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1 Cutoff on trees

In this first section, we present a result of Basu, Hermon, and Peres [1] which states that the
product condition is a sufficient condition for cutoff for random walks on trees. This follows
from the characterization of cutoff in terms of concentration of hitting times of “worst” sets,
given in the same paper.

Let us first recall some definitions. Let P be the transition matrix of an irreducible Markov
chain (X¢);>0 on a finite state space €2, with stationary distribution 7. The worst-case total
variation distance to equilibrium at time ¢ is defined as

D(t) = maéli(t), where  Dy(t) = ||Pu(X: € -) — 7|ov
xe

and, for 0 < € < 1, the e-mixing time is defined as

We set tyix = tawix(1/4). We say that the chain is reversible if, for all z,y € Q, w(z)P(z,y) =
7(y)P(y,x), and that it is lazy if, for all x € Q, P(x,z) > 1/2. For an irreducible, reversible,
lazy chain, let

I=XA>X2>-2>Xg >0

be the eigenvalues of P in decreasing order. The relaxation time is defined as

1
tREL = 1_7)\2

Mixing and relaxation times are related by the following inequality (see Levin and Peres [11,
Theorems 12.4 and 12.5]):

1 1
(tREL - 1) log (2€> < tMIX(g) < trer log (2571’ ] > ) (1-1)

where Tin = mingeq ().
A sequence of chains (£2,,, Py, my,) is said to exhibit cutoff if for all 0 < e < 1,
(n)
ty
(nMIX(E) 1.
tMIX(l - 5) oo

Equivalently,

(n) (n) 1 ife< 1,
D (c tMIX) —
n—=oo [0 ifec> 1.

We say that the sequence has cutoff window wy, if w, = o(tyix) and for any € €]0, 1[, there

exists ¢. > 0 such that
Hik(e) — k(1 — €) < cowy -
From inequality (1.1), one easily deduces that a necessary condition for cutoff is

tk
— +00. (1.2)

1), o




This is known as the product condition and it is conjectured to be sufficient for a “large” class
of Markov chains. In [1], it was shown to be sufficient for lazy weighted nearest-neighbor
random walks on trees.

Theorem 1.1. Let P be the transition matriz of a lazy reversible Markov chain on a tree

T = (V,E), with |V| > 3. Then, for all € €]0,1/4],

tMIx(E) - tMIX(]- - 5) < 35v 571tRELtMIX .

In particular, if (P,) is a sequence of such chains and if the product condition holds, then the

sequence has a cutoff with window w, = té’é{tﬁﬁ) .

This result is a consequence of the relations between mixing times and hitting times,
presented in previous lectures. For A C €, let

TA:min{tZO, XtGA}
be the hitting time of A. For «, e €]0, 1], let

hito(¢) = min{t > 0, max max P,(74>1) <e}.
o(€) {t= 2€Q ACQ, n(A)>a o(Ta > 1) < ¢}

For any reversible irreducible finite lazy chain and any ¢ €]0,1/4], we have

hit; /2(3e/2) — [2tre log(1/e)] < tax(g) < hity jo(e/2) + [tres log(4/)] (1.3)

and
. ) 1
hity jo(1—¢/2) — [2tges log(1/e)] < tax(1—€) < hityjp(1—2¢)+1.51/18 [2tREL log(8)—‘ . (1.4)

Before proving Theorem 1.1, let us state two results on hitting times that hold for any
finite irreducible reversible chains (actually, the second one does not require reversibility).

Recall that the conductance of A C Q, A # () is defined as
1
B(A) = oy S (@) Y Plry) =Pr, (X1 € A),
€A yeAe
where 74 is the distribution 7 conditioned on A, i.e. ma(2) = 7(A) " 7(2)1.ca.
Lemma 1.2. Let (Q, P,m) be a finite irreducible reversible Markov chain and A C 0, A # ().
Then, for allt > 0,
W(A)>t

REL

[PWAC (TA >t) < (1—

Lemma 1.3. Let (Q, P, ) be a finite irreducible Markov chain and A C Q, A # (. Let e
be the probability measure on A° given by

vyeAc7 wAC(y):]P)ﬂA (Xlzy’XleAC) .



Then, for allt > 1,

]P’WAC (TA = t)
— > . .

(A Pyac(ta 21) (1.5)

Consequently,

1
ElpAC [TA] - (D(AC) ) (16)
and

By 4 [7—31] =Ey e [74] (2Er,c[Ta] — 1) . (1.7)

Proof of Lemma 1.3. First note that for ¢t > 1, m(A°)Pr,. (T4 =t) = Px(74 = t). Writing
{ra=t}={Xo € A,..., Xi1¢ A, X, € A},
and using stationarity, we have
Pr(ra=t) =P, (X1 €A,.... Xi € A, X171 € A)
(X1 €A,... . X1 dA) P (X1 €A,... . Xt € A, X111 € A)
=P, (X1 €A,.... X, g A)—P, (Xo€A,....X; &A)
(Xoe A, X1 €A,.... Xy & A)
A)P(A)Py,. (Xo € A,.... X1 € A)
JP(A)Py (T4 > ).
Equation (1.5) is then established after noticing that
m(A)P(A) = w(A°)P(A).

Summing (1.5) over ¢t > 1 yields (1.6), and (1.7) follows from

S @t - 1D)Py,(ra 2 t) =By, | S (2~ Dlicr, | =Ey,. [73] -

t>1 t>1

Let us now move to the proof of Theorem 1.1. Let T'= (V| E) be a finite tree and let P be
the transition matrix of a lazy chain on T, i.e. such that P(z,y) > 0 iff {z,y} € E or x = y,
in which case P(z,x) > 1/2. Let 7 be the stationary distribution of P. By Kolmogorov’s
cycle condition, P is reversible with respect to .

The first step of the proof of Theorem 1.1 consists in showing that hit, /» () is well approximated
by
t,(e) =min{t >0, I;leag)z(IP)m(Tp >t) <e},

where p is a central vertex in tree T', i.e. a vertex v € V such that each connected component
of T'\ {v} has stationary probability at most 1/2. There always either one or two central
vertices in a tree. Throughout this section, we fix a central vertex p and call it the root of the
tree.

For all v € V' \ {p}, if (vo = v,v1,...,vx = p) is the shortest path from v to p in T', we call
p(v) = v the parent of v and we write u < v if u = v, for some ¢ € {0,...,k} (inducing a
partial order on V).



Lemma 1.4. For all0 < e < 1,

£(2) < hitya(e) < to(e/2) + Ptf‘“ log <29€ﬂ .

Proof of Lemma 1.4. By definition of a central vertex, for all x € V'\ {p}, there exists A with
m(A) > 1/2 such that the chain started at = cannot hit A without first hitting p. Hence

tp(e) < hitya(e).

In the other direction, take A C V with w(A) > 1/2, x € V and s. = [4tge log(9/2¢)] for
0 < e < 1. By Markov property and definition of 7,(g/2),

P, (T4 > t,(e/2) + 52) < Py (1, > £,(c/2)) + B, (74 > 52) < g 4P, (T4 > 5e) -

It remains to show that P, (74 > s.) < €/2. If p € A, this is trivially verified. Let us assume
that p ¢ A. Note that T\ {p} can be partitioned into 77 U T such that both T} and T3
are unions of components of T'\ {p} and have stationary mass at most 2/3. Moreover, since
m(A) > 1/2, we may assume without loss of generality that (A1) > 1/4, where Ay = ANTy.
Let B =T, U {p}. Since the chain started from any vertex in B must hit p before hitting A;,

we have
Pp(TA > 85) SPp(TAl > Sg> S]P’WB (TA1 > 85) .
By Lemma 1.2,
7.[.(A(l:) (Al 3 Atrer log(9/2¢) c
P, < 1— - < =
) ( b ) — A4 4tREL =9
where we used that 7(B) > 1/3 and that 1/4 < 7w(4;) <1 [

Lemma 1.5. Let A = maxgzcy Ey[1,]. For all € €]0,1/4],

€) <A+ VA Atg, and  t,(1—e) > A — /e Atgp

Proof of Lemma 1.5. For all x € V|

P, (1, > A+ v/Ae Bt ) < P (7= Eulr) > Vi T8k ) < o),

where the last inequality is by Chebychev Inequality. Let (vo = x,v1,...,v = p) be the path
from z to p. Define 7; = 7,, — 7,,_,. Note that, under P, 7, = Zle 7; and that 71,..., 7 are
independent. Hence

k
Varm Tp Zvarvl 1 Tv < Z Vi—1 ’Uz‘

Recall that for u € V' \ {p}, p(u) denotes the parent of u in T'. Applying Lemma 1.3 to A =
{v € T, u < v}, noticing that, by the tree structure, ¥ 4¢(y) = du(y) and Ey[r4] = By [Tp( ]
we obtain

trr
E, [Tg(u)} = Ey [p(u)] (2B ,e[14] —1) < 2By [1p(0)] ML < 4E, [To(w)] trer




where the penultimate inequality uses Er . [74] = 7(A¢) " Er[r4] < 7(A) 'tge, by summing
over t > 0 in Lemma 1.2, and the last inequality uses m(A4) > 1/2 by centrality of p. Hence

Vary(7,) < 4Atggy (1.8)

and
Po (7, > A+ VA Aty ) <,

establishing the first inequality of the lemma. For the second one, take x € V such that
E[7p] = A. Then, again by Chebychev Inequality and by (1.8),

P, (Tp <A - \/45_1AtREL> <eg.
Hence Py (7, > A — V4e 1 Atgg) > 1 — e and t,(1 —¢) > A — V4e = Aty |

We are now ready to prove Theorem 1.1. Fix € €]0,1/4]. By (1.3) and (1.4), we have

b () — tuns (1 — €) < hity o (e/2) — ity o (1 — /2) + [tREL log (jﬂ 4 [mm log (iﬂ .

