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SOME TOPOLOGICAL PROPERTIES OF TOTALLY QUASI-UMBILICAL
SUBMANIFOLDS

J.M. Morvan

communicated by L. Vanhecke
We study the topology of a totally quasi-umbilical submanifold
isometrically immersed in the Euclidean space. Using Morse theory,
we give some restrictions on the Betti numbers of the submanifold .
Then, we introduce two canonical normal vector fields, and we give
some relations between these two fields and the topology of the
submanifold.

1. INTRODUCTION

In " A Survey on Quasi-umbilical Submanifolds " [2] B.Y. Chen
and L. Verstraelen summarize the main geometric results on quasi-
umbilical submanifolds. On an other hand, J.D. Moore and the
author proved recently the following theorem : " Every corformally
flat submanifold M®, n 27 of codimension 4 in the Euclidean
space is totally quasi-umbilical " [6]. In [7], L. Verstraelen has
studied totally quasi-umbilical submanifolds from the geometric
point of view. In this paper, using Morse theory [4] and the

theory of Bochner-Lichnerowicz [3], we study the totally quasi-
umbilical submanifolds from the topological point of view.

2. TOTALLY QUASI-UMBILICAL SUBMANIFOLDS

Let i : M » E®P e an isometric immersion of a n-dimen-
" sional manifold M" into the Euclidean space EM*P, Let < 5 >
be the metric on M" s T M® be the tangent bundle of Mn, V the
Levi-Civita connection on M". We denote by Tl M the normal
bundle, and by vt the normal connection on T M :
o :TM xT Mn g T'L M"  denotes the second fondamental form, and

AE is defined by :
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3. BETTI-NUMBERS OF A TOTALLY
QUASI-UMBILICAL SUBMANIFOLD

We shall prove the following:
THEOREM 1

s +P . A . : .
Let 1 : M"»m? Be an isometric immersion of a n dimensional

compact Riemannian manifold M® in the Euclidean space EMP,
Assume that

a) i is totally quasi-umbilical ;

b) the first principal normal space E. is of dimension € r

1
at every point m € M?,

Then, 1) M possesses 8 C W decomposition with no cells of dimen-

sion k, where r <k <n -r
2) If n-pz22r+1, M is a boundary of a compact mani-
fold.

PROOF OF THE THEOREM .

1) According to remark ii, the second fondamental form ¢ has

the following expression :
r . .
(3" o(Xx,¥)_= J(a* <x,¥>+y" <x,T. ><y, T. >)E ,
mLZ, i it i

where 51 5 Ooan Ep are orthonormal vectors, T1 050 Tr € Tm Mn,
El oo Ep € Tm‘L M3, Let x be the position vector of M'. It is
well known that, for almost every a e:En+p, the height function

> 5 3
ha = < X, a > 1s a Morse function. Moreover,

(a= h(X, ¥)) =<o(X,¥),a> ¥X YerT M, if m is a cri-
tical point of h .

let (e1 I en) be a frame of T M such that, if j > r,
e € {Ti o 9 RIS rit. Using (3)' it is easy to see that d° h,

has the following expression : n
/M ’ 0 } r
en =
a
m c
0 nEE Y
c vhere c ¢ R,



Since 3 r < n, we have
%% o
¥i,je {1, ..., r}, Vi Wi e B M, z/2)

where kij e {r+1, ..., n-r -1},

Since Hk(Mn, Z/2) =0 if ke {r + 1, ceey n -r =1},

vy w.j =05V G g e I L o

Then, it is easy to conclude that Nk Kk =0.
1" n

e Kk = 0. All the Stiefel-Whitney
numbers are null., Applying1a thgorem of Thom ([5]) we conclude

Thus, in every case, N

that M" is a boundary of a compact manifold. 2) is proved.

CANONICAL NORMAL VECTOR FIELDS
ASSOCIATED TO A TOTALLY QUASI-UMBILICAL SUBMANIFOLD

In this paragraph, we shall define two global normal vector
fields on a totally quasi-umbilical submanifold, which will give
topological properties of the submanifold. We need the following
LEMMA 1

. + ! 5 . 5
Let 1 : Mn -+ Mn P an isometric immersion of Mn into a

Riemannian manifold ﬂn+p, P £ n -2, We assume that i is

totally quasi-umbilical, and that, at me Mn, the second funda-

mental form o has the expressions:

g . .
(5) o (x, Y) = iZ1(u1 <X, Y >+t <x, LR O A
< i
(6) om(X, Y) = iz](a'1 <X, Y >+ y'" <X, T'i > i Y T'i >) g&

where {E1 5 00O o Er} are orthonormal, {al, yl) e R, (T1 ""’Tr}

are unit tangent vector at m, (5'1 ol oleies g'r} are orthonormal,

{a'l, j'l} e R, {T'1 cee T'r} are unit tangent vectors at m.
Then :

ro. r i
a) I a £ = Tt et -

b) If {T ... Tr} are orthonormal, and {’1"1 aer T'r}

are orthonormal, i g'i S

5
1=

5 59
Y Ei = _Z Y
1 1=1
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Let {i1 iEIs ik} the indices such that

i

i i i K
' r
o0 tEt e [T1 cee Pr].

