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- w:& — A a Riemannian covering
- &, AN connected Riemannian manifolds
- A compact

- Q an N-dimensional simply connected smooth domain (or compact
manifold)

-5>0,1=sp<oo
- Lifting problem: given any ue W*P(Q;.4"), is it always possible to
write u=mog, with g e W*P(Q;&)?

- Subsequent questions: if yes, estimates? Uniqueness? If no, “optimal”
smoothness of ¢? How to detect the u's that lift?

- The compactness of & plays a crucial role

- Compact case: & is compact/Non-compact case: & is non-compact
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- N =RP?, A =S, n(x)={x,—x}
Given a Sobolev non oriented vector field u: Q — RP?2, find an
orientation of ¢ : Q — S$2 of u, as smooth as u

- An application. If h lifts g, then
min{fglVUF;u:Q—»RPz,u:g on GQ}:
min{fQIV(p|2;<p:Q—>§2,(p:h on OQ}
- N =St &=S', n(z)=z9 d=2. Given ue W5P(Q;S'), is it

possible to write u= @9 with ¢ € WP(Q;S) (dth root problem,
Bethuel and Chiron)?

- N =Sl &£=R, n(t)=e'. Given ue Ws'p(Q;§1), is it possible to
write u=e'?, with ¢ € WP(Q;R)? + analogue of (1)
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- The definition of W*P(Q;.4") and W*P(Q; &)?
- We embed .4 into some RY and then

W*P(Q; A ) ={ue WP(Q;R"); u(x) e A a.el}

- Definition independent of the embedding

- & need not be compact: obvious definition of W*P(Q;&’) only when
s<1. Eg., whens<1

de(p(x),0(y))P
PO Y — o P
WSP(Q,é‘))—{(p.Q—»g, |(p|W5,p_ff X y|mep dxdy<oo}
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Theorem (Bourgain, Brezis, M 00) For the universal covering of S1,
the lifting property holds except when

- 1<ssp<2=<N=dimQ
- 0<s<1,1<ssp<N=dimQ

- Topological obstruction to lifting: u(z)=2z/|z| (z€C)
- Analytical obstruction to lifting: ¢ € W/‘Z’f(Q\{a})\ W#P(Q) such that
e'¥ e WP(Q)
- It is possible to have the lifting property without estimates: in
Wl/p'p((O,l);§1), 1< p<oo, every map lifts, but no norm control
0, if x<1/2
- The kink: @¢(x) =X 2x, if x=1/2+¢ satisfies, V1 < p < oo,
affine, if1/2<x<1/2+e¢
lQelyi/pp — 00, |el(pE|W1/pyp S 1
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_ T2 MET-CRTEEE GRS

Theorem (Bethuel, Chiron 07) Let 7: & — .4 be the universal covering
of A, with m1(.4) infinite. Then the lifting property holds except when

- 1lssp<2<N=dimQ
- 0<s<1l,1ssp<N=dimQ

- The topological obstruction and the kink exist without any assumption

on m1(A)

- The analytical obstruction is obtained from the existence of a ray in &
(isometrically embedded real line in &), which requires & non-compact

- The same result holds (essentially with the same proof) for any
covering provided & is non-compact

- The space W*P(Q; &) is defined by embedding &

- When & is compact, open case: the one connected to the analytical
obstruction: 0<s<1,2<sp<N=dimQ
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Theorem (M, Van Schaftingen 19) Assume & compact and 7 non-
trivial. Then the lifting property holds except when 1 <sp<2< N =dim Q

- Thus the difference between the compact and the non-compact case
occurs exactly in the range 0<s<1, 2<sp< N =dim Q: existence in
the compact case, non-existence in the non-compact case

- The result applies in particular to the dth root problem and to the
orientation problem in RPX
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[ Sketch of proof }

- We consider only the new the case 0<s<1,2<sp<N=dimQ

- Strategy: establish an a priori estimate for u in a dense subset of
W*=P(Q; A"), having the lifting property: linear estimate

- The maps continuous outside some (N — |sp] —1)-skeleton are dense
(Brezis, M 15)

- Such maps do lift

- The a priori estimate relies on a one-dimensional reverse oscillation
inequality for fe CO(R,R), 0<s<1, sp>1:

osc f1P fy p
f [ [X'y]]dxd_Cspff| f(x)l dcly

R|y X|1+sp |y X|1+sp
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- When N =dim Q=2 and & is non-trivial, topological obstructions exist
when 1<sp<?2

- Maps including such obstructions do not belong to the closure of
smooth maps and, in general, they do not lift

- What happens in absence of topological obstructions? Other types of
obstructions? Yes, in the non-compact case. In the compact case:

[ Theorem (M, Van Schaftingen 19) Let 0<s<1, 1<sp<2, N =
dimQ = 2. In the case of the universal covering with compact &, the
following are equivalent for ue W*P(Q;.4"):

(a) wis in the strong closure of C®(Q;.#)
(b) u is in the weak closure of C®(Q;.#)
§ (c) u lifts

- Assuming only & compact, we have (b) = (c)
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Theorem (M, Van Schaftingen 19) Let 1<p<oo, N=dimQ = 2.
Assume 7 non-trivial. Then there exists some u e WY/PP(Q;.#) such
that:

- uis in the strong closure of C®(Q;.#")
- u does not lift

- Thus an analytical obstruction persists in the limiting case sp=1
- In this case, the compactness of & plays no role

- u can be chosen to be smooth in Q except at some point a€ Q
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- The kink satisfies, V1 < p <oo, |@elyy1/pp = 00, 1€ y1/pp S1
- An analogue on St: M,(z) = Z— , lal < 1: IMal\ya/ee S 1 and the
az—

phase of M, blows up in W/PP near a as |a| — 1

Theorem (M 15) Let 1< p<oo. Given M >0, each ue W/PP(S!;St)

with |u|W1/ < M can be written as

with K < F(M), [yl\w/es < G(M)

- Proof “by induction” on M, via a bubbling analysis

- Proof by contradiction, giving a (linear) control on F(M), but not on
G(M)
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[ Theorem (Bourgain, Brezis 03) Let 1 < p <2. Each u €
W/PP((0,1);S') can be written as

u=ellPy), (1)

|(p|W1/p.p 5 |U|W1/Prp! Yl f./ |U|5V1/p,p (2)

Theorem (Nguyen 08) The above holds in the full range 1 < p<oo

A8 J

- Bourgain, Brezis: proof by explicit decomposition (works in any
dimension)

- Uses only ue L®nW/PP not the full strength of |u| =1
- Nguyen: Proof by duality (works only in dimension one)

- Uses |ul=1
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Theorem (M 08-...) Let 1< p<oo, s>0. Each ue WP((0,1);S') can
be written as

u=ve'?, (3)

lplwse Slulwse, IVIgsn S1uljys, (4)

- B} is a Besov space. It coincides with the Sobolev space W1 for
non integer sp. Is strictly smaller than W*P! for integer sp

- Proof by explicit decomposition. Works in any dimension, with the
estimate Vg, Slulfyep +1ulfyep

- Uses |ul=1

- “Converse” is true: if 0<s<1,
[ve B (Q;S'),p e WP(Q;R)] = ve'? e WP(Q;S1)
- (But ve WY(Q;S') does not imply ve WY/PP(Q;S?), 1< p<oo)
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