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Some aspects of hyperbolic PDE

Introduction

The study of hyperbolic conservation laws differs depending on the type of the equation.

@ System of quasi-linear equations : H™ theory, no access to general weak solutions,
except C* by pieces — Compressible fluid equations.

M. Mercier (Institut Camille Jordan, Lyon) Some aspects of hyperbolic PDE December 7. 2009 2 /52



Some aspects of hyperbolic PDE

Introduction

The study of hyperbolic conservation laws differs depending on the type of the equation.

@ 1D-case : Analysis through numerical schemes — Traffic Flow,
[1] M. Mercier, Traffic flow modelling with junctions, JMAA, 20009.
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Some aspects of hyperbolic PDE

The study of hyperbolic conservation laws differs depending on the type of the equation.

o Scalar case : L! theory — Pedestrian Traffic, Supply chain,
[2] R. M. Colombo, M. Mercier and M. D. Rosini, Stability estimates on general
scalar balance laws, CRAS, 2009
[3] R. M. Colombo, M. Mercier and M. D. Rosini, Stability and Total Variation
estimates on general scalar balance laws, Comm. in Math. Sc., 2009
[4] R. M. Colombo, M. Herty and M. Mercier, Control of the continuity equation
with a non-local flow, accepted to ESAIM-COCV in Nov. 2009.
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Introduction

Plan

© Compressible fluid dynamic
@ Thermodynamic
@ Local in time existence
@ Classical Solutions
@ Shock waves

© Traffic flow

© Stability of conservation laws.
o L stability with respect to flow and source
@ Existence of solutions when f, F are non-local
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© Compressible fluid dynamic
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© Compressible fluid dynamic
@ Thermodynamic
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Some aspects of hyperbolic PDE

Compressible fluid dynamic
l

hermodynamic

We study the Cauchy problem for the Euler compressible equations:
Oep + div(pu) =0,
8tu+(u-V)u—|—%Vp:O, (1)
Ors+u-Vs=0.

where p, u, s are the density, the speed and the specific entropy.
Furthermore, we are given a state law p : p,s — p(p, s).
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Compressible fluid dynamic

Thermodynamic

We study the Cauchy problem for the Euler compressible equations:

Oep + div(pu) =0,
Otu—l—(u-V)u—F%Vp:O, (1)
Ots+u-Vs=0.

where p, u, s are the density, the speed and the specific entropy.

Furthermore, we are given a state law p : p,s — p(p, s).
Perfect polytropic gas (PPG):

p= (70 —1)p" exp(s/cv),
with vo €]1, 3] and especially 7o =5/3,7/5 ou 6/5.
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Compressible fluid dynamic

Thermodynamic

We study the Cauchy problem for the Euler compressible equations:

Oep + div(pu) =0,
Otu—l—(u-V)u—F%Vp:O, (1)
Ors+u-Vs=0.

where p, u, s are the density, the speed and the specific entropy.
Furthermore, we are given a state law p : p,s — p(p, s).
Perfect polytropic gas (PPG):

p= (70 —1)p" exp(s/cv),

with vo €]1, 3] and especially 7o =5/3,7/5 ou 6/5.
Van der Waals gas (VdW):

p=(0-1) (125) " els/an).

Remark: Same law as for “dutsy” gas.
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Compressible fluid dynamic

Thermodynamic

Gaz

He

Ne H-> CO> | Water vapor

b (cm3/mol)

23.71

17.10 | 26.61 | 42.69 30.52

Table: van der Waals Coefficients, Data from Fishbane, et al.
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Compressible fluid dynamic

Thermodynamic

Sonoluminescence

Wu & Roberts (1995) study spherical shock waves in a Van der Waals gas in order to
modelise sonoluminescence.
When the bubble shrink, we think that the pression can reach 200 Mbars !
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Compressible fluid dynamic
l

hermodynamic

Goals

We want to find some spherically symmetric shock waves with a long time of existence in
a dusty gas/VdW gas.

o Find global in time classical solutions for VAW gases;

o Build spherically symmetric shock waves by gluing two classical solutions along a line
of discontinuity.
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© Compressible fluid dynamic

@ Local in time existence
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Compressible fluid dynamic
L

ocal in time existence
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Properties of the Euler equations

© Hyperbolicity, if g—z > 0. Then we can define ¢ = %5 .
s s
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I I