O lgkin & s i R g

r
Then, g AT AT N G = B L il € {i1 P ik}, since

{T1 et Tr} are orthonormal. The other indices £ satisfy

i
4

Y = 0. Then, it follows that

b) is proved.

Consequently, on every totally quasi-umbilical sub¥anifold
we can consider the global normal vector field A = Z By €5
i=1
If the normal connection is fl%t, we can also consider the
global normal vector field B = ) ' £ (with the notations

of Lemma 1). A=

We can give the

DEFINITION 2

Let i : M wEtP 4 totally quasi-umbilical isometric

immersion p g n -2, such that the second fundamental form has

the following expression:

I . o
aX, )= §J (@ <X, ¥Y>+y <X, T. ><¥, T 5 ¢ ,
i=1 d 1 a

where £. ... ¢ are orthonormal.
—_— 34

A= T at €, 1is called " the first canonical normal field

associa%;& to i ", If the normal connection is flat,

r
B= ) y £; is called " the second canonical normal field

associated to 1 ".




25 . . -
K(X, ¥) = Jla* <X, x>+y<x, 1. >°]
i=1 *

2

le' <y, vy>+vy% <y, B

la* < x, Y >+y<x, A

[a' < x, ¥>+y* < x, b |

92 a
et + ot yi(< X 6 o T >2)]

1 1 2 2
Yo(< X, Ti >T <Y, Ti >7)

[}
=
n
+
[l
e
-

b) Let (e, ... en) be a local frame on T M", such that

From (1)' we deduce < R(ej S, e'j >

Ty .2 T e
= 2 (a* < £, X><e. ,e.>+a y' < X, X ><e, 'L, >2
i1 J J J 1
+at Yy <e, ,e. > <X, T >2)
J 1
by i2 > ..
=) (et <x,e. > +2at Y <X, T. ><e, ,T. > <X, e. >).
i=1 J 1 J 1 J
T 2 o
Then Rice(X, X) = ) (n o+ ot Yt anat vt o< x, 1. 59
= =
B e
- ) (a et yho<x, T, >2)
i=1
2 r .
= (n -1) ‘z uia +(n-2) Y atyt< X, T, =
1=1 1=1
B at
+ ) oty
i=1

Consequently,



. 5 G o ¥
Then, M  cannot be 1somctrically immersed in " p’ PSRN 2

as a totally quasi-umbilical submanifold, with flat normal

connection.

COROLLARY 3
Let M a conformally flat manifold of dimension n > 7

z

which satisfies

(n -1) Ricc(X, X) -R >0
for every unit vector X of T M

Then, M' cannot be isometrically immersed as a submanifold

+ : :
g{_ZEn h, with flat normal connection.

COROLLARY k4
. n n+p 5 P
et 1 : M ~»E s P <n -2 be a totally quasi—umbilical

isometric immersion with flat normal connection. If the two

canonical normal fields associated to 1 are orthogonal then

the scalar curvature of M’ is non negative.

PROCOF OF THE COROLLARIES

1) If p g<n -2, it is always possible to choose two orthonormal
vectors X, Y in {T1 e Tr}l. Applying a) we find

K(x, Y) = |A"2 > 0. Then the sectionnal curvature of M cannot
be negative.

2) If there exists an isometric immersion of M" into Ep+p,
which is totally quasi-umbilical, and has a flat normal connec-—
tion, then the equations (10) and (11) are satisfied. We deduce
immediately that (n -1) Ricc(X, X) -R = (1 -n) "A"2 < 0 if
Xe (T ... Tr}‘. Since p <m, (T, ... T }'# {0}. Corollary 2
is proved.

3) Corollary 3 is a direct consequence of Corollary 2 and
the result of [6].

L) Corollary 4 is a direct consequence of c.
REMARK

; + s o 5 .
Let i : Mo E" p’ P ¢ n -2, be an isometric immersion of

a compact orientable manifold. We assume that i 1is totally
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k -1
(n -1)(n -2)

Bl S Sy

oD RE< N >

is positive definite, then Bk =0,

From proposition 1, we deduce that (13) is equivalent to

r n -2k

e [(n -1) “AH2 + <A, B>+ (n-2) aj Yj]
+ k l%%{;%[nHAf +<A, B>]>0,
y ( )
=T 2 K -1
nnh_z“[(ﬂ'l) Al +<A,B>]+k1—(—n—:-2—).-

\ [n“Mﬁ-+<A,B> 1>0

¥Jje {1, ..., r} with the evident notations.

We can remark that (14) is satisfied if we have :

(15) (n -2%) (n =1) A% + <A, B >+ (n -2) A [B] 3
+ k l(k—anHMF + <A, B>]>0

as soon as n -2 k > 0.

Suppose that R > 0. Then (15) <=

2
(n -2 x) [1 + —=lay *R(“ =2) |a] “B”] +k I (k =-1) >0
/n -1

s

2
= (16) (1al —(g/—zumu IR e )
n =1

It is clear that if (16) is satisfied with k = n -r, then
(16) is satisfied with every k > n -r.
Then, (16) <=

A% ~(n -2) A 18] ;L gt (g 1)
(17) L T ] _9?1 -qu

+1,q=n -r ,

Clearly (17) <=

(18) (1+ns)Hﬂ2-m-4)Hm IBl + (n -1) s <A, B>>0
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