Using Lemma 1.4 with € replaced by /2, we get

hity o(£/2) — hity ;o (1 — £/2) < t,(c/4) — t,(1 - £/2) + [zuREL log (9” .

€
By Lemma 1.5,
tp(e/4) —t,(1 —¢/2) < (4+ Zﬂ)\/e—lAtREL .

The proof is then concluded (modulo some additional work to get the constant 35, which we
won’t do here) by observing that
A < dtyix -

Indeed, let x € V and let A =V \ C; where C; is the component of 7'\ {p} which contains x.
Clearly, E;[7,] = E;[74]. Letting 74 = min{k > 0, Xy, € A}, we have 74 < tyxTa, and, by
definition of ty;x and the fact that w(A) > 1/2, the variable 74 is stochastically dominated by
a Geometric variable with parameter 1/4, which yields E,[7,] < 4tyx.



2 The configuration model

Given a finite set V' of size |V| = n and a function d: V' — {2,3,...} such that
N=> d@)
veV

is even, we can construct a graph G with vertex set V' and degrees (d(v))yey as follows. We
form a set H by “attaching” d(v) half-edges to each vertex v € V:

H={(v,i):veV,1<i<d(v)}.

We then choose a pairing n on H (i.e., an involution without fixed points), and interpret every
pair of matched half-edges {x,n(x)} as an edge between the corresponding vertices. Loops
and multiple edges are allowed. The configuration model is the random graph obtained by
choosing 7 uniformly at random among the (N — 1)!! possible pairings of H. We will say that

ks
do T

Figure 1: A set of half-edges H, a pairing 1 and the resulting graph G

two half-edges © = (u,i) and y = (v,j) are neighbors if u = v a,d i # j. The degree of a
half-edge = = (u, %) is then defined as its number of neighbors, i.e.

deg(z) =d(u) — 1.

The non-backtracking random walk (NBRW) on G is the Markov chain on H with transition
matrix
Ple.y) = {deg(ln(m)) if y is a neighbor of n(x),

0 otherwise.

The matrix P is not symmetric. However, it enjoys the following symmetry property with
respect to the pairing n:

Ve,y € H, P(.I‘,y) = P(U@)v”@)) : (21)

The simple random walk (SRW) on G is the Markov chain on V' with transition matrix

O(u,v) ﬁ if v is a neighbor of u,
u,v) =
0 otherwise.



Figure 2: A non-backtracking move

Matrix P has stationary distribution uniform over H and matrix ) has stationary distribution
given by

YueV, w(u):d](\fu)o

Some definitions and notation

e Let A = max,ey d(v) be the maximum degree.

e For x € H and k € N, let Bi(x) be the subgraph induced by the half-edges which are at
non-backtracking distance less than or equal to k from z.

e The excess of Bi(x) is the maximum number of edges that can be deleted from By (x)

while keeping it connected.

e We call z a k-root if By(z) is a tree, i.e. if the excess of By(x) is zero.

Let us start with a simple but crucial result, which illustrates the locally tree-like structure of

G in the sparse regime.

Lemma 2.1. Let L = |tloga_1(N)|. For allz € H,

1

P(EX(BL(z) > 1) =0(1) and P(EX(Br(z) >2)=o0 (N) .

In particular, whp, the excess is at most 1 in all L-neighborhoods.

Proof of Lemma 2.1. The ball of radius L around x can be generated sequentially, its half-
edges being paired one after the other with uniformly chosen other unpaired half-edges, until
the whole ball has been paired. Observe that at most & = (A —1)” pairs are formed. Moreover,
for each of them, the number of unpaired half-edges having an already paired neighbor is at
most (A — 1)* and hence the conditional chance of hitting such a half-edge (thereby creating

1)L
a cycle) is at most p = %. Thus, the probability that one cycle is formed is at most

kp =0 <(A_Nl)2L> = O(N~3/%),



and the probability that more than one cycle is found is at most

V4L
o =0 () oo,

Lemma 2.2. Assume that d = min,cy d(v) > 3. Let K = |$loga_1(N)| and let R be the
set of K-roots. Then, for all s < L — K,

max P(z, H\ R) < 2(d—1)"%+ op(1).

x€H
Proof of Lemma 2.2. By Lemma 2.1, whp, for all x € #, the ball By (z) has at most one
cycle, with L = L% logAfl(N)J. Fix a graph G with this property. We prove that the NBRW
on (G starting from any x € H satisfies

Ps(z,H\R) < 2(d—1)""*, (2.2)

for all s < L — K. The claim is trivial if the ball of radius L around z is acyclic. Otherwise,
it contains a single cycle C, by assumption. Write d(z,C) for the minimum length of a
non-backtracking path from x to some z € C. The non-backtracking property ensures that
if d(Xs,C) < d(Xs41,C) for some s < L — K, then Xgy1, Xs42,..., Xk are all K-roots.
Indeed, as soon as the NBRW makes a step away from C on one of the disjoint trees rooted
to C, it can only go further away from it. The conditional chance that d(Xsy1,C) < d(Xs,C)
given the past is at most ﬁ (unless d(X,C) = 1, which can only happen once). This
shows (2.2). [

10



3 Cutoff for NBRW on regular random graphs

Let d > 3 be a fixed integer and let G = G, 4 be the random graph formed by the configuration
model on vertex set V with |V| = n and constant degree sequence: d(v) = d for all v € V.
The number of half-edges is N = dn. We are interested in the asymptotics (in n) of

tyx () = min{t > 0, D(t) < e},

where

1
D(t) = — - P .
() = max <N (f”"y)>

yEH +

In a seminal paper, Lubetzky and Sly [13] showed the following.

Theorem 3.1. For d > 3, whp, the NBRW on G, q has cutoff at time log,_{(N), with a
window of constant order'. More precisely, for all 0 < ¢ < 1, whp,

tax(1 =€) > [logg_1(N)] — [logg_1(1/2)T,

and
tune(e) < Nlog_y (V)] + 3[logy_y (1/2)] + 4.

Let us start with the lower bound, which comes from a simple counting argument and is
actually valid on any d-regular graph. Fix a starting point x € H. Let ¢t = |[log,;_;(eN)], and
let A be the set of half-edges which are reachable by a NBRW of length ¢ started at . Then,
Pt(x,A) =1 and
(d—1)
N
>

m(A) < <e,

implying D (t) > 1 —e. Hence tyux(1 —€) >t > |logy_1(N)] — [logg_1(1/e)].

Let us now move to the upper bound. The first step is to reduce the maximization over
“nice” starting points. Recall that K = L% logd_l(N)J and that R is the set of K-roots. By
Lemma 2.2 applied to s = [log;_;(2/¢)], we have

m@}?[(Ps(x,H \R) <e+op(l).
Te

Take ) 5
{—2 [2 logg 1 (V) + 5 logd_1<1/e>] .

By the inequality

Dt < ps R D, (t
(+8)_rgglea7§ (z,H\ )+ra§16a7>2< (t),

we see that we may consider starting points which are K-roots.

YFor x,a > 0, log, (2) = }ZEEZ;

11



To get the constant order for the window, we have to take advantage of the averaging over

y € ‘H in the definition of the total-variation distance. To do so, choose a partition of H into
| N/M | blocks of size M = [(log N)?], and possibly one last block of size strictly less than
M (P are fixed before the graph is formed). Fix x € H. Letting P, be the set of blocks of
size exactly M which do not contain z and bounding the summands by 1/N for y not in the

support of Py, we have

Du(t) < D (if - Pt($an(y))>+ + %

Let S be one of the blocks of size M in this partition. For y € S, observe that, thanks
to (2.1),

Pt($777(y)) = Z Pt/2(£7U)Pt/Q(yﬂ-})ﬂn(v):u'

u,vEH

We consider an exploration process which generates the paring 7 along with M + 1 disjoint

trees T, and (Ty)yes, rooted at x and y € S respectively. Initially, all half-edges are unpaired,

Tz is reduced to x and for all y € S, 7, is reduced to y. Then at each time step,

1.