Properties of the Euler equations

© Hyperbolicity, if g—‘; > 0. Then we can define ¢ = g—z .
s s

@ Symmetrisability
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Compressible fluid dynamic

Local in time existence

Properties of the Euler equations

© Hyperbolicity, if g—‘; > 0. Then we can define ¢ = g—;’
s s

@ Symmetrisability
o General case,
Otp+ u-Vp+ 2pdivu =0,
deu+ 2Vp+(u-V)u=0,
Ots+u-Vs=0.
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Local in time existence
Properties of the Euler equations

© Hyperbolicity, if g—‘; > 0. Then we can define ¢ = g—;’
s s
@ Symmetrisability
o General case,
Otp+ u-Vp+ 2pdivu =0,
Oru + %Vp+(u~V)u:0,
Ots+u-Vs=0.
o For a Van der Waals gas, | have adapted the symetrisation from Makino, Ukai &
Kawashima (for a PPG). In variables (m, u,s), we have

O¢m 4+ u-Vm+ W°_1(1+Ee”gCVﬂV’l)ﬂdivu =0,

Beu + eToew T2 (l+be70°V7r" DWavr+(u-V)u =0,
Ots+u-Vs =0,

)
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Local in time existence
Properties of the Euler equations

op

@ Hyperbolicity, if % > 0. Then we can define ¢ = 7,
@ Symmetrisability

o General case,
Otp+ u-Vp+ 2pdivu =0,

Oru + %Vp+(u~V)u:0,
Ots+u-Vs=0.
o For a Van der Waals gas, | have adapted the symetrisation from Makino, Ukai &
Kawashima (for a PPG). In variables (7, u, s), we have

Btﬂ’+u v+ W°_1(1+Ee”g‘:vw’/’l)ﬂdivu =0,

(l+be70°V7r” DWavr+(u-V)u =0,
Ots+u-Vs =0,

)

Oru + eoer T
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2o (525) 0 b=b(222) T T andy= 222 >

with 7 =2
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Compressible fluid dynamic

Local in time existence

Local in time existence results

o Classical Solutions:
Theorem
The Cauchy problem for (1) with initial conditions (po, uo, s0) € (7, T, 5) + H™(R?) with
p>0and m>1+ ¢ admit a classical solution (p, u,s) € C*([0, T] x R) with T > 0.

v

Theorem

We consider a Van der Waals gas. The Cauchy problem (2) with initial conditions
(o, to, S0) € H™(RY) with m > 1+ d/2 admit a classical solution
(m,u,5) € C([0, T] x RY) with T > 0.
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Compressible fluid dynamic

Local in time existence

Local in time existence results

o Classical Solutions:
Theorem
The Cauchy problem for (1) with initial conditions (po, uo, s0) € (7, T, 5) + H™(R?) with
p>0and m>1+ ¢ admit a classical solution (p, u,s) € C*([0, T] x R) with T > 0.

v

Theorem

We consider a Van der Waals gas. The Cauchy problem (2) with initial conditions
(o, to, S0) € H™(RY) with m > 1+ d/2 admit a classical solution
(m,u,5) € C([0, T] x RY) with T > 0.

@ Shock waves : Majda’s theorem.
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© Compressible fluid dynamic

@ Classical Solutions
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Compressible fluid dynamic

Classical Solutions

Preceding results

@ Result of explosion that do not precise the time of explosion (for PPG): T. C. Sideris
(1985), T. Makino, S. Ukai & S. Kawashima (1986), J.-Y. Chemin (1990);

o Almost global existence, with spherical symmetry: Q. Qiu & H. Yin (1999)
(isentropic case), P. Godin (2005) (general case);

@ Global in time existence. Li Ta Tsien (1981) :Isentropic 1D case; D. Serre (1997),
M. Grassin (1998) : multi-D case (PPG).

M. Mercier (Institut Camille Jordan, Lyon) Some aspects of hyperbolic PDE December 7. 2009 14 / 52



Some aspects of hyperbolic PDE

Compressible fluid dynamic

Classical Solutions

Global existence for a VdW gas

Théoréme (M.)

