we choose U(t,z) = v(t)u(x) as in (4.19), (4.1), (4.2). Thanks to Lemma 5.2,
Lemma 5.3 and Lemma 5.4 we obtain

limsup/ < |u(0,2) —v(0,z)| dz (5.8)

emA—0 /|a:—:co<R+MTO+9

—/ ‘u(T,x) — U(T,m)} dzx,
[lz—z0||<R+M(To—T)

T
limsupJ, < N||VO,f|pe / / ’v(t, x) — u(t, x)‘ dzdt, (5.9)
€,m,A—0 0 JB(zo,R+M(To—t)+0)

T
limsup L, < / / (7~ )~ div(s — 9)) (19, dwat
£,7,A—0 0 JB(xo,R+M(T,—t)+0) L

+ (NIl + 10uF e + | 0u(F = G)l|y. ) (5.10)

T
x/ / lv(t, ) — u(t,z)| dzdt.
0 JB(o,R+M(T,~t)+0)

Besides, we find that:

mooul [ [ [ [ lutts)  uts,)] 9] @drdedyds.
R, JRN JR, JRN
L < mew (R4 MT)Y (T + &) (|adiv g + [0F )

| Ji]

IN

so that
limsup |J¢| = limsup |[L;| = 0. (5.11)
n—0 n—0
In order to estimate K as given in (5.6), we introduce a regularisation of the y dependent
functions. In fact, let po(2) = 1p (2) and os(y) = [%NU <%), where p € CP(R;R,) and
o € CF(RY;E,) are such that [pllgipy = [olpevs = 1 and supp(p) € ]-1,1]
supp(c) € B(0,1). Then, introduce

P(w) = (9 Nt,z,w), Sa = SIgN*y Pa,
To(w) = sa(w—v) (Pi(w) — Pi(v)) , ug = ogkyu,
Tiw) = sign(w—uv) (Bw) - P()),
so that we obtain
<Tix (uﬁ) - Tg(u)’ ay¢(10>
= /]RN /Rsign(w) (pa(ug — v —w) Pi(ug) — palu — v —w) P;(u)) 8y, dwdy
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_ /RN /Rsign(w) (palug —v—w) — pa(u —v—w)) Pi(v)dy,pdwdy

Lo [ st v =0 =) (i) = 20) 000 away

/ // sign(w) pa (U — v —w) P} (U) 8y, dU dw dy .
RN

Now, we use the relation 9,s4(u) = 2p (%) to obtain

[Tk () = Th(w), 9y
< /RNZUE[S?LIZLM (p (U;U> (P(U) - R(v))> min {Za

/]RN/ |P{(U)|0y,dU dy .

When «a tends to 0, thanks to the Dominated Convergence Theorem, we obtain

‘(Ti(uﬂ) — Ti(u),(?yi@‘ < /RN ’u — uﬂ‘ HPZ,’HLOCOyigody.

Applying the Dominated Convergence Theorem again, we see that

} Oy, dy

};L% ii_)moqu(uﬁ)v 8%‘)0) - <Tz(u)7 8yi90>7
i (o), Vi) = (T(w), Vi)

Consequently, it is sufficient to find a bound independent of a and 3 on K, 3, where

Koc,ﬁ:/ / / / To(ug) - Vypdrdtdyds.
R, JRY JR, JRN

Integrating by parts, we get

Kop = / / / /DivyTa(UB)cpdxdtdyds
Ry JRY JRy JRN

= / / / Qusalug —v)Vug- ((9 — f)t, z,ug) — (g — f)(t,z,v)) pdrdtdyds
Ry JRN JR, JRN

+/ / / / sa(ug —v) (Ou(g — f)(t, 2, ug) - Vug) pdzdtdyds
R, JRY JR, JRN
= K+ K.

We now search a bound for each term of the sum above.

e For K1, recall that 0,8, (u) = % P (%) Hence, by Dominated Convergence Theorem,
we get that K1 — 0 when o« — 0. Indeed,

Ep <uﬁ - U) Vug - ((g = f)(t,z,ug) — (9 — [t z,v)) ¢

o [0

%p (uﬁ )ngVzag S,y H/ H@ (f—9g)(t,z,w Hdw

< 2HIOHLOQ(]R;]R) Hvuﬁ $Y H Hau f -9 HLOO(Q;RN) ‘2 S Ll ((RJr X RN)QSR) .