An unpaired half-edge z of J, g, {a} T, is chosen, provided its distance to the corre-
sponding root is strictly less than t/2.

The chosen half-edge z is then paired to a uniformly chosen other unpaired half-edge 2’.

If 2/ was not already in UreSU{x} T, and is not a neighbor of either x or y € S, then the
neighbors of 2’ are added to |, gy, Tr as children of z. Otherwise, both z and 2’ are
marked with the color RED.

This process continues until no unpaired half-edge in (J, g, (=} T, is at distance strictly
less than t/2 from its root. For r € SU {x}, we denote by 97, the set of leaves of
7 (including the RED half-edges), and by F, the subset of leaves of 97, which are at
distance t/2 of r (i.e., those that are not RED).

Then finally, for each y € § and each z € F,, we draw a Bernoulli random variable to
decide whether 7(z) € U, cg Fr or not. If it is, then we choose 2’ = 7(z) uniformly at
random in (J,cg F» \ {7} and we mark both z and 2’ with the color GREEN. We let Fy
be set of half-edges in F, that are not GREEN.

The pairing n is then completed to form the graph G.

Note that, at the end of the exploration stage, at most (M + 1)(d — 1)¥/2 = O(log?(N)v/N)
half-edges have been revealed.

Retaining only those paths that remain in 7, U 7T,, we have

. 1 1
P (z,n(y)) > Z mln(v):u = -1y Z Lywyer, -

ueFy veEFy
vEFy

12



A key observation is that, conditionally on the exploration stage, the variables ( L (v)e Fly 7,

enjoy a strong negative dependence property known as negative association.
Definition 3.2. Real-valued random variables X7, ..., Xk are said to be negatively associated

if, for any two disjoint subsets A and B of {1,..., K}, and any two real-valued functions
f:RMA— R and ¢ : RIBl — R that are both coordinate-wise increasing, we have

E[f(Xa)-9(XB)] <E[f(Xa)]-Elg(XB)] -

Conditionally on the exploration stage, the whole sequence (ln(v)e fz) is negatively

associated. To see this, compare that sequence to a sequence recording drazvesugf %ﬁyuck balls when
sampling without replacement in a urn containing |F;| black balls and |Z| — |Fy| = 3_ s |.7?y|
white balls, where Z is the set of half-edges that have not been paired during the exploration
stage. Negative association implies that the Laplace transform of the sum can be bounded
by the product of the Laplace transforms of each Bernoulli variable. In this sense, “ a sum
of negatively associated variables can only concentrate better than a sum of independent
variables with the same marginal distributions”. More precisely, for all A > 0, denoting by P

and E the conditional probability and expectation given the exploration stage, and letting

we have

o7, 2 (121 - L.es 1)

where the last inequality is from Bennett Inequality. This entails that

p (My _ 17l Pyl e(d- 1)t) < exp{—;g} (3.1)

) -
E e—/\(My—EMy)} < H E |:€_>\(]177(U)€7:13_E]177(”)6}-95)] < exp A1 Fal 17|

N N

where we used that |Z| — > ¢ |F.| < N, that |F,| |]-'y| < (d—1)" and that (d — 1)! > e 3N.
Let us now use averaging on S to get a smaller error probability. Let

Z=>Y 2, WhereZy:Il{

yeS

5 o
u, < Tl eld 1)}

N N

Negative association also holds for (Z;),cs, since the functions Z, are coordinate-wise de-

creasing functions of (ﬂn(v)e}})vef :
Y

This implies that for all A > 0,

E {eA(Z—EZ)} < H E [e/\(Zy—EZy)} < st ,
yeS

13



where the last bound comes from Hoeffding Inequality. By (3.1), EZ < M e 2 < eM , hence
_1 _1.9
P (Z > eM) gP(Z—EZ> (c—e 2E)M) < exp (—2(5—6 ) M) .
Taking expectation, we get
1
Taking a union bound over all x and over blocks of Py, we obtain that whp, for all x € H,
L Ful 14| 2M
D.(t) < — 1——7+ —_— 3.2
0y DX (1-FIR) ek @2
SePy yeS +

It remains to control the sizes |F,| and |.7?y| for y € S. To do so, let us first bound the number
of RED half-edges in 7,.. We will then need to show that those RED half-edges do not arrive
too early in the trees.

Lemma 3.3. Let [RED| be the number of RED half-edges at the end of the exploration stage.

P (|rED| > log” N) = o <]\172)

Proof of Lemma 3.5. When looking at the exploration process sequentially, we see that the
total number of RED half-edges is stochastically dominated by

. : (M +1)(d —1)4/?
X =Bin <(M+ D=1, N —2(M +1)(d — 1)t/z> ‘

By Bennett’s Inequality, for all a > 0,

P(X —EX >a) < exp <—2(E;,2+a)> .

Taking a = log* N and observing that EX = O(log* N), we obtain
P (X —EX >log" N) = exp (—Q(log* N)) ,

and we obtain the desired result, after taking some room to compensate for the constant that
depends on € in EX. |

Lemma 3.4. Let |GREEN| be the number of GREEN half-edges at the end of the exploration
stage.

1
P (|GREEN| > log” N) = o <N2>

Proof of Lemma 3.4. When looking at the last step of the exploration stage, we see that the
total number of GREEN half-edges is stochastically dominated by

o . M(d —1)t/?
¥ = bin (M(d BRA T 1)t/z> '

By the same argument as in the previous proof, we obtain the desired result. |

14



Lemma 3.5. Let £ = E(S) be the event that all r € SU{z} are K-roots and that all pairwise
distances in S U {x} are larger than 2K. Then

P (5 N {min{\fwl,gleig |y} < (d—1)Y2(1 - N1/7)}) =0 (1\}2) .

Proof of Lemma 3.5. By Lemma 3.3 and 3.4, with probability 1 — o(1/N?), both |RED| and
|GREEN| are smaller than log® N. On the event £, no RED half-edges can occur before level K,

hence 5
log” N
i Frl>d-1)"?(1- —=""),

TE%ILlJI{lx}‘ ’ B ( ) (d — l)K

and s
R log® N
>(d—1)"?(1- 2" ) —log’(N
1;gg|fy|_(d ) ( (d—l)K> og’(NV),

which gives the desired result. |

Plugging those bounds into (3.2) and bounding the summands by 1 when S does not
satifies £, we obtain that whp, for all z € H,

M 2M 17
Dm(t)gNS%; Legs)e +e+ S + 2N 7

To conclude the proof, observe that

max 3 Loy < [HA\R|+ Y D 1Baxc() 1] = op(N/M),
SePy SeP zes

and recall that by Lemma 2.2, we can restrict to x € R. We have shown that, whp

max D, (t) < 2¢e,
TER

which gives

D (t < 3e.
max L (t+s) < 3e

15



4 Cutoff for SRW on random regular graphs

Let us now move to the SRw. In the same paper [13], Lubetzky and Sly showed the following
result.

Theorem 4.1. For d > 3, whp, the SRW on Gy, 4 has cutoff at time ﬁlogdfl(n), with a
window of order v/logn. Moreover, for all 0 < e < 1,

tux(e) = 5 1oBa () + (A + 0p(1)F ' (2) Iog .

where A = 2((17”5;;{;? and 6_1(5) is the (1 — e)-quantile of the standard Gaussian distribution.

On regular graphs, cutoff for SRW can actually be deduced from cutoff for NBRW as follows.

If G = (V,E) is a d-regular graph and if Ty denotes a d-regular tree rooted at p, then the
cover tree of G at © € V is defined as a map ¢ : Ty — V satisfying

{ p(p) =,
Vy € Ta, {¢(C), ¢ ~1, 7} = {2 ~a v(7)}-

In other words, the root of Ty is mapped to x and ¢ preserves 1-neighborhoods.

Observe that if &} is a SRW on Ty started at p, then X; = ¢(X;) is a SRW on G started at
x. Similarly, if Y, = (J;, ;") is a NBRW on Ty started at (p,¢), then Y; = (o(; ), p(Y;")) is
a NBRW on G started at (z,p(¢))?. By symmetry, we have

. 1
Pr (Xp €| dist(p, @) =0) =5 > Pl (Y1 €7) -
¢ty p
As projections can not increase total-variation distance, taking £ = tJ°:%V(g), we get

[Pe(X¢ € -) = mlloy < € + P(dist(p, &) <) .

Maximizing over z € V,
DW(t) < e+ P(dist(p, X;) < £) .