We consider a Van der Waals gas such that (mo, uo, So) are the initial conditions
associated to the system (2). There exists o > 0 such that, if v = ;’3—ﬂ and

v € N\{0,1} orv € [m, +oq],

H(m), so)HH,11 < €0, where m > 1+ d/2, and mo, so have compact support,
Dup € L, D*up € H™ 1,

dist(Spec(Duwo),R™) > 6 > 0,

then there exists a global in time classical solution.
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Compressible fluid dynamic

Classical Solutions

Global existence for a VdW gas

Théoréme (M.)

We consider a Van der Waals gas such that (mo, uo, So) are the initial conditions
associated to the system (2). There exists o > 0 such that, if v = ;’3—ﬂ and

v € N\{0,1} orv € [m, +oq],

H(m), so)HH,11 < €0, where m > 1+ d/2, and mo, so have compact support,
Dup € L, D*up € H™ 1,

dist(Spec(Duwo),R™) > 6 > 0,

then there exists a global in time classical solution.

Remark : the first condition can be written: 4o €]1, 22U {22 ; n€ N, n > 2}.

n—1"
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Compressible fluid dynamic
«

lassical Solutions

Idea of the proof

As M. Grassin, we introduce an approximated problem
otu+ (o-V)u=0, (0, x) = wo(x) .

M. Mercier (Institut Camille Jordan, Lyon) Some aspects of hyperbolic PDE December 7. 2009 16 / 52



Some aspects of hyperbolic PDE

Compressible fluid dynamic

Classical Solutions

Idea of the proof

As M. Grassin, we introduce an approximated problem
otu+ (o-V)u=0, (0, x) = wo(x) .
We consider first the isentropic case. The system writes

0:U+ > Aj(U) = B(@, D, U,DU) + F(Di, U,DU)
j

where U = (p, u — @) and

F(DD,U7DU):—7°_1B7TI’< divu ) .

2 Vr
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Compressible fluid dynamic

Classical Solutions

Idea of the proof

As M. Grassin, we introduce an approximated problem
otu+ (o-V)u=0, (0, x) = wo(x) .
We consider first the isentropic case. The system writes

0:U+ > Aj(U) = B(@, D, U,DU) + F(Di, U,DU)
j

where U = (p, u — @) and

F(Da,U,DU):—”"_le”( divu ) .

2 Y
We estimate [, D* U-D* (F(Dz, U,DU)), thanks to the Lemma:

Lemma

Let f € L NH™. Ifv € N\{0,1} or v € [m, +o0], then f* € H™ and for all a € N?
such that |a| = k < m we have
10° ()2 < CIFIST|D £,
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© Compressible fluid dynamic

@ Shock waves
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Compressible fluid dynamic
S

hock waves

Preceding results

@ G. Q. Chen : global in time existence of weak entropy solutions in the isentropic
spherical case with 0 < 7 < up < o for a PPG.

o Li Ta Tsien (1994): isentropic 1D case

@ P. Godin (1997): isentropic irrotationnal in an angular domaine case,
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Compressible fluid dynamic
S

hock waves

Idea for building a shock wave

l-caractéristique

1-caractéristique

v

o 2-caracéristique
2-caractéeistique .
s
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Compressible fluid dynamic
Shock waves

Isentropic spherical case

Théoreme (M.)
In the isentropic spherical case, the angular problem admit a classical solution if
@ p>0onC and I,
e 0:g+ Udrg >0, on K,
e w; >0onk,
e J,wa < —C along Cq,
95 (Ro) > max(p™),
and we can estimate the time of existence. For a Van der Waals gas, we have

Tex Z T* = R0C7

where C depends on wa H
LOC
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Compressible fluid dynamic

Shock waves

Proof

In the spherical case, the equations are:

®3)

Oewa + A (w)0rwy = F(r, w),
Oewz + Xo(w)Orwo = —F(r,w),

where f(r,w) = (dfrl)”c

We estimate w = (wi, w2) in WH by introducing vo = “")(8, w2 + &(r, w)), where

012

k
k € 81f
N d1(e"®)

Ok = Rbveve

Denoting y2(t) = —va(t, x2(t)), this leads us to study the ODE
Y= ao)/22 —aiys —az,

for some given functions ao, a1, ax.
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Compressible fluid dynamic
S

hock waves

Perspectives

@ What happens in the case of a focalisation ?

o Stability of the spherically symmetric solutions obtained ?
Other methods to obtain existence of spherical shock waves ?
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Traffic flow

Modelization.