IN
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e Concerning Ka,

K,

IN

T+e+n
07 = Dlpwipam [ [ [Vusls.o)l dyas
’ 0 RN

A

T+e+n
< [[0u(f = 9| s /0 TV (ug(t)) dt .
Finally, letting o, 5 — 0 and €,1, A\ — 0, thanks to [1, Proposition 3.7], we get

T
limsup K < [|0u(f — g)HLoo / TV (u(t))dt. (5.12)
&,m,A—0 0

Now, we collate the estimates obtained in (5.8), (5.9), (5.10), (5.11) and (5.12). Remark
the order in which we pass to the various limits: first €,7,0 — 0 and, after, A — 0.
Therefore, we get

/ ‘u(T,:r)—v(T,m)‘da:
B(zo,R+M(To—T))

< ’u(O,m) — U(O,x)|dx

/B(a:o,R—f—MTO)
+ [2N190u e + 10uFll e + [[00(F = )

T
X / / ‘v(t,x) - u(tw)} dz dt
0 J B(2o,R+M(Ty—t))

T
+{H3u(f—g)HLm/0 TV (u(t)) dt

i /OT /B(:Jco R+-M(T,—t)) H (F = G) = div(f - g)) (t,y, ')HLmdy dt]

or equivalently
ANT) < AN0)+ Kk A(T) + S(T), (5.13)

where
T
A(T) = / / ‘v(t,x) — u(t, $)| dzdt,
0 JB(ro,R+M(To—t))
ko= 2N[[VOufllye + 10uF Lo +[|0u(F — G)| < - (5.14)

T
ST = oulf —g)HLm/O TV (u(t)) dt
+/0T /B(% R+M(Tot))H (F = @) —div(f —g)) (t,y, -)HLoodydt. (5.15)

The bound (2.5) on TV (u(t)) gives:

HOT_]_

S(T) < a—l—/o

Ko

T efio(T—t) -1

b(t)dt + / ! c(t)dt
0

Ko
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where £, is defined in (2.4) and
a = Hau(f_g)HLooTv(uo)a
NW|0u(f — 9) o /RN IV(F — divf)(t, . )| o de

S
—~

~+~
~—

/13(060,R+M(To—t)) H (= G) —dv(f = 9)) (89, ')HLOO dy.

since T' < T,. Consequently

A(T) < A0) + KA(T) + (W_la-i-/T 6%(T_t)_1b(1t)dt+/T c(t)dt) . (5.16)
0 0

Ko Ko

By a Gronwall type argument, if k, = k, we get

T T
AT) < e T A(0) + Te"a + ( / (T — )™ T=p(¢) dt) ( / eI (t) dt)
0 0
yielding

/ (T, x) —v(T,z)|dz < e“T/ |uo(z) — vo(w)| d
lz—zol|<R |lz—zo || <R+MT

+ T TV (uo) [|0u(f — 9)| (5.17)

T
+ NWy (/0 (T — t)esT=" /RN HV(F—divf)(t,a:,~)HLoodxdt> 10u(f = 9)]| oo

while, in the case k, # Kk, we have

koT __ kT T _ko(T—t) _ k(T—1)
A(T) < e“TA/(O)+Ha+/ ‘ ‘
0

Ko — K

T
b(t) dt + / e"T=Ve(t) dt .
0

Ko — K

Taking T' = T,, we finally obtain the result. U

Remark 5.1 Assuming that also (g, G) satisfies (H2), allows us to exchange the role of
u and v in (5.14). Let

Fo = NWx (2N +1)[|Vuglgoe + 10uClle)
i = [0u(f — )| TV(w0),

b(t) = [0ulf = 9|l NWn /RN V(G = divg)(t,z, )| de,
Bo= 2N|Vouglpe + 10uG e + [|0u(F — G)| -

and repeating the same computations as above, we obtain

A(T) < A(0) + RA(T) + (f"T_l i+ /T At ¥ TR /T o(t) dt)
0 0

Ko Ko
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so that, finally,

- Ko Ko
RoT __ 1 T ko(T—t) _ 1- T
R +/ T dt +/ c(t)dt.
0 0

Fo Fo
We collect below some lemmas that were used in the previous proof. The first one
reminds a part of the proof of [3, Theorem 2.1].