Now the SRw on Ty is transient (for d > 3) and, for X} # p,

1 with probability d%.ll,

dist(p, Xpy1) — dist(p, &) =
i —1  with probability é.
By the Central Limit Theorem,

dist(p, X;) — <2t R N(0,1)

4(d—1)

d2t

?Here, it is more convenient to define the NBRW on directed edges rather than on half-edges, which is
completely equivalent.
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We obtain that for all s > 0,

lim sup D%*W LK +5Vl) <e+P(N(0,1) >A1s) . (4.1)
n—-+00 d—2
Conversely, the number of vertices at distance ¢ from = is at most d(d — 1)*. So on the event

dist(p, X;) < logy_q(en/d), the SRW X; is confined to a set of at most en vertices, and the
total-variation distance is at leat 1 — . This implies that for all s > 0,

lim inf DS (

n—-+oo

T3 log,;_1(en/d) — s logd_l(n)> >1-e—P(N(O,1)>A"1s) . (42)

Combining (4.1) and (4.2), and the fact that £ =log,_;(n) + o(v/logn), we obtain the desired
result.
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5 Cutoff for NBRW on random graphs with given degrees

We now consider the NBRW on the configuration model with a given degree sequence. We will

assume that

— = 1 > . .
A Iglea‘}cd(v) O(1) and Llél‘]z/ld(v)_B (5.1)

Remarkably enough, the asymptotics in this regime depends on the degrees through two simple
statistics: the mean logarithmic degree of an half-edge and the corresponding variance

1 1
p= > logdeg(x),  o®=< ) (logdeg(z) —p)* .
rEH reEH
We further assume that

liminfo? > 0. (5.2)

n—-+0o0o

In [2], the following result was shown (under much weaker degree assumptions).

Theorem 5.1. For every 0 <e < 1,

log N — o2log N
tane() = 55 4 (Lt op (1) (2| T

Let us first establish the lower bound. Let x € H be a fixed starting point and let

log N |02
t= Oi + (A +o(1)) %logN.

For 0 = IO%N , let Ay be the set of y € H such that there exists a path from = to y which has

probability larger than 6 to be seen by a NBRW of length . Since, for all y € Ay, we have
Pt(x,y) > 0, and since P!(z,-) is a probability, the set Ay has size less than 1/6, hence

D,(t) > P'(x, Ag) — m(Ag) > P'(x, Ag) — % .

Taking expectation with respect to the pairing, we have

t
1
¢ > deo( X .
EP!(x, Ag) > P, (8:1_11 deg(X,) g 9)

A useful property of the uniform pairing is that it can be constructed sequentially, the pairs
being revealed along the way, as we need them. We exploit this degree of freedom to generate
the walk {Xj}r>0 and the pairing simultaneously, as follows. Initially, all half-edges are
unpaired and Xy = x; then at each time k > 1,

1. if X1 is unpaired, we pair it with a uniformly chosen other unpaired half-edge; otherwise,
n(Xk—1) is already defined and no new pair is formed.

2. in both cases, we let X} be a uniformly chosen neighbour of n(Xj;_1).
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The sequence {Xj}r>0 is then exactly distributed according to the annealed law. Now, if we
sample uniformly from H instead of restricting the random choice made at (i) to unpaired
half-edges, then the uniform neighbour chosen at step (ii) also has the uniform law on H. This
creates a coupling between the process { X} }r>1 and a sequence { X} };>1 of 1ID samples from
‘H, valid until the first time T" where the uniformly chosen half-edge or its uniformly chosen
neighbour is already paired. As there are less than 2k paired half-edges by step k, a crude

union-bound yields
2t2

P(T<t)<—-
T<h<

(5.3)

Consequently,

EP!(x, Ag) > P, (H deg(lX*) > 0) +0(1).
s=1 s

Taking the logarithm and using Berry-Esseen Inequality, we have

P, (Hldeg(lX) > 0) > d(\) +o(1),

entailing

min ED, (t) > ®(A) +o(1).

Let us now move to the upper bound. The first step is the same as in the regular case:
reducing to starting points which are roots. Letting as before K = L% loga_; (N )J and R the
set of K-roots, we have, by Lemma 2.2 applied to s = |loglog N |,

rg]ﬁngicPS(x,H \R)=op(1).

By the triangle inequality,

D(t < P? R D.(t).
(t+5) < ma P* (2,1 \ R) + max D, 1)

The first term is op(1). For the second one, we write

D= 3 (}V—Pt<x,n<y>>)++ > (- reaw)

yeR\Br () yEB (z)U(H\R) +

The second sum is op(1) uniformly in z € R. Indeed, it suffices to bound its summands by
1/N and observe that |Bg (z)] < AK = o(N), while |H \ R| = op(N) by Lemma 2.1.

The remainder of this section is devoted to establishing that, for ¢t = loiN + (N +
o(1))y/ T
: . 1—2(A) —op(1)
Pt > : 5.4
min _anin L Pi(zn(y) = I (5.4)
We start by writing
Pt(%??(y)) = ZPt/z(m’u)Pt/2(y’v)l{n(u):v} . (55)
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One problem that arises here (and that did not exist in the regular case) is that we really can
not afford to reveal the whole neighborhoods of radius ¢/2 around = and y. We have to adapt
our exploration process so that not too many half-edges are revealed. We proceed as follows.
Initially, all half-edges are unpaired and no type has been revealed. Tree 7, is reduced to x
and tree 7, is reduced to y. Then at each time step,

1. An unpaired half-edge z of 7, U 7T, is chosen, provided it satisfies
_1_ _log(2)
w(z) > wyy=N 2 6108 (&) and h(z) <t/2 (5.6)
where w(z) and h(z) correspond to the weight and height of z,defined as follows: if
z € T, for r € {x,y}, there is a unique path (zy,..., 2) from r to z, with zp = r and
zp, = z. The value h is then called the height of z, denoted h(z), and its weight is

o
w(z) = };[1 7deg(zi) .

2. z is paired with a uniformly chosen other unpaired half-edge.

3. If 2/ was not already in 7, U T, and is not a neighbor of either x or y, then the neighbors
of 2/ are added to 7, U T, as children of z. Otherwise, both z and 2’ are marked with
the color RED.

This exploration process continues until no unpaired half-edge in 7, U 7, satisfies (5.6). The
pairing 7 is then completed to form the graph G. For r € {z,y}, we denote by 97T, the set of
leaves of 7., and by F, the subset of leaves of 07, which are at distance ¢/2 of .

Note that, by (5.6), for r € {z,y},

t/2

Wy
> Z Z Linz)=ryw(z) = (7] = 1) XIN ,

k=1 z2€T,

N | o+

which, together with (5.1), implies
1 log(2) 1 log(2)
T.UT,| =0 (N2+1610g(A) log N) -0 <N2+ 1510g(A)> _ (5.7)

In particular,

IT.UT,| =0 <N5/8) . (5.8)

Retaining only those paths of length ¢/2 which remain in 7, U 7, and which have weight less

than
1

0= —————
N(log N)3”’
we have

Pla,n(y) = > W) w(v)1w(upw(e)<oy Lingu)—v} -

ueFy
vEFy

Conditionally on the exploration stage, the quantity above writes as a weighted sum of
Bernoulli variables which are (weakly) dependent. The following lemma (which will be proved
in the exercise session) allows us to obtain a strong concentration bound for such variables.
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Lemma 5.2. Let T be an even set, {wi,j}(i,j)eIxI an array of non-negative weights, and n a
uniform random pairing on L. Then for all a > 0,

a2
P ( E Wi (i) <M a> < exp{ 49m}

i€T
where m = = doieT 2ujriWiy and 0 = max;z;(wi; + wji).

Applying Lemma 5.2 conditionally on the exploration stage, with Z being the set of
half-edges that did not get paired, and

1 £
Wy = w(u)w(v)]l{w(u)w(v)gg}]lue}‘z loer,, 0= W , anda= mi—l )

we obtain, using that |Z| — 1 < N and that m < \I|1—1’

e2(log N)3 1
| NP < 3 wrw o) oz ¢ <ep{-TENL o ().
ve]—';

(5.9)
where P is the conditional expectation given the exploration stage.
Let us now show that, if x € R and y € R \ Bx(x), then whp the total weight of paths of
length ¢/2 that end in F, is at least 1 — ¢.