P ~
/// \\\
1’/" \\\
\ [ Model
- /3 o LWR model on each open segment: let v be a
2 given (decreasing) speed law, then the total

density r verifies

Oer + Ox(rv(r)) = 0;

@ Special boundary conditions:
T ’—‘ H T o bounds on the flows of exiting and entering
X vehicles,

; \ e conservation of the flow of the vehicles staying
1 2 - 1 on the road.
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Traffic flow

Result

We write the mass conservation of the vehicles with the same speed law v (multi-class
extension of the LWR model) 0:p; + dx(piv(>_ p;)) = 0.
The boundary conditions give bounds on the flows of the vehicles:

p1V(p1 +p2)(t707) = p1V(p1 +p3)(t7 0+) max,
p2v(pr+ p2)(t,0-) < oft) max, (4)
pav(pr+p3)(t,0+) < i(t) max.

Theorem (M.)

Under the hypotheses
o (V) : the speed law v is C°*, decreasing and vanishes in 1.
@ (R) : the flow q(r) = rv(r) is strictly concave and attains its maximum in rc,

the Riemann problem for the one T road admits a unique weak entropy solution.
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Traffic flow

non-classical disc.

1-wav t 1-wave

VAN W
Pl P 5

Figure: Solution.
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Traffic flow

The n T road

Theorem (M.)

Under the hypotheses (V), (F) and (P), there exists T > 0 such that the Riemann
problem for the n-T road admits a unique weak entropy solution for t € [0, T].
Furthermore, we can give a lower bound for the time of existence: let

L =min(xk4+1 — xk) > 0, then T > ﬁ

't

X
Figure: Solution with n points of entry and exit.
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Traffic flow

Numerical results : Riemann problem with two T

evolutio des densites 0,1 et 1,3 evolution des densites 0,1 et 1.3

espace
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Traffic flow

Numerical results : Cauchy problem with two T

evalution des cersites 0,1 ot 1,3

M. Mercier (Institut Camille Jordan, Lyon) Some aspects of hyperbolic PDE December 7. 2009 29 / 52



Some aspects of hyperbolic PDE

Traffic flow

Numerical results : Riemann problem on a roundabout

evolution des densites 11

evolution des cersites 11

oas

oas

oos

temps,

espace
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Traffic flow

Numerical results : Cauchy problem for a roundabout
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Traffic flow

Perspectives

Global in time existence for the n-T case ?
Cauchy problem for the T road ? for the n T road ?
Asymptotic behavior ?
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© Stability of conservation laws.
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Stability of conservation laws.
L

stability with respect to flow and source

Plan

© Stability of conservation laws.
o L stability with respect to flow and source
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Stability of conservation laws.
L

stability with respect to flow and source

Introduction

Here we consider scalar balance laws

Ocu + Divf(t, x, u) = F(t,x, u) (t,x) € Ry xRV
u(0,x) = uo(x) € LN L>* NBV x € RV,

where f € C3([0, T] x RY x R;RY), F € C*([0, T] x RY x R;R).
@ Existence and uniqueness, dependence toward initial conditions: Kruzkov's Theorem

@ Dependence with respect to flow and source ?
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Stability of conservation laws.
L~ stability with respect to flow and source
Preceding results

o Kruzkov (1970): Existence and uniqueness of a weak entropy solution in
L! N L= N BV + dependance toward initial conditions.
Let vo € (L' N L>°)(R";R) such that ||vo|| .« < Mo, then

[[(v =V)(®)]| 2 < €™ lluo — vollua

where v = H&,(F — divf)HLoo(QM).
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Stability of conservation laws.
L~ stability with respect to flow and source
Preceding results

o Kruzkov (1970): Existence and uniqueness of a weak entropy solution in
L! N L= N BV + dependance toward initial conditions.
Let vo € (L' N L>°)(R";R) such that ||vo|| .« < Mo, then

[[(v =V)(®)]| 2 < €™ lluo — vollua

where v = ||8u(F — divf

@ Lucier (1986) : flow not depending on u, no source F = G = 0.
If f,g : R — RN are globally Lipschitz, then 3C > 0 such that
Yuo, vo € LY N L>°(R"; R) initial conditions for

)HLOO(QM)'

Otu+ Divf(u) =0, O:v + Divg(v) =0.
with furthermore vo € BV(RY;R), we get Vt > 0,

1w = )(O)s < lluo — vollys + CETV () Lip (F — ).
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Stability of conservation laws.
L

stability with respect to flow and source

Total Variation

Definition: For u € Li,.(RV; R) we get

loc
TV(u) = sup{/ udiv; W e CLRY;RY), |\\|:||Loog1};
RN
et
BV(RV;R) = {ueL.lur_;TV(u)<oo}.

