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Lecture # 5
A glimpse of the variational convergence

A If X is a metric space and fj, f0 : X → R, then fj
Γ−→ f0 ((fj) Γ-converges to f0) if and

only if:

[(xj) ⊂ X, x ∈ X, xj → x] =⇒ f(x) ≤ lim inf fj(xj),

∀x ∈ X, ∃ (xj) ⊂ X such that xj → x and fj(xj)→ f(x).

B Lemma. LetX be a Banach space. Let fj : X → (−∞,∞], j ≥ 0, be convex, l. s. c. and
such that

fj(0) = 0, ∀ j,

lim
||x||→∞

inf
j

fj(x)

||x||
=∞,

[fj(xj) ≤ C <∞, ∀ j ≥ 1] =⇒ [(xj) is relatively compact].

Then

fj
Γ−→ f ⇐⇒ f ∗j (x∗)→ f ∗(x∗), ∀x∗ ∈ X∗.

C (Example of relaxation of convex functionals) Let a : R → (0,∞) be continuous and
1-periodic. Set

Fε(u) :=
1

2

ˆ 1

0

a(t/ε)(u′(t))2 dt, ∀u ∈ H1
0 ((0, 1)).

Then, in L2((0, 1)), Fε
Γ−→ F0, where

F0(u) :=
b

2

ˆ 1

0

(u′(t))2 dt, ∀u ∈ H1
0 ((0, 1)), and b :=

ˆ 1

0

1/a(t) dt.

D (Example of relaxation of the van der Waals functional) LetW ∈ C2(R; [0,∞)) be such
that: (i)W−1(0) = {0, 1}; (ii)W ′′(0) > 0,W ′′(1) > 0; (iii) lim

|s|→∞
W (s) =∞. Set

Fε(u) := ε

ˆ 1

0

(u′(t))2 dt+
1

ε

ˆ 1

0

W (u(t)) dt, ∀u ∈ H1((0, 1)).

Then Fε
Γ−→ F0 in L1((0, 1)), where

F0(u) =

{
β#J, if u : (0, 1)→ {0, 1} and u′ =

∑
a∈J ±δa

∞, otherwise
,

and β := 2

ˆ 1

0

√
W (s) ds.