Lemma 5.3. For all ¢ > 0, with probability 1 — o(1), for allz € R and y € R\ Bk (x), we

have
Z w(u) + Z w(v) <e.

u€ITH\Fu vEITY\Fy

Proof of Lemma 5.3. The trees’ exploration can be stopped before height ¢/2 for two reasons:
either the weight of the half-edge is too small, or it has been colored RED, namely, for r € {z, y},

Z w(u) = Z W(u)ﬂ{w(u)<www} + Z W(u)]l{u is RED} -

u€dT\Fr u€dT, u€dT,

Let us first control the weight of RED half-edges. For z € R and y € R \ Bx(x), all RED half-
__ log(2)
edges are at distance at least K from 7, and thus have weight smaller than 25 < N TToa(a D)

by our assumption that vertex degrees are at least 3. Moreover, using the upper bound (5.7),
the total number of RED half-edges in 7, is stochastically dominated by twice a binomial
random variable Bin(k, ¢) where k = O(N%Jrl;%ﬁ)m) and ¢ = O(N_%Jrl;%é?)&). By Bennett’s
Inequality,

log(2) log(2)

P Z ]l{u is RED} = N Tlee(®) | < exp (—Q <N7108M)>) .

u€ITr

Hence, for all € > 0,

PlIzeR,ye R\ By, r € {z,y}, Z W (u) gy is repy > € | = o(1).
u€dT,
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Let us now control the weight of paths with weight smaller than wyy. To this end, consider
m = |log N| independent NBRWs on G starting at r, each being stopped as soon as its weight
falls below wyn, and let A be the event that their trajectories form a tree of height less than
t/2. Clearly,

P (A ‘ G) Z Z W(“)H{W(U)<WMIN}
u€dTr

Taking expectation and using Markov inequality, we deduce that

P(A
P Z W(u)ﬂ{w(u)<WMIN} > £ S g(m )7
uedT,

where the average is now taken over both the walks and the graph. To prove that the above
probability is o(1/N?), it is enough to show that P(A) = o(1)™. To do so, we generate the m
stopped NBRWs one after the other, revealing pairs along the way, as described in the proof
of the lower bound. Given that the first £ — 1 walks form a tree of height less than ¢/2, the
conditional probability that the /" walk also fulfills the requirement is o(1), uniformly in
1 </ < m. Indeed,

e cither it attains length s = [4loglog N| before leaving the graph spanned by the first
¢ — 1 trajectories and reaching an unpaired half-edge: thanks to the tree structure, there
are at most £ — 1 < m possible trajectories to follow, each having weight at most 27%, so
the conditional probability is at most m2~° = o(1).

e or the remainder of its trajectory after the first unpaired half-edge has weight less than
A®wyy: this part consists of at most ¢/2 half-edges which can be coupled with (X,:)Z/:Q 1
for a total-variation cost of O(mt?/N), and for N large enough

t/2

11 pt _ log(2)
]P) [
P deg(X})

<Afwyy | <P <St/2 - 5 > m 10gN> )

which is o(1) by Chebychev Inequality.

Combining Lemma 5.3 and inequality 5.9, we obtain that

ma ma; 1 — NP'(x, < W (U)W (V) L rw(w)w(v +op(1).
xG%yE’R\B);(x){ ( n(y))} _ug}:'z ( ) ( ) {w(u)w(v)>0} P( )

veFy

The proof of (5.4) will then be concluded by the following Lemma.

Lemma 5.4. For all € > 0,

_ 1
Pl > wu)w) w0 > BN +e | =0 <N2) :
=
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Proof of Lemma 5.4. Set m = [(log N)?]. Let XM ... . XM and Y ... V™) be 2m
independent NBRWs of length ¢/2 starting at = and y respectively. Let B denote the event
that their trajectories form two disjoint trees and that for all 1 < k < m,

t/2 t/2

| R )

k
=1 deg(Xé )) =1 deg(Ye( ))

Then clearly,

P(B|G)> | D wu)w)liwwmww)>6}
UEF
veEFy
Averaging w.r.t. the graph, we see that
o P(B)
P Z W(U)W(U)]l{w(u)w(v)>g} >d(N)+e| < —_—
uEF, (P(N) +¢)
veFy

Thus, it is enough to establish that P(B) < (®(A) + 0(1))m. We do so by generating the
2m walks X(l), Y(l), .. ,X(m),Y(m) one after the other along with the underlying pairing,
as above. Given that XMy x(1) y (=1 already satisfy the desired property, the
conditional chance that X, Y also does is at most ®(\) + o(1), uniformly in 1 < £ < m.
Indeed,

e cither one of the two walks attains length s = [4loglog N| before leaving the graph
spanned by the first 2(¢ — 1) trajectories and reaching an unpaired half-edge: thanks to
the tree structure, there are at most £ — 1 < m possible trajectories to follow for each
walk, each having weight at most 2%, so the conditional chance is at most 2m2~% = o(1).

e or at least t — 2s unpaired half-edges are encountered, and the product of their degrees
falls below % with conditional probability at most

mt® | p tﬁsd (X5 < 1) =30 +001)
N Pt eg k 9 - o 9

by the same coupling as above and Berry-Essen’s inequality.

23



6 Comparing NBRW and SRW: entropies on Galton-Watson
trees

In previous sections, we have seen that a crucial property of sparse random graphs generated
by the configuration model is their locally tree-like structure (see for instance Lemma 2.1).
Roughly put, if one sits at a random vertex chosen with probability proportional to its degree
and looks around in a neighborhood of “small” radius, then one would see a tree. In the
regular case, this would simply be a d-regular tree. For the configuration model with degree
sequence (d(v))yey, the law of this tree would be close to the law of a Galton—Watson tree
whose offspring distribution is directly related to the degree sequence in the following manner.
Let p = (p1, P2, - - - ) be the vector of degree frequencies, i.e.

k= % > law)=k

veV

Since the root is chosen with probability proportional to its degree, the probability that the
root vertex has degree k is px«(k) = §kpx. Then, at subsequent steps, the pairing procedure
entails that, provided “not too many” half-edges have been paired already, the probability
that a given half-edge is paired to a half-edge attached to a vertex of degree k can also be
approximated by p.(k). The law p, is called the size-biased distribution of p.

The graph G is then locally approximated by a random tree (7', p), which is called an
augmented Galton—Watson tree with degree distribution p,, or equivalently with offspring
distribution q, given by q.«(k) = p«(k + 1). It has the same law as a tree formed by joining
by an edge the roots of two independent Galton—Watson trees with offspring distribution q,
one of those two roots being p.

Typically, if A = O(1), then the total variation distance between the law of the neigh-
borhood of radius L = £loga_;(N) around a random vertex in G chosen with probability
proportional to its degree and the law of (T, p) tends to 0 as n — +oc.

Let now (7', p) be an augmented Galton-Watson tree with offspring variable Z, such that
Z>2and EZ < o0. For k > 1, let T, = {z € T, dist(p, z) = k} and use the notation y > x
to denote that y is a child of x and Z, to be the number of children of z in 7. Note that
Zy~Z+1and for all z # p, Z, ~ Z. Let (X;) and (Y;) be respectively a NBRW and a SRW
on T started at p*. Conditionally on the environment (T, p), let HZ(Xt) the entropy of X;:

1
H (X)) =) PI(X,=ux)log P and  h;* = E[H](X;)].

zeT <X 1‘)

Similarly, let H;‘,F(Y}) the entropy of Y; conditionally on (T, p):

H(Y;) =) Pl (V; =x)log
zeT

) and ) =E[H](Y)].

30n a rooted tree, there is no problem with defining the NBRW on vertices.
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We have
HY(X,) =H] (V1) =1log Z,

hence
ht =hY =E[log(Z +1)].
For the NBRW, observe that for all t > 2,

H ()= S SPI(v 1—@/10%((1@21—3/))

yeTr—1 T~y

=H (Y1) + Y PI(Yi1 =y)log(Z,),
y€Tt—1

hence

E [H(Y;) | Fior] = H] (Yi—1) + Eflog Z] ,

where (F;) is the filtration corresponding to the successive levels of the tree. The sequence
(HZ(Y;) — Eflog(Z + 1)] — (t — 1)E[log Z})t21 is a centered martingale, and by the Martingale
Convergence Theorem

H’?(Yt) — hy =E
T oy = logZ] as..
As for the sSRw, it was shown by Lyons, Pemantle, and Peres [14, Theorem 9.7] that there is
hx > 0 such that .
Hp (Xt) — hx as
t t—+o00

lim — =hyxy, and lim — =hy. (6.1)

If Z ~ q, with q4 defined as above from the degree distribution, then hy = u, with p as
defined in Section 5. Theorem 5.1 then states that whp, the NBRW on G generated by the

configuration model with degree sequence (d(v))yecy has cutoff at time I‘EYN with window

Viog N.

Cutoff for the SRW on G has been established by Berestycki, Lubetzky, Peres, and Sly [6]
from a given starting vertex. The result has then been extended to the worst starting point
by B., Lubetzky and Peres [3].