Remark: When f and F are depending only on u, we have
u €ELNBV=Vt>0, u(t)el®nBV

and denoting v = ||0uF || (q,,):

TV (u(t)) < TV(uo)e™®.
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Stability of conservation laws.
L~ stability with respect to flow and source

Estimate on total variation

Theorem (TV — Colombo, M., Rosini)

Assume (f, F) satisfy (K) + (H1). Let
Ko = NWy ((2/\/ + 1)V || e gy, + HauFHLw(QM)). If up € (L N BV)(RY; R),
then Vt € [0, T], u(t) € (L>= N BV)(RY;R) and

TV (u(t)) <TV(up)e"™*

t
+NWN/ e”°(t_7)/ HVX(F—divf)(r,x,-)||Loc(du)dxd7'.
0 RN
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Stability of conservation laws.

L~ stability with respect to flow and source

Estimate on total variation

Theorem (TV — Colombo, M., Rosini)

Assume (f, F) satisfy (K) + (H1). Let

Ko = NW ((2/\/ + 1)V || e gy, + HauFHLw(QM)). If up € (L N BV)(RY; R),
then Vt € [0, T], u(t) € (L>= N BV)(RY;R) and

TV (u(t)) <TV(up)e"™*

t
+NWN/ e”°(t_7)/ HVX(F—divf)(r,x,-)||Loc(du)dxd7'.
0 RN

(H1) =[] fon [[Vx(F = divF)[| o,y dxdE < 00 and Vduf € L (Qm)
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Stability of conservation laws.

L~ stability with respect to flow and source

Estimate on total variation

Theorem (TV — Colombo, M., Rosini)

Assume (f, F) satisfy (K) + (H1). Let

Ko = NW ((2/\/ + 1)V || e gy, + HauFHLw(QM)). If up € (L N BV)(RY; R),
then Vt € [0, T], u(t) € (L>= N BV)(RY;R) and

TV (u(t)) <TV(up)e"™*

t
+NWN/ e”°(t_7)/ HVX(F—divf)(r,x,-)||Loc(du)dxd7'.
0 RN

(H1) =[] fon [[Vx(F = divF)[| o,y dxdE < 00 and Vduf € L (Qm)
Remark : We have the same estimate as in known particular cases
o f,F depend only on u,

e f,F not depend on u.
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Some aspects of hyperbolic PDE

Stability of conservation laws.

L~ stability with respect to flow and source

Dependence with respect to flow and source

Theorem (Flow/Source... — Colombo, M. & Rosini)

Assume that (f, F), (g, G) satisfy (K), (f, F) satisfy (H1) and (f — g, F — G) satisfy
(H2). Let uo, vo € (L' NL>® N BV)(R";R). We denote

o = 2N VxBuF [ e gy + 106l ey + 106(F = &)l ey -

Let u and v be the solutions associated respectively to the flows and sources (f, F) and
(g, G) and to initial conditions (uo, vo).
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Stability of conservation laws.

L~ stability with respect to flow and source

Dependence with respect to flow and source

Theorem (Flow/Source... — Colombo, M. & Rosini)

Assume that (f, F), (g, G) satisfy (K), (f, F) satisfy (H1) and (f — g, F — G) satisfy
(H2). Let uo, vo € (L' NL>® N BV)(R";R). We denote

o = 2N VxBuF [ e gy + 106l ey + 106(F = &)l ey -

Let u and v be the solutions associated respectively to the flows and sources (f, F) and
(g, G) and to initial conditions (uo, vo).

(H2) : 84(F — G) € L°®(Qp), 8u(f — g) € L=(Qp) and
fOT fRN HF — G —div(f - g)”,_oo(du)dxdt < oo.
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Some aspects of hyperbolic PDE

Stability of conservation laws.