, , ) ~ enoT -1 T eKO(Tft) -1
A(T) < A(0)+min(k,Rk)A(T) + max | ——— a + — b(t) dt,
0

Lemma 5.2 Let I be defined as in (5.4). Then,

limsupl < / |u(0,z) — v(0,z)| dz
e—0 lz—zo||<R+MT,+0
_/ |uw(T,z) —v(T,z)|dz +2 sup TV (u(r)) A
|2 —@o||<R+M(To—T) re{0.T}
+2 sup / |u(t,y) —u(s,y)|dy.
o) Jly—wol| SRAM-M(To—)+6

Proof. By the triangle inequality I < Iy + Iz + I3, with

I = /R+/RN/R+/RN lu(t,z) —v(t,z)| X' () ¥(t, x) U(t — 5,2 — y) dzdtdyds,
L = /HM/RN/&/RN fu(t, ) — u(t, )| (O] (6, 2) U(t — 5,2 — ) dedt dy ds,
I3 = /M/RN/M/RN [u(t,y) —uls, y)| X' )| (t,2) U(t — 5,2 — y) dedtdyds.

Then,

I = / + / utt,2) ot 2| (L) — Yt~ T)) it @) de dt

< / / lu(t,z) —v(t,z)| Y.(t) dz dt
Ry J|z—zol| <R+M(To—t)+6

—/ / lu(t,z) —v(t,z)| Y(t — T)dzdt
Ry o=zl <R+M(To—t)

and by the L! right continuity of  and v in time, thanks to Theorem 2.3

A

limsup [; |u(0,2) — v(0,z)| dz

< /
e—0 |lz—zo||<R+MTo+0

—/ |w(T, z) — (T, z)| dz.
[e—o|| <R+M(To—T)

For I, and I3, we have

[ Jut, @) — u(t, )| (V2(8) + YZ(t — T))pdz dy t,
Ry JRN J||z—0||[<R+M(To—t)+6

[/ [ult, ) — u(s,y)| (V2(0) + Y2t — T)) vy dsdt.
Ry /Ry Sy—zo | SRAA+M (To—t)+0

Iy

IN

I3

IN
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As ¢ — 0, we use on the one hand the L! right continuity in time of u, thanks to The-
orem 2.3, and on the other hand that u(t) € BV(RY;R), thanks to Theorem 2.5. In
particular, we can use (4.11) to obtain

limsup [ < Z Sup/ |u(t,x)fu(t,:c+h)‘dx
e=0 t=0.1 IMI<X Y |lz—zo | SR+M (To—t)+0
< 2 sup / lu(t,z) —u(t,z + h)|dz
1RI<A S|z —ao|| <R+M(To—t)+6
te{0,T}
< 2 sup TV (u(t)) A,
te{0,T}
limsupl3 < »  sup / |ut,y) — u(s,y)| dy
e—0 =01 SElLt+n[/ ly—zo | SR+A+M(To—t)+6
< 2 swp / [u(t,y) — uls.y)| dy.
te{0, T} J|ly—ao||<RAM+M(To—t)+0
s€lt,t+n|

Lemma 5.3 Let J, be defined as in (5.5). Then,

T
limsup J, < N||V3uf\|Loo/ / lo(t, ) — u(t, z)|dz dt
0 JB(zo,R+M(To—t)+9)

e—0

+NT||VOuf|pe sup TV (u(r)) A
T€[0,T

FNT|V0ufly sup

t€[0,T /y—xo |SRHAN+M(T,—t)+0
sEJt, t+n[

}u(tu y) - U(S, y)‘ dy

Proof. By assumptions (H1), f € C2(Q;R") and therefore
£t y,0) = f(ty,u) + F(t2,0) = f(E2,0)]|

v(t,x) pl
/ / Vouf (t,z(1—r)+ry,w) - (y —z)drdw
u 0

(5,9)
IVOufllgee 2 = yll [o(t, 2) — uls, )| .

IN

Then,
Jo < [V0uS e / / / / lo(t,2) — u(s, )| e — gl [Vl v x 0 de dt dy ds
R, JRN JR, JRN

Similarly to the proof of Lemma 5.2, we apply the triangle inequality and obtain J, <
J1 + Jo 4+ J3 where

5= VOl / / / / oty 2) — u(t )| — Il [Vl v x o de de dy ds,
R, JRN JR, JRN

V00 flg / / / / lu(t,2) — ult, )| lle — gl [Vl v x § de dt dy ds,
R. JRY JRy JRN

V00 f e / / / / lu(t,y) — uls, )| 1 — ]| | Vall v x o da dt dy ds.
R, JRN JR, JRN

Jo

J3
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For Jp, we have, thanks to (4.5)

T+e
J < N||v8uf\Loo/ / lo(t, ) — u(t,x)| dzdt.
0 B(xo,R+M(T,—t)+0)

For J,, we have

T+e
Jy < N||V8ufHLoo/ sup lu(t,z) — u(t,z + h)| dz dt
0

[|h]]<X /”I_mollgR"FM(To_t)-i—@
< N||VOufllgee(T +€) sup TV ('LL(T)) A,
T7€[0,T+¢]

and for J3

T+e
Js < N|VOufl /0 sup lu(t,y) — u(s, )| dy dt

slt,t-+] /nmosmxw(nt)w

< N|VOufllge(T +2) sup

t€[0,T+e] /Hy—xo [|[<KRHA+M(To—t)+0
sEt, t+n[

‘u(t7 y) - ’U,(S, y)‘ dy .

In particular, letting A, n,e,6 — 0, we prove that Jo, J3 — 0 and

T
limsup J1 < N||VOuf|l~ / / ’U(t, x) — u(t,x)‘ dz dt
An,e,0—0 0 B(zo,R+M(To—t))

completing the proof. O

Lemma 5.4 Let L, be defined as in (5.7) and M, as in (4.20). Then

T
limsup L, < T/ / H((F - G)—div(f —9)) (t,z, )H dz dt
0 J|z—zo||[<R+M (To—t)+6 Lee

e—0

+ (NIVOuF e + 10 F e + [|0u(F = G) )

T
/ / ’v(t, x) — u(t, :c)‘ dz dt
0 JB(zo,R+M(To—t)+6)

+T sup TV(u(r))A
7€[0,T

X

+T sup

t€[0,T /Hy—a:o [|[<RHAA+M(To—t)+6
s€]t t+n[

T
+>\M1// |V(F —divf)(t,z,)||j.dzdt.
0 JRN

‘u(ta y) - U(S, y)| dy

Proof. Let

/ /

R+ RN
/ / !
R+ R

— Q) —div(f — 9)) (t,z,u) psign(u — v) dz dtdyds,

(F=@)
(F - G)(t,z,v) = (F — G)(t,z,u)) gsign(u —v)dzdtdyds,

e
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Ly = /R+/RN/R+/RN (F(t,y,u)—F(t,y,v)—i-divf(t,:c,u)—divf(t,a:,v))cp

x sign(u — v) dzdtdyds,
L, = / / / / ((F = divf)(t,y,v) — (F — divf)(t, z,v)) psign(u — v) dz dt dyds,
R, JRY JR, JRN

so that L, = L1 + Lo + L3 + Ly. Clearly,
T+e
ng/ / H((G—F)—div(f—g)) (t,a:,~)H dedt.
0 lz—aol| <R+M (To—t)+6 L
For L, and L3, we have
HOU(F - G)HLOO/ / / / }u(s,y) — U(t,:L‘)| pdrdtdyds,
Ry JRN JR, JRN

Ly = / / / / sign(u — v) </ (8udivf(t,x,w)—f—@uF(t,y,w))dw)godxdtdyds
R+ RN R+ RN v
< VIVOSl 410 I) [ [ [ et~ as ] dsdeayds.
R, JRV JR, JRN

Lo

IN

Proceeding as for .J,, we find the following bound for [[[[ ’v(t, x) — u(s, y)‘gp in Ly, Ls.

Lo+ Ly < (NIVOufll +10uF g +[|0u(F = G )

T+e
X [/ / lv(t, ) — u(t,z)|dzdt + (T +e) sup TV (u(7)) A
0 B(zo,R+M(T,—t)+0) T€[0,T+¢]

+(T+¢) sup ‘u(t, y) — u(s, y)‘ dy] )

t€[0,T+e] /Hy—xo|§R+)\+M(TO—t)+9
sEJt, t+n[

For L4 we have

MZA@A@

xsign(u — v)dz dtdy ds

1
/0 V(F —divf) (t,rz+ (1 —r)y,v) - (y — 2) dr] ®

T+e
< ,Xﬂﬁl/ /ﬂ |V(F —divf)(t,z,)||jdzdt.
0 RN
To complete the proof, it is sufficient to note that L, = L1 + Lo + L3 + Lg. O
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