Theorem 6.1. Let G = (V,E) be a random graph on n wvertices with vertex set V and
degree distribution (pi)k>1; that is, the degree sequence (d(v))yev is 1.1.D. with distribution
P(d(v) = k) = pg, conditioned on i, d(v) being even, and G is thereafter generated by the
configuration model. Let Z be a random variable with distribution

Vik>1,P(Z=k) x(k+1)pgs1-
Assume that

P(Z=0)=P(Z=1)=0, EZ<oo, andP(Z>An):0<>,
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where A, = exp{ logn) 1/2*5} for some fired § > 0. Then whp, the SRW on G has cutoff at
time logn with window +/logn.

Remark 6.2. Both for NBRW and SRW, the mixing time on G can be expressed in terms of
the entropy on the Galton—Watson tree which approximates GG locally. Roughly put, since the
entropy of X; grows like hxt and the entropy of Y; like hyt, the mixing time of both walks
can be interpreted as the time when the entropy becomes asymptotics to logn (or log N for
NBRW), which, in the sparse regime is equivalent to the entropy of the stationary distribution.
This cutoff phenomenon at the “entropic time” was also observed for other models of Markov
chains in random environment. Let us mention the result of Bordenave, Caputo, and Salez
[7]. For i € [n], let p; = (pi,j)j—1 be a probability distribution over [n]. From those vectors,
generate a random transition matrix as follows: choose n independent uniform permutation
over [n], denoted o1, ...,0y,, and let P be the n x n matrix with entries

P(Zaj) = pz"o-;l(j) .

Let h be the average row entropy:

Z Pi,j log <

3,j=1

)

Assume that h = O(1), that

?gf]{ Z pi; (logp;j)* = o(logn),

and that

1
limsup ¢ — Z Ip, ;51— p — 0.

n——4oo n <— e—0t
17]

log N

Then whp, -

Given Theorem 6.1, a natural question to ask is: which walk mixes faster? Can we
compare hx and hy? In the regular case, the answer is straightforward: as seen in Section 3
and 4, the mixing time on a random d-regular graph coincides with the time ¢ at which this
distance from the starting point is about log,;_; n (so as to contain almost all vertices in its
range). This corresponds to t = log,;_; n + O(1) for the NBRW, and a slowdown of the SRw
by a factor of d/(d — 2) due to the reduced speed of random walk on a tree (with a coarser
O(y/log n)-window due to the normal fluctuations of its height). The walks are mixed once
they reach distance log,_;(n), which is the typical distance in G. The SRwW is slowed down by
its reduced speed and the NBRW mixes faster. In the non-regular case, this interpretation in
terms of reaching the typical distance falls apart. For the NBRW, hy = Elog Z, which satisfies
hy < logEZ whenever Z is not a constant by Jensen’s inequality. Hence, the NBRW mixes
well after the time at which its range covers most vertices, unlike the regular setting. The
same phenomenon occurs for thesRw: denoting by v the limiting speed of the SRwW on T', then
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hx /v <logEZ whenever Z is not a constant (the “dimension drop” of harmonic measure,
as shown in [14]). In the non-regular case, the distribution of the walk on a given level is no
longer uniform, and different paths with equal length can have very different weights. Mixing
occurs not only when almost all vertices are in the support of the walk, but when all paths
have “reasonable” probability to be seen by the walk. To compare mixing times, comparing
speeds is not sufficient anymore. One will have to take another effect into account: how well
the walk is mixed conditioned on a given level.

To do so, let us introduce the notion of harmonic measure. Since Z > 2, the SRW (X;) on
T is transient. It escapes with asymptotic speed

ps. . diSt(p, Xt)
v =" lim ————~=.
t—o00
As shown in [11], v =E [g—;” . Knowing that the walk escapes (at linear speed), we now want

to understand where it escapes. The loop-erasure of X; defines a unique infinite ray & = (&),
whose distribution is called the harmonic measure of the walk. If 9T denotes the boundary
of T, i.e. the set of infinite rays from p, one can endow 91 with the following metric d: for
all B,m € OT, d(B,n) = e~ 1P where |8 A 7| is the length of the longest common prefix of 3
and 1. With this metric, the Holder exponent of the harmonic measure at &, which is also the
Hausdorff dimension, is

a.s. 1. 1 T

d lim —log PY (&) (6.2)
where Pl:f(-) = IP);;F (- € &). As shown in [11], letting 7, be the location of the first visit of the
walk to T} and Qg(-) =P (- € n), we have

S 1. 1
d’= lim ——logQ, (m:)

With this characterization, we see that d captures a notion of asymptotic entropy of the walk
when it hits a given level. The asymptotic entropy of (X;) can be decomposed into

hy =vd.

Clearly v, the speed of X, is less than 1, the speed of Y. On the other hand, as soon as Z is
not constant, d > E[log Z]: the Hausdorff dimension of the harmonic measure of X is larger
than the one of Y. This inequality was conjectured since [141] and was recently proved by Lin
[12]. The two effects thus go in opposite direction and comparing entropies is not as direct as
in the regular case.

Proposition 6.3. Assume Z > 2 and EZ < co. Then hx < hy.

Proof of Proposition 6.3. We will prove Proposition 6.3 under the stronger assumption that
Z > 3. We first need the following result (cf., e.g., the proof of Theorem 3.2 in [1] and
Corollary 10 in [5]), which was first observed in the case of random walks on groups by [10].
(Entropy of random walks on random stationary environments were thereafter studied in [9]).

Lemma 6.4. The map t — (hi* — hi*,) is decreasing.
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Proof of Lemma 6.4. Consider the joint entropy of X; and X; given 7"

1
PT (X1 =2,X;=vy)’

Hz;(XlaXt) = Z ]P)Z; (Xl = 'IaXt = y) lOg
z,yeT

and let hy< = [Hg(Xl,Xt)]. We have

1

T _ T T _ T _
Hp (X1, Xy) = Hp (X1) + pr (X1 = x)ZPm (Xi-1=1y) IOgm-

zeT yeT

and taking expectation gives
Wiy = bt +EHY, (X)) = hi +hisy,

where the last equality is due to the fact that the environment (7', p) is stationary for the SRw,
ie. (T,p) and (T, X1) have the same distribution. Therefore,

h = by =h — b+ b =EHL(X;) — H] (X1, X)] + by

Conditioned on T, the term Hg(Xl, X)) — Hf(Xt) is the conditional entropy of X given Xy,
denoted by HZ(X 1 ‘ X¢). Since X7, Xy are conditionally independent given X;, and extra

information cannot increase entropy, we have
HY (X1 | Xp) = H] (X1 | Xo, Xe1) <H] (X1 | Xes1).-

Hence the sequence (H;{(Xt) - H;{(X 1,X¢)),, is decreasing, and so is its expectation. W

t>1

The fact that (h)* — htX_ 1) is decreasing in ¢ implies that, for every ¢,
it —hi < (¢ —=1)(hy —hi),

from which we see that it suffices to show that hy < hd = E[log(Z + 1)] + E[log Z] in order
to conclude that hy < hy*. We have

1

H;:)F(XQ) =Py(X2 = p)log m .

+ ) Pp(Xz =y)log (6.3)

PP(XQ =p) yeTs

Let A and B denote respectively the first and second terms in the right-hand side of (6.3).
By concavity of the logarithm,

1 1
A = — ———log _
;1 Zp(Zx +1) 1;1 Zp(Zy +1)
log (Zy+1)
< .
- )2 Z Zy+1
z,yeTh

4To prove the result under the weaker assumption Z > 2, looking at the entropy at time 2 is not sufficient,
one needs to look at the entropy at time 3 and calculations are (way) more involved.
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Hence

E[4] < E{Zil]E{k’gZ(Zﬂl)] +E[Zil]E[Zil]E[log(Z+l)]

< E {Zlﬂ] E flog(Z +1)]

where the last inequality comes from the fact that Cov (ZL-H’ log(Z + 1)) > 0. As for B, we
have

Zr 108 (Z,(Z: +1))

1
B szlog(zp(zx‘i‘l)): > 707,51

xzeT) y-x pA=Z xeT

which entails

E[B] =E [ZH] Elog(Z + 1)+ E [Z —— loa(Z + 1)} .

We obtain

X <
h¥ < Ellog(Z + 1)] + E [Z+ -

log(Z + 1)} ,

and we conclude by noticing that the function z — logx — xiﬂlog(x + 1) is positive for
T > 3. [ |
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7 Exercises

7.1 The product condition is not sufficient for cutoff for reversible chains

1. Show that, for a sequence of irreducible, aperiodic, reversible chains, the condition

(n)

0 . o

MX - +00 is a necessary condition for cutoff.
t(") n— 00

REL

2. Let P be an irreducible, aperiodic, reversible transition matrix, with stationary distri-
bution 7. For 6 €]0,1[, let P = (1 — )P + 011, where II whose rows are given by the

stationary probability vector .