L~ stability with respect to flow and source

Theorem (...Flow/Source — Colombo, M. & Rosini)
then Vt € [0, T]:

Kt

Kot __
[(w = v)(®)]|x < € lluo — vollys + = TV (u0)||0u(F — &)]|,

Ko — K
t e.bzg(t—T) _ e“(t_T) g
+/0 ,ﬂ,—_,.g/RN [V (F = divE)(7, %, )| oo ay dXAT

< N9 ~ 8]

t
+/ e“(t_T)/ [((F = 6) = div(f — £))(7. X, )| o quy A7
0 RN
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Some aspects of hyperbolic PDE

Stability of conservation laws.

L~ stability with respect to flow and source

Theorem (...Flow/Source — Colombo, M. & Rosini)
then Vt € [0, T]:

kot _ .kt
[|(u = v)(®)]|2 < e™[luo — vollx + : Ko — K TV (w0)|[0u(f — 8)|
t eno(t—r) _ eﬁ(t—T) .
+/0 ,%—_,.C/RN [Vx(F = divF)(7, %, )| < (g dxdT

< N9 ~ 8]

t
+/ e“(t_T)/ [((F = 6) = div(f — £))(7. X, )| o quy A7
0 RN

4

Remark : As for Theorem (TV), we find the same estimates as in some known particular
cases.

e if f,g depend only on u, F =G =0,
e sif,g,F,G do not depend on wu.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Plan

© Stability of conservation laws.

o Existence of solutions when f, F are non-local
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Continuity equation
ep + Div(pV(p(t))) =0, p(0,-) =po e L'NL¥NBV,

where V : LY(R";R) — C2(RM;R) is a non-local fonctional (regularizing), for example, if
v:R — R is regular:

o V(p)=v (f]R,., pdx) in the supply-chain model

o V(p) = v(n *x p)V(x), n being a regularizing kernel, in a pedestrian trafic model.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Continuity equation
ep + Div(pV(p(t))) =0, p(0,-) =po e L'NL¥NBV,

where V : LY(R";R) — C2(RM;R) is a non-local fonctional (regularizing), for example, if
v:R — R is regular:
o V(p)=v (f]R,., pdx) in the supply-chain model

o V(p) = v(n *x p)V(x), n being a regularizing kernel, in a pedestrian trafic model.
Goal:
o Existence and uniqueness of an entropy solution ?

o Giteaux derivative of the (non-linear) semi-group ?
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Some aspects of hyperbolic PDE

Stability of conservation laws.
Exi 5

xistence of solutions when f, F are non-local

Existence of a solution

Theorem (Traffic — Colombo, Herty, M.)

If V satisfy (V1), then there exists Tex > 0 and a unique weak entropy solution
u € C°([0, Tex[; L* N L°° N BV) and we denote S;uo = u(t,-).
We can bound by below the time of existence by

| n n . . .
Tex = Sup{z n(?(ot:fs ) i (an)n strict. increasing, ao = HUOHLOO}'

If furthermore V satisfy (V2) then

w € W' NL™ = Ve e [0, Tof, u(t) e W',

M. Mercier (Institut Camille Jordan, Lyon) Some aspects of hyperbolic PDE December 7. 2009 43 / 52



Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Hypothesis

(V1) there exists C € Lp2(R;R:) such that Vu € LY(RY; R)
V() eL™, [VV(W)]| o < Clllulli)
V-V @)l < Cllull), [vavw)|, < cllul).
and Vui, us € LI(RN;R)

[V (1) = V()| oo < Cllunlloe)llun — uzllpa
[Va(V (1) = V(u2))||x < Cllluallpoo)llun — w2|a -

(V2) there exists C € Lige(R+;R+) such that HV;?'(V(U)HLoo < C(J|ull o)
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Idea of the proof:

let 3>a>0and T < T, = % We introduce the space X, = L1 N BV(RV;[0,a]) and
the application Q that associates to w € Xg = co([o, TY, Xg) the solution u € X of the problem

Otu+ Div(uV(w)) =0, u(0,:) =up € Xa
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Some aspects of hyperbolic PDE

Stability of conservation laws.
Existence of solutions when f, F are non-local

Idea of the proof:

Let 3>a>0and T< T, = % We introduce the space X, = L1 N BV(RV;[0,a]) and
the application Q that associates to w € Xg = co([o, TY, Xg) the solution u € X of the problem
Otu+ Div(uV(w)) =0, u(0,:) =up € Xa

