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Percolation

Let  be a random graph, defined on a Poisson process on  such that:


• each vertex has finite degree


•  controls the edge density, i.e. the larger  the more edges on average


Percolation is the event that  contains an infinite connected component


Question: Is there a critical edge density  such that almost surely 


• if , the graph does not percolate but


• if , the graph percolates
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There is a percolation phase transition for


• Gilbert’s Disc Model (Gilbert 1961)


• Boolean model (Hall 1985, Meester and Roy 1996, Gouéré 2008)

• Long range percolation model (Newmann and Schulman 1986, Penrose 1991)

Summary: Neither long-range edges nor heavy tailed degree distributions alone can remove 
the subcritical phase (i.e. ). Is this possible at all?βc = 0

• Scale-free percolation model (Deijfen et al 2018, Deprez and Wüthrich 2019)
Each vertex  is assigned a heavy-tailed weight  and two vertices are connected with probability  

 for . Heavy-tailed degree distribution with power-law exponent .
x Wx

1 − exp(−βWxWy |x − y |−dδ ) δ > 1 τ

Theorem: If , then , but if , then τ > 3 βc > 0 τ < 3 βc = 0
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Weight-dependent random connection model

• Focus on profile functions  for 


• Describe the influence of the kernel  on the connection probability via a parameter 
. All kernels lead to power-law degree distributions with exponent .

ρ(x) ∼ cx−δ δ > 1

g
γ ∈ [0,1) τ = 1 + 1/γ

• Soft Boolean model: sum kernel  or min kernel gsum(s, t) = (s−γ/d + t−γ/d)−d gmin(s, t) = (s ∧ t)γ

• Age-dependent random connection model: preferential attachment kernel         
 gpa(s, t) = (s ∧ t)γ(s ∨ t)1−γ

• Scale-free percolation: product kernel gprod(s, t) = sγtγ

• Connect two vertices  and  (independently) with probability(x, t) (y, t) ρ(β−1g(s, t) |x − y |d )
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What one hopes to get:


ℙ0{0 starts a self-avoiding, shortcut free path of length n} ≤ 𝔼#{such paths} ≤ (βC)n

Problem: This expectation only depends on the degree-distribution and the strategy only works if the degree-
distribution has finite variance. 

Solution: 


➡ Understand the structure of the paths (identify key vertices and how they are connected within the path)


➡ Only bound the expectation of paths with such idealized structure
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Understand how two skeleton vertices are connected:

Proof of 1.:
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Understand how two skeleton vertices are connected:

Proof of 1.:
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Key Lemma: If , thenγ < δ/(δ + 1)

ℙy0,y1
{∃a conector z : y0 ∼ z ∼ y1} ≤ ∫

ℝd

1

∫
t1

ℙy0,z{y0 ∼ z}ℙz,y1
{z ∼ y1}dz ≤ (βC)ℙy0,y1

{y0 ∼ y1}

Hier is where the spatial embedding is dealt with
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