(a) Show that P is still reversible with respect to .
(b) Show that D(t) = (1 — 6)'D(t).

(¢) Deduce that

e tREL

tppp, = ———
T Ot +1— 0

3. Let (P,) be a sequence of irreducible, aperiodic, reversible transition matrices, with
stationary distribution m,, and assume that it has cutoff. For 6, €]0,1[, let P, =
(1 —6,)P, + 6,11,,, where II,, whose rows are given by the stationary probability vector

Ty,. Assume that

1
)« o < )
n

(a) Show that, for all o > 0,
~ o N
P <9> v
(b) Show that (P,) still satisfies the product condition.

7.2 Cutoff for the lazy RW on the hypercube

Let © = {0,1}" be the n-dimensional cube and let (X;) be the lazy SRW on 2: at each step,
choose a coordinate uniformly at random in {1,...,n} and refresh the bit on this coordinate
(set it to 0 with probability 1/2, or 1 with probability 1/2). Since the hypercube is transitive,
D(t) = |Po(Xt € -) — 7||vv, where 0 = (0,...,0) and 7 is uniform over .

1. Lower bound.

(a) Let W, = H(X};) be the Hamming weight of X; (the number of ones in X;). Show

that t
EO[Wt]:Z(l—(l—D).

(b) Writing Wy = Y"1 | &, with

¢ {1 if 7 has been actually updated an odd number of times before ¢,
=

0 otherwise.
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show that

Var, (W;) <> Var() <
=1

|3

(c) Letting A = {x €EQH@x) <Z-%(1- %)t}, show that, if t = §nlogn with
c <1,
Po(X; € A) -1 and w(A)—0.

2. Upper bound.
(a) Show that

2n
AD(t)> < 2"P*(0,0) — 1= Y A,
j=2

where 1 > Ao > ... Xon > 0 are the eigenvalues of P.
(b) Determine the spectrum of P.
(¢) Conclude by showing that if ¢ > 1, D (gnlog n) — 0 as n — +o0.

7.3 Cutoff for the top-to-random shuffle

Consider the following method for shuffling a deck of n cards: at each step, take the card
which is on the top of the deck, and relocate it uniformly at random in one of the n possible
locations. This defines a Markov chain (X;) on the symmetric group S,, with uniform
stationary distribution. Since it is transitive, we may assume without loss of generality that
we start at the identity permutation (card 1 is at the top, card n at the bottom).

1. Upper bound.
(a) Let 7 be the time following the first time when card n is on the top of the desk.
Show that 7 is a strong stationary time.

(b) Show that, for all A > 0, Piq (7 > nlogn + An) < e~
Hint: you may view 7 as a sum of independent Geometric random variables, as in
the coupon collector problem.

2. Lower bound.

(a) Consider the event A, that the r > 1 cards that were originally at the bottom of the
deck are still in the same relative order. Notice that Piq(X; € A,) > Piq(7 > 1),
where 7, is the first time when card number n —r 4 1 arrives at the top. Show that,
for t =nlogn — An, and r = Le)‘/QJ,

]P)id(Tr > t) > 1-— E()\),

where (A) — 0 as A — +o0.
(b) Show that, for r = Le/\/QJ, w(A;) < e(A), where e(\) — 0 as A — +o0.
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7.4 Carne-Varopoulos upper bound

The goal of this exercise is to prove Carne-Varopoulos inequality, which states that for a
reversible chain P,

t F(y) d(l’,y)2
Pi(z,y) <2 MGXP{—%} )

where d(z,y) is the length of the minimal path from z to y.

Recall that Chebychev polynomials are defined by the recurrence relation

Qr+1(2) = 22Qk(2) — Qi-1(2) ,
and that we have Q(cos) = cos(kf).

1. Show that z* = >";_oP(|S:| = k)Qx(2). where S; is a simple random walk on Z started
at the origin.

2. Deduce that P'(x,y) = ZZ:d(w,y) P(|S¢] = k)Qw(P)(z,y).

3. Show that the spectrum of Q(P) is included in [—1,1]. In particular, for all f,g € £?(n),
| < Qr(P)f.g >x | < | fll=llgllx-

4. Show that Q(P)(z,y) < %

5. Conclude with Hoeffding Inequality.

6. Show that Carne-Varopoulos upper bound implies the following lower bound on the
mixing time of a simple random walk on a graph with n vertices and diameter D: for all
£ €]0,1/2],

D2
13logn '

Tvrx (5 ) >

7.5 Typical distance in random regular graphs

Dy, Pl
)

Let G,, be a random d-regular graph on n vertices, with d > 3 fixed. Show that g, T

where D,, is the distance between two uniformly chosen vertices in G,,.

7.6 Concentration with exchangeable pairs (proof of Lemma 5.2)

A pair of real-valued random variables (W, W') is called ezchangeable of (W, W') 4 (W' W ).
If in addition, it satisfies E[WW' — W } W] = —AW, for some 0 < A < 1, then it is called an
A-Stein pair. The following theorem is due to Chatterjee [3].

Theorem 7.1. Let (W, W') be an \-Stein pair with Var(W) = 02 < co. Assume that there
exist a,b > 0 such that
E[(W —W)* | W] <2X (bW +c¢) .
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Then, for all a > 0,

a2

2+ 2ba
Part A. The goal of this first part is to prove Theorem 7.1.

]P’(W>a)<exp{ } and ]P’(W<—a)<exp{—§2}.

Cc

1. Let m(#) = E [¢?"]. Show that

2. Using that for all z > y, e;%zv < &3¢ show that for all 6 € R,[m/(0)| < |60] (bm/(0) + cm(6)).

3. Show that for 0 < 6 < 1/b,

logm(®) < [ 6

cu ch?

< .
=0 = 201 00

4. Using the Markov bound P(W > a) < e~%m(0) with 6 > 0, conclude for the upper tail.
5. For 0 < 0, use the fact that m/(6) < 0 to obtain logm(6) < %.

6. Using the Markov bound P(W < —a) < e®*m(6) for 6 < 0, conclude with the bound on
the lower tail.

Part B. The goal of this second part is to prove Lemma 5.2 using Theorem 7.1.
Let Z be an even set, (Wi,j)(i,j)ep an array of non-negative weights, and n a uniform
random pairing on Z. Consider the centered variable
W= Zwi,n(i) - m,
1€L
where m = IIl%l > ieT Djzi Wij- We want to show that for all a > 0,

a?

P(W>a) SeXp{_éwm+2¢9a

2
} and P(W<—a)§exp{—4;} ,
m

where 6 = max;;(w; j + wj;).

To this end, let W’ be the corresponding quantity for the pairing 1’ obtained from 7 by
performing a random switch: two indices ¢, j are sampled uniformly at random from Z without
replacement, and the pairs {i,7(i)}, {j,n(7)} are replaced with the pairs {7, 5}, {n(i),n(5)}.
Note that if A;; is the induced change in the total weight when i, j are chosen, then

Aij = wij +wji +Wni)nG) T WnG)nG) — WinG) — W) ~ WinG) ~ “nii).-

1. Show that (W, W’) is a A-Stein pair, with A = |47

2. Regarding the square A%j =|A;||A; |, bounding the first copy of |A; ;| by 20 and the
second by changing all minus signs to plus signs, show that
86
E[(W -Ww)*| W] < E(2m+W).

and conclude.
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8 Exercises: correction

8.1 The product condition is not sufficient for cutoff for reversible chains

1. Assume that the chain has cutoff, i.e. % — 1 as n — +oo Using the inequality

tx (€) = (tre — 1) log(1/2¢), we have, for all € € (0,1),

tavix -~ tMIx(E) > (1 _ 1 >log < 1)
trpr, m—o0  trEr trEL 2 )

Since the right-hand side can be arbitrarily large by taking € small enough, this shows
that 2{% — +o00.

2. (a) Since P is reversible w.r.t. ,
m(2)P(x,y) = (1=0)7(x) P(z,y)+0m(2)7(y) = (1=0)7 (y) P(y, ) +0m (2)7(y) = (y) P(y, z)

(b) As soon as the chain makes a transition according to 7, it remains stationary from
then on. Hence P'(z,-) = (1 —6)"P(z,-) + (1 — (1 - 6)") 7(-) and

D(t)=>_ (1-0)'P(z,y) — (1-0)'n(y)), = (1—0)'D(1).

Y

(c¢) Let us denote by A, and X* the the second largest eigenvalue in absolute value of
the patrix P and P respectively. Using that D(t)'/t — X, and D(t)1/* — X, we

have
)\* — (1 - 0))\* .
Writing A\, =1 — ta% and A\, =1 — L and rearranging, we obtain
— t
fapy, = ———L

GtREL + 1 - 0

3. (a) Using question 2.(b), we have D, (%) = (1—6,)D, (%) Since 1/6,, < tﬁﬁ;,
we have D, (%) — 1, which yields D, (%) — e~ “. In particular, the mixing time
of (P,) is of order é and there is no cutoff.

(b) By question 2.(c) and the assumptions on 6,,, we have tR/;(n) ~ tﬁ{,;{ and @(n) =

é > tgé)L. Hence the sequence of chains (]3”) still satisfies the product condition.

8.2 Cutoff for the lazy RW on the hypercube

1. Lower bound.

(a) Let us define Z; = H(X;) — 5. Conditionally on X;, we have

1 with probability % (
Ziy1 — Zy = { —1 with probability % (

0 otherwise.
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Taking expectation, we have Eg[Z;+1] = (1 — 2) E¢[Z,]. By induction and using
Zy = —%, we obtain Eo[Zi] =~ (1 - L)', ie. Bo[Wi] =% (1- (1-1)").
(b) For 1 <i <mn,let N; be the number of times coordinate i is chosen between times

1 and ¢. Since each time coordinate ¢ is chosen, it is independently flipped with
probability 1/2, we have

t

P =1)= Z]P’(Ni = k)P (Bin(k,1/2) is odd) = %IP’(NZ' >0) = % (1 _ (1 B 1>t> ‘

n
k=1

Now, let us show that, for i # j, the variables & and &; are negatively correlated.
We have

t t
P(ﬁizlagjzl):ij(Ni>0,Nj>0):jl<1—2<1—1> +(1_2>>‘

Since (1 — %)t <(1- %)Qt, we have P(§; =1, =1) < P(§ =1)P(§; = 1). Hence
Var, (W;) <> Var(§) <Y P& =1) <
i=1 i=1

(c) Let t = §nlogn with ¢ < 1. Since Eo[W;] = § (1 —(1- %)t>, and by Chebyshev
Inequality,

n 1\° 16 Var, (W, 8
IP30()(t g A) = IP)O Wt - EO[Wt] > — <1 - ) < 0(1 1;1 < cnlogn ’
) ) Ty T e

which tends to 0 as n — 400 since ¢ < 1. On the other hand, again by Chebyshev
Inequality,

) n o n 1\ 4
m(A) :IP’(Bm(n,l/Q) < 571 <l—n> ) < n(l— 1)cnlogn — 0.

n

This shows that, for ¢ < 1, D, (%) — 1.

2. Upper bound.

(a) By Cauchy-Schwarz Inequality and symmetry of P?,

2
1
PY(0,y) — =] <2 > PH0,y)’ —1=2"P*(0,0) 1.

yeN

D)= >

yeN

Since the hypercube is transitive, the return probability P (x, ) does not depend
on x and we can write

2"P*(0,0) = Y P¥(x,z).
zeN
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Using the spectral representation with (¢;) an orthonormal basis of eigenvectors,

2’” 271
Z P?(z,x) — 1= Z 27" Z /\]Qvltgpj(ac)2 = Z /\?t.
j=2

€N e j=2
(b) For n > 1 and A C [n], let f4 be defined by

V€ {0,1}7, fa(z) = (—1)2iea®

we have

Note that Pf4 = (1 — %) fa and that the family (fa)4c[n) is independent. Hence,
forall0 <k <m,1- % is an eigenvalue of P with multiplicity (}).
(c) Let t = $nlogn, with ¢ > 1.

ivt_i . 1_ﬁ 2t<" " ik— 1+i n—1—>0

L7 k n - E)\nc) n¢ '
j=2 k=1 k=1

Hence, for ¢ > 1, D,(”“%)ao.

8.3 Cutoff for the top-to-random shuffle
1. Upper bound.

(a) Given that at time ¢ there are k cards under card n, each of the k! possible orderings
of those k cards are equally likely (this can be seen by induction). Hence at time
7 — 1, all (n —1)! orderings of cards 1,...,n — 1 under card n are equally likely,
and one step after that, the distribution is uniform over S,,.

(b) Note that 7 can be decomposed as
T=Gp1+ --+G1+1,

where G; is the time taken by card n to go from position ¢ + 1 to position i. The
variables (G;) are independent and G; ~ Geom (%) The variable T has exactly
the same distribution as the first time all items have been sampled at least once
when sampling with replacement in a set of n items. By a union bound,

<e_>‘.

1 ) nlog n+An

Pia (7 > nlogn + An) gn(l
n

2. Lower bound.
(a) As above the variable 7, can be decomposed as
Tr:anr“'"""Gla

where G; is the time taken by card n —r + 1 to go from position ¢ + 1 to position <.
Since G; ~ Geom (%), we have

n—1

1
ETT:anZn(log(n)—log(r—l)—l) anogn—)\;—n,
i

i=r
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for r = Lek/ ZJ. Hence by Chebyshev Inequality,

An Var(r;)
]P)id('rr < nlogn - )\n) < ]P)id (TT - ETT- < 77 +n) < m .

Since Var(r,) < n2 "1 L = O(n?), this yields the desired result.

i=r 42
(b) We have 7(4,) =

rl

8.4 Carne-Varopoulos upper bound

1. For 6 € R, we have

(c030)' = (“29) — E [65] — E feos (61S)

P(|S;| = k) cos(k0) = > "P(|S;| = k)Qx(cos0) .
0 k=0

I
Mu

il

Taking z = cos 0, we get the desired identity.

2. Applying the above identity to the matrix P and taking entry (z,y), we have

t

P'(z,y) =Y P(|Si| = k)Qk(P)(x,y) .

k=0

Since Qy, is of degree k and since P*(z,y) = 0 for all & < d(z,y), we may start the sum
above at k = d(z,y).

3. The spectrum of Q(P) is given by {Qr(\), A € Sp(P)}. Since Sp(P) C [—1,1], and
since Qr([—1,1]) C [—1,1] (recall that Qi (cosf) = cos(kf)), the spectrum of Qi (P) is
included in [—1,1]. In particular, Qx(P) is a contraction.

4. By the contracting property of Q;(P) applied to the functions 6, and J,, we have
< Qi(P)dy, 0p >x| < ||6elzlldyllr = v (z)m(y) -

Now
< Qi(P)oy, 6z >r= m(z)Qk(P)dy(z) = 7(2)Qw(P)(2,y) .

5. We obtain

¢ m(y) 7(y) d(z,y)?
Pi(e,y) <\ g B (S 2 dlwy) <2 W(x)exp{_ . }

where the last inequality is by Hoeffding Inequality.
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6. Let d = [D/2]. Since D > 2(d — 1), one may find two disjoint balls of radius d — 1, so
that there exists x such that 7 (Bg_1(z)) < 1/2. On the other hand, we have

2
Pz, Bg_1(z)") <2 Z Mexp {_d(x,y) } < 3%~ % < 2132~

b () 2t
m(y) _ deg(y) D?
where we used that |By_1(z)¢| < mn and = ) = dea(e) < 1 For t = 35—, we have
1
D(t) > - IO

8.5 Typical distance in random regular graphs

The idea is to sequentially generate the levels around two given vertices x and y and to show

that for all € > 0, with high probability, if the level is less than (1;6) log;_; n, then the two
(14¢)
2

balls are disjoint, and if it is greater than log,;_1 n, then they have intersected.

Lower bound.

Let e >0 and k = (1?) log,_; n. Then (roughly...) the probability P(By(x) N Bk (y) # 0)
can be upper-bounded by the probability than a Binomial random variable \;;ith parameters
W07 _ p—= 0.

(d —1)* and @ is non-zero. By Markov Inequality, this is less than

Upper bound.

Let as before k = (155) log;_1n, and K = (135) log;_1n. By the same reasoning, we
can actually show that, with high probability, By (x) and By(y) are not only disjoint but are
both d-regular trees of depth k. On the other hand, when growing from By (z) to Bx(z), the
total number of “bad events” (matching a half-edge with a previously revealed half-edge) is
stochastically dominated by a Binomial r.v. with parameters (d—1)K and Q By Markov
Inequality, with high probability it is less than n?®. Hence, with high probablhty, there are
at least (d — 1)K —n2(d — 1)K-F = n's — n¥ half-edges at distance K from z, and the
same holds for y. Hence, assuming Bx (z) and Bx (y) have not yet intersected, the probability

that they do at the next level tends to one since the probability that a Binomial r.v. with
14¢
n 2

parameters n's and is equal to 0 tends to 0.

8.6 Concentration with exchangeable pairs (proof of Lemma 5.2)

Part A.
See Nathan Ross, Fundamentals of Stein’s method, Theorem 7.4: http://emis.ans.org/
journals/PS/images/getdoc402e.pdf?id=729.

Part B.
See Ben-Hamou and Salez [2][Lemma 6.1]: https://projecteuclid.org/download/
pdfview_1/euclid.aop/1494835230.
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