For wi, wa, we get, thanks to the estimate of Theorem (Flow/Source)
||Q(W1) - Q(W2)H|_oo([o,-,-[’|_1) < A(M)lIwa — WZHLOO([O,T[,LI) )

where f is increasing, f(0) =0 and f —7_, o, 00
Then, we apply the Banach Fixed Point Theorem.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Definition : We say that the application S : L*(RV;R) — L}(R";R) is L' Gateaux
differentiable in uo € LY in the direction ry € L if there exists a continuous linear
application DS(uo) : LY — L such that

H S(to + hro) = 5(t0) _ p o) (o)

—h—0 0.

h

L1
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Definition : We say that the application S : L*(RV;R) — L}(R";R) is L' Gateaux
differentiable in uo € LY in the direction ry € L if there exists a continuous linear
application DS(uo) : LY — L such that

HS(uo + hrz) — S(uo)

— DS(uo)(ro)

—h—0 0.
L1

We want to show that the local semi-group giving the solution of the pedestrian traffic is
L! Gateaux differentiable. We expect the derivative to be the solution of the linearized
problem:

O¢r + Div(rV(u) + uDV(u)(r)) =0, r(0,)=ro.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

We introduce the following hypotheses:
(V3) V : L' — C? is Fréchet differentiable and there exists C € L{2 such that Yu,r € L?,

[V(u+r) = V() = DV(u)(r)|l .o < € (lulloe + llu+rllee) 7l s
IDV()(r)]|wa.ee < Clllulloe)lIrllps -

(V4) There exists C € Li2(R+;R;) such that Vu, i1, r € L*
Jdiv (V(@) ~ V(w) = DV(u)(@ - )| , < ClElle + Null)(17 — ull)?

Hdiv (DV(u)(r))HL1 < C(J|ull oo )l ll1 -
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

We show that the linearized problem admit a unique weak entropy solution:

Theorem (Linearized — Colombo, Herty, M.)

Assume that V satisfy (V1), (V2), (V3). Let u € C°([0, Tex[; W nW1),
ro € (L' NL>=)(RN;R). Then, the linearized problem

O¢r + Div(rV/(u) + uDV(u)(r)) =0, with r(0,x) =ro
admit a unique weak entropy solution r € C°([0, Tex[; L*(RY;R)) and we denote

Yiro = r(t,-).
If furthermore ro € WY1, then Vt € [0, Te[, r(t) € W,
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Theorem (Gateaux Derivative — Colombo, Herty, M. )

Assume that V satisfy (V1),(V2),(V3),(V4). Let up € WH> nW?1, o € W QL™
and let Tex be the time of existence of the initial problem given by Theorem (Traffic).
Then for all t € [0, Tex[ the local semi-group of the problem of pedestrian traffic is L'
Gateaux differentiable in the direction ro and

DSt(uo)(ro) = Zf'uoro o

v

Idea of the proof: Theorem (Flow/Source) allows us to compare the solution associated to the
initial condition ug + hrg to the solution u + hr.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Let u, up be the solutions of the problem d:u + Div(uV/(u)) = 0 with initial conditions
ug, ug + hrg. Let r be the solution of the linearized problem 9:r + Div(rV(u) + uDV (u)(r)) =0,
r(0) = ro and let z, = u + hr that satisfies

Otz + Div (z4(V(u) + hDV(u)(r))) = h®Div(rDV(u)(r)), 2z4(0) = uo + hro.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
Existence of solutions when f, F are non-local

Let u, up be the solutions of the problem d:u + Div(uV/(u)) = 0 with initial conditions
ug, ug + hrg. Let r be the solution of the linearized problem 9:r + Div(rV(u) + uDV (u)(r)) =0,
r(0) = ro and let z, = u + hr that satisfies

Otz + Div (z4(V(u) + hDV(u)(r))) = h®Div(rDV(u)(r)), 2z4(0) = uo + hro.
Then we use Theorem (FIow/Source) to compare up, and z,. We obtain
1
E”Uh - Zh|||_<x>([o,T[,|_1) <F(T) (MHUh “|||_oo (L) + - ||'-’h ZhHLOO(Ll))
+ hC(B) TeC?) T||rH|_oo(w1w1)||rH|.°°(L1) )

with F increasing and F(0) = 0.
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Some aspects of hyperbolic PDE

Stability of conservation laws.
E:

xistence of solutions when f, F are non-local

Perspectives

Derivation with respect to geometric term ?
Example of explosion in finite time ?
Change in the model to obtain bounds in L